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1 FUNCTIONS OF CONTINUOUS CESARO OPERATORS
2 A.R. MIROTIN

ABSTRACT. We describe holomorphic functions and fractional powers
of Ceséro operators in L?(R), L?*(R,), and L?[0,1]. Logarithms of
Cesdro operators are introduced as well and their spectral properties are
studied in detail. Several examples are considered.

3 Keywords: Hausdorff operator; Cesaro operator; holomorphic functional
4 calculus, fractional power, Holder mean
5 1. INTRODUCTION

6 The continuous Cesdro operator originated from the classical summation
7 methods for integrals [17, p. 110-111], see also [7, 8,9, 21, 22]. It is an im-
8 portant tool in mathematical analysis because it bridges classical integration
9 theory with modern functional analysis and operator theory. Its importance
10 stems from its role as a test case” for complex mathematical phenomena
11 and its applications in various specialized fields.
12 The study of discrete Cesdro operator in /2 and continuous Cesaro oper-
13 ators in L*(R, ) and L?[0, 1] was initiated by A. Brown, P.R. Halmos, and
14 A.L. Shields [10]. On the other hand, during last two decades the theory of
15 Hausdorff operators, the vast generalization of Cesaro operators was devel-
16 oped (see survey articles [11, 23, 26]).
17 In the last decade continuous Cesaro operators continue to attract atten-
18 tion of researchers (see, e.g., [2], [3], [13] and the bibliography therein).
19 It follows from the work of Wallen and Shields [34] that each discrete
20 Hausdorff operator on ¢? is a bounded holomorphic function of the discrete
21 Cesdro operator on ¢2 (see also [19], [20, Remark 2]).
22 In this work, we aim to describe holomorphic functions of continuous
23 Ceséaro operators in L?(R), L?*(R, ), and L?[0, 1]. It turns out that the cases
24 of the spaces L*(R, ) and L?[0, 1] are easily reduced to the case of L*(R).
25 We also compute complex fractional powers of this operator in L?(R) and
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2 A. R. MIROTIN

26 L*(R,). In both cases, the result is the well-known Hélder operator. Loga-
27 rithms of Ceséro operators are introduced and their spectral properties and
28 converse are studied in detail, as well.

29 We show in particular that holomorphic functions of classical Cesaro
30 operators, and also resolvents and converse of their logarithms are a sort
31 of Hausdorff operators. Thus, more general Hausdorff operators naturally
32 arise as functions of continuous Ceséro operators. In this context, the paper
33 also considers examples of several classical integral operators of harmonic
34 analysis.

35 Our considerations are based on the description of normal Hausdorff op-
36 erators from [28], [29] and on results on algebras and symbols of Hausdorff
37 operators from [24], [25].

38 2. PRELIMINARIES

39 A continuous Cesaro operator has the form

1 T 1

40 f— —/ f(t)dt = / f(uz)du. (2.1)
T Jo 0

41 This is a very special case of a one-dimensional Hausdorff operator

42 (Hiof)(z / K(u )x)du, (2.2)

43 where K and a are given measurable functions on R. If a(u) = u on the
44 support of K, we shall write H i instead of H g ,.
45 If the kernel K satisfies the condition K (u)|a(u)|"2 € L*(R), then the
46 operator Hg , is bounded (by the Cauchy-Schwartz inequality) and normal
47 in L*(R) and L*(R.) (see, e. g., [29]).

Note that the kernel K is uniquely determined by the operator H . In-

deed, let
/K ua:du—/Kl f(uz)du

48 forall f € L?(R), x € R. Then, putting f+(t) = e Plxg, (t) (Re(p) > 0),

49 where Y stands for the indicator function of the set indicated as a subscript,

50 and x = 1 in this equality we get K’ = K a .e. by the uniqueness theorem

51 for the Laplace transform.

52 The similar uniqueness result is true for the restriction of Hy to L*(R, ).

53 We shall use the following facts from [28] (see also [29]). Let K (u)]a(u)| "2 €
54 L'(R). The matrix valued function

_ (p+(s) ¢-(s)
55 Dy, (s) = <g0_(s) (p+(s)) (s € R) (2.3)
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56 where

57 04 (8) :/ K(u)u_%_”du, (2.4)
(0,4-00)

o o (s) = / K ()]~
(_0070)

59 is called the matrix symbol of the Hausdorff operator (2.2) (here and below
60 |u|™" = exp(—uslog|ul)).
61 According to [28] we call the function

62 o(s) == /RK(u)\ull/zwdu (s € R) (2.5)

63 the scalar symbol of the Hausdorff operator Hy in L*(R).
Next, in [24] the following set of Hausdorff operators was introduced

A, = {HKa ; K(u) € Ll(R)} ,

ja(u)?

64 for a fixed measurable function @ on R, a(u) # 0 fora.e. u € R. Itis
65 shown that this set is a non-closed commutative subalgebra of the algebra
66 L(L*(R)) of bounded operators on L*(R) without unit (for multidimen-
67 sional analogs see [25]). We shall write A, instead of A, if a(u) = u.

68 Moreover, in [24] a holomorphic calculus for one-dimensional Hausdorff
69 operators was considered and the next result was proved. In the sequel,
70 o(T) denotes the spectrum of an operator 7" in L*(R).

71 Theorem 2.1. ([24, Theorem 3.1]) Let Hx, € A, If a function F is
72 holomorphic in a neighborhood of the set o(Hg o) U {0} and F(0) = 0,
73 then F(H o) € Aq

74 3. FUNCTIONS OF THE CESARO OPERATOR IN L?(R)

75 In this section C stands for the Cesdro operator in L*(R). This operator
76 1s normal, and its spectrum is equal to the circle T + 1 by [28, Theorem 2]
77 (here and below T stands for the unit circle in the complex plane).

3.1. Holomorphic functions of the Cesdro operator in L*(R). Recall
that the Mellin transform of a function f on (0, +00) has the form

(MF)(z) = / £ (wyusdu.

(0,400)

78 The next theorem gives a full description for holomorphic functions of
79 the Ceséro operator in L*(R).
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4 A. R. MIROTIN

Theorem 3.2. 1) Let F' be a holomorphic function in a neighborhood of the
spectrum T + 1 of the Cesdro operator C in L*(R) and F(0) = 0. Then
F(C) = Hf for a unique function K and the following conditions hold:
(a) K(u) = 0 fora.e. u <0,
(b) K(uw)yu~2 € LY(R.), and
(c) (MK)(z) = F(z7") for all z from the “critical line” Re(z) = 1.
2) If a function K meets the conditions (a), (b), and (c), where F is
holomorphic in some neighborhood of T + 1, then F(0) = 0 and Hyx =
F(C).

Proof. 1) Let F' be a holomorphic function in a neighborhood N of T + 1,
F(0) =0. Then F(C) € A, by Theorem 2.1. In other words, F'(C) = H,
where K meets the condition K (u)|u|~2 € L'(R). The uniqueness of K
was proved above. By [28] the matrix symbol of C is

Be(s) = ((% _0”)1 ( 0 )_1), s€eR, (3.6)

5 — 18
since ¢, (s) = ¢ (s) == (3 —s) "t and p_(s) = ¥ (s) := 0 for the Ceséro
operator C.
Further, it is known (see [24]), that

Y P CAO R ICAY
O7\ B, %) Fi(e’, ¢%)

where
1 A — Z9
F = — | F(A\)——————=dA\

121 22) 27 (AN—29)2 =28 77

and
—21 F()\)
E = dA.
221, 22) 271 /r (A — 29)% — 2}

Here I' denotes the boundary of any open annulus U that contains T + 1
such that IV contains its closure. Therefore,

_ (F1(0,¢%(s)) Fa(0,9%(s))
‘I)F(C)(S)_<F2(0,gp§:(s)) Fl(O,gD+ )))

<F1(O,(1 —28)71) FQ(O,
FQ(O,(Q_ZS)_1> Fl(O,

1o

Note that F5(0, z5) = 0 and by the Cauchy’s formula

Fi(0,2) = % /F F(A)(;\__—:)Qd/\ = F(z),

https://doi.org/10.4153/5S000843952610232X Published online by Cambridge University Press


https://doi.org/10.4153/S000843952610232X

102

103

104

105

106
107
108
109
110

111

112

113

114

115
116

117
118

FUNCTIONS OF CONTINUOUS CESARO OPERATORS 5

as zo € U. This yields that for all s € R

ric)(s) = <F((§_O“)_> P~ )_1)>, (3.7)

because (3 —1s)"' € T+1lass €R.
On the one hand, formulas (2.3) and (2.4) hold. Since F/(C) = Hg, we
deduce firstly from (3.7) and (2.3) that

/ K (u)|u]~3~"du = 0
(_0070)

for all s € R. And secondly,

\ 1 -
/ Kuwu 2%du =F (— - zs)
(0,+00) 2

for all s € R. This implies (c).
2) Now let (a), (b), and (c) hold true for K and F', where F' is a holomor-
phic function in some neighborhood of T + 1. Since the Mellin transform

(MK) (% +zt) - /0 N (K(u)u—%> wtdu

tends to zero as t — oo by the Riemann-Lebesgue Lemma, we deduce that
F(0)=0.

Next, it was shown in the first part of the proof that (a), (b), and (c) along
with F'(0) = 0 imply that ®z() is given by the formula (3.7). On the other
hand, since (a), we have by (2.3) that

v+ (s) 0 >

d s) = 3.8
w1 = (57 L o
where

0. (s) :/ K(u)u_%_“du
(0,400)
1 1 -
= (MK) (5 —zs) =F ((5 —zs) )
for all s € R. It follows that @3, = ®p(c) and thus Hx = F(C) (see, e.g.,

[24, Lemma 2.1]). [

Corollary 3.3. Under the conditions of Theorem 3.2 one has for the spec-
trumo(Hg) = F(T + 1).
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6 A. R. MIROTIN

Remark 1. Let the conditions (a), (b), and (c) hold. If K is of bounded
variation in a neighborhood of a point x, then by the inverse formula for
Mellin transform

1 1 g0
— —)) = —u.p. F(s Yz *ds.
2(K(x—|—) + K(z—)) 5, VP [ (s Ha~*ds

3 —100

Example 3.4. Let Re(a) < 1. Consider the following operator in L*(R):

(Pu)la) = ol signla) [ fo]-2 (0)ae
0
(Hardy operator). Then P, = Hg where K(u) = |u|™*x0,1)(u). All the
conditions (a), (b), and (c) hold, because

(MK)(Z):/O u T dy, = !

z—a

In this case, ;
F(z) = F,(z) == 3.9

1—az
is holomorphic in a neighborhood of T + 1, and so

Po=F,C)=CI—-aC) ' =a(I—-aC)t=1)
if « # 0. Putting here \ = o~ we get for the resolvent of the Cesdro
operator in L*(R)
R\C) =M —C) P = APy + A7 (3.10)
for all \ exterior to the circle T + 1.
It follows, that the spectrum o(P,,) equals to the circle F,,(T + 1).

Example 3.5. Let Re(a) < 4. Consider the following operator in L*(R):
= [t f(v)do, when x> 0,
Q)= {7 e I
2|~ [T Jv]*" f(v)dv, whenz <0
(Qo is the so called Copson operator). Then Q, € A, with the kernel

K(u) = x(1,00)(w)|u|*~". The conditions (a) and (b) are obviously satisfied.
The condition (c) holds too, because

o 1
_ a+z—2 _
(./\/lK)(z)/1 u dui—l—z—a’
if (and only if) Re(z + o) — 1 < 0. Thus,
z
F(z) = e (3.11)

is holomorphic in a neighborhood of T + 1, and so for o # 1
Qu=F(O) =C(I—a)C — )" = ~(1=a) (I = 1= a)0)” — D).
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FUNCTIONS OF CONTINUOUS CESARO OPERATORS 7

Putting here A = (1 — ) ~! we get for the resolvent of the Cesdro operator
in L*(R)
RANC) =M —=C)'=-XQy_ 1 +1
for all X\ interior to the circle T + 1.
Thus, we conclude that

ROLC) = {)\2%1 F A when A — 1] > 1

—AQy -1+ I,when A —1| < 1.
This is consistent with the result of D. Boyd 9] for the resolvent of the
Cesdro operator in L*(R ).
We conclude also that the spectrum o(Q,,) equals to the circle F(T 4 1).

Example 3.6. Consider the following Hausdorff operator in L*(R):

wn@ = [ {3} stuan

where {t} = t - Lt | denotes the fractlonal part of a real number t > 0.
The kernel K(u) = { } X(o,1)(u) of this operator satisfies conditions (a)
and (b). On the other hand, it follows from the theory of the Riemann zeta
function (see, e.g. [35]) that

(s) = - > . / T, Re(s) > 0,5 £ 1.
Therefore,
(MK)(s) = /1 {l} u¥rdu = L 1C(s), Re(s) > 0,s # 1.
o Lu s—1 s

Here the function

F<Z):1iz_zg(§>

is not holomorphic in any neighborhood of T + 1, since the zeta function
has an essential singularity at infinity [33). Thus, the operator R is not a
holomorphic function of C.

3.2. Fractional powers and the logarithm of the Cesaro operator in
L*(R). In[13] positive fractional powers of the Cesdro operator in L>(R )
were defined and the limits at infinity of the values of fractional powers
were considered. In this section, we compute complex fractional powers of
the Ceséro operator in L?(R). We consider the branch of the function 2
with Re(a)) > 0 in the right half-plane {Re(z) > 0} given by the condition
1% =1 and put 0 := 0. This function is continuous (but not holomorphic)
on the spectrum T + 1 of C. Fractional powers of the normal operator in
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8 A. R. MIROTIN

L?(R) will be considered in the sense of the functional calculus for normal
operators (see, e.g., [15], or [12]).
Recall that the Holder means of order « is defined as

1! 1\
H, = — log — du.
(#1)0) = g7 [ (1oes) tua
This is a Hausdorff operator of the form H x which is bounded in L*(R) if

Re(a) > 0. For real « it is well known to workers in summability theory.
The study of this operator was initiated by Rhoades [31], see also [21].

Theorem 3.7. Let Re(«) > 0. Then
C®=H,. (3.12)

Proof. According to [28, Theorem 2] (or [29, Theorem 1]) the operator C
in L?(R) with matrix symbol ®¢ is unitary equivalent to the operator Mg,
of multiplication by the normal matrix-function ®. in the space L?(RR; C?)
of C2-valued functions. This means that

C=V "My, V

for some unitary operator V between L*(R) and L*(R; C?). In particular,
o(C) = 0(Mg,) =: 0. Let E), be the spectral measure of Mg,. Since,
according to the spectral theorem,

Mg, = / AdE, (N),
we have
C = / MOV Ey, (V)V).

It follows, that V' E M, V 1s the spectral measure for C (see, e.g., [15, Chap-
ter X, §2, Corollary 7]), and therefore

C = / A\ d(V I Ey, (A\)V)

=p! ( /U Aad(EMq)(A)) Y

=V IMLY
=V MgV,
where in view of (3.6)
O = 0% = ((¢3) )" = (¢3)° Ly

(I, stands for the unit matrix of order two). So, ®ca = (%) L.
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FUNCTIONS OF CONTINUOUS CESARO OPERATORS

On the other hand, the operator H,, has the kernel

K(u) = ﬁ <log %) " X(o,1) (1),

and thus its matrix symbol @ has the form (3.8), where

) —/ K(u)u_%_“du
(0,4+00)

o ()
- (3-u) =6

Above we used the formula

1
1
/ 7 og” —dr = a 7 'I'(0 + 1)
0 x

(3.13)

(3.14)

which is valid for Re(a) > 0,Re(o) > —1 (see, e.g., [30, p. 38, 4.37]). It

follows that @5 = P®¢ao, which completes the proof.

O

Remark 2. P. 1. Delgado, C. Lennard, and J. Sivek [13] used (3.12) as a
definition of C* on the space L*°(R..) for a > 0 and proved the semigroup

property.
Corollary 3.8. Let Re(«w) > 0. Then
o(Hy) =0(CY) ={z:2€ T+ 1},

« 2Re mio) ar
A ||=( ) ) ars)

In particular, if « > 0, then 0(H,,) = o(C®) is an ark

and

{((2 cosat)® cosat, (2cosat)*sinat) : t € [_: ™

272
and

[Holl = [lC*] = 2.

Proof. The first statement follows from the spectral mapping theorem. Fur-

ther, since H, is normal, we have
|Hy,|| = sup{|z®]: 2 € T+ 1} = sup{|z|Re(°‘)e*Im(a) arg(2)

cze€ T+ 1}.

Leta=a+1b,a>0,2z=1+¢e? 0 ¢c[-n, 7| Since arg(1 + e?) = 6/2,

and |1 + €| = 2cos 0/2, one has

2 z€l—7/2,7/2]

0 a
|Hao| = en[qax] (2 cos —) e’ =27  max (cosz)*e”
e|l—m,m
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10 A. R. MIROTIN

The function (cos z)” e*® attains its maximum on [—7/2, 7/2] at the point

r = —tan"'(b/a) = — arg(«) and the statement for || H,|| follows.
The formulas for the special case o« > 0 follow from the fact that if
z €T+ 1andargz = t, then |z| = 2cost/2. O

Corollary 3.9. If Re(a),Re(8) > 0, then (H,,)® = H,g.

Corollary 3.10. The operator H,, is a holomorphic function of C if and only
l:fO[ S Z+.

Corollary 3.11. If we put Hy := I, then H, (as a family of operators
in L*(R)) is a semigroup which is holomorphic in the right half-plane
{a : Re(a) > 0}. The generator of this semigroup is a normal opera-
tor whose spectrum lies in some half-plane {z : Re(z) < v} with v < oo.
The restriction of this semigroup to the semiaxis {a > 0} is a positive
semigroup.

We shall see below that one can take v = log 2 and this value is sharp.

Proof. Indeed, it was shown in the previous theorem that H, is unitary
equivalent to the multiplication semigroup 1/, (¥2)° which is a holomorphic
semigroup in the right half-plane. The next statement follows from [32,
Theorem 13.37]. The last statement is obvious. O

Since 0 € C, the general approach to operator logarithms does not work
in the case of C. Nevertheless, we accept the following definition (cf. [27,
Proposition 10.1.2, Theorems 10.1.3, 10.1.4]).

Definition 3.12. We denote the generator of the semigroup H, = C* by
logC.

Corollary 3.13. The semigroup T'(t) = 27" H; is uniformly stable, i. e.
. _t _
i 27!, =0

forall f € L*(R).

Proof. Since ¥Vt > 0 ||T(t)|| = 1, the semigroup T is Ceséro ergodic in
L*(R) (see, e.g., [4, Corollary 4.3.5]). This means that for each f € L*(R)
the limit f; = lim;_, . 2 "H,;f exists. Further, by [4, Proposition 4.3.1]
for each f € L*(R) the vector f; belongs to the kernel Ker(A), where A
is the generator of 7. Assume that f; # 0 for some f € L?(R). Since
A =logC — (log 2)1, it follows that log 2 is an eigenvalue of log C. On the
other hand, the point spectrum

op(logC) = o, (3.15)

and we get a contradiction. To prove the equality (3.15), note that according
to [28, Theorem 1], the point spectrum of H; equals to the point spectrum
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202 of the operator M, of multiplication by ¢, in L*(R), where ¢ (s) =
203 (1/2 —s)~" is the scalar symbol of H; by (3.13). But 0,,(M/,, ) = & and
204 S0, 0,(H;) = @, too. It remains to apply the spectral mapping theorem for
205 the point spectrum that states that o,,(H;) \ {0} = exp(to,(logC)) (see, e.g.,
206 [16, p. 277]), and the result follows. ]

In the following

R
0= [ e [
207 (see, e.g., [6]).

Recall that for any linear operator A its spectral bound is defined by
s(A) :=sup{Re(N) : A € a(A)}.
208 The next theorem describes spectral properties of the operator log C.

209 Theorem 3.14. The following assertions hold true.
210 (i) Let Re()\) > log 2. Then the resolvent of log C is a Hausdor{f operator
211 of the form

212 R\ logC)f(x) = e /1 v(e *log 1, —1)f(ux)du, f € L*(R).
0 u

(3.16)
(ii) Let Re(\) > log 2. Then the spectrum of R(\,logC) is
1

R(\ log(C)) = se Ry U{0}.

(RO 1080) = {5t 2 € R U0}
213 (iii) The spectrum of logC equals to its continuous spectrum and is a

214 curve
T

215 o(logC) = {1og(2 cosy)+w:y € (_57 5)} : (3.17)

216 In particular, the spectral bound s(logC) = log 2.
217 (iv) Each A € R, X\ # log2 is a regular point for log C and we have for
218 the norm of the resolvent

219 |R(\, 1ogC)

.18)

1 .
= T qoga orA > lox2, lim RO\ logO)l =

ENIS
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12 A. R. MIROTIN

Proof. (i) For Re(\) > log?2, f € L*(R), and x € R one has by the Fubini’s
theorem

R(\1ogC)f(x) = /0 Ooe_’\aco‘f(x)da (3.19)
= [ e Hat@)da

/ / (1a) 10g )1 f (uz) duda
_ /0 ( /0 e F(la)(logl)alda) fuz)du

= /01 (/_O: e’\(sﬂ)ﬁ(log %)Sds) f(ux)du

1
1

= e)‘/ v(e Mog —, —1) f (uz)du.
0 u

To justify the application of the Fubini’s theorem in (3.19) and to guarantee
the convergence of the last integral, note that for each integer NV

v(y,—1) = exp(y) + Oyl "Y),y = +oo
(see, e.g., [6, §18.3]), and consider the function

—As 1

o 1
- ——(log~)*|d
o) = [ | g s | as
o 1 1
_ —sRe(A) __ ~ log =)d
e 0 s
/_1 T8y
1
= v(e "W log o —-1)
1 1N
— exp(e ReW Jog — )+ @ ( “ReW 1og — ) (u— 0+)
u

1 Re()\) 1 o
= —wmw + 0 log " (u— 0+).
ue

Since 2¢ R < 1, the first summand in the last expression belongs to
L*(0,1). If N = —1, the second summand belongs to L?(0, 1), too. Thus,
g(u) € L*(0,1). Since f(ux) € L?*(0,1) for all x, the application of Fu-
bini’s theorem in (3.19) is correct.

https://doi.org/10.4153/5S000843952610232X Published online by Cambridge University Press


https://doi.org/10.4153/S000843952610232X

FUNCTIONS OF CONTINUOUS CESARO OPERATORS 13

238 (ii) It follows from [28, Theorem 1] and the fact that by (i) for Re(\) >
239 log 2 the scalar symbol of R(\,logC) is

1
~ A+log(d —as)

To prove this equality, note that in the case under consideration the kernel

(3.20)

240 ©(s)

1
K(u) = e*v(e *log " —1)x(0,1)(u).
241 Then according to (2.5)

1
1
242 o(s) = 6_)‘/ v(e*og —, —1)u_%_“du
0 U
1 9] —/\1 1 t—1
243 = e‘*/ / wdtu%_”du
o Jo I'(t)
o) 1 ) 1 t—1 )\t
244 :/ / u 27" (log —) du | S—adt
0 0 u I'(t)
1
245

- A+ log(3 —us)’

246 Above we used the formula (3.14) ones more.
(iii) Let A > log 2. It is well known that

o(R(\1og C)) \ {0} = {i ze a(logC)}

(see, e.g., [16, Theorem 1.13]). Comparing this with (ii) we have
1 1
seERp =< ——:2€0(C) ;.
{)\—Hog(%—zs) s } {)\—z €0l )}

247 Therefore the spectrum of log C is the curve

248 o(logC) = {—log(% —1s5):s € R}

with the parametric equations

1
r = —long—l—s2 and y = tan"'(2s), s € R.

It remains to note that y € (-7, 5) and

2 1

N V/1+ tan?(tan=1(2s)) /14 &2

249 Thus, the spectrum of log C is the graph of the function z = log(2 cosy)
250 (y € (—5,%)), and (3.17) follows.

2cosy = 2\/0082(tan*1(25))
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14 A. R. MIROTIN

Finally, the point spectrum of log C is empty (see above), and it is known
that for any linear normal operator in a Hilbert space the residual spectrum
is empty.

(iv) By [28, Theorem 1]

IR\ 105 C)l| = supi(s)] =
seR d( )

where |
d(\) = miﬂg A+ log(§ —s)| = dist(\, o(log C))
se

(see the proof of (iii)). Further, it follows from (iii) that o(logC) N R =
{log2}. Therefore, each A\ € R, A\ # log2 is a regular point for logC,
and it is obvious that d(A\) = X\ — log2 for A > log2. It remains to note
that (iii) implies that limy_, ., d(\) = 7/2, since the lines y = +m/2 are
horizontal asymptotes for the curve o(logC) as y — +m/2. The proof is
complete. U

Now we are in a position to compute the inverse of the operator log C.

Theorem 3.15. The operator logC has a bounded inverse (logC)™! that
belongs to the algebra A,,. Moreover, this inverse is of the following form

(logC) ' f(z) = — /100 u'v(logu, —1)f(ux)du (f € L*(R).

Proof. We put L := logC and R; := R(1,logC) for short. First note that 0
and 1 are regular points for L by Theorem 3.14 (iii) above, and the assertion
(i1) of this theorem implies that 1 is a regular point for ;. On the other
hand, it is easy to verify that for any operator L

Lt'=I-LyY(([I-L)y*'-Dn"
if all inverse operators exist. It follows that
(logC)™" = F(1y),

where F'(z) = z/(z — 1) is a holomorphic function on a neighborhood of
the spectrum of R; by Theorem 3.14 (ii), and F'(0) = 0. Since R; € A,
by Theorem 3.14 (i), we conclude that (log C) ! belongs to A, by Theorem
2.1. Theorem 3.14 (i ) shows that the operator I?; satisfies all the conditions
of [28, Theorem 1]. By this theorem, this operator is unitary equivalent
to the operator of coordinate-wise multiplication by its scalar symbol (see
formula (3.20)) .

~ 1+log(3 —1s)

in the space L?(IR, C?) of C?-valued functions. Thus, the matrix symbol of
Ry is ®; = diag(p1,p1). It follows that the matrix symbol or F(R;) =

©1(s)
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FUNCTIONS OF CONTINUOUS CESARO OPERATORS 15

(logC)lis ® = F(®P,) = diag(F (1), F (1)) (see the proof of Theorem
3.1 in [24]). So, the scalar symbol of (logC)~! is

1
#ls) = Flon)(s) =~ —
On the other hand, for the kernel

K(u) :== —u"v(log u, —1)x(1,00) (1),
the scalar symbol of the Hausdorff operator H  is

WK(S):/ K(U)ué“’du:/ K(ehe Gty
1 0

The right-hand side here is the Laplace transform (at the point p = % —15)
of the function K (e') = —v(t,—1). Let v(t) = [ ¢°/T'(s + 1)ds. Then
v(t,—1) = /(t). Since by [5, Section 4.26, p. 203] the Laplace transform
of vis 1/plogp (for Re(p) > 0), the Laplace transform of v/ is 1/log p.
Thus, we get ¢ = @y, for the scalar symbols, and therefore (logC)™! =
‘Hx, because by [28, Theorem 1] these operators are uniquely determined
by their scalar symbols. The proof is complete. U

The following corollary of Theorem 3.15 describes the operator log C in
terms of the Mellin transform.

Corollary 3.16. The following statements are equivalent:
(i)f = (logC)g, | € L*(R);
(ii) (M[)(z) = —(log z)(Mg)(z), Re(z) > 0, ]z > 1,
where log 1 := 0.

Proof. Let g := (logC)~" f. Then (i) is equivalent to

g(x) = / u N (u) f(uz)du, (3.21)

0
where N(u) := —Xx@,4o0)(w)v(logu, —1). An application of the Mellin
transform to both sides of (3.21) implies (see, e. g., [30, p. 12, 1.14] ) that

(3.21) is equivalent to
(Mg)(2) = (M[)(2)(MN)(=2), Re(z) >0,z > 1. (3.22)
Further, by Fubini theorem

(MN)(—z) = — /100 u " tv(logu, —1)du

< di /Oo | t—1
= — — u 7 (logu)' ™ “du.
|ty e

https://doi.org/10.4153/5S000843952610232X Published online by Cambridge University Press


https://doi.org/10.4153/S000843952610232X

287

288

289

290

291

292

293
294

295
296
297
298
299
300
301
302

303
304
305
306
307
308

16 A. R. MIROTIN

Since formula (3.14) shows that

/ u* Hlogu)'tdu
1

1 1\ !
= / v (log —) dv = 27'T(t),
0 v
we have
o 1
N)(—z)=— “tdt = —
(MN)(=2) = = [t ==,
and thus formula (3.22) is equivalent to (ii).

The above calculations shows also that the integral

< dt /OO 21 t—1
— u “ (logu du
| v [ oy

converges and therefore the application of Fubini theorem is correct. U

4. FUNCTIONS OF THE CESARO OPERATOR IN L?(R)

In this section, we briefly discuss how the results from the previous sec-
tions can be applied to the Ceséro operator in L?(R ).

4.1. Holomorphic functions of the Cesaro operator in L*(R ). We con-
sider L*(R,) as a subspace of L%(R), and for an operator (A, D(A)) in
L*(R) we denote by A, the restriction A|(D(A) N L*(R,)). L*(Ry) is a
closed invariant subspace for an operator Hy if K is supported in R, and
K(u)lu|~2 € L'(R).

Since o(Cy) = o(C) = T + 1 [10], [28] the expression F'(C, ) makes
sense for each function F' holomorphic in a neighborhood of the circle T+1.
A preliminary lemma is required.

Lemma 4.17. Let F' be a holomorphic function in a neighborhood N of the
circle T + 1. Then

F(C.) = F(C)s.

Proof. One can assume that F'(0) = 0. Let A ¢ o(C,) = o(C). For each
g € L*(R,) the equality f = R(\,C),g means that f € L*(R) is the
unique solution to the equation (A — C) f = g. Similarly, the equality h =
R(),Cy)g means that h € L?*(R;) C L*(R) is the unique solution to the
equation (A — C)h = g. Thus, f = h and therefore R(\,C) = R(),Cy).
Now let I' denotes the boundary of any open annulus U that contains T + 1
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FUNCTIONS OF CONTINUOUS CESARO OPERATORS 17

such that /N contains its closure. Then

FC), = ( /F F()\)R()\,C)d/\)+

2w
1
=5 FF(A)R(A,C)+dA
1
U

As a simple corollary of Theorem 3.2 and Lemma 4.17 we get the fol-
lowing result.

Theorem 4.18. Let F' be a holomorphic function in a neighborhood of the
circle T+ 1, F(0) = 0. Then there is such function K, that F(C,) = Hx+,
and conditions (a), (b), and (c) hold.

Conversely, if a function K meets the conditions (a), (b), and (c), where
F' is holomorphic in some neighborhood of T + 1, then F(0) = 0 and
/IL[K+ - F(C+)

Proof. Indeed, if F' is a holomorphic function in a neighborhood of the
circle T + 1, F(0) = 0, then F'(C) = H and (a), (b), and (c) hold by
Theorem 3.2. It follows by Lemma 4.17 that F'(C,) = F(C)y = Hk -
Conversely, if a function K meets the conditions (a), (b), and (c), where
F is holomorphic in some neighborhood of T + 1, then F'(0) = 0 and
F(C) = H and therefore Hx = F(C)y = F(Cy). O

Corollary 4.19. Under the conditions of Theorem 4. 18 one has for the spec-
trumo(Hg.) = F(T + 1).

Example 4.20. Let Re(a) < % Consider the averaging operator of Boyd
in L2(Ry) [7], [8]

P.f(x) = 27! /090 = f(t)dt = /01 u”® f(ux) du,

where Py = C, is the continuous Cesdro operator. Then P, = P, (see
Example 3.4). Therefore by Lemma 4.17

Po=a'((I—-aC) ' =1

It follows also, that the spectrum o(P,) equals to the circle F,(T + 1),
where F, is given by (3.9).
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18 A. R. MIROTIN

Example 4.21. Let Re(a) < % Consider the other averaging operator of
Boyd in L*(R ) [7], [8]

Qof(z) = x_a/ t* L (t)dt = / u®t f (uz) du.
T 1
Then QQ, = Q. (see Example 3.5), and by Lemma 4.17

Qo =Cy((I —a)Cy = 1)
We conclude also, that the spectrum o(Q),,) equals to the circle F(T +1),
where F' is given by (3.11).

Example 4.22. Let o > 0. Consider the generalized Cesdro operator of
order o > 0 in L*(R.)

(Cor)a) =z [ o=t p (0.
Then Coy = Mgy where K(u) = ol — u)* x o) (u). In this case,
(MK)(2) = aB(a, z) = F(27') where
C(a+ D)I(z7h)
I'(a+ 271

Since this function is not holomorphic in any neighborhood of T + 1, the
operator C is not a holomorphic function of C.

F(z) =

4.2. Fractional powers of the Cesaro operator in L>(R, ). The operator
C. is normal and the analog of Theorem 3.7 is valid for C,, too. The case
a € Nin (4.23) below was proved by Boyd [8]. For another proof of Boyd’s
formula see [25].

Theorem 4.23. Let Re(«) > 0. Then
(C+)* = Hay (4.23)

Proof. Note that the operator C has the form (2.2) with a(u) = uy(,1(v)
and thus a(u) > 0 for all u. In this case the Corollary 4 in [28] is applica-
ble. According to this corollary the operator C, is unitary equivalent to the
operator ng of multiplication by ¢ in L*(R.). Thus, one can in fact to
repeat the proof of Theorem 3.7 simply replacing the operator Mg, by the
operator M%f’(i . 0

Corollary 4.24. Let log(Cy) stands for the generator of the semigroup
(C4)* = Hay. Thenlog(Cy) = (logC)..

This follows, e.g., from [16, Subsection I1.2.3, Corollary on p. 61].

Corollary 4.25. Analogs of corollaries 3.8—3.11 and Theorem 3.14 are
valid for H as well as for H,,.
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FUNCTIONS OF CONTINUOUS CESARO OPERATORS 19

Proof. Indeed, since the restriction of H,, to the subspace L*(R)©L*(R,) =
L*(R_) is zero, the semigroup H,, has the same spectral properties as
H,. O

5. HOLOMORPHIC FUNCTIONS OF THE CESARO OPERATOR IN L?[0, 1]

We consider L?[0, 1] as a subspace of L*(R), and for an operator A on
L?*(R) we denote by A; the bi-restriction (restriction and co-restriction) of
A to the space L?[0,1]. This means that the domain of A; is L?[0, 1] and
Alf = (Af>X(U,1) for all f c LQ[O, ].]

Since o(C;) = D + 1 [10], the expression F(C;) makes sense for each
function F' which is holomorphic in a neighborhood of the closed disc D+1.
Next, the following analog of Lemma 4.17 holds true.

Lemma 5.26. Let I' be a holomorphic function in a neighborhood N of the
disc D + 1. Then

Proof. One can assume that F(0) = 0. Let A\ ¢ o(C;) = D + 1 and
f € L?0,1]. The equality R(\,C;)f = h means that h € L?[0,1] and h is
the unique solution of the equation (A — C;)h = f.

On the other hand, the equality R()\,C),f = g means that g € L*[0, 1]
and g is the unique solution of the equation (A — C)g = f. It follows that
Cg = \g— f € L?]0,1] and therefore Cg = Cyg. Thus, (A —C;)g = f. This
yields g = h, and we get that R(\,C;) = R(X,C);.

If T denotes the boundary of any open disc U that contains D + 1 such
that V contains its closure. Then for each f € L?[0, 1] one has

F(Cnf = % ( /F F(A)R(M)fdA) X
1
= FF(A)R()\,C)fX(o,l)d)‘
1
= FF(A)R(A,C)JCM
= L [ FORO ) far
211 T
= F(C)/.

U
Now we have the following analog of Theorem 4.18.

Theorem 5.27. Let F' be a holomorphic function in a neighborhood of the
disk D + 1, F'(0) = 0. Then then there is such a function K, that F'(C,) =
(Hx )1, and conditions (a), (b), and (c) hold.
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20 A. R. MIROTIN

Conversely, if a function K meets the conditions (a), (b), and (c), where
F' is holomorphic in some neighborhood of D + 1, then F(0) = 0 and

Proof. Indeed, if F' is a holomorphic function in a neighborhood of the disc
D+ 1, F(0) = 0, then F(C) = Hg and (a), (b), and (c) hold by Theorem
3.2. It follows by Lemma 5.26 that F'(C;) = F'(C); = (Hk)1-

Conversely, if a function K meets the conditions (a), (b), and (c), where
F is holomorphic in some neighborhood of D + 1, then F(0) = 0 as in
the proof of Theorem 3.2, F/(C) = Hg and therefore (Hx); = F(C)1 =
F(Cy). U

Corollary 5.28. We have for the resolvent of C;
R\, C) = A 2(Pya) + A1
for all regular ), i.e., for all X exterior to the disc D + 1.

Proof. This follows from (3.10) and Lemma 5.26, since the spectrum of C;
equals D + 1.
O

6. CONCLUSION

The theory of the continuous Cesaro operator is important because it
serves as a “‘bridge” between classical analysis, semigroup theory, and mod-
ern operator dynamics. For example in Summability and Convergence The-
ory the Cesaro operator is a natural generalization of the method of arith-
metic means for functions. It helps to find the values of divergent integrals
(Cesaro summability) and estimate the rate of convergence of orbits of func-
tions to their limits, which is critical for numerical methods and ergodic the-
ory. Moreover the Cesaro operator is a classic object for testing hypotheses
about chaotic behavior. From this points of view the results obtained will
make it possible to further develop the theory of the continuous Ceséaro op-
erator and discover connections between this operator and other important
operators of harmonic and functional analysis such as Hausdorff, Holder,
Boyd, and Coposon operators. Moreover, since our description of holo-
morphic functions of the continuous Cesédro operator deals with the Mellin
trunsform on the critical line, our results are connected with the theory of
Riemann zeta function, as well. We also introduce the logarithm of con-
tinuous Cesaro operator although the general approach adopted in operator
theory does not allow this to be done.
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