Advances in Applied Mathematics and Mechanics DOI: 10.4208 /aamm.2015.m1326
Adv. Appl. Math. Mech., Vol. 9, No. 2, pp. 324-348 April 2017

Robust Semi-Discrete and Fully Discrete Hybrid Stress
Finite Element Methods for Elastodynamic Problems

Xiaojing Xul! and Xiaoping Xie?*

1 School of Science, Southwest University of Science and Technology, Mianyang,
Sichuan 621010, China
2 School of Mathematics, Sichuan University, Chengdu, Sichaun 610064, China

Received 18 October 2015; Accepted (in revised version) 17 February 2016

Abstract. This paper analyzes semi-discrete and fully discrete hybrid stress quadri-
lateral finite element methods for 2-dimensional linear elastodynamic problems. The
methods use a 4 node hybrid stress quadrilateral element in the space discretization.
In the fully discrete scheme, an implicit second-order scheme is adopted in the time
discretization. We derive optimal a priori error estimates for the two schemes and
an unconditional stability result for the fully discrete scheme. Numerical experiments
confirm the theoretical results.
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1 Introduction

Consider the following 2-dimensional linear elastodynamic problems:

uy —dive =f£(x,t), (x,t) €Qx[0,T],
0 =Ce(u) =2pue(u)+Adivul, (x,t) eQx[0,T],
u=0, (x,t) €T x[0,T],
u(x,0)=¢o(x), w(x,0)=¢i(x), x€Q,

X
X
(1.1)

where Q) C %2 is a convex and bounded open set with boundary T, T a positive constant,
u=(uy,u2)" the displacement field, o = (0;;)22 the symmetric stress tensor, €(u) = (Vu+
(Vu)T)/2 the strain tensor, and f(x,t) the body force. A,u > 0 are the Lamé parameters.
@0(x), @1(x) are initial data. We assume that f, ¢ and ¢; are as regular as necessary.
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Makridakis [1] analyzed semi-discrete and fully discrete mixed finite element meth-
ods for linear elastodynamics, where in the fully-discrete scheme rational approxima-
tions to the cosine were used for the time discretization. In [2], Bécache, Joly and Tsogka
changed the two-order system (1.1) to a first order system, and constructed a new fam-
ily of mixed finite elements, which allow mass lumping and lead to efficiency compu-
tation once explicit time discretization is made. Boulaajine, Farhloul and Paquet [3, 4]
proposed a new dual mixed finite element method to solve the linear elastodynamic
system with explicit/implicit Newmark schemes for the time discretizaton. In [5], Lai,
Huang and Chen established a C’—continuous time stepping displacement-type finite
element method. Hughes and Hulbert [6] developed space-time finite element methods
which use the discontinuous Galerkin method in time and incorporate stabilizing terms
of least-squares type. Idesman [7] presented space-time finite element methods on struc-
tured and unstructured meshes based on time continuous and discontinuous Galerkin
methods. In [8], Cheng and Xie considered a space-time nonconforming finite element
method.

For static elasticity problems, the hybrid stress finite element method pioneered by
Pian [9] is known to be an efficient approach to improve the performance of the standard
4-node compatible displacement quadrilateral (bilinear) element [10-14]. The method is
based on the Hellinger-Reissner variational principle which includes unknowns of dis-
placements and stresses, and leads to a displacement-type scheme after locally elimi-
nating stress parameters. In [10] Pian and Sumihara proposed a robust 4-node hybrid
stress quadrilateral element (abbr. PS element) by using isoparametric bilinear displace-
ment approximations and a rational choice of 5-parameter stress mode. Yu, Xie and
Carstensen [13] proved that the PS element is uniformly convergent on certain meshes
as the Lamé constant A — co.

By using PS element for the space discretization, Yu and Xie [15] presented semi-
discrete and fully discrete hybrid stress quadrilateral finite element methods for the linear
elastodynamic problems (1.1), where a second-order center difference is used for the time
discretization in the fully discrete scheme. Error estimates of the two schemes, as well as
a conditional stability result for the fully discrete scheme, were derived there with the
constant factors in all the estimates depending on A.

In this paper, we shall further study the semi-discrete hybrid stress scheme proposed
in [15] and develop a new fully discrete scheme by using an implicit second-order scheme
in the time discretization. Our analysis and new scheme improve [15] in the following
aspects.

e The constant factors in the derived optimal error estimates of the semi-discrete and
tully discrete schemes are uniform with respect to the Lamé constant A.

e The new fully discrete scheme is unconditionally stable.

The rest of the paper is organized as follows. Section 2 introduces notations and weak
formulations. Section 3 is devoted to the error estimation of the semi-discrete hybrid
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stress scheme. Section 4 derives the stability and error estimation of the fully discrete
hybrid stress scheme. We provide some numerical results in the last section to verify the
theory results.

2 Notations and weak formulations

Throughout this paper, we denote by H"(Q)) the standard Sobolev spaces with norm ||- ||,
and semi-norm |-|, for any nonnegative integer r. In particular, H(Q) := L?(Q) is the
space of square integrable functions with the usual L? inner product (-,-).

For a time dependent function v(x,f), sometimes we simply write it as v or v(t). Let
C*([0,T];H"(Q))) be the space of k-times continuously differentiable maps of [0,T] into
H"(Q)). For 1< p<oo, denote

LP([0, T H () := {0:[0,T] = H' (Q); o]l (1) <00},

where [[o p(ry:=(fy (- )IIFdt)!/?, when p<eo,and [[o]| (s esssup0<t<THv( B)llr,

when p =oco. The correspondmg semi-norm is given by [0v[p(pr) = fo lo(-,t) | dt)l/?,
when p<co, and [v|«(gr)=esssup, . |0(,t)|, when p=co. We note that all the notations
above can be extended to vector-valued/tensor-valued functions naturally.

For convenience, we use the notation a S b to represent that there exists a generic
positive constant C, independent of the space and time mesh parameters, 1 and At, and
the Lamé parameter A, such that a <Cb.

We recall two Gronwall’s inequalities [16]:

Continuous Gronwall’s inequality. Let ¢(-) >0 be such that ¢;(t) <p¢p(t)+#(t) for 0 <
t<T, where p>0 is some constant and () >0, 7 € L1([0,T]). Then it holds

p(1) <o (p(0)+ / s)ds), Vie[oT) 2.1

Discrete Gronwall’s inequality. Let go > 0 and two nonnegative sequences (ky)u>0,
(Pn)n>0 be given. Suppose that the sequence (¢, ),>0 satisfies

$0<go0,
(S~ 2.2
Pn<go+ Y Pt Y ks, Vn>1. 2.2
s=0 5=0
Then it holds
n—1 n—1
Pn < (80+2Ps)e><p(2ks), Vn>1. (2.3)
s=0 5=0

We define two spaces as follows
Vi=(Hy(Q))*={ve (H'(Q))*:v|r=0},
pap {reLZ(Q;ngan):/QtrrdXZO},
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where LZ(Q;]RE;,?%) denotes the space of square-integrable symmetric tensors with the
norm || - ||o defined by ||7||3:=(7,T), and trT:=Ty; + T2, represents the trace of tensor .
Notice that on the space V, the semi-norm |-|; is equivalent to the norm ||-||;.
The weak problem for the elastodynamic system (1.1) reads as: find (o,u) €
CY([0,T};) x C2(]0,T]; V) such that
a(o(t),t)+b(T,u(t))=0 VTeL,
b(o(t),v)+(£(t),v) = (us ( V), WEV, (24)
u(0)=go, w(0)=g1,

where
a(o,7):=(0,C 7 7)= i((7,‘L')—L(tr¢7,tr'r),
2 Ap(u+2)
b(t,v):=—(T,e(v)).
Define an energy norm ||-||, on X as
7|2 :=a(t,7) = | T — ~treT|t —— || trT|2 for TEX.
“ o 27 TN () 0
Then it holds 1
——=|llo <lllla <—=ll7llo- (2.5)
2(p+A) v
The following continuity conditions are immediate:
la(o,7)| < ||ollallT]la, o, T€C([0,T];E), (2.6a)
b(tv)|SITllolvl, TeC([0,T);E), veC?([0,T];V). (2.6b)

3 Semi-discrete hybrid stress finite element method

3.1 Geometric properties of quadrilaterals

In what follows we assume that () is a convex polygonal domain. Let 7, be a conventional
quadrilateral mesh of (). Let K€7, be an arbitrary quadrilateral with diameter /ix. Denote
h:=maxge7, {hk}. Let Z;(x;,y;), 1 <i<4be the four vertices of K and T; denotes the sub-
triangle of K with vertices Z;_1, Z; and Z; 1 (the index on Z; is modulo 4). Define

px = min {diameter of circle inscribed in T;}.
1<i<4
Throughout the paper, we assume that the partition 7; satisfies the following ”shape-
regularity” hypothesis [17]: there exists a constant ¢ >2 independent of i such that for all

KeTy,
hKSQPK- (31)
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Figure 1: The mapping Fk.
We define the isoparametric bilinear mapping Fg : K= [—1,1]2 — K (see Fig. 1) as

N 2 xiNi(Gm)
(3)=rem=| , 62)
;%Ni(ézﬂ))

4

where ¢, 17 are the local isoparametric coordinates, and

N; = (1+8)(1=n),

(1=8)(1+7).

(1=¢)(1=1n), Ny =

(1+8)(1+n), Ny=

NS N
W ] e

N3 =
We can rewrite (3.2) as

x:ao+a1§+a217+a12§17, y:bo—FblC—i—bzﬂ—FblzCU,

where
ap b() 1 1 1 1 X1 yl
ap by |_1f -1 1 1 -1 X2 Y2
a by | 4 -1 -1 1 1 X3 Y3
ain b12 1 -1 1 -1 X4 VY4

3.2 Hybrid stress finite element spaces

Let X, C X and Vj, C V be finite dimensional spaces respectively for stress and displace-
ment approximations. For the PS element [10], the isoparametric bilinear interpolation is
used for the displacement approximation, i.e., the displacement space V}, is chosen as

Vy={veV:v=v|xoFx €span{1,&n,&n}* forall KeT;}.
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For simplicity we abbreviate the symmetric stress tensor T = (Tjj)2x2 as T =
(Tn,Tzz,le)T. The 5-parameters stress mode on K for PS element takes the form

T=PB for B:=(B1,--,B5)T €R®, (3.3)

where

P by
=1 010 =
2l ¢
bl an
0 01 —y —
alnbz

Then the corresponding stress space for PS element is
Y :={teX:t=1|goFk is of form (3.3) for all K€ 7 }.
Introduce the spaces

={q€L*(Q):§=q|xoFx €span{1,&n} forall K€ T,},
Wy, :={g € W), : §|x = constant for all K€ T} }.

Lemma 3.1 (see [13]). Assume that for any 7 € W), there exists some v € V}, with [|7]|3 <
Jogdivvdx, |v[;<|g][5- Then for any T, €KerBy:={t, €Ly [, Tp:€(vy)dx=0 for all v, €V, },
it holds

71§ SalT, @) (3.4)

Remark 3.1. This Lemma states that any quadrilateral mesh which is stable for the Stokes
element Q; — Dy is sufficient for (3.4). As we know, the only unstable case for Q; — D is
checkerboard mode. Thereupon, any quadrilateral mesh which breaks the checkerboard
mode is sufficient for the uniform stability (3.4).

Lemma 3.2 (see [13]). For any v, €V}, it holds

Va1 < sup b(Th,vi)
o£ges, NTullo

3.3 Semi-discrete scheme and error estimation

Let ¢, and @), be respectively approximations of initial data ¢o and ¢;. The
corresponding semi-discrete scheme for the problem (2.4) reads as: find (o,uy) €
CY([0,T];Z5) x C%([0,T];V4), such that

a(oy(t), ) +b(tun(t)) =0, VT, €Zy,
b(ou(t),vi)+ (£(t),vi) = (anu(t),vi), Vv €V, (3.5)
(0) =@o,n, Up, t(o) =@1,h-
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Lemma 3.3 (see [15]). The semi-discrete scheme (3.5) admits a unique solution

CAQRTION
We define two "elliptic projection” operators,
[:X—=%, and II:V—=>V,
as follows: For u(t) € V and o(t) = Ce(u(t)) € X with t € [0,T], let (IT;0(t),ITou(t)) :=
(o (t),mp (1)) €2y XV, satisfy

{ a(@(t),‘rh)—#b(’fh/ﬁ;(t)) =0, Vr,eXy, (3.6)
oy

(t),vi) =b(o(t),vy), Yv, eV,

By standard arguments in the theory of mixed finite element methods [18], we have the
following error estimate.

Lemma 3.4. Let (o (t),u(t)) and (o73,(¢),u;(t)) be the solutions to the weak problem (2.4)
and the discrete “elliptic projection” problem (3.6), respectively. If u(t) € (H*(Q))?N
(H)(Q))?, o(t) € (H(Q))*** for t € [0,T], then, under the same conditions as in Lemma
3.1, it holds the estimate

lo(t) =an (B)[lo+[u(t) —wp(t) L Sh(llo ()]l +[ul)]2). (3.7)
Lemma 3.5. Under the same conditions as in Lemma 3.4, it holds
lu(t) =i (8) o SH* (Il (£) |1+ lu(®)]|2)- (3.8)
Additionally, if u;(t) € (H?(Q))?, 04(t) € (H'(Q))?*2 for t € [0,T], then it holds
lue (8) =t () o SH2(lore (8) 1+ [[ue (1) [[2). (3.9)
If uy (t) € (H2(Q))?, o (t) € (H(Q))?*2, then it holds
[l (8) = e (£) lo S B> (e () 11 + lwee (£) ]2)- (3.10)
If uy (t) € (H?(Q))?, o (t) € (H(Q))?*2, then it holds
e (£) =@ e (1) o S ([l aee (8) (11 + [[eee (£) [|2)- (3.11)

Proof. Here, we focus on the proof of (3.8), and the remaining will follow naturally.
We use a duality argument. For f € [0,T], let ¢ be the solution of

{ —div(Ce(¢))=u(t)—u;(t) in O,

¢=0 on I. (3.12)
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By the regularity theory, we have

[@llz+Alldivep[]1 < [[u(t) = () lo- (3.13)

Let P,:£— X, be the L? projection operator and I,:V — V}, be some interpolation operator.
By (3.6) the following Garlerkin orthogonality holds:

(U-(t)_a(t)/e(vh))zol Vv €V (314)
Then from (3.12) it follows

Ju(t) @)1}
= [ (u(t)~wi(1)) -div(Ce(9))dx

C
= [ o(t):e(g)dx— [ e(@i(t)):Ce(p)dx (by (24))
e(@i(1)):Pi(Ce(@))dxt [ e(@i(t)):(Ph(Ce(9)) ~Ce(@))dx
:/Qo'(t):e((p)dx—/nﬁ';() C1p,(Ce( dx+/ - (P,(Ce()) — Ce())dx
+./Q<e<fh<t>>—e<u<t>>>:<Ph<Ce<¢>>— Ce(9))dx  (by (3.6))
= [ (e()=ai(0): (e(9) —e(lig))dxt [ (e(u(t)) = Pu(e(u(t)): (Pi(Ce(¢)) ~Ce()dx

+ [ (e (1) —e(u(t)): (Pu(Ce(9) ~Ce(@))dx  (by (314))

)
<|le(#) - ()\|0|¢ Ih¢\1+(|\ (u(t)) = Pu(e(u(t)))llo+u(t) —wp(£)]1) | Ce(¢p) — Pu(Ce(¢))llo
SE(lle(®) i+ lu(®) 2) (I@ll2+ I Ce(¢) 14 €
Sl (®)li+ u()ll2) () —wi () lo,  (by (3.13)

which yields the desired result. O

Ch
~<

Lemma 3.6. Let (03,(t),u;(t)) be the solution to the semi-discrete scheme (3.5) with the
initial condition
¢0n=u4(0), @15=1Igp1, (3.15)

and (o7,(t),u;()) be the solution to the discrete elliptic projection” problem (3.6). Sup-
pose oy € L2([0,T]; (H'(Q))?>*?) and uy € L2([0,T];(H?(Q)))?), then, under the same con-
ditions as in Lemma 3.1, for t € [0, T], the following error estimate holds:

lon(t) =5 (t)[la+ [un (8) =@, (£) |1+ [, (8) =@, (£) [lo
SH (Ile(0) 1+l @1l llewell 2 ey + el 22y ) - (3.16)
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Proof. Denoting ¢, (t):=07,(t) — oy, (t), 1, (t) :=wy,(t) —u(t), from (3.5)-(3.6) we obtain the
error system

b(lph(t)/vh) = (uh,tt(t) _utt(t),vh), vvh c Vh (317)

Differentiating the first equation of (3.17) with respect to f and taking 7, = ¢, (f), we
obtain

{ a(gpy (1), ) +b(Ty, (1)) =0, VT, €5,

a (e (£), 9u (1)) +0 (¢ (1)1, (£)) = 0. (3.18)

Taking v, =1, () in the second equation of (3.17), we have
(e (£), 10t (£)) = (wp e () — s (£) 17,6 (£) ). (3.19)
Combining (3.18) with (3.19) yields
a(tpnp (£), 9 (£)) + (e (1) —wee (£), 13,4 (¢)) =0
Then it follows
()12 = alapn (6) 1 (6)
=2 (1)~ 0 1) 23 (8)) — 2 1 ()
< e ) (0 1) 13— s ()13
which indicates
%(Hllfh(f)HZJF\\rh,t(f)H%) < e (8) = 1 (8) 15+ 111, () [13-
By (3.15) it holds r;(0) =0, then 1, (0) =0. Moreover, it holds

[17,£(0)[Jo = u,(0) =, (0o
<[lus(0) —up,¢(0)[lo+ [[ue (0) =y, £ (0) [[o
<[l¢1—@1ullo+ [[u:(0) —uy +(0)lo
S (e (0) [+ llpa [2)- (3.20)

Then, using the continuous Gronwall’s inequality (2.1) and the estimate (3.10), we have

T
|\¢h(f)|\§+||rh,t(f)|\%SeT(I\tPh(O)II3+||rh,t(0)||5+/0 Hutt(S)—ﬁﬁ,tt(S)llﬁdS)

T T
(o) F-+llgalB+ [ llow(s) s+ [ lma(s) Bds), 321
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which yields
[on(t) —Tn () lla+[[un: (1) =@, () [lo
S ([le(0) |1+ [l @all2+ llesell 2 ey + el 12 2)) - (3.22)

From Lemma 3.2, the first equation of (3.17), (2.5)-(2.6a) and (3.22), it follows, for t€[0,T],

_ —b(T (1), w, (F) — T (¢
()~ 5 sup —HLO =)
OyérheZ,, h 0

= sup ———~——=<||pn(t)]a

ool Tl <Pl
S (e (0) 1+l @1 lla+ lewell 2y + el 2 (r2)).

which, together with (3.22), indicates the desired estimate. O

Finally, in view of Lemmas 3.4-3.6, triangle inequality, Poincaré inequality and (2.5),
we obtain the error estimation for the semi-discrete scheme.

Theorem 3.1. Let (o (¢),u(t)) and (o7, (),u,(t)) be the solutions to the weak problem (2.4)
and the semi-discrete scheme (3.5) with the initial condition (3.15), respectively. Sup-
pose o € L*([0,T];(H*(Q)))**?), oy € L2([0,T]; (H' (Q2))?*?) and u e L*([0,T];(H?(Q)))*N
(HY(Q))?), u € L2([0,T];(H?(Q2))?), then, under the same conditions as in Lemma 3.1, it
holds the following error estimates:
llo—oul| L((12)2x2) + lu—uy |Loo((H1)2) <G (o,u)h, (3.23a)
Hu—uhHLw((Lz)z)Scl(v,u)hz, (3.23b)

where || T ||« ((12)202) = esssupo<i<r | T(f)|[2 and
Ci(ou):=ler(0) 1+ @ulla+ ol oy +lull o) + 1 ouell 2 + e |2 a2y

Remark 3.1. Under the same conditions as in Theorem 3.1, if o; € L ([0, T]; (H'(Q)))?*?)
and u; € L*([0,T]; (H?(Q))?), then it holds

[ = il| o 12)2) S Calor, )2, (3.24)

where Gy (o, u):= | (0)[|1+ |1 [l2+ et Lo (rmy + 10l oo 2y [0t L2 )+ [[0ee | 2 2) -

Remark 3.2. We recall that “a S b” represents “a < Cb” with the positive constant C in-
dependent of mesh size i and the Lamé parameter A. Theorem 3.1 shows that the error
estimates (3.23a)-(3.23b) are uniform with respect to A if C;(c,u) <1. Similarly, the esti-
mate (3.24) in Remark 3.1 is uniform if C;(o,u) <1.
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4 Fully discrete hybrid stress finite element method

4.1 Fully discrete scheme

Consider a uniform partition of the time domain [0,T], i.e.,, 0=ty <t; <--- <tp =T, with
ti=iAt (i=1,2,---,M—1) and At:=T /M. Denote ti+% = % For any function ¢ of ¢,
define

#" = (k) S P L LA DO i e
: , : 5 , : n ,
n+1_ n—1 n+1__ . n n+1_2 n+ n—1
A l’l::(P (P A ﬂJrl.:(P (P AZ n::§0 (P (P .
At 208 P At te (A1)2

We can easily see that

At(Pn+% _Atgon—% " At(Pn+% +At§0n_%
Atgl) = .

AZ n_ ,
tP Af 2

(4.1)

The corresponding fully discrete hybrid stress finite element scheme for the problem (2.4)
reads as: find (o7}, u}}) €Xj x V}, for 0<n < M such that

2 1 1 2
(EAiuhz/vh> _b(o—ﬁ,Vh):(f%,Vh)‘i_ (%/Vh)/ vthVh/
a(aﬂH,Th)—Fb(Th;uZH):O, Vt,e%,, n>-1, 4.2)
(A2}, vy,) —b(oy * vy) = (£74,v,), Y, eV, n>1,
u) =1(0).

Lemma 4.1. The fully discrete scheme (4.2) admits a unique solution (o7 ,uj) for n =
0,1,2,---,M.

Proof. Letu} |[xk=Na", 0}/ |x=Pp" with a":= (tx’f,---,txg)T, pi= (ﬁ’f,,ﬁ’g)T and

N:= Nl 0 NZ 0 N3 0 N4 0
LU0 N 0 N, 0 N3 0 N/’

where P and N; (i=1,---,4) are the same as in (3.3) and (3.2), respectively.
Taking T, |x = PB with an arbitrary 8 € R in the second equation of (4.2), we obtain

/ PTC ' Pdxp" — / PTe(N)dxa =0,
K K
where ¢(N) is the strain on N. Denote

G= / PTe(N)dx, H= / PTC'Pdx,
K K
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then the above relation yields
B'=H 'Ga". (4.3)

For n=1, taking v;,|x = N& with an arbitrary & € R® in the first equation of (4.2) and using
(4.3), we obtain

32 (qarge o e a6 ) )

e NN L [ e i)+ 1 [ (54 200

Denote

1 1 2
vy [N L [T (g 20
Q—;/KN N, P—Z;/KN (£ +)ax,
we then have
1 [P 1 1 oy L -Ts0
(WQJFZG HIG)(a )= (aap Q) — G+ (4.4)

For 2<n <M, taking v;,|x = N& with an arbitrary & € R® in the third equation of (4.2) and
using (4.3), we obtain

;((Alt)z/KNTNdH&/Ke(NT)deH1G) (a")

1 1 1
ZW;/KNTMX(M”—a"‘z)—Z;/I(e(NT)de(zﬁ”—l+ﬁ”—2)+;/KNTf4dx,

Denote F=Y_ JkN T£1dx, then we have
K

(@QjLiGTH”G) (a")= (Alt)z Q201 a12) %GT(Z,B””HB”‘ZHPV. (45)

Since u) is given, which means a° is known, by (4.3) we get °. It is easy to verify that
matrix ﬁQ—F 1GTH™1G is symmetric positive definite, then the linear system (4.4) ad-

mits a unique solution a!. Applying (4.3) again, we get B!. Analogously, using (4.5) and
(4.3), we will get a unique sequence (a™,") for 2<n < M. This completes the proof. [

4.2 Stability analysis

Lemma 4.2. Let (0}, u}}) (n=0,1,2,---,M) be the solution to the fully discrete scheme (4.2),
then, for |=1,2,--- ,M—1, it holds

1 1 /o 1 1
o) 2124 Al P2 3 =288 Y (855, Ara) + || Al |3+ || o2 || (4.6)

n=1
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Proof. From the second equation of (4.2) it follows
a(oy = m) +b(Tyuy T —up T =0, VT, €D,
1
which, by taking 7, = ﬁUZ '+, yields
n Yl,'% T’l,% n
a(Atoy, 0" ) +b(o, ', Aay) =0.
Taking vj, = Asu}! in the third equation of (4.2), we get
.1 .
b(oy s, Al = (Aluf, Apafl) — (€94, Apual!).
Subtracting (4.8) from (4.7) implies
1 )
a(Aof, o, )+ (AFa), Arall) = (f”'%,AtuZ).

On the other hand, from (4.1) it follows

1 _1 1
2 1 " AtuZ+2 —AtuZ 2 Atllh +Atu 2
(i Sru) =( At ’ 2 )

1

_ n+y n—;z
= (1 R Ay ).
Since
n+1 n—1 n+1 n n n—1 ”‘*‘% ”_%
Aot =T T O FOh T % Ty %
h 2At 2At At ’
n+1 n n n—1 n+s -3
g—”;%zah +o, o +0o, _ % +0,
h 4 4 2 ’
we have
w+l ned +, -l
—0 o +0o
-1 _n h h -1Y% h
a(AtUﬂ,o’h ):(At(fh,c 0'h4)—< Al ,C >

n+ -3
= (o AR~ oy 2 1R).

In light of (4.9)-(4.11), it holds

n

o n—3 n+;3
SRl )+ s (A 2 A2 [B) = (€73, Apu).

Then (4.6) is obtained by summing (4.12) fromn=1,---,].
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Theorem 4.1. Assuming At <1, then the implicit scheme (4.2) is unconditionally stable
in the following sense: for [=1,2,---M —1, it holds

J+ J+3 T+
lon 2 12+ 2 -+ A 23

2
<[1am} B+l ||2+T( max (1 )llo)"| xexp(2T). (4.13)

Proof. By (4.6) and Cauchy-Schwarz inequality, we have

]+%2 ]+%2 I 2 / n(2 %2 %2
o, 21+ 1Ay 2 G <At Y 194 ][5+At Y Ay [[5+ [ Ara? I+l [[7-

n=1 n=1

Moreover, it holds

L1 nol
2 —|—Atuh 2 H2

] I AT

ny2 _ th
HZ_:lHAtuhHO—ZH >
_2(2”& w1 ae3)

n=1

0

/\

+3 J+
_E(zznatuz B+ A 3)

]_

n+3 J+3
ZHAt w, 2Ho+ 1A, 3.
=0

Since At <1, the above two estimates indicate

]
J+3 1 J+1 1 +3
o, 2”3 S| Arwy, 2H%§Atz’|fn'4H0+AtZ’|Atuh 2”0 HAtuhHO‘HW H
2
n=1 n=0

which, together with the discrete Gronwall’s inequality (2.3), yields

J+3 + 2
o2 3+ 3 <2 A I3+l 13-+ T max IElo) | xexp(aT).  414)

On the other hand, from Lemma 3.2, (2.5) and the second equation of (4.2) it follows

. J+3 J+3
1 T, €(u dx o 2,7 1
|u{l+2’ < sup fQ nie(w, *) = sup MSH‘TZJFZHW
041,65 [[Tnlo o£nes,  NTnllo
which, together with (4.14), implies the desired result (4.13). O
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4.3 Error analysis

Lemma 4.3. Let (0}, u}) and (o7,u;,) be respectively the solutions to the fully discrete
scheme (4.2) and the discrete “elliptic projection” problem (3.6), then it holds

n+ 1 —~n+ n+i 41 n+3 —~n+1
02 Ml * — e o+ o W o max (A=A o
1 IR M-l 1o
Slloi =5 lla+ | Avuj — A llo+At Y || (w7 = AF, (1) [lo. (4.15)
=1

Proof. Setting ¢/ =0/~ (tys1), ¥} T =u""' —},(t,41) and combining (3.6) and (4.2),
we have

(4.16)

1

{ (¢”+1,Th)+b(‘fh, ) =0, VT, €Ly, n>—1,
b(y,? /Vh) (Aruf —(ug)™s,vy,), VveVy, n>1.

1
Apply the difference operator A; to the first equation of (4.16) and take 1, = th "4, we then
obtain

(A )+ A =0, n>1. 4.17)
Taking v;, = A1}, in the second equation of (4.16), we get
by A = (A2uf — (u)™FAx]), n>1. (4.18)
Subtracting (4.18) from (4.17), we arrive at
(B ) = (A — (a) ™, Are)
= (AFr, Arrf) + ((u)"3 —ATE" M),

which indicates

1 _1 1
<¢”+2 T o R R )+<Atrz+2—Atrz AT A 2)
At 2 At ! 2
1
1 o Atl' —I—Atr "2
:<(uu) A — Ay, — 2 )

This equality shows

7’1——

n+ -3 n+3
(Htl);z Rl )+ 2At(IIAth R A )

1 _1
AtI'ZJr 2 + Atrh 2
s )

1

- ((utt)”;1 Ay,

(4.19)
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Multiplying (4.19) by 2At, replacing n by j and summing these equations from j=1 to n,
we have

il
I P+ A T B = g |\2+||Afrh||o+mz ((uge )7 — A2 (1)), D), 2 4 A,
j=1

Nl—

)

<H¢hH2+HAttho+AtZH ()% — AZa5 (1) o]l Avr), +At o
j=1

<lly; ||2+|\Atrh||o+2Af Jmax. IIAtr,1 o Z | (ae)s = AF (4) o
=

M-1

1 2
<l I3+ 18 35, max (18, B+2(807 () () =a3Gi(t)l) - (420)
j=1

Taking the supremum on 7 on the left-hand side of (4.20), we get

1 1
max (¢! 2245 max [|Axl R

0<n<M-1 20<n<M-1
2
< 1+ et 2002 (X ) — i) o) (421)
j=1

From Lemma 3.2, (2.5) and the first equality of (4.16) it follows

n+s fQTh:e(rZJr%)dx (‘/’Hz/'fh) n+ 1
I, 2h < sup = sup gy,
041,65 [[Tnlo 0£mes, Tnllo
which leads to
max €S max [lgr 2. (4.22)
0<n<M-1"" 0<n<M-1" 71"
Combining (4.21) with (4.22) completes the proof. O

The following two lemmas, i.e., Lemmas 4.4-4.5, are to further estimate the right-hand
side terms of (4.15) in Lemma 4.3.

Lemma 4.4. Suppose oy,01 € L®([0,T];(HY(Q))?*?) and wus,uy € L2([0,T];(H?(Q)))?),
then, under the same conditions as in Lemma 3.1, the following error estimate holds:
11 1 1
oy =@ [la+ [ Arug — At o

S (ot oo )y + 110 | ooz ) 4+ (AE (e | o () + 1 || 1o (12))- (4.23)

Proof. Set ¢! =o' — o, (tn), ¥} =u) —y,(t,), combine (3.6) and (4.2), then we have
1 1
a(Atlpﬁ/Th)+b(Th1Atrﬁ):0/ VThEZh,

1 2 102 1 (4.24)
b vi) = (2 A = 01—V ), VR E V),
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Taking 7, = l[)h , V= Atrh, subtracting the second equation of (4.24) from the first, and
noting that ¢ =u;(0), we get

1 1 2 1 2 1 1
a(dep ) = (570~ o ~uj, Ay )
:—E(Atu; Atuh,Atrh) (thtu; Aztut(O)—ut%t,Atré),
which shows
o (9L 1012+ o v 1
(utﬁ—Azt (0)—A£Atﬁh%,Atr,%)
(“ff+A2t 1(0)- AztAt“ Afrh) (AztA*“Q_éAfﬁl%’Afré)

<[jui+ ()~ ot | Iamf o+t -agi ool @29)

Multiplying (4.25) by 2At and noting that || ¢? |2 =0, we easily obtain

2 2
93 12-+4)1 A0} 1 <28t + i (0) - AtAtuznoHAtrh||o+4||Atuz—AtuhHonAtrhHo
2 2 1 1 1
< (02 [+ un(0) — Al o At — A B+ 3]| A |3

which implies

1
s lla+ HAtrﬁ I3

1 1
<(80)2|ud + 2 (0) = Z At +2|\Atu% — Az |3 (4.26)

At At

The thing left is to estimate the right-hand side terms of (4.26). On one hand, by Taylor
expansion with integral remainder, we get

2 1 At 1 At 5
utt+At (0) t t uz = 2/ uttt At) / (t—At) um(t)dt,

which yields

2 2 1
[t 50000~ vt |

SAtHutttHLw(Lz). (4.27)

On the other hand, since
1
Atﬁi = Atnzu% = HzAtu%,

https://doi.org/10.4208/aamm.2015.m1326 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2015.m1326

X.J. Xuand X. P. Xie / Adv. Appl. Math. Mech., 9 (2017), pp. 324-348 341

it holds
1 1
[Araz — Ay (o

—[[(I-TT,) Aru? [l = H (I_HZ)MH

At 0
= -myu (5) + 55 At( A (I Thy)ug(t )dt+2At/ (1-Th)un ()]
<[l a3+ 3 S A0t ot | 2 (1T (1)
§h2<\|0't”L°°(Hl)+H“tHLOO(HZ))+(At)2(”‘7ttt”L°°(Hl)+H“tttHL°°(H2))r (4.28)
which, together with (4.26)-(4.27), complete the proof. O

Lemma 4.5. Suppose 0,0 € L*([0,T]; (H'(Q))?*2?) and wy,uy € L=([0,T];(H?(Q))?),
€L ([0,T];(L?(Q))?), then, under the same conditions as in Lemma 3.1, the following
error estimate holds:

M-1
i1 —
At Y || (uee )75 — A7 (1) o
=i

S (sl ) + el ooy F 1 [ oo 2y + st | oo 2y ) 4 (AL [ [ggse | o). (4:29)

Proof. By noticing that (3.10)-(3.11) hold, the remaining proof follows from the same lines
as in [4]. O

We are now in a position to show the following main error estimates for the proposed
fully discrete hybrid stress finite element method.

Theorem 4.2. Let (o(t),u(t)) be the solution to the weak problem (2.4) such that
0,010,014 €L ([0,T]; (HY(Q))?*?), o € L=([0,T]; (L2 (Q))?>*2), uc L=([0,T]; (H*(Q)))?N
(Hé(ﬂ))z), U, Uy, Uppy € LOO([O,T],(HZ(Q))2) and uyy € Loo([O,T],(LZ(Q))2) Let (0';;,11%)
(n=0,1,---,M) be the solution to the fully discrete scheme (4.2). Then, under the same
conditions as in Lemma 3.1, it holds the following error estimates:

2 . ”"‘%
B BUCTELANEN. - SECEC
<Ci(o,u)h+Co(o,u)(At)?, (4.30a)
05%%4”“0”%) u, 2H0<C3(0' u)h? +Cy(o,u)(At)?, (4.30b)

where
Ci(ou):= ooy Flall o ry + el oo r) + 1t Lo 12y + et | oo (1)
Al oo (pr2) F [ttt ooy + [ 0ett | Lo (12),

Ca(o,u):=[[ow || Lo (r2) + [t poo(1t) | Tttt | oo 1) + [ ese | Lo rr2) + [stee || o 12,
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Cs(ou):= oo gy F [0l o2y + 1ot | oo (1) + 1t | Lo 1)
et Loy + [[wee oo b2y [ttt Lo (1) + ([0t Lo (12).

Ca(ou) = [Jupe| oo (r2) + | @t ooy + et || Lo 2y + et || Lo 12)-

Proof. By triangle inequality and Taylor expansion, we obtain

”‘7(%%)—0,’;*%Ha+lu(fn+%)—u2+%|1

< “‘T(tn+%)—¢f”+%Hﬁ”a’”%—a,’ﬁ%Ha+yu(tn+%)—u”+%11+yu”+%_uz+% 1
5(At)z(Ho'tiHLw(LZ)""utt’Lw(Hl))—FHO'nJr%—0'Z+%||a—}—|u”+%_uz+%’l,

[[u(t

n+3 1 1 a4l
n+%) —u, o< Hu(tn+%) —u"2 o+ |[u" T2 —u, 2l

1 n+l
S (A ]| oo g2y + [[u" 2 —uy 2o

Then the desired results follow from triangle inequality, poincaré inequality, Lemmas
3.4-3.5 and Lemmas 4.3-4.5. O

Remark 4.1. Under the same conditions as in Theorem 4.2, it also holds

1
max |[u;(t,, 1) =AMy 2[0S Cs(o,u)h?+Co(ou) (At)?, (4.31)

1
0<n<M-1 ”*i)

where

Cs(o,u):= ol oo () [0l oo 2y + 0t || oo () =+ [[Wa2 ] oo (12)
louee || oo py + e || oo (12,
Colo,u) = || poo ) + [ Weee[| Lo (12 + [[aste || Lo 12)-
Theorem 4.3. Under the same conditions as in Theorem 4.2, it holds the estimate
2

oM< sl
lsglgaﬁilno'(tn) 7y, ||0NC7(0',U)At+C8(0',U)At, (432)

where
Cr(ou):=||o|| oy Flall ocr2) + |0t | oo (r) + 1@t Lo 12y + | et | Lo (1)
Al oo (pr2) F 1@t ooy + [0t Lo (122,

Cs(o,u):= |||l oo (r2) + [0t | ooy (| Tttt [ oo (1) + [ste || Lo 12

st || oo 12y + €t [ Lo 12) -
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Proof. For any 7y, € H:= {7y, €Zy:b(yp,vi) = (A?ul! —f”?%,vh), Vv, €V, }, it holds
1 1
lo(tn) = llo <llo(tn) = pllo+ v =, * llo- (4.33)

1
Since vy, — O'Z 't € KerBy, from Lemma 3.1 it follows

1
H’)’h—(f;):;‘ll o<  sup —a(% _0}714’171)

0#£T,€KerBy, H Th ||0
1
—  sup a(')’h_O'(tn)rfh)+a(0'(tn)_0';21'41711)
0#£T,€KerBy, H T HO
1
— s a(yu =0 (tn), ) —b(Tpu(ts) —u, ™)
0#T,€KerB;, H Th HO
1
Slle(tn) —vullo+ [u(ty) —uy, * 1. (4.34)
Now we aim to estimate ||o(t,) — v |lo- By Lemma 3.2, for any 1, €%, there exists wj, €%,
such that
1
b(Wh,Vh) = b(O’(tn) — Th,Vh) + (f(tn) —fn’4,Vh) + (Afu,’}—utt(tn),vh), Vv, €V, (4.35)
with

Iwillo < ller(t) = Tullo+ 1£(t) — 7% [lo+ [l (£) — AFu o
From (4.35), we also know that v, =t,+w, € H, so
o (tn) = yullo=llo"(tn) = Th—wnllo <o (tn) — Tullo+ [lWallo
Sl (t) = Tullo+[1£(tn) — £ o+ e (£) — AFu . (4.36)
Noting that 7y, is arbitrary in ¥}, we combine (4.33), (4.34) and (4.36) to get

;1 . ;l 1
o) = ¥ o S inf er(ba) =l [u(t) — ™ 1+ 1600) €74 o+ e () — A3 o
h h

1
SN ooy + (A ([ | oo 12y + [ (tn) =, |1+ [ (£) = Afuf o, (4:37)
On the other hand, it is easy to derive
u(tnf%)+u(tn+%) ‘
2 1 2
n+i n—1
5(Af)zfutt!Loo(Hl)ﬂL|u(fn+%)—“h Hhitlut, ) —w, *h,
ut(tn+%)—ut(tn%)H Hut(t”%)_ut(t”%)—&u”
At 0 At £

()~ < fu(t) -

e (ba) =20 lo < [[wee(£2) -

0
) Aum%
) —

3 h

At Ho+

1
n—=3

ut(tnf% ) —Atuh
H At Ho'

ut(tn+
S (D82 | o (12) + H
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These two inequalities, together with (4.37), Theorem 4.2 and Remark 4.1, indicate the
desired result. O

Remark 4.2. We recall that “a < b” represents “a < Cb” with the positive constant C in-
dependent of mesh parameters h, At, and the Lamé parameter A. Theorems 4.2-4.3 and
Remark 4.1 show that the corresponding error estimates are uniform with respect to A if
Ci(c,u)<1fori=1,2,---,8.

5 Numerical tests

Two numerical experiments, Examples 5.1-5.2, are used to test the performance of the
proposed fully discrete hybrid stress quadrilateral finite element method (4.2). In both
examples, the space domain is Q) =[0,1] x [0,1] and the time domain is [0,T] with T =2.
Different meshes of () are shown in Fig. 2.

22 4 x4 2u2 4w 4

Square meshes Irregular meshes

Figure 2: Finite element meshes of the space domain.

Example 5.1 (Plane Stress Test). Consider the problem (1.1) in a plane stress case, where

E Ev

=y AT v a—wy

with 0 <v <0.5 the Poisson ratio and E the Young’s modulus. We take E=1 and v=0.25.
The initial displacement and velocity are respectively given by

@0 = [(1—v?)sin(7tx)sin(rry),v(1+v)sin(7x)sin(7ty)],
@1 =[—(1—v?)sin(7rx)sin(7ty), —v(1+v)sin(7rx)sin(7y)].

The exact displacement solution, u= (u1,u2)7, to this problem is of the form

uy = (1—v*)e 'sin(mx)sin(ry), wuz=v(1+v)e 'sin(mx)sin(mry).
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Table 1: Results of E), EL and EZ: Example 5.1 with At=0.05.

NxN | square mesh rate irregular mesh rate

2x2 0.1956 - 0.2483 -
4x4 0.0479 2.03 0.0592 2.07
E) | 8x8 0.0118 2.02 0.0145 2.03
16 x16 0.0028 2.08 0.0035 2.05
32x32 0.0006 2.22 0.0007 2.32

2x2 0.4435 - 0.5125 -
4x4 0.2207 1.00 0.2543 1.01
EL | 8x8 0.1105 1.00 0.1266 1.01
16x16 0.0553 1.00 0.0632 1.00
32x32 0.0276 1.00 0.0316 1.00

2x2 0.4880 - 0.5256 -
4x4 0.2510 0.96 0.2687 0.97
E; | 8x8 0.1266 0.99 0.1351 0.99
16x16 0.0634 1.00 0.0677 1.00
32x32 0.0317 1.00 0.0339 1.00

We compute the following relative errors for the displacement and stress approximations:

n+3
max |ju(t, %)—uh 2|0

pO0._ OsnsM-1 +
- Ta(to)]lo /
n+1

El.— Oﬁrnnéai\)/l(—lyu(tm%)_“h 2[4

N [u(to) h ’
_ s

v 0wt 117 Unst) =l

i Te o)l

Numerical results are listed in Tables 1-2. Table 1 gives results at a fixed time step At =
0.05, which show that EQ is of O(h?)-order, and E}, E% are both of O(h)-order in the space
direction.

Table 2 gives results of EJ, EL and E% at varying time steps. More precisely, for EQ,
the meshes (N x N, M) of space and time domains with M =2N ensure At=O(h), while
for EL and EZ, the choices of N and M ensure At=O(h'/?). Numerical results show that
EY is of O(h?+(At)?)-order, and El, EZ are both of O(h+(At)?)-order.

All the numerical results in Tables 1-2 are conformable to the error estimates in Theo-
rem 4.2.

Example 5.2 (Plane Strain Test). Consider the problem (1.1) in a plane strain case, where

E Ev

0y AT arwa—an
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Table 2: Results of E, E} and E%: Example 5.1.

(NxN,M) | square mesh rate irregular mesh rate
(2x2,4) 0.1503 - 0.1938 -
(4x4,8) 0.0409 1.88 0.0515 1.91

E) | (8x8,16) 0.0106 1.95 0.0132 1.96
(16 x16,32) 0.0027 1.97 0.0033 2.00
(32x32,64) 0.0007 1.95 0.0008 2.04

(2x2,10) 0.4110 - 0.4746 -
(4x4,14) 0.2108 0.96 0.2428 0.97

El | (8x8,20) 0.1078 0.97 0.1235 0.98
(16 x16,28) 0.0547 0.98 0.0626 0.98
(32x32,40) 0.0276 0.99 0.0316 0.99

(2x2,10) 0.4524 - 0.4873 -
(4x4,14) 0.2397 0.92 0.2566 0.93

EZ | (8x8,20) 0.1235 0.96 0.1318 0.96
(16x16,28) 0.0628 0.98 0.0670 0.98
(32x32,40) 0.0317 0.99 0.0339 0.98

Table 3: Results of E), EL, E% and E: Example 5.2 at square meshes.

(NXN,M) | v=025 v=049 v=0499 v=04999 v=0.49999
EQ (8x8,16) 0.0723  0.0837 0.0844 0.0844 0.0844
(16 x16,32) | 0.0185  0.0215 0.0217 0.0217 0.0217
(32x32,64) | 0.0047  0.0054 0.0055 0.0055 0.0055
rate 1.97 1.98 1.97 1.97 1.97
El | (8x8,20) 0.2563  0.2573 0.2574 0.2574 0.2574
(16x16,28) | 0.1302  0.1303 0.1303 0.1303 0.1303
(32x32,40) | 0.0658  0.0658 0.0658 0.0658 0.0658
rate 0.98 0.98 0.98 0.98 0.98
EZ | (8x8,20) 0.2414 0.2164 0.2150 0.2148 0.2148
(16x16,28) | 0.1227  0.1080 0.1071 0.1070 0.1070
(32x32,40) | 0.0621  0.0544 0.0539 0.0538 0.0538
rate 0.98 1.00 1.00 1.00 1.00
EY (8x8,16) 0.2406  0.2691 0.2713 0.2715 0.2715
(16 x16,32) | 0.1289  0.1447 0.1459 0.1460 0.1460
(32x32,64) | 0.0666  0.0748 0.0754 0.0755 0.0755
rate 0.93 0.92 0.92 0.92 0.92

We take E=1. The initial displacement and velocity are respectively given by
go=[(x* —2)*(4y° —6y* +2y), — (y* —y)*(4° 62 +2x)]",
g1=[—(x*—x)* (4 —6y° +2y), (y* —y)* (4x° —6x* +2x)] .

The exact displacement solution, u= (u1,u2)7, to this problem is of the form

uy=e ' (x*—x)?(4y° — 6> +-2y), up=—e (> —y)?(4x°> —6x>4-2x).
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Table 4: Results of EQ, EL, EZ and E%: Example 5.2 at irregular meshes.

(NXN, M) | v=025 v=049 v=0499 v=04999 v=0.49999
EY (8x8,16) 0.0814  0.0942 0.0950 0.0951 0.0952
(16x16,32) | 0.0209  0.0244 0.0246 0.0246 0.0246
(32x32,64) | 0.0053  0.0062 0.0062 0.0062 0.0062
rate 1.97 1.96 1.97 1.97 1.97
El | (8x8,20) 0.2751  0.2761 0.2762 0.2762 0.2763
(16x16,28) | 0.1400  0.1401 0.1401 0.1401 0.1401
(32x 32,40) | 0.0708  0.0708 0.0708 0.0708 0.0708
rate 0.98 0.98 0.98 0.98 0.98
EZ (8x38,20) 0.2562  0.2322 0.2309 0.2309 0.2310
(16 16,28) | 0.1303  0.1156 0.1148 0.1147 0.1147
(32x 32,40) | 0.0659  0.0581 0.0577 0.0576 0.0576
rate 0.98 1.00 1.00 1.00 1.00
EY (8x8,16) 0.2544  0.2838 0.2935 0.4563 0.7006
(16x16,32) | 0.1364  0.1526 0.1539 0.1573 0.1779
(32x32,64) | 0.0705  0.0789 0.0796 0.0796 0.0805
rate 0.93 0.92 0.94 1.26 1.56

Tables 3-Table 4 give results of the relative errors EY, EL, E% and

lo

.1
0. Maxo<u<m—1o(tn) —0,
" [ (to)llo

at different values of Poisson ratio v.

Similar to Example 5.1, for E) and EY, the meshes (N x N,M) with M =2N ensure
At = O(h), while for E. and E%, the choices of N and M ensure At = O(h'/?). We can
see from Tables 3-Table 4 that EO, E}, EZ and EY. are respectively of O(h*+(At)?), O(h+
(At)?), O(h+(At)?) and O(Z—zt + At)-orders, which are uniform as v — 0.5 or A — co. This
is conformable to the estimates in Theorems 4.2-4.3.
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