Mathematika 61 (2015) 277-294  © 2015 University College London
doi:10.1112/50025579314000333

ON A SINGULAR INITIAL-VALUE PROBLEM FOR THE
NAVIER-STOKES EQUATIONS

L. E. FRAENKEL AND M. D. PRESTON

Dedicated with affection and admiration to Vladimir Maz’ya
on the occasion of his 75th birthday

Abstract.  This paper presents a recent result for the problem introduced eleven
years ago by Fraenkel and McLeod [A diffusing vortex circle in a viscous fluid. In
IUTAM Symposium on Asymptotics, Singularities and Homogenisation in Problems
of Mechanics, Kluwer (2003), 489-500], but described only briefly there. We shall
prove the following, as far as space allows. The vorticity w of a diffusing vortex
circle in a viscous fluid has, for small values of a non-dimensional time, a second
approximation w4 +w that, although formulated for a fixed, finite Reynolds number
A and exact for A = 0 (then w = w4), tends to a smooth limiting function as A 1 co.
In §§1 and 2 the necessary background and apparatus are described; §3 outlines the
new result and its proof.

§1. Introduction. In a certain weak sense, this paper is a continuation of [1].
However, no knowledge of [1] is required if the reader is willing to accept that
a vorticity field in R? (subject to mild restrictions, but not required to have any
symmetry) has a centroid of vorticity moving with a velocity U(¢) that is given
by an explicit formula when the vorticity (-, #) throughout R? is known. This
result is essentially due to Saffman [2]; it was generalized a little (and perhaps
clarified and sharpened) in [1].

We seek a solution of the Navier—Stokes equations with the initial condition
illustrated in Figure 1: at time zero, vorticity @ is concentrated on, and is
tangential to, a horizontal circle in R3. This initial vorticity induces an initial
velocity field that has infinite kinetic energy. (The circle then diffuses and moves
vertically, at first with infinite velocity; at all positive times ¢ > 0 the kinetic
energy is finite.)

More precisely, consider incompressible fluid occupying all of R? and at rest
at infinity there; let x := (x1, x2, x3) be such that the frame (Ox1, Ox;, Ox3)
moves, relative to the motionless fluid at infinity, with the velocity (0, 0, U (¢)) of
the centroid of vorticity, the axes remaining parallel to their initial positions. The
Sfluid velocity relative to this moving frame is written v(x, ¢) and the vorticity is

w:=curlv=V xv.
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Figure 1: The initial condition.

Our time variable is t = vT, where T denotes physical time and v is the
kinematic viscosity (a given positive constant). This choice of ¢ simplifies the
heat operator in (1.3) below and simplifies most subsequent equations.

In writing U(¢) = (0, 0, U(¢)), we have restricted attention to the cylindrical
symmetry implied by the initial condition

w(x,0) = k8(2)8(r — a)e?, (1.1)

in which the circulation « and the radius a are given positive constants,
cylindrical co-ordinates (z, 7, ¢) are defined by x =: (r cos ¢, r sin ¢, z), the unit
vector e? = (—sin ¢, cos ¢, 0) and § denotes the Dirac generalized function.

In terms of the vorticity w, the fluid velocity (relative to our moving frame) is

vix,t) = —(0,0,U(®)) +V x / ;w(x/, t)dx’'. (1.2)
R3 41 |x — x|

With (1.1) and (1.2) understood, we seek w(x, t) such that

(%—A)w:—%((v-V)w—(w-V)v) inR3 x (0,1) (1.3)

for some small 7 > 0.

Of course, it would be better to solve the problem (1.1)—(1.3) for all ¢ > 0, but
this is beyond us because we seek rather explicit answers. There are two excuses
for considering only small ¢, or, rather, small ¢/ a2, which is non-dimensional.
First, once a solution for ¢+ > 0 has been established, the general theory of
the Navier—Stokes equations implies a continuation of the solution to all time,
thanks to finite energy for r > 0, cylindrical symmetry and the absence of a swirl
velocity (of a velocity component in the direction e?). Secondly, if the viscosity
v is small, which may be the case of primary interest, then the requirement that
vT /a? be small does not demand that the physical time 7' be small.
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In view of (1.1), we write
w(x,t) = w(z,r, t)e¢,

and seek the solution of (1.1)—(1.3) in the scalar form w = w4 + w1 + p, where
wy is to be a first approximation for small 7/a® and w4 + w; is to be a second
(improved) approximation; the remainder p is to make w4 + @w; + p an exact
solution and is to be o(w;) as ¢t | 0. Here are some details.

(i) The nonlinear terms on the right-hand side of (1.3) are expected to be
small for small ¢/a?, because @ should be approximately constant and large on
small circles in a meridional plane (¢ = constant) centred at (z,r) = (0, a),
so that v is approximately tangential to such circles and approximately of
constant magnitude on each of them. (If the initial vortex circle were a straight
line, then these nonlinear terms would vanish.) If the right-hand member of (1.3)
is neglected, there results the formal approximation

K S2 a 1/2 ar
(z,r,t) = —exp|—— — Bl — (1.4)
wAle 47t 4¢ J\ r 2t )’

where s := {z2 4+ (r — a)?}'/? and B is a known function such that B(y) = las
y — 00; in fact,

B(y) := Qry) % I1(y) 0<y < o0), (1.5)

where I; is the modified Bessel function of the first kind and of order one (as
in [3, p. 77]).
(i1) The exponential in (1.4) prompts us to introduce inner variables
s L r—a

o= W’ 6 = tan 7 (1.6)

then the amplitude « /47t in (1.4) prompts us to pose
wi(z, 1, 1) = 4)"2@1 (0, 0). (1.7)

It suffices to consider w; in an inner region: t | 0 with o fixed, so that s | 0,
because in an outer region: t | 0 with s > constant > 0, not only w4 but also w
is exponentially small.

The rest of this paper is devoted mainly to description of @1; the Reynolds

number
K

A= 5 (1.8)
will be an important parameter.

(iii)) The problem for the remainder p was sketched in [1]; the function
p(z,r,t) must be shown to exist and to be suitably small on the whole set
R x [0, 00) x (0, 7]. Considerable progress has been made with this problem
since [1] was written, but this analysis (which can only estimate p) is too long
and too elaborate to be described here.
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§2. The perturbation w) for fixed Reynolds number A. With w; as in (1.7), we
adopt the notation

(@) (0,0) e E:=(0,00) X (—m, ],

(b)A‘—az—I—la—f—l82
77 o ocdo  o2\d0)"°

) 1 1 3 2.1
(C) (ACU])(O'O, 90) = E \/:/L; log m w1 (U, Q)O'do' de,

_o2

K
d J 1) = — s
(d) wa,0(0,1) IS

in which A@ is a stream function describing the plane flow induced by vorticity
@1; the approximation w4 o to w4 is that appropriate to ¢ | 0 with o fixed. We
seek @ (o, 0) by linearizing (1.2) and (1.3) about w4 o; the problem is then to
solve the equation

9 1= e
_(Ag +20'£ +2>a)1 +X7£w1 —4pre™° £(Aa)1)

KA
= Eg(o) cosf onkE, 2.2)

with side conditions
@1(0,0) > 0 aso | Oandaso 1 oo. 2.3)

The function g is a known, smooth function such that:
(a) g(o)=0(0)aso | 0;and
(b) g(o)=0(clogo e"’z) as o 1 oo;

in fact,

(©)

2 2
31—e7° 1 ©eP 1
g(o) := ae_az(z—z‘i‘(lOg——/ —dp>——(J/E+1 —10g2)>,
o o Js P 2
2.4

where yg = 0.5772. .. denotes Euler’s constant.

THEOREM 2.1. For fixed ) € [0, 00), the problem (2.2)—(2.3) for @1 has a
pointwise, unique solution; in particular, @(-,0) € C*°[0, 00), @1(0,6) = 0
and w1(o0,0) = 0(6—02/2) aso 1 oo.

Here we have space only to sketch the main steps of the proof.
(1) Under the transformation

@1(0,0) =e°/2q(0,6), 2.5)
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equation (2.2) becomes

1—e" 9
—(Dy = 0g + A apem 2 (02
o? a0
—1e" /2 f(5,0) onE, (2.6)

where the operator T := (3/06)A and f (0, 0) := (k/mwa)g(c) cos. Let
(&, 1) :=o0(cos b, sinb), g«(&,n) = q«(o cosb,osinb) :=gq(o,0). (2.7)

The condition in (2.3) for o | 0 will be implicit in what follows; it was imposed
only to make g, decent at the origin, because we shall find that ¢ is of form
gc(0) cos 6 + gs(o) sin 0. Henceforth the functions g, and g will be identified
wherever no confusion is possible. Similarly, the Cartesian coordinate and polar
coordinate representations of other functions will be identified.

(i1) In the first instance we establish a weak solution of (2.6). Let the real
Hilbert space Z be the completion of the set C2° (R?), of real-valued, infinitely
differentiable functions on R? having compact support, in the norm implied by
the inner product

(u,v)z := // (Vu - Vv + o2uv) dt dn. (2.8)
RZ

We shall call g a weak solution of (2.6) if (and only if) ¢ € Z and, for all test
functions u € Z,

)

2 1—e 0q
B(u, q) := - Vu-Vg+o uq—i—)»Tu%

—dne0 2y T(e‘”z/zq)> dE dn
Y // "’ /2 fu de dn. 2.9)
RZ

(iii) Here is the key step of the proof.

LEMMA 2.2. The bilinear form B satisfies, for all u and v in Z,

B(u, u) = ||u)?, (2.10)
[B(u,v)| < (1 +kpA)llullv], (2.11)
where || - || = || - ||z and kg is an absolute constant (independent of the variables,

parameters and functions in question).

Fartial proof. We shall prove only that (2.10) holds for all functions in
cx (R?). The remainder of the proof is neither trivial nor immediate, but it is of
a kind familiar in Sobolev space theory and its application to partial differential
equations.
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In view of the definition of B in (2.9), we wish to prove that, for all ¢ €
o0 (T2
CP(R7), .
/‘/ 1—e@ a(pdéd —0
e o2 Tag T

/ /R e o T (e /?p) dt dn = 0.

The first of these is immediate because ff - 9(0¢/00)do = 0. For the second,
let A(e“’z/z(p) =: ; then e“’z/zga = — Ay and we wish to prove that

// (Aw)—dédn—o

Here it suffices to integrate over an open disc (or ball) B(0, R) with centre the
origin and radius R so large that 3(0, R) contains the compact support of Atr.
Thus the integral may be written

LRV
—/ —‘”—‘”Rd9+// Vi - —wdsdn
aB(O,R) 00 00 B(O,R)

and

That this last integral over (0, R) vanishes is immediate as before.
The boundary integral is now independent of R and vanishes because dvr/do
and dy/06 are both O(R™Y) as R 1 oo, by the definition (2.1)(c) of the
operator A. O

(iv) Existence and uniqueness of a weak solution. The forcing function in
(2.6) amply satisfies the condition

¢ f(0,0)
/:/]RZ 1702 d& dn < oo, (2.12)

because f(0,0) = (k/ma)g(o)cosf with g as in (2.4). This condition is
sufficient to make the forcing integral in (2.9), namely,

F(u) := // e 2 fudsdy, ueZ,
R2

a bounded linear functional evaluated at u. In other words, F belongs to the dual
space Z* of Z. The Lax—Milgram lemma now implies the following.

LEMMA 2.3. Equation (2.6) has a unique weak solution q and

F AlF ||z 2.13
1+k3k” lz+ < llgllz < AIFllz=. (2.13)

(v) Regularity theory: pointwise estimates. We separate the variables o and 6.
Let Y denote the real Hilbert space of functions y : [0, c0) — R such that the
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functions having values y(o) cos 6 or y(c) siné belong to Z. It can be proved
that, equivalently, Y is the completion of the set

D = {¢ € CX°[0, 00) | £(0) = 0},

where the compact support of ¢ may extend to the origin, in the norm implied
by the inner product

* /o 1 2
(v, w)y := vw' + —2+a vw Jo do,
0 o

where the ()’ denotes differentiation.
It can then be proved that, if

(a)
Q(0) = qc(0) +igs(0)  where (qc, g5) € Y?; (2.14)

(b) the operator 77 is defined by

(T1y) (o) = l/ (5 A z)y(p)pdp forally e ¥,  (2.15)
2 0 g 14

where a A b denotes the lower envelope, or lesser, of a and b;
(c) for all test functions v € Y,

* ! 1 2
/ (vQ +<—2+O‘>UQ
0 o

2

— v Q +idhe 2Ty (e_UZ/ZQ))a do
(o2
o0 2
=x/ e’ 2 fovo do, (2.16)
0

where f.(0) := (k/mwa)g(o); and
(d)
q(0,0) :=qgc(0)cosO + gs(o) sin 6, 2.17)

then g satisfies (2.9), so that the right-hand member of (2.17) is the unique weak
solution of (2.6). Conversely, equations (2.9), (2.17) and (2.14) imply (2.16).
We now choose the test function in (2.16) to be a Green function of the

operator
d\* 1d (e
do o do o? a )

which results from insertion of (2.17) into (2.6). It is legitimate to choose

1. 6% 1 0> ,
—sinh — - —exp | —— ifo < p,
2 p 2

v(io) =K(p,0) := (2.18)
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because K (p, -) € Y for fixed p € (0, 00). Then (2.16) yields, after an integration
by parts, the integral equation

o0
0(p) = A / K(p,0)e” 1 fu(o) o do
0
L[> 1—e ~02)2q (—0?)2
+ i K(p,0)| —5—0Q(0) —4e Ti(e 0) |o do.
0 (o2
(2.19)
Since Lemma 2.3 provides bounds for ||g.|ly and | ¢g;s|y, the regularity of Q,
and pointwise bounds, can be deduced from (2.19) and from Lemma 3.8 below

without great difficulty.

§3. The perturbation wy as A 1 co. We return to equations (2.1)—(2.4) and

define a stream function ¥; := A®;. Then &; = —Aax/}l and (2.2) becomes
2 ~
0 ~ 1—e™ 93 ~ o2 0Y
Ag +20— +2 A —A————AsYg —4re™ 7 —
( o0 T ) 4 e A LY
KA
= —g(o)cosf onkE. 3.1
Ta

In view of (2.5) and (2.17), the function 1&1 has the form
V1(0,0) = ¥1c(0) cos b + Yris(o) sin 6. (3.2)

We divide (3.1) by A(1 — e_"z)/az, write the cos# and sin 6 parts as separate
equations and define, similarly to (2.14),

W(0) = Yic(0) + i (0). (3.3)

'With the notation

d\> 1d 1
(@) A :=<—> +—— =,

do odo o2
402
(b) a(o):= = ,
e” —1 (3.4)
o2
(c) B(o):= —
1—e°

d
d E£:=A1+20— +2,
do

the problem for @ is to solve the equation

B(o)
—1
A

E(AIW) + (A1 +a(0))W = —i%ﬂ(a)g(a), 0<o <00, (3.5
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with the side conditions

aso | 0, (A1¥)(0) = 0,¥'(0) =0(1) and ¥ (o) = O(0);
(3.6)

aso 1 00, (A1) (6) — 0, V' (6) = O(c %) and ¥(o) = O(c ™ 1).

Here the conditions on A;W¥ come from (2.3); the conditions on W’ and W are
implied by ¥ = —T1(A W), with T} as in (2.15), and by conditions on AW
much weaker than those in Theorem 2.1.

For A 1 oo, equation (3.5) with (3.6) seems to form a singular perturbation
problem, since a small parameter multiplies the highest derivatives. Surprisingly,
this turns out not to be the case; nevertheless there is work to be done.

Apparently, if Wo(0) := limy1oc W(0'; A) exists, then it must satisfy

(A1 + (@))% = -i—p(0)g(0). 0<0 <ox, (3.7)
a

and the six side conditions (3.6). We proceed to explore this problem.

LEMMA 3.1. The equation

{Ai+a(0)lu=0, 0<o < o0, (3.8)
has solutions
Ue) = ~(1 =) (3.9)
o
and
V(o) := é — U(O)log(eCrz —1). (3.10)

Here U is an eigensolution (with eigenvalue 0) in that it satisfies not only (3.8)
but also all six side conditions (3.6).

Proof. This is a matter of direct calculation. O

LEMMA 3.2. The forcing function in (3.7) is orthogonal to the eigensolution
U in the sense that

/ U(o)B(o)g(c)odo =0. 3.11)
0

Hence the problem (3.7) and (3.6) has a (non-unique) solution

Wo(o) =COU(0)+12;—a fo [U(P)V(e) = U@V () Bp)gp)pdp (3.12)

for every ¢y € C.

Proof. Again this is a matter of direct calculation, but the calculation is not
short. With 8 defined by (3.4)(c) and g by (2.4)(c), the analytic proof of the
orthogonality condition (3.11) seems to require a page. (However, with any
machine capable of numerical integration, numerical verification of (3.11) is
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quick and easy.) We note that Liouville’s formula for Wronskians yields
2
U@@)V'(e)=U'(0)V()=—-=, 0<o < oo. (3.13)
o

The following lemma is also relevant. O

LEMMA 3.3. Define, for suitable functions f,

1 o
(Gf)o) = 5/0 U)V(@)=U@)V(p)lf(p)pdp, 0<o <oo, (3.14)

and

J(f) 1=/0 V(p) f(p)pdp. (3.15)

Assume that f € C[0, 00), that [~ U(p) f(p)pdp =0, that f(c) = O(0) as
o | Oandthat f(o) = O(G’"e_(’z), withm > 1, as o 1 oo. Then

{A1 +a@)}Gf)0) =—Ff(o) in(0,00); (3.16)
aso | 0,
Gf)o)=0(>) and (A1Gf)(0) = 0(0); (3.17)
as o 1 0o,
Gf)o)=—3I(fHo™ +0(@™e™"), (3.18)
Gf) (o) =Li(fo 2+ 0™ e, (3.19)
Gf) (o) =—J(f)o™ + 0™, (3.20)
and ,
(A1Gf)(o) and (EGSf)(o) are O(c™e ). (3.21)

Proof. Equation (3.16) follows from the definition of Gf and two
differentiations. That (G f)(o) = O(c3) as o J 0 also follows from the
definition; then the differential equation (3.16) shows that (A;G f)(c) = O (o)
as o | 0. In order to prove (3.18) and (3.19), we note that U (o) ~ 1/0 and
V(o) ~ —o as o 1 0o, whence

/0 Up)f(p)pdp = (/o —/ )U(p)f(p)p dp =0+ 0" e "),
/0 Vp)f(p)pdp = (/0 —/ )V(p)f(p)p dp = J(f) + 0™ e ),
from which (3.18) and (3.19) follow.

The differential equation (3.16) and the estimate (3.18) of G f imply that
(A1Gf)(o) = O(c™e™° 2) as o 1 oo. What has been proved now implies the
estimates of (G )" (o) and (£G f) (o) for o 1 o0. O
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04 1 Reynolds number
—r=10°/27
024 | =00
T
£ 004
S
~0.2
_0.4 A T T T T T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
o o

Figure 2: The perturbations for g.(«) and gs(«) for A = 103 /27 and A = oo.

The result (3.12) prompts two questions. How (if at all) is c( to be evaluated?
How smooth is W? Analogues of both of these questions will have to be
answered more generally for each function W,, in an identity

N
W(o:A) = ZA‘”\IJ”(G) + Ry (o; M.
n=0

Here we anticipate later results and note that, with J as in (3.15),
LK K
co=1—J(Bg) =1—(0.11527...). (3.22)
2ma a

This follows from the equation governing Wi, which requires an orthogonality
condition involving Wy.

Because of the function O =: Q(-; A) defined by (2.14) and (2.16), we now
define Qo = qoc + iqos by

Q0(0) 1= —e” /2 (A1Wp)(0)
= " P(4cooe™ — a(0)(Gho)(0) —ho(6)),  (3.23)

where hg := —i(x/ma)Bg. Evidently go. = 0.

It will emerge from Theorem 3.5 that Qg is the limit of Q(-; A) as A 1 oco. In
Figures 2 and 3, Qg is compared with Q(-; 1) for large A; these values of Q(-; A)
were obtained by numerical solution of the equation

o2
(A — 020 — ikl_—iQ Fidre o 2T e Q) = KA (o),
? © G
This equation is equivalent to (2.6), because of (2.17). It is also the pointwise
form of (2.16); with the condition that Q(c) — Oas o | 0 and as o 1 oo, it
has a pointwise, unique solution. Figures 2 and 3 are consistent with the result
of Theorem 3.5 that, as A 1 oo,

ge( 1) =00"") and gs(5A) — qos = O(L72).
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0.41 Reynolds number 0.41
—r=10*27
024 |- A=00 0.2
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< =
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~0.24 —-0.24
-0.4- ‘ . . . ‘ 0.4
0 2 4 6 8 10
o

oo
~

o
o0

g

Figure 3: The perturbations for g.(«) and g5 (a) for A = 10% /2w and A = oo.

Definition. We shall say that a function ¢ : [0, 00) — C is satisfactory on
[0, k) if (and only if) there exist coefficients b, and a number k > 0 such that

LEMMA 3.4.

o
p(o) = anGZ"H for0 < o < k.
n=0

(1) The function Bg is satisfactory on [0, Qm)l/?).

@) If f is satisfactory on [0, (2m)17?), then so is gfr.
Proof. (i) We note that

_2(3
B(o)g(o) =oe a(

— /11_e_p2d +Co+C
2 T e\ ), P Y 0 1))
where
00 g=p" 1
Co :=—/ —dp, Cy:=—5(e+1—1log2),
P 2
and that the function w defined by
w(z) = —— if 7 € C\ {0} \ {poles}
is holomorphic for |z| < 27.
(ii) Let

and w() =1,

W(o) = — —U(0) log <

—1
where the limiting value of (e”2 — 1)/0? is taken at o = 0. Then

o 2 ’
and

V(o) =W(o) —2U(0)logo

1 o 1 g
G)@) = W) /O U F) pdp — 5U () /0 W(o)f(p) pdp

1
+02U(0)/ (log U (o) f(ot) t dt.
0
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The functions with values 02W (o), U(c) and f(o) are all satisfactory on
[0, (27)1/2), so that G f inherits this property. [

THEOREM 3.5. The perturbation @\ has a representation

@1(0,0; 1) = cosO{A™"¢1(0) + A 73¢53(0) + L5(05 1))
+ sin0{¢0(0) + A 7282(0) + 4o 1)) (3.25)

in which, form =0,1,2,3andn =4, 5:

(a) the functions ¢, and &, (-; A) belong to C*°[0, co) and are satisfactory on
[0, 2m)'/?);

(b) aso 1 0o, tn(a) = O +4e=0%) and ¢, (o3 1) = 0(e~°"/2) for fixed A;
and

©) ask?t oo, &(o;A) = O™, uniformly over o € [0, 00).

The proof will be by means of further lemmas. Let ¥ := 1/} le +i1/~f 15, as before,

and let Q2 := —A W, so that Q = &, + i®1s. Our plan is to construct identities
N
V(o1 4) =) A", (0) + Ry (03 ), (3.26)
n=0
N
Qo12) =) 27" (o) +ry(oh), (3.27)
n=0

in which estimates of the remainders Ry and ry can be crude. In fact, we shall
prove only that Ry and ry are O (X'=N), but this is sufficient for (3.25) if N > 6.
The terms of the expansion of W are to satisfy

{Af+a@)}V, =h,, n=0,1,...,N, (3.28)
where p
ho(o) = —i—B(0)g(0), (3.29)
Ta
hy, =iBE(AV,—1) forn=1,..., N, (3.30)
and

—ixT1B(@)E(AIRN) +{A1 +a(@)}Ry =i V1 B(0)E(A1 YY), (331)

then the right-hand member of (3.26) will satisfy the equation (3.5) governing .
Since Q = —A ;W and ¥ = T2, this scheme corresponds to

—Qu + a1y =h,, n=0,1,...,N, (3.32)
iV I1B(0)Ery —ry +a(o)Tiry = - N T18(0)EQN, (3.33)

where h, = —iB(0)EQ,_1 forn =1,... N.
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LEMMA 3.6. In order that equation (3.28), with the side conditions (3.6),
have a solution, it is necessary that

oo
/ U(o)h,(c)odo =0, n=0,1,...,N; (3.34)
0
equivalently, that

/oo o%g(0)do =0 ifn=0, (3.35)
0

/Oo o2 (EQ_1(o)do =0 ifn=1,...,N. (3.36)
0

Proof. Let M := Ay + a(o). Assume that # and v are in C?%(0, 00), that
ou(o)v'(o) - 0aso | 0andas o 1 oo and that ou’(o)v(oc) — Oaso | 0
and as o 1 oco. Then integration by parts yields

/ u(./\/lv)crdozf (Mu)vo do. (3.37)
0 0

Now letu = U and v = ,,. If W, satisfies (3.6), then the foregoing hypotheses
are satisfied. If, also, MVY,, = h,, then

/ Uhnadazf U(M\Dn)adozf MUW,0do =0. (3.38)
0 0 0

Equations (3.35) and (3.36) follow from the identity U (c)8(0) = o and from
the definitions of #,,. O

If h,, satisfies not only the orthogonality condition (3.34) but also the other
hypotheses on f in Lemma 3.3 (and this will be the case), then the differential
equation (3.28), with side conditions (3.6), has solutions

v, =c,U—-Gh,, n=0,1,...,N, (3.39)
whence
Qo) = —(A1¥y)(0) = dcpoe™” — a(0)(Ghp)(0) — hy(0), (3.40)

for every ¢, € C.

In order to evaluate cg,...,cy and in order to discuss ry, we extend
the definition (3.30) to hpy1. Recall from Lemma 3.2 that for n = 0 the
orthogonality condition (3.34) has already been established.

LEMMA 3.7. Forn =0, 1, ..., N, the necessary condition fooo Uhypyi0o do
= 0 implies that c, = —%J(hn), where J(-) is defined by (3.15).
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Proof. Extended to Qy, the orthogonality condition (3.36) states that, for
n=0,1,..., N,

o0 o0
0= / o2(EQ) do = —4/ o2Q, do,
0 0

by an integration by parts for which it suffices that 2, € C?(0, 00), that /(o) =
o(c~2) bothas o | 0 and as o 1 oo, that 2, = o(c~") as o | 0 and that
Q, =o(c 3 aso 1 oo.

Next, we observe that, if U, € C%(0, co) and if both az\ll;l (0) and o, (0)
have limits both as o | 0 and as o 1 oo, then

(o)
0 :/ o2(A1 W) do = [0V — o W,]3°,
0

in which limiting values are implied on the right-hand side. In view of (3.39), the
orthogonality condition is now

cnlo?U' — o UIY = [02(Ghy) — 0 (Gha)].

Referring to the definition of U in (3.9) and to the description of Gf in
Lemma 3.3, we are led to ¢, = —%J(hn). L]

It is time to relate the ¢, and ¢,(-; A) in Theorem 3.5 to the 2, and
ry in (3.27). We noted after (3.23) that Qg is imaginary. Since Q2(c) =
exp(—az/Z)Q(a), the function Qg is imaginary. Then, since h; = —iBEQ,
the function /4 and the coefficient c; are real. Equation (3.40) shows that 2 is
real. An easy induction now shows that 2,, is imaginary if n is even and Q,, is
real if n is odd.

Accordingly, if N is odd, then

=9, 6= and (A =A7Q5+--+1VQy +Rery(5 1),
to = —iQ, &= —i% and (51 = —iA U+ -+ 2V TIQN )
+ Im ry(-; A). 341

If N is even, then there is a similar array.

Because of the explicit formula (3.40) for @, (with h,, = —iBER,_1, with
cn = —%J (hy) and with the operator G described by Lemmas 3.3 and 3.4),
enough may have been said about €2, to justify the claims made for ¢y to {3 in
Theorem 3.5. For example, the result

tn(0) = 0¥ e™") aso 1 0o (3.42)
follows for m = 0 from B(o) ~ o2 and from the overestimate glo) =
0(02e"’2), which imply that sg and Q¢ are 0(046702). Then repeated use

of hy,11 = —1BER, leads to (3.42).
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On the other hand, the remainder ry requires further discussion. Under the
transformations

rn(0) = e 2Py(0) = e P {pne(o) +ipns (o)), (3.43)
pn(0,0) := pync(o)cosh + pys(o)sinb, (3.44)

equation (3.33) becomes

A 0 _2 .2 _ 2
—(As — UZ)PN + %@p/\/ —4)e ¢ /2T(e o /ZpN) =A Ne” /ZfN(O’, 0),
(3.45)

where '
fn(o,0) = Re{(EQy)(0)e 7). (3.46)

The operator on the left-hand side of (3.45) is that in (2.6); as in §2, it follows
that equation (3.45) has a unique weak solution bounded by

K _
Ipvllz < —Ana~", (3.47)
where Ay depends only on N.

Choosing the test function in the definition of weak solution as in (2.18), we
obtain the equation

Py(p) = 27" fom K(p.0)e” 2(EQy)(0) o do

o0

+i,\/ K(p,a)(PN(G) — 470727y (e“2/2PN)>a do. (3.48)
0 B(o)

This leads without difficulty to a pointwise solution Py € C?[0, o) such that

Py (0) = 0 and such that Py(c) — 0 as o 1 oo. (Correspondingly, ry (o) is

o(exp(—orz/Z)) as 0 1 00.) Equation (3.48) and the bound (3.47) now imply

that Py (o; 1) is O(A~N*1) uniformly over o € [0, c0). Moreover, the equation

iA
—(A1 =07 Py — o Py +4ire™ 2Ty P Py) = 27 Ve7 PEQy

B(o)
may be written as
Pi=—pt (L v o) oy — o —a Ve Peqy
N o N o2 .

The right-hand member of this is in Clk, o) for any k > 0, say in C1, 00).
Therefore P]’\} e C[1, o0). Repetition of this step shows that Py € C*°[1, 00).

It remains to prove that Py is better than C? at and near the origin. We return
to equation (3.33) for ry and to the equation

1A o2 KA
EQ+—Q—4ire™ " T1Q=——¢g
B(o) Ta

for Q = @, + iw®1y; our final lemma applies to both ry and 2.

https://doi.org/10.1112/50025579314000333 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579314000333

ON A SINGULAR INITIAL-VALUE PROBLEM FOR THE NAVIER-STOKES EQUATIONS 293
LEMMA 3.8. Assume that the equation
iA
B(o)

has a solution u € CZ2[0,00) such that u(0) = 0 and such that u(o) is
o(exp(—a2/2)) as o 4 o0o. Assume also that u is unique because it is the
transformed version of a solution in the Hilbert space Z.

Then u is satisfactory on [0, (210)'/%) whenever f has this property.

Eu +

u — 4ire " Tiu = Af (3.49)

Proof. We shall prove that there are coefficients a, such that

o
u(o) = Zanaan for0<o <b
n=0

if b € (0, (27)"/?). Here we are not constructing a series solution ab initio
in the usual way; rather, we are establishing a regularity property of a known,
unique solution. Therefore we may regard ap = u’(0) and fooo u do as known;
we proceed to calculate the other coefficients in terms of these. The equation is
satisfied, subject to convergence of the series, if forn =0, 1,2, ...,

n
A+ D)(n+2ani1 = —4mn+ Day — Y (Bu_jaj + An_jTj) + Afn. (3.50)

j=0
where
iA(—1)™ 4ir(—1)mt!
B, — »=D" o, DT
(m+ 1)! m!
1 [ 1 _
'ro:—/ udo, ‘cm:——am—l form > 1,
2 Jo 4m@m + 1)
and

0
f@) =) faoc™t! for0<o < (@2m)'/2
n=0
Hence there is a constant C = C(b) such that | f;,| < Ch2,

Now, for every p € {1,2,3,...} there is a number I'), = I';,(b, A) such that
lan| < pr_2” forn =0, 1, ..., p. We may suppose that I", > « /a. Then (3.50)
implies that

lan1] S Tpb~"2p(n, 2) forn < p,

where

21 4|10 Qm)" rC
AN)i=——— 4 H+Ar e .
o(n, A) 4(n_|_1)(n_‘_2)<(n+ )+A(1+m) +K_ + i
For fixed A, we choose p so large that ¢(p, A) < 1 and so large that ¢(n, A)
decreases for n > p. Then |a,,| < T pb_2m not merely for m < p, but also for
m2=p+1. O

a! nl Ka~
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