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A model of asset price dynamics is derived in which large jumps in stock prices are
determined endogenously. An important property of the model is that it can lead to
asset price distributions that are multimodal. The model can explain how relatively

small changes in dividends can lead to relatively large changes in asset prices and it can
be used to identify the time period in which bubbles begin and end. The framework is
applied to modeling the U.S. stock market crash in October 1987. Some forecasting
experiments also are conducted with the result that the model is able to predict the

size of the eventual crash in the aggregate stock price.
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1. INTRODUCTION

Standard models in finance assume that stock prices are equal to the expected value
of discounted future dividends. The earliest tests of the present value model were
conducted by LeRoy and Porter (1981) and Shiller (1981) and later by Mankiw
etal. (1985, 1991), West (1988), French (1988), Campbell and Shiller (1988), and
Stiglitz (1990), who found strong evidence against this model. This led to a number
of extensions to the present value model: Cochrane (1992) investigated making
the discount factor time varying; Pindyck (1984) allowed for a nonconstant risk
premium; Shiller (1988, 1990) and West (1988) included fads and noise trading;
Turner et al. (1989) extended the model for regime switching; Diba and Grossman
(1988), Dezhbakhsh and Demirguc-Kunt (1990), and Flood and Garber (1980)
assumed the existence of arational bubble; Black (1988), Frankel and Froot (1988),
Froot and Obstfeld (1991), and Gennotte and Leland (1990) included heterogenous
agents, whereas Barsky and De Long (1993) extended the present value model by
distinguishing between actual and permanent returns.
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The major aim of this paper is to derive a model that can be used to capture
endogenously both the timing and the magnitude of large jumps in asset prices.
The approach adopted has much in common with many of the existing approaches
for modeling stock-market volatility. An important feature of the model is that
it is possible to explain large movements in prices with small movements in the
fundamentals. It is also related to the diffusion-process Poisson jump model sug-
gested by Merton (1976) in that the starting point is based on an extension of the
linear diffusion equation, which serves as the basis of most models of financial
prices; see also Ahn and Thompson (1988); Akgiray and Booth (1988) among
others, and Das (1993) for some recent extensions. However, in contrast with the
Poisson jump model, jumping in the present model arises from the price process
switching between stable equilibria during a period of multiple equilibria. Periods
of multiple equilibria correspond to situations in which there is no unique view
concerning the equilibrium price in the market. The occurrence of multiple equilib-
ria is modeled by a multimodal distribution in which the modes of the distribution
may correspond to views of the separate groups. Jumps occur when agents switch
their views, which results in a change in the relative importance of the modes.

A major advantage of this approach is that the timing of the jump is determined
endogenously and does not need to be modeled ex post as in the case with models
based on dummy variables as adopted by Flood and Garber (1980). This means
that it is possible to forecast jumps such as stock-market crashes. The approach
also offers a simple descriptive tool for identifying both the start and the end of
a period in which there is more than one view of the equilibrium market price.
The model can be estimated by standard maximum likelihood methods using
iterative optimization routines. An important feature of the model is that higher-
order moments in the distribution are used to model the observed price distribution.
This is achieved by adopting a distribution from the generalized exponential family
that nests the normal distribution as a special case.

The rest of the paper proceeds as follows. The endogenous switching model
is derived in Section 2. Estimation and testing issues are discussed in Section 3,
whereas some of the properties of the model are demonstrated in Section 4. The
framework is applied in Section 5 to modeling the U.S. stock-market crashin 1987.
Concluding comments are given in Section 6.

2. ENDOGENOUS SWITCHING MODEL

In this section, an aggregate model of asset markets is derived. Two main features
of the model are: Prices adjust according to the gap between demand and supply
of assets; and agents are heterogeneous, at least on the supply side, with one group
utilizing portfolio-insurance hedging strategies.

It is assumed that the market price adjusts to the gap between the quantity of
assets demande@®P, and suppliedQ?:

dR = —y(Q7 — Q) dt + o dW, (1)
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where(y > 0) is a parameter controlling the speed with which the market returns
to equilibrium after a shock, as given by the Wiener proce¥¥, ando? is the
instantaneous variance. The mean is simply

n=y(Q-QP),

which shows that, on average, there is no price movement when there is market
equilibrium.

As with standard microeconomic models of markets, the demand and the supply
of assets are assumed to be functions of the asset price. For simplicity, agents on
the demand side of the market are assumed to be homogeneous and adjust linearly
and inversely to changes in price signals of the asset [see, e.g., Gennotte and Leland
(1990)]:

2 = do— ¢1P, )

whereg; > 0,i =1, 2.

On the supply side, agents are assumed to be heterogeneous, being divided into
two groups, depending on whether they engage in hedging strategies based on
portfolio insuranceQ3, or not, Q:

QP =Qf, + Q3. ®3)

The key feature of the group not engaged in portfolio insurance is that it responds
positively to increases in price movements,

QF =+ 1P, 4

wheres; are positive parameters. This is in contrast to the portfolio insurance group
which acts in a perverse way in the market by selling assets when prices are falling
so as to hedge against further losses [Rubinstein and Leland (1981)]. To model this
characteristic formally, assume that hedgers use put options to protect themselves
from falling prices; see Gennotte and Leland (1990, p. 1009) who considered a
portfolio insurance model based on a dynamic hedging strategy that replicates a
put option. LettingK be the strike price of the option, the put-option contract is
exercised when the actual price falls below the strike pfee; K. If the size of

the portfolio isN, then the number of assets sold when the contract is exercised is

st,tzhtN7 (5)

whereh; is the optimal hedge ratio. Assuming that put options are priced using
Black—Scholes model and that the option contract is for one year, equation (5)
becomes [see Tucker (1991, p. 459)]

i 2
QZS,t _ [1_ cI)<Iog(Pt/K)+r di +0.5v

v

) exp(—dt)] N, (6)
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where ®(-) is the cumulative normal distributiom; is the interest rate that, for
simplicity, is assumed to be constadt;is the dividend yield; and? represents
the volatility of returns.

The assumption that the contract is a one-year contract is made just for conve-
nience without changing the qualitative properties of the model. The use of a put
option based on Black—Scholes to replicate a hedging strategy to a certain extent is
arbitrary: The key feature of the model is that supply increases with a decrease in
price. Further, although the model could be expanded to allow for more than one
strike price, the key point is that there exists a strike price such that the observed
price of the asset falls below it, thereby sparking an increase in supply.

There are two key features of equation (6) that are worth highlighting. First, there
is an inverse relationship betwe@it and priceP;. That s, the supply schedule is
downward sloping—when there is a large enough fall in price, as givéh by K,
put-option contracts then are exercised. Second, the relationship between price
and quantity is nonlinear, which can give rise to a nonlinear backward-bending
aggregate supply schedule, causing the market to exhibit multiple equilibria for
certain regions oP;. To highlight this property, substitute (2)—(4) and (6) into (1).
The resulting stochastic differential equation is nonlinear in price:

dR=—V(50—¢o+(51+¢1)Pt

N {1_ q)[log(Pt/K) +r —d + 0.502
V

} exp(—dt)}N) dt+ocdW. (7)

Itis convenientto re-express (7) in an alternative diffeomorphic form. To perform
this task, note that the cumulative normal distribution can be approximated as
follows:

1
) = — —0.58%)d
(X) /_ > exp( s“) ds

o0

X
1
:O.5+/ ——— exp(—0.58%) ds
0 V2w

1 x3
~054+ —(X——+---|.
\/271( 6 )

From the definition ok = [log(P/K) +r — d; + 0.5v2]/v, this expression can
be approximated using a Taylor-series expansion around the strikelarice

c~ P +2(r—dt)+v2—2
~ Ky 2v ’
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Substituting into the above forgives the following diffeomorphic form which is
a cubic inP;:

3
dR =-) «P dt+odW, )
i=0
where they;’s are functions ofr, &, ¢i, v, K, N, r, d}. The stochastic differential
equation (8) is qualitatively the same as (7) in that both processes exhibit the same
number of equilibria. Of course, these approximations are based on the assumption
that movements i, are small, which may not be appropriate at the time of a stock-
market crash in which there is a large movement in the price of the asset. This is
also a problem for constructing portfolio insurance based on dynamic put-option
replicating strategies; see Tucker (1991, p. 461). For this case, although it may
be more appropriate to use an asymptotic expansion to obtain a more accurate
approximation, the qualitative properties of the equilibrium manifold still can be
captured adequately by a cubic.
Associated with (8) is the distribution of pricdq ;) at each point in time.

This is derived by solving the Kolmogorov forward equation [see Cox and Miller
(1984)],

af  auf) 13%?f)

at  ap 2 9p?

9)

where, from (8), the instantaneous meap is- Ziszo «; P! Itis also possible to
derive the long-run distribution by settirdd /3t = 0 in (9), which yields

Pr2 do?(s)/d
f*(p):exp{_/o < o)+ dots) Sds-n*)], 10

wheren* is the normalizing constant to ensure tiaf *(p) dp = 1. This density
represents a generalization of the exponential family of distributions, which has
been studied by Cobb et al. (1983) and Lye and Martin (1993). Substituting in the
expression = 32 o P} gives

f*(p) = expl1p + ¢2P% + @3p° + 0ap® — "], (11

where the normalizing constantjs = log [ explp1 p+ ¢2p? 4¢3 p®+ @4 p*l dp,
and thep;’s are functions ofao, a1, a2, as, o?).

A property ofthe model given by (8) is that, as the cubic equationin price can give
rise to three roots at most, there can be three equilibria at most—two stable and one
unstable. The occurrence of multiple equilibria is translated into the distribution
of prices in (11) exhibiting multimodality. In particular, this distribution can have
up to two modes and one antimode, where the modes correspond to the stable
equilibria and the unstable mode corresponds to the unstable equilibrium.

An important feature of this distribution for modeling a crash is thatitis possible
to endogenously model large jumps in the asset price. In addition, the occurrence
of a jump can occur with only a small change in the market fundamentals. This
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property is highlighted in Section 4 using some Monte Carlo experiments. This
distribution also can exhibit other properties, such as skewness and kurtosis, that
are characteristic of financial data. The distribution is referred to as a generalized
normal distribution because it contains as a special case the unimodal distribution
whengs = ¢4 = 0.

3. ESTIMATION AND TESTING ISSUES

Maximum likelihood methods can be used to estimate the parameters of the gen-
eralized distributions; see Cobb et al. (1983) and Lye and Martin (1993). The
regularity conditions needed to ensure that the maximum likelihood estimator is
best and asymptotically normal are immediately satisfied because the family of
generalized distributions belongs to the exponential family.

Before setting out the maximum likelihood estimator, it is convenient to repa-
rameterize the distribution in (11) by defining [see Creedy et al. (1996)]

ur = (P — Ap/v, (12

whereA; andv are implicitly defined below. This yields the following distribution
for u;:

f(u) = exp[6au; + 62(u?/2) — uf /4 —ny], (13

where, now, the normalizing constant is

n = log / exp[61u + 02(u?/2) — u?/4] du, (14
and
o1 = A3 /vt — 2A¢(62/v?) + 61/,
@2 = =302 /2v% + 6, /v?,
93 = A/v?,
¢4 = —1/40%.

A natural interpretation ofA;, and henceu; in (12), is obtained by taking
expectations conditional on information at timef both sides:

Ei[u] = E {p[ ;At] =0, (15

where the property thd[u;] = O immediately follows by noting that (12) repre-
sents a transformation to standardize the distributian td have zero mean. This
expression shows that; is the expected price and thatis the associated error
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term andv is the associated standard deviation. Using a standard present-values
argument, the expected price is given by [see, e.g., Barsky and De Long (1993)]

Ay = ko + 11Dy, (16)

whereD; is the dividend payment. For this class of models, the parameggals
the inverse of the rate of interest, wheregs= 0. For the model investigated by
Barsky and De Long (1993), is the inverse of the rate of interest adjusted by a
permanent dividend growth factor aigl = 0.

For a sample of size=1, 2,..., T, the log likelihood in terms oP; is

;
logL = > {Iog f (M) —Iogu]
v

t

=1

S (P5) 5 (05
01 + =

— v 2 v

1/P — A\ !
(B —rogu| = 3o a7
t=1

v
The first-order derivatives with respectapare

dlogL  ~[/P — A\ o .
_ _ o —12
90 2 K v > 90, J

t=1

From the definition ofy; in (14),

dlogL i { < P — At)j U explfiu + 6,(u?/2) — u'/4] du}

0] = v [ exploau + 62(u2/2) — ut/4] du

{5 ) e

Evaluating at zero shows that the maximum likelihood estimator is found by equat-
ing the sample moments with the theoretical moments. In general, the log like-
lihood can be maximized using conventional iterative optimization algorithms.
The information matrix can be computed, which then can be used to perform hy-
pothesis tests. It is, however, necessary to use a numerical integration routine to
compute the normalizing constant in (14) when maximizing the likelihood be-
cause this expression generally does not lend itself to a closed-form solution. All
routines are written in GAUSS using the procedures MAXLIK to maximize (17)
and INTQUADZ1 to perform the numerical integration. For convenience, numeri-
cal derivatives are used to compute the gradient vector and the information matrix
used in the optimizing algorithm.
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3.1. Prediction Conventions

For models based on unimodal distributions, the prediction convention usually
is chosen on the basis of the mean of the distribution. When the distribution is
multimodal, the choice of the mean of the distribution is no longer appropriate. An
extreme example is given by a distribution that is both bimodal and symmetrical.
Here, the mean of the distribution is located at the antimode—a value correspond-
ing to a region with the smallest probability mass. Thus, itis necessary to consider
an alternative criterion. One possibility, known as the global convention, is to
choose the value corresponding to the global mode. Another possibility, known as
the delay convention, is to choose the mode that is closest to the realized value of
the dependent variable at lagThis latter convention is appropriate for modeling
processes exhibiting inertia. Although the choice of conventions is, to a certain
extent, arbitrary, the choice can be based on empirical grounds such as goodness
of fit.

3.2. ldentification of Bimodality

As an aid for identifying the properties of the distribution over time, Cardan’s
discriminant can be used when the number of modes of the distribution is, at most,
two. For the distribution given by (13), the number of modes is found by solving
df(uy)/du = 0. Thatis, the number of modes corresponds to the roots of the cubic

91.}[ —+ Og,tut — U? =0. (18)
For this equation, Cardan’s discriminant is
5t = (614/2)% — (020/3)°. (19

For positive (negative) values &f the distribution is unimodal (bimodal). Cardan’s
disciminant is used here simply as a descriptive tool for identifying the shape of
the price distribution. The asymptotic distribution &fmay be calculated from

the distribution of the’s using the delta method.

4. SIMULATING CRASHES

To highlight the jumping property of the model, the following simulation experi-
mentis conducted. Define the deviation between the stock [Ricand the market
fundamentals, as given by dividenBs, as

Ui = P, — Dy. (20)
The error distribution is specified as

f (uy) = exp[10du; + u? — 0.005u¢ — 7§, ey
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where the normalizing constant is
= Iog/exp[lodts + 5% —0.005"] ds, (22

andd, is the dividend yield. Comparing the coefficientufhin (13) and (21) shows
thatv = (4 x 0.005 7225, Linear and constant relationships between dividend
yields and those implied by the model in (13) are specified to highlight how
jumping behavior can arise for even simple specifications. The dividend yield
is plotted in Figure 1B. These data consisfloi= 201 observations, which is a

=

0 51 ] 51 n

A) Simulated price (deviation) data
8

30 — Actual

_4| |~ Predicted

& 51 101 154 20t
t

C) Actual and predicted

Ficure 1. Simulation experiment: Estimation is based on total sampiel, 2, . . ., 201.
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subsample of the U.S. dividend yield series used in the empirical section below and
are standardized to have zero mean and unit variance. The important characteristic
to note is that this series is smoothly evolving over time and does not exhibit any
large movements.

To simulateu;, the inverse cumulative density technique is used. This amounts
to constructing the cumulative density from (21) for a givknBy drawing a
uniform random number, the associated random numbeu;f@s, in turn, also
drawn. This experiment is repeated for each valué, gfiven in Figure 1B.

The simulated series fax is given in Figure 1A. In contrast with the dividend
yield series in Figure 1B, the simulatedprocess does exhibit a relatively large
fall at observatiom = 110. From the definition af; in (20), this fall reflects that,
for a smoothly evolving dividend stream, the market pResignificantly deviates
from the market fundamental3;.

The results of estimating the parameters of the model

f (uy) = explariu + Bu? + ¢ui — 7] (23)

by maximum likelihood for the total perig@ = 201) are givenin Table 1. Within-
sample predictions of the model using the global convention are given in Fig-
ure 1C. Itis clear that the model captures not only the magnitude of the large fall
in u; and hence in the share price, butit also correctly captures the timing of the fall.
The good predictive properties of the model demonstrated in Figure 1C could
be conditional on the inclusion of the fall in the price during the estimation period.
What is also of interest is whether a fall in the price can be predicted from the
model when no fall exists during the estimation period. To investigate this property,

TasLe 1. Simulation experiment: Maximum likeli-
hood parameter estimates of equation (23)

Parameter True Estimdte

A. T = 201 (Total samplg

o 10.000 9.920
(8.675)
B 1.000 0.930
(4.882)
) —0.005 —0.048
(7.147)
B. T = 100 Subsample
o 10.000 15.034
(7.310)
B 1.000 0.479
(1.966)
¢ —0.005 —0.046
(4.443)

aAbsolutet-stats are in parentheses.
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-~ Actuol
-] | Predicted

— Actual
_} |~ Predicted

B) Actual and predicted (positive shock)

1] {
J — Actual
_4| | Predicted \
X 51 o1 151 ol
t

C) Actual and predicted (negative shock)

Ficure 2. Simulation experiment: Estimation is based on the subsamgplé, 2, .. ., 100.

the model is re-estimated over the fifst= 100 observations, which is a period of
tranquility. This subperiod is terminated 10 days before the actual crash eventuates.
The parameter estimates for the subperiod are given in Table 1. The predictive
properties of the estimated model are given in Figure 2. In generating forecasts of
u;, forecasts ofl; are generated using an AR(3) model with a constant. The results
are given in Figure 2A and show that there is no evidence of a jump. However,
to see if the underlying process is close to a region of bimodality and hence there
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is a nonzero probability of jumping, the forecastsdpfare changed by adding
(subtracting) a permanent one-standard-deviation (SD) shock. The size of the
shock is equal to the standard deviation of the residuals from the estimated AR(3)
model. Figure 2B shows that the positive 1-SD shock yields a smooth predicted
time path ofu;. This is in contrast to the negative shock that results in a large fall
in u¢, which is similar to the magnitude that eventually takes place.

This example highlights the importance of conducting sensitive analysis iniden-
tifying potential large jumps in asset prices. If, for a broad range of shocks, no
jumps are predicted, the relationship between the asset price and fundamentals
can be expected to be smooth. If, on the other hand, jumps are detected for certain
shocks, then there is a nonzero probability of predicting a jump.

5. THE 1987 STOCK-MARKET CRASH

One of the more difficult challenges in constructing models of stock markets is
to explain the simultaneous occurrence of a sharp fall in the stock price, as is
characteristic of the 1987 stock-market crash, with a smoothly evolving dividend
process. This phenomenon is demonstrated in Figure 3, which gives for the period
January 2, 1986, to December 30, 1988, the daily U.S. stock index as well as
the dividend payments and yield#lthough both dividend series move relatively
smoothly over the period, the stock index exhibits a massive fall on October 19,
1987. On this day the value of the price index fell from 2.48 trillion to 2.03 trillion,
a 22% fall, whereas for dividends, the fall was negligible.

In this section, the nonlinear theoretical framework discussed above is applied to
modeling the U.S. stock-market crash of October 1987. The total number of obser-
vations isT = 757. The data are standardized to have zero mean and unit variance.

5.1. Model Specification

An initial empirical specification of the nonlinear model that is used to capture the
large movement in the stock index identified in Figure 1A is given by

Py = A1D¢ + vy, (24
uf
f(u) = eXp{QLtUt + 624 (E) —u/4— 77t:| , (29
91,1 = JT]_dt, (26)
0ot = m20k. (27)

Equation (24) shows that the mean of the stock price is a function of the market
fundamental variable, dividend paymeiidg with parametei . This constitutes

the present value formulation, which represents a direct link between prices and
dividend payments. The error term is given tpy with corresponding standard
deviationv, which for simplicity is assumed to be a constant. The distribution of
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~ 1986 1987 1988 7989

Yeor
A) CRSP Value-weighted index (standardized)

4
2

1986 1987 1968 7989

Year
B) Dividend payments (standardized)

IATTTS 1967 1988 1989
Year

C) Dividend yields (standardized)

Ficure 3. U.S. stock market data (standardized).

u; has the generalized normal form given by (25), wharés the normalizing
constant. The shape of this distribution over time is determineéh byind 6,

in equations (26) and (27), which are expressed as linear functions of the divi-
dend yieldd;. This represents an indirect link between the stock price and market
fundamentals ad; affects P; through the distribution ofi;. Moreover, it is this

link that creates the nonlinear relationship betwBeand the market fundamental
variables.
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TasLE 2. U.S. stock market total sample period: Maximum
likelihood parameter estimates of equations (24)—(27)

Variable Parameter Line&r Nonlineaf
Dy A1 0.322 0.419
(9.321) (15.232)

o} T -0.281
(7.154)

ok T —1.496
(17.961)

v 0.946 1.081

(59.532)

aAbsolutet-statistics are in parentheses.

As with the simulation experiment above, linear functional forms are used in
(26) and (27) to show the ability of the model to detect jumping behavior. Further,
the model is summarized by four parameters. This would be the same number if a
dummy variable model with both shift and slope dummies was used to capture the
jump observed in Figure 3. Of course, the main difference is that the dummy vari-
able model can be used only to determine the timing of the jump ex post and cannot
be used to forecast the jump. In contrast, the model specified by (24) and (27) can
capture not only the timing and magnitude of jumps, but potentially it can be used
to forecast jumps, even when a jump has not occurred during the sample period.

5.2. Results

Maximum likelihood parameter estimates of the nonlinear model are given in
Table 2 for the full sample perigtiFor comparison, ordinary least squares (OLS)
estimates of the linear model (24) also are gi¥dine results show that there are
statistically significant linkages betwe&nandD; (the direct link) and betwee

andd; (the indirect link). This contrasts with the linear results in which only divi-
dend payments have a significant effect on the stock price index. Finding evidence
of a significant relationship betweepandP; is important because it constitutes a
necessary first step for finding an endogenous mechanism for modeling the large
movement in the stock price index over the sample period.

A test of the properties of the linear and nonlinear models is given in Figure 4,
which presents the within-sample predictions of the two models for the total period.
The delay convention has been used in the case of the nonlinear model. The most
striking observation to make about the predictions of the nonlinear model is that
it is able to capture arbitrarily well both the timing of the crash as well as the
magnitude of its fall. This contrasts with the linear present value model which fails
to capture the crash at all.

The nonlinear model performs so well because it predicts that the distribution of
the stock price is bimodal on the days leading up to the crash. This is shown by the
negative values of Cardan’s discriminast,from (19), in Figure 5A. Confidence
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o
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CRSP Index

221

2.0}

--- Nonlineor
— — Lineor

1.8

1986 1987 1988 1989
Year

Ficure 4. Linear and nonlinear predictions using the total sample period.

1986 1987 1988 1989

Year
A) Measure of bimodalitys,

1.0

0.5

0.0 ’kﬁ\

-0.5

S,x2 SE

-1.0 N )
1986 1987 1988 1989

Year
B) Confidence interval of bimodality; &+ 2 SE

Ficure 5. Measures of bimodalitys; .
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intervals of the delta function are plotted in Figure 5B for the sample period. For
the above-estimated model, the standard error at each point in time is computed
as the square root of

md2 AR\ 4 md2 AR
(oo2 i G ) (28)

whereH " is the covariance matrix of the unconstrained model evaluated at the
MLE parameter estimates reported in Table 2. Note that the measure of bimodality
is statistically significant around the time of the crash because both confidence
interval bands are less than zero.

The bimodal properties of the stock index distribution are further highlighted in
Figure 6, which gives temporal snapshots of the price distribution for the weeks
before, during, and after the crash. These results provide strong support for the
dual-view hypothesis that there was more than one view of the equilibrium stock
price at around the time of the stock-market crash.

The negative values ¢f in Figure 5 suggest that this dual view began approx-
imately in the last week of April 1987, and ended approximately one year later
when the market was once again united about its view of the share price. This
property of the price distribution is illustrated further in Figure 7, which combines
the weekly snapshots of the estimated distribution for the total sample period.

5.3. Forecasting

To investigate its forecasting properties, the model is estimated over three subsam-
ples. The three subperiods all begin January 2, 1986, and end 12, 7, and 2 trading
days prior to the crash. For each subperiod, a one-step-ahead forecast of the distri-
bution is computed. If the distribution is bimodal, the probability that the area to
the left of the antimode, that is, the area around the lower mode, is calculated. In
computing the one-step-ahead forecast density, information on future dividends is
obtained from the forecasts of 10th-order autoregressions for dividend payments
and yields estimated over the same subperiods as the price distribution.

Figure 8 shows that the estimate&fwith the sample period ending 12 days
before the crash is significantly negative before the crash, thereby suggesting that
there is significant bimodality before the crash. Similar results are obtained for
the other two subperiods. These results are significant in that they show that the
bimodality results obtained for the total period are not completely conditioned on
the large fall in the stock price on October 19, 1987. In Table 3, the MLE estimates
are given for the subsample that ends 12 days before the crash.

For the subperiod corresponding to 12 trading days prior to the crash, the one-
step-ahead prediction of the upper mode is 2.85 trillion, which is the same as the
recorded value of 2.85 trillion. What is more significant is that the one-step-ahead
prediction of the lower mode is 1.88 trillion, which is close to the share price index
of 2.03 trillion when it actually crashed.
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Ficure 6. Snapshots of estimated distributions from October 12 to 30, 1987 (standardized).

To gauge the probability mass around the lower mode, and hence the likelihood
of a crash occurring, a sensitivity analysis is performed on the one-step-ahead fore-
cast distribution. The approach is to shock the parameterand, in (26) and
(27), respectively. The results of shocking andn, by +36 (;r1) and 436 ()
respectively, where (), i =1, 2, are the associated MLE’s of the standard devi-
ations, are shown in Figure 9 for the subsample ending 12 days prior to the actual
crash. For comparison the forecast distribution without a shock also is shown.
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Ficure 7. Weekly snapshots from January 1987 to May 1988 (standardized).
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Ficure 8. Measure of bimodality computed 12 days before the crash.
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TasLe 3. U.S. stock market 12 days before the crash: Maxi-
mum likelihood parameter estimates of equations (24)—(27)

Variable Parameter Line&r Nonlineaf
Dy A 0.629 0.519
(10.961) (8.075)

ok T —-2.023
(4.225)

ok T —4.530
(11.515)

v 1.069 0.835

(45.882)

aAbsolutet-statistics are in parentheses.

Inspection of Figure 9 shows that, for a three-standardization negative shock, the
probability around the lower mode is 0.369. The lower modal value is 2.085 tril-
lion, which again compares favorably with the value of the stock price index on
the day of the crash.

5.4. Alternative Specification

In specifying the modelin (24) and (27), linear expressiongjiovere adopted so

as to highlight the nonlinearity properties arising from the underlying distribution.
However, from the theoretical model derived in Section 2, the relationships between
0t andd; generally are highly nonlinear. To capture some of these nonlinearities,
the model is extended by generalizing (26) and (27) to

011 = m1k + Mo + m3€L, (29)
021 = malh + 756 + T6EL, (30)

whereg are the residuals from a regression of dividend yields on a constant and a
linear time trend. The results of estimating (24), (25) and (29), (30) by MLE for the
full sample are given in Table 4. Figure 10 shows the snapshots of the estimated
daily densities for the weeks before, during, and after the crash. Predictions of
the extended nonlinear model as well as the linear model are given in Figure 11,
with the combined weekly snapshots of the price distribution for the total period
given in Figure 12. Just as in the initial specification, the extended model is able
to capture the jump. Both he timing and the magnitude of the estimated jump are
close to the actual price. The extended specification represents an improvement
over the initial model specification because the probability of a crash, as measured
by the area around the lower mode, is now increased.

The one-step-ahead forecasting performance of the extended model is inves-
tigated over the same three subsamples, namely, estimation periods ending 12,
7, and 2 trading days prior to the crash. The forecast distribution is bimodal for
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Ficure 9. One-step-ahead prediction of price distributions for alternative shocks 12 days
before crash (standardized).

all three subperiods. For the one-step-ahead forecast for the first subperiod the
prediction of the higher mode is 2.83 trillion, which compares favorably with the
actual value of 2.85 trillion. The prediction of the corresponding lower mode is
1.93 trillion, which is of a magnitude similar to the actual value of 2.03 trillion at
the time of the crash in 11 days’ time.
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TasLe 4. U.S. stock market alternative model specification:
Maximum likelihood parameter estimates of equations (24)—

(27)
Variable Parameter Line&r Nonlineaf
D A 0.629 0.539
(10.961) (14.556)
o} 1 b4.808
(7.008)
& T —8.442
(9.398)
& T3 —2.193
(13.054)
o} T4 3.667
(3.860)
& s —-9.378
(8.371)
& s —2.469
(12.394)
v 1.069 0.9373
(64.051)

aAbsolutet-statistics are in parentheses.

6. CONCLUSIONS

This paper has provided a new approach for predicting the timing and the magnitude
of stock-market crashes. An important advantage of this approach is that the timing
of the crash is determined endogenously, thereby overcoming problems associated
with the use of dummy variables to explain the crashes because these variables are
determinedex postand hence cannot be used for forecasting. The model also is
shown to be able to predict sudden changes in asset prices even when the estimation
period coincides with a period of tranquility.

The approach was applied to modeling the U.S. stock-market crash of October
1987 using daily data on share prices and dividends. The main result of the em-
pirical analysis was that the distribution of the stock price was bimodal around the
time of the crash, reflecting two views of the market equilibrium price, and that the
large fall in the stock price was the result of the price jumping between equilibria.
This period of bimodality was estimated to exist for about a year beginning around
April 1987.

NOTES
1. The stock price index is the Center for Research in Security Prices (CRSP) value-weighted
portfolio. The dividend yield is the difference between the daily return of the value-weighted CRSP

portfolio with and without dividends. This figure is aggregated over the past 253 days to yield an annual
figure. Dividend payments are calculated by multiplying the daily dividend yield by the total value of
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Ficure 10.Alternative specification: Snapshots of estimated distributions from October 12
to 30, 1987 (standardized).
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the portfolio, lagged one period. An annual figure then is calculated by aggregating the daily values
over the past 253 trading days. This annual series is smoothed by a moving average of the past seven
trading days. This smooths out spurious random fluctuations in the data arising from daily observations
and generates smoothed market fundamentals which is important for the empirical analysis below.
However, the results are still similar when data that are not smoothed are used.

2. The data were initially tested for unit roots using both the ADF and Phiflipsnit root tests.
The results, which are not reported to save space, show that the null hypothesis of a unit root cannot be
rejected at the 5% significance level for all three series. Co-integration tests, also not reported, based
on the ADF and the Phillipg; tests show that botR; and D; are not co-integrated. Given that the
length of the data is only three years, one has to be careful when interpreting the results of these tests.
See also Craine (1993) for a discussion of the interpretation of unit root tests of these series.

3. The Froot and Obstfeld (1991) intrinsic bubble model also was estimated, but no significant
nonlinearity was found.

4. Another alternative model specification that was tried was to allow the expressiép fior
be functions of both dividend yields and daily changes in dividend payments. However, the changes
in dividend payments were not statistically significant, and more important, were found to have no
influence on the predictive power of the model.
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