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Abstract. A cheapest stable nonconforming finite element method is presented for
solving the incompressible flow in a square cavity without smoothing the corner sin-
gularities. The stable cheapest nonconforming finite element pair based on P; x Py on
rectangular meshes [29] is employed with a minimal modification of the discontinuous

Dirichlet data on the top boundary, where 27! is the finite element space of piecewise
constant pressures with the globally one-dimensional checker-board pattern subspace
eliminated. The proposed Stokes elements have the least number of degrees of free-
dom compared to those of known stable Stokes elements. Three accuracy indications
for our elements are analyzed and numerically verified. Also, various numerous com-
putational results obtained by using our proposed element show excellent accuracy.
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1 Introduction

The lid driven square cavity has been one of the most popular benchmark problems for
new numerical methods for the incompressible Navier-Stokes equations in terms of ac-
curacy, numerical efficiency and so on. To refer only few see [4,8,17,18], for instance, and
the references therein. The presence of singularities at the upper corners of the cavity
is the source of numerical difficulties for solving the cavity flow problem. It is usually
erroneous to use high-order methods without handling the corner singularities due to
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the Gibbs phenomenon. Many studies have been carried out to overcome this difficulty.
Barragy and Carey [6] used a p-version finite element formulation (p > 6) combined with
a strongly graded and refined mesh to handle the corner singularities. Other studies
change the boundary condition to overcome this difficulty: see, for instance, [20,21,34,36],
and the references therein. The latter approach are coined as the so-called regularized
lid driven cavity problem. The constant boundary condition for velocity is replaced by a
function that vanishes at the upper corners of cavity [20,36]. Botella and Peyret [8] solved
aregularized cavity problem by using a subtraction method of the leading terms from the
asymptotic expansion of the solution of the Navier-Stokes equations in the vicinity of the
corners, where the velocity is discontinuous. Sahin and Owens [34] inserted leaks across
the heights of the finite volumes at the corners between the lid and the vertical walls
to handle the corner singularities. Many studies reported that in the critical Reynolds
number range [7000,8500] Hopf bifurcations occur for the lid driven square cavity prob-
lem [4,18,20,36]. Bruneau and Saad [9] revisited the issue of bifurcation using third-order
time discretization schemes with 512 x 512 finite difference spatial discretizations. They
observed the first bifurcation occurs between Re = 8000 and Re = 8050. Guermond and
Minev [24] reported three-dimensional benchmark solutions using a direction splitting
method introduced in [22,23]. They also provided two-dimensional solutions, which
are correct up to at least three digits, for Re =1000 using the uniform 5000 x 5000 MAC
stencil. Instead of the square domain, Glowinski et al. [21] considered a semi-circular
cavity-driven flow with a special time-dependent regularization on the Dirichlet data at
the two corners: they observed Hopf bifurcations around Re=6600, which is smaller than
the case of square domain, using an iso-parametric variant of the Bercovier-Pironneau el-
ement [7] introduced in [20].

The purpose of the current paper is to try to solve the lid driven square cavity prob-
lem without any regularization at the corners, employing nonconforming finite element
pairs whose degrees of freedom and implementation are as cheap as possible. As the
nonconforming elements use the values at the midpoints of edges as DOFs, instead of
those at the vertices, the discontinuity singularities at the corners are naturally treated
without any regularization. Our nonconforming finite element pairs are based on the
two stable nonconforming finite element pairs on uniform square meshes [29] introduced
for the stationary incompressible Stokes problem. The two pairs are briefly described as
follows: The first of them uses the P;-nonconforming quadrilateral element [32] for the
approximation of the velocity field, componentwise, while the pressure is approximated
by a subspace of the piecewise constant functions whose dimension is two less than the
number of squares in the mesh. The second of them is a one-dimensional modification
of the above finite element pairs to both velocity and pressure spaces: the velocity space
is enriched by a globally one-dimensional DSSY(Douglas-Santos-Sheen-Ye)-type bubble
function [11, 15, 26] while the pressure space is the subspace of the piecewise constant
functions whose dimension is one less than the number of squares in the mesh in order
to fulfill the mean-zero property. The stability and optimal convergence results for these
element pairs applied to the stationary Stokes equations with homogeneous Dirichlet
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boundary condition can be found in [29].

In order to treat the inhomogeneous lid-driven Dirichlet boundary condition, we
modified the above elements [29] as follows. The boundary condition on the interior
of the top boundary is handled as usual, but the corner boundary condition is specially
treated at the two end elements on the top by adding two local DSSY-type bubble func-
tions whose values at the midpoints of top boundary parts to be (1,0)" and at the mid-
point of the other boundary parts to be (0,0)!. Indeed, since nonconforming finite ele-
ment methods can avoid vertex values degrees of freedom, the boundary values at the
top left and right corners are not required. Thus, one can solve the driven cavity problem
without any regularization of the boundary condition (2.3).

We note that the above modified finite elements have the smallest DOFs and are
easiest to implement among the finite element space pairs that fetch all non-spurious
piecewise constant pressure fields. Moreover, our finite element methods yield nearly
divergence free velocity fields. Indeed, [,|V-v;|dx= & (h*), which is good indication of
numerical solver. The ¢(h3) factor arises from the inhomogeneous boundary data (the
finite element pairs introduced in [29] for the homogeneous boundary condition yield
exactly divergence free velocity approximation). Another indication of superiority of our
element is that our methods gives substantially smaller volumetric flow rates across hor-
izontal and vertical line sections [5] than other methods by a factor of two. They are
reported in Section 5.

The plan of our presentation of this paper is as follows. In the next section the lid-
driven cavity problem is briefly described. With a brief review on the P;-nonconforming
quadrilateral element, a detailed description and implementation of our finite element
methods are given in Section 3. Three accuracy indications of our numerical solutions are
analyzed in Section 4. Some numerical results are presented Section 5 with comparison
to the results of other methods. The last section concludes our presentation.

2 Problem formulation
Let QO =(0,1)2. Consider the steady-state incompressible Navier-Stokes equations in di-

mensionless form:
—vAu+(u-V)u+Vp=0 inQ,

. (2.1)
V-u=0 in O,

with Dirichlet boundary condition
u=g onI with /v-gds:O. (2.2)
r

Here, u and p denote the flow velocity and pressure, v the fluid kinetic viscosity, I" the
boundary of (), and v the unit outward normal vector to (). Here, and in what follows,
bold faces will denote the two-dimensional vectors, functions, and function spaces. For
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the driven cavity problem, suppose that the Dirichlet data is given by

(1,0)/ if0<x<1and y=1,
g(x,y)=< eitherOor1 if x=0,1 and y=1, (2.3)

0 elsewhere on 0Q).

Notice that the regularity of the boundary value of velocity field: ge H2 ¢ (T') for arbitrary
€ >0, which limits the regularity of the solution u€ H!~¢(Q) at best. The possible highest
regularity of the solutions [35] is given as follows:

(u,p) EWM (Q) x WO (Q) /R forall r€(1,2).

The Sobolev embedding theorem implies (u,p)ZH!(Q) xL?(Q) /R, but (u,p)eH' ~¢(Q) x
H™¢(Q)/R for arbitrary small € > 0. See [12] for more details of analysis in the case of
driven cavity Stokes equations.

3 A cheapest nonconforming finite element method

In this section we will begin with a brief review on the P;-nonconforming quadrilateral
element [2,3,31,32] Then the stable cheapest finite element pairs [29] for the incompress-
ible Stokes equations with homogeneous boundary condition will be described. In the
third part of this section describes the treatment of nonhomogeneous boundary condi-
tion for the lid-driven cavity problem. Especially the corner singularities will be taken
care of.

3.1 The P;-nonconforming quadrilateral element space

In this paper, we consider the unit square domain Q= (0,1)? with uniform square meshes.
Let (7, )o<n<1 be a family of partitions of ) into No=N 2 disjoint squares Qjk of size h xh,
h=1/N, with barycenter ((— %)h,(k— %)h), for j,k=1,---,N. We assume that N is an
even integer. By Nj, denote the number of interior vertices Vi = (jh,kh) in .7, so that
Ni=(N—1)2. Set

I . .
215 ={ve L2(O)| v|q, € P1(Qjx) VQjk € F, v is continuous at
the mid point of each interior edge in .7}, and v vanishes at

the mid point of each boundary edge in .7, }.

The global basis functions of 2} B’h can be defined vertex-wise: for each interior vertex

Vi in 7, define ¢ € 2} g’h such that it has value 1 at the midpoint of each interior edge
whose end points contains the vertex Vj; and value 0 at the midpoint of every other edge
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in .7,. Then the P;-nonconforming quadrilateral element space [31,32] is given by

N-1 .
@ﬁgrh:{vh: kz wjedi |k €R Vj,k}, dim(@fgh):N;.
j k=1

3.2 The DSSY-type finite element space

The DSSY nonconforming element space on a reference domain Q = [—1,1]2, with ver-
tices X; =(1,0),x2 =(0,1),x3 =(—1,0),X4 = (0,—1), is defined by

~

DSSY(Q)=Span{1,%,7,0,(%)—6,(})},

where
t2, (=0,
_J) 2 54 _
Gf(t)_ t_gt/ (=1,
PB4, (=2,

The reference DSSY basis functions have the form

555V (5) — i N %f_g(eg(a?) —0,(7)),
PV ()= 37+ o (0,(2) ~0,(7),
PRV ()= ;5 2 (04(F)—0,(5)),
PO () = — 57+ 2 (B()—61(7)),

such that lﬁgsw (X ) =k, the Kronecker delta. In what follows, we fix £/=1.
Let Fp: Q — Q be a bijective affine transformation from the reference domain onto a

rectangle Q. Then DSSY(Q) is defined by

DsSY(Q)={7 o Fy' ‘ 5eDssY(Q) }. (3.1)
Then the DSSY-type finite element space [10,11, 15,26] is defined by

DSSY} ={veL*(Q) | v|o € DSSY(Q) VQE F;
v is continuous at the midpoint of each interior edge
and vanishes at the midpoint of each boundary edge in .7}, }.

Remark 3.1. For /=0, the DSSY-type nonconforming element, or the velocity compo-
nents in the CDY(Cai-Douglas-Ye) Stokes element, is identical to the rotated Q; element
of Rannacher and Turek [33]. The difference between the DSSY-type nonconforming el-
ements (with £=2,3) and the rotated Q; element is that the former satisfies the mean
value property ﬁ [,vds=0(m,) on each edge e in .7}, where m, denotes the midpoint of
e. See [26] for more details.
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3.3 The stable cheapest finite element pairs: homogeneous Dirichlet
boundary case

Set

N
P = {Ph: Y vikxoy | %kelR;/QPh dx:o} L),
k=1

where x @, denotes the usual characteristic function. Denote by 2} the subspace of 2!
by removing the one-dimensional checkerboard pattern from 2. One way of forming

the basis for the (Np—2)-dimensional space @g can be described as follows. Let () =
QRUOS® be a decomposition of Q into the disjoint unions of red and black rectangles
OR = UQG%RQ and OF = UQE__ZIB Q, where

TR ={Qjx€ % | j+kis an even integer},
TP ={Qi€ Z| j+kisanodd integer}.

We are now in a position to form the two (% —1)-dimensional subspaces of Z!! as
follows:

N
Pho= {Ph = ) ViXgunor | ik GIR;/QPh dX:O} CL(QY),
k=1

N
Pho= {Ph = ) YjkXguna® | 'ijE]R}/QPh dx:o} C L§(€).
k=1

Then it turns out that L@é’ = @ﬁ o® e@glo, from which the basis functions for @g is built in

a standard way by taking the union of the basis functions of L@ﬁlo and 2! . Henceforth
the first pair of stable cheapest finite element pair for the incompressible Stokes flows is
given as

9111’c0,h X f??g with dimension 2N} 4 Ng—2. (3.2)

A second pair of stable cheapest finite elements is obtained by enriching the velocity
space by adding a one-dimensional macro bubble function space based on the DSSY
nonconforming finite element space. Assume that N is an even integer. Denote by
FM the macro mesh such that each macro rectangle Q% consists of 2x2 rectangles

Qik Qjx+1,Qj+ 1.k Qjy1h+1 € T, with (J,K) = (j k), [, K=1,3,---,N—1. For each macro-
element Q%( € ZM, define th%( €DSSY{ such that

—M
supp($u ) C Qjxs
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and the integral averages over the edges in .7, vanish except

PYom ds=v, % Pom ds=—v.
?gQirkmanH,k Qi 0Qjk+1M9Qj 1411 Qjk

where v denotes the unit outward normal vector to Qjy on the edge 9Q;;NdQ; 1/, £ =
k,k+1. Introduce the following vector space of macro bubble functions:

which is a one-dimensional subspace of DSSYZ. Then Q’T%h in enriched by adding 2",
denoted by

ol agnch 4. aah
91/0 = 9;0 SR,
and hence, the second stable Stokes finite element pair is defined as follows:

P
P

P15 x 2} with dimension 2N} +No. (3.3)

The stability and optimal convergence properties of the two pairs of Stokes elements
(3.2) and (3.3) are shown for the stationary Stokes equations in [29].

Comparing several other stable quadrilateral finite element pairs satisfying the inf-
sup condition [13,25,33], the nonconforming element pairs (3.2) and (3.3) have the lowest
degrees of freedom. Table 1 illustrates the degrees of freedom for different pairs, whose
notations will be used throughout the paper.

Table 1: Number of degrees of freedom for different pairs (velocity/pressure). ,@5’8 X Qi’co’h, ,@;g X 325’ rotQ; x

,@6’, and 33%’}1 X ,@5’ stand for the two Taylor-Hood elements of type Q> X Q1 and Q, x P;, the Rannacher-Turek

nonconforming quadrilateral rotated Qq x P element, and the nonconforming quadrilateral P; x Py element [29],
respectively.

N ,@E’g X foo’h Qg’ﬁ x Pl rotQ; x ! 37;‘,%’}‘ x Pl
24 2178/289 2178 /255 1088/255 450/254
25 8450/1089 8450/1023 4224/1023 1922/1022
26 33282/4225 33282/4095 16640/4095 7938 /4094
27 132098/16641 132098/16383 66048/16383 32256/16382

It is shown that both nonconforming finite element spaces (3.2) and (3.3) give ex-
actly identical solutions for velocity fields but slight different pressure solutions whose
differences in L?(Q))-norm are of order ¢(h), and thus both velocity and pressure are
approximated with optimal convergence for Stokes flows. See [29, §4] for details. Due
to this observation, we concentrate on the finite element pair (3.2) for approximating the
cavity flow.
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3.4 Treatment of nonhomogeneous boundary condition

In order to deal with the Dirichlet boundary values of cavity flows, the open boundary
part (top boundary) is modified with two additional DSSY-type elements located at the
two top corners, Qiy and Qunn. Notice that for j=1,---,N—1, ¢iN has value 1 at the

midpoints ((j—3)h,1) and ((j+3)h,1) and 0 at the other midpoints on the top boundary,

one sees that
1\ N—1
2
(}) Lo
]

assigns the vector value (1,0)" at the midpoints ((1+3)h,1),-,((N—=1—3)h,1) and (3,0)*
at the midpoints (14,1) and (1—3h,1), respectively. Denote the DSSY basis functions
whose supports are the top left and right corner elements as follows:

¢2TL_(¢DSSY oFy > and ¢2TR_((PDSSY FQI}IN)

both of which have values 1 at the top midpoints (3h,1) and (1—3k,1), respectively,
and 0 at the other midpoints of the two elements. Summarizing the above, the approx-
imate nonconforming finite element solution with the Dirichlet boundary data for the
lid-driven cavity flow is approximated by uy, of the form

uy =ug+Upp, (3.4a)
N1 g 1\ [N=1

where  ugy= ) (17] k) dik, Upp= (8) Y Nt ri+Porr|.  (34b)
j=1 \TIj j=1

We are now in a position to define a discrete weak formulation of (2.1) to find (ug ,pp) €
Q%h x 2% such that

ay (o, Vi) +cn (U p;ug Vi) +cp (o s Wp i, Vi) i (U ;U0 1, V)
b (Vi ) = —an (W vi) —cn(upuppvi) YR E[PYE, (35a)

bu(uop,qn)=—bn(upnqn)  Van€ 2L, (3.5b)
where
ah(uh,vh)zv Z /Vuh:Vvhdx, Vh,qh Z/ Vv qth
Qe Q Q<

cn (Wi ay, vy,) = Z /(Wh-V)uh-vhdx.
Qe Q

The existence and uniqueness of solution of the Galerkin solution for sufficiently small
h >0 can be established by an application of the Browuer fixed point theorem follow-
ing the argument given in [28] with suitable modifications, although the nonconforming
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elements defined there are quite different from ours. Instead of solving the nonlinear
equations, one usually approximate (3.5) by iterative methods [14,16,27], for instance, by

the Picard iteration method in what follows. With an initial guess (ué?g, p](qo)) € 9;"%’}’ X ﬁoﬁ

define the Picard iterates (ug;z,pék)) € 9;“0;1 X ﬁg for k=1,2,---, solving the following Os-
een problem:

ap (“(()I,{;2/Vh) ‘|'Ch(u(()l,<1;1) +uh,h2ué'f21Vh> +bh(vh'pl(ak))
= —ay(uppvi) —cp (s Vb up i vy) Vv e 2L (3.62)
bh(ué’fg,qh) =—by(uppqn) V€ @3 (3.6b)

The Picard iterates (uékz,pik)) k>1 are shown to converge at a linear order to the solution

(ug,pr) of (3.5) in [27]. One may of course use the Newton iterates which converge

quadratically with sufficiently close initial guesses to an exact solution as described in
[14,16,27].

4 Accuracy of solutions

Previous studies validated their numerical solutions by comparing their numerical re-
sults with benchmark solutions in the literature, for example, [6] and [19]. According to
Erturk et al. [18], there are many different numerical procedures for the lid-driven cavity
flow problem which yield very similar numerical results in the case of Re <1000, how-
ever, their numerical solutions start to deviate from each other as the Reynolds number
increases.

Hence, in order to claim some sort of superiority of our nonconforming method over
the other existing methods, we will not only compare our numerical results with those
in the literature, but also show some other assessments for the accuracy of the numerical
solution.

4.1 Volumetric flow rate

Aydin and Fenner [5] suggested a measurement of the accuracy of numerical solutions.
They computed the net volumetric flow rate, V, passing through a vertical line and a
horizontal line to check the continuity of the fluid. Denote u= (1,v), and let V,, . and V;,.
be the volumetric flow rate passing through a vertical line x=c and a horizontal line y=c,
respectively. The volumetric flow rate values, VM,C and VU,C can be computed by

1
Vie= ‘ /0 u(c,y)dy : (4.1)

1
’ Ve = '/ v(x,c)dx
0
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4.2 Compatibility condition for the stream function ¢

We can also use the compatibility condition for the stream function ¢ for the assess-
ment of the accuracy of numerical solutions. Using the expressions of the vorticity w as
the two-dimensional curl of the velocity: w =V xu, and the velocity field as the two-
dimensional curl of the stream function u=V X1, one has the Neumann boundary value
problem for ¢ as follows:
~Ap=w in Q, (4.2)
with
—u for y=0, 0<x<1,
o Ju for y=1, 0<x<1,
on o for x=0, 0<y<1,
—v  for x=1, O<y<Ll

A compatibility condition, combined with (2.2), yields

/dex:—/ W s [1dx= 1. 4.3)

20 On 0

One can compute [, w dx by using the numerical solution uy,, and compare to check the
accuracy of the numerical approximation.

4.3 Incompressibility condition

Since the pointwise incompressibility condition V-u=0 should hold pointwise, the small-
ness of

V-uh dx
Qjk

maXx

4.4
ijefgh ( )

is a good indicator to check numerical accuracy. This implies that the value (4.4) for the
numerical solution u;, should be close to zero.
Invoking (3.4), and observing that

Z / <lp2 TL) dx:/aQ v (1’02(’)“> ds=0, (4.5a)
0c T, IN

Y / <lp2 TR> dx:/aQ V- (lpz(’)TR> ds=0, (4.5b)
o<, NN

one sees the following simplification:

1N 1
/V uth— /é]k o ]k (P dx —|—2 Z ngxN . (4.6)

Qe jk=1 j=179Q
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Recall that ¢ is piecewise linear, and hence its derivative is constant on each Qg,: in-

deed,
%(1/1)t on ij/
1 t
V(P]k _ E (_1/1) on Qj+l,k/ (4'7)
F(=1,-1)" on Qi1
%(11—1)t on Qj,k+1,

forj=1,---,N—1,k=1,---,N. Set q;, = 2%{:1 CijQ]-k S /377(? for a general piecewise constant
element. By exploiting |Qy,,| =h?, from (3.5b), (4.5), and (4.7) it then follows that

N-1 N-1
/Q(V'uh)%dxzh Y Gk (Cie—Cjthr) Fjk(Cirk—Cijesn)] +g Y Zin-
k=1 i—1

As a basis for ff?fg, choose the union of the basis functions of L@ﬁro and L@glo. For each
j,k=1,35,---,N—1, with g, =X —XQun € L@ﬁlo and gy, =XQji1501 —XQun € e@ﬁlo one sees
from (3.5b), (4.5) that

V-uhdx:/

Qj+1k+1

V~uhdx:/ V-u;, dx. (4.8)
Qijk Onn

Similarly, for j,k=1,3,5,--- ,N—=1, with g, =x0, ,, —Xon 1~ € 32’31,0 and 4, =XQ;,; —XQn 18 €
335/0 one concludes from (3.5b), (4.5) that

V- u, dx= V-uhdx:/ V- u, dx. 4.9)

Qjt1k Qjk+1 On-1,N

Setting 71 = [, oy ¥ undxand 1o = /. Ox 1 V- W dx, one obtains from (4.8) and (4.9) that

N, N,
Z /V-uhdszQ’h, and Z /V-uhdx:TQ’yz. (4.10)
Q€=7hR Q QG‘ZIB Q
Consequently,
No
Z /V-uhdx: Z /V-uhdx+ Z /V-uhdx:T('yH—'yg).
0c77Q Qezr’Q Qezp’C

However, using the Divergence Theorem piecewise for each Q € .7, we have

N
V-u,dx= v-u,ds= v-u;,ds=0.
Q 9Q

Qe Qeg, j=1 QN {y=1}
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Hence, No (’yl—f-'yz) 0 and therefore

Vewdx=71  VQire R, (4.11a)
Qjk

V-wdx=—71 VQu€Fp. (4.11b)

Qjk
In order to compute 7y exactly, we sum |, Qi V-u;, dx over all the red-type rectangles Qjx €
R invoking the form of uy, given in (3.4). Observing that for each interior vertex Vi
there are two rectangles in .7,R which share only the vertex: these two rectangles can be
either the pair (Qjk, Qj11,k+1) or the pair (Qj41 Qjk+1)- Then the integrals /v (,7;_’;)4)],{ dx
over those pairs cancel each other due to the Divergence Theorem or direct integrations.

Observe that, for the DSSY-type basis function parts (%)%,TL and (%)1/]2;13 in (3.4), the
integrals of their divergence over the top left and right rectangles are zeros as can be seen
also from (4.5). Hence, we have

y / V.u, dx= Z/ (g +up) dx

Q/keyR Q]ke
= Z V~ub,h dx
Qe TR Qjk
= Z ¥ (5) Z e
QinET,

N/2 1
= Z/Q V. <(2)> (¢2j—1,N +2j,n) dx

j=1

N/2 1
= 2 , .

i x/a‘Q%NV <0> ((P2]_1’N+¢2],N) ds

—1 ]
1 h
“tu\7z) T 412
Z ( 2> 2 ( )

A combination of (4.11) and (4.12) shows that

V-u;, dx

=i’ VQi€T. (4.13)
Qjk

Recalling (4.11), we summarize the above results as in the following theorem:

Theorem 4.1. Let wy, be in the form (3.4) and (g, py) € 215" x 2} fulfills (3.5b). Then (4.13)
holds. Moreover, the integral of the divergence of velocity is of checkerboard pattern.
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5 Numerical results

We have computed the steady state solutions of lid driven cavity flow from Re =100 to
Re =5000 by using the Picard iteration method with the termination condition:

_(k
H (f—vAu(") ~Nu® - BTp, )> <101 <;> (5.1)

g—Bu (k)
where A,B, and N denotes the matrices for the discrete Laplacian, divergence, and con-
vection, respectively. First, notice that our proposed nonconforming finite element method

for finding (ug, py) € 9%11 x 2% fulfilling (3.5) does not modify the discontinuities at
the top corners. However, the usual conforming finite element methods require suitable
modifications. For instance, for the Q;g X foéh element method, the two popular cavity
boundary conditions are used: the watertight cavity boundary condition

[0, if 0<x<1andy=1, 52)
o, elsewhere on 9Q), '
and the leaky cavity boundary condition
(1,0, if0<x<1landy=1,
— (5.3)
0, elsewhere on d(),

respectively. Notice that both conditions (5.2) and (5.3) satisfy (4.3). Our own FORTRAN
and MATLAB codes were developed to implement the &2 Tcoh x 2! element method while

the IFISS S/W [1] was used to implement the Q;g X ,@fféh element method.

We computed the asymptotic convergence rates (as those in [30, §5.2]) for the Stokes
driven cavity problem and the Navier-Stokes driven cavity problem with Re=1000. The
Stokes driven cavity problem is obtained by dropping the nonlinear convective term from
the Navier-Stokes driven cavity problem. The convergence rates are given in Table 2,
where ul) and p!) denote the numerical solutions computed with mesh 2/ x 2/, Observe
that the convergence rates of velocity and pressure for the Stokes cavity problem are
consistent with the theoretical results given in [12], while those for the Navier-Stokes
cavity problem approach 1 and 0 respectively, as the mesh size reduces.

For the case of Re =1000, we present in Fig. 1 the u-velocity profiles along the line

x=0.5 and the v-velocity profiles along the line y=0.5 computed by using the 3?'11’%’1 x Pl
element with the boundary condition (2.3) and compare our results with those by Botella
and Peyret [8], by Bruneau and Saad [9], and by Guermond and Minev [24]. In each case,
our velocity profiles show a good agreement with the reference solutions. Recall that the
solutions obtained Botella and Peyret used a spectral method on 160 x 160 spectral nodes,
and Bruneau and Saad used a second-order finite difference schemes on the uniform
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Table 2: Asymptotic convergence rates: D(u;j) = [[ul) —ulU=Y |y and D(p;j) = ||p"!) —pU~V]o denote the
differences of velocities and pressures at level j and j—1 for the Stokes driven cavity problem and the Navier-
Stokes driven cavity problem with Re=1000, where ul) and p(j) denote the numerical solutions computed with

mesh 2/ x 2/,
Stokes Navier-Stokes
j D(w;j) D(p;j) D(u;j) D(p;j)
5 || 6.692481E-02 | 3.311038E+00 || 3.061953E-01 | 3.184504E-02
6 || 3.355514E-02 | 3.329956E+00 || 7.639039E-02 | 9.924841E-03
7 || 1.679625E-02 | 3.338632E+00 || 2.577019E-02 | 5.144550E-03
8 || 8.401296E-03 | 3.342067E+00 || 1.015056E-02 | 3.851818E-03
9 || 4.201139E-03 | 3.343310E+00 || 4.611637E-03 | 3.492480E-03
i1 Yoz "Dty | o8 | % Diu | 082
6 0.9960 -0.0082 2.0030 1.6820
7 0.9984 -0.0038 1.5677 0.9480
8 0.9995 -0.0015 1.1344 0.4175
9 0.9998 -0.0005 1.1382 0.1413
) Re=1000, NC) x P!, (256x256) 5 Re=1000, NC) x P/, (256x256)
N : Bm;;zg;a‘al | o Gumondena
06 of

u-velocity

X

Figure 1: Comparison of the vertical components of the u-velocity along the segment x€[0,1], y=1/2 and the
horizontal components of the v-velocity along the segment x € [0,1], y=1/2 with Re=1000.

1024 x 1024 nodes, while Guermond and Minev used a massively parallel computation
combining their new direction splitting algorithm and the MAC central finite difference
scheme on 5000 x 5000 nodes.
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For the range of Re = 100,400,1000,2500,3200, and 5000, Figs. 2 and 3 show the u-
velocity profiles along the line x = 0.5 and the v-velocity profiles along the line y =0.5

computed by using the 27 ; h @h element with the boundary condition (2.3) and com-
parison results with those by Erturk et al. [18] and Ghia et al. [19]. In each case, our
velocity profiles show a good agreement with their results.

Although the velocity profiles in Fig. 1 and Figs. 2 and 3 seem to match quite well
for Re =1000, some of the actual numerical values differ in digits compared to those
reported in [8,9,24]. Hence, we compare the numerical values of the horizontal and
vertical components of the velocity in Tables 3 and 4 with the reference solutions from
[8,9,24]. Our numerical values, which were computed with 256 X 256 meshes with the

lowest possible finite element 9;“0;1 X 325‘, match with the reference values mostly up
to two digits, or with less than 1% errors; the numerical solutions, computed 512 x 512
meshes match with the reference values mostly up to three digits, or with less than 0.1%
errors.

Table 3: Comparison of the horizontal components of the velocity along the segment y € [0,1], x=1/2 at
Re=1000. The numbers in parentheses indicate the difference between the reference solutions [8] and our
numerical values.

y [8] [9] [24] P )
(256 x 256) (512x512)
0.0000  0.0000000  0.00000  0.0000000  0.0000000 (0.000e+00)  0.0000000 (0.000e+00)
0.0312  -0.2279225 NA -0.2279177  -0.2274204 (5.021e-04)  -0.2276650 (2.575e-04)
0.0391  -0.2936869 -0.29330 -0.2936814  -0.2930076 (6.793e-04)  -0.2933552 (3.317e-04)
0.0469 -0.3553213 NA -0.3553154  -0.3545665 (7.548e-04)  -0.3549485 (3.728e-04)
0.0547 -0.4103754 -0.41018 -0.4103691 -0.4096654 (7.100e-04) -0.4100002 (3.752e-04)
0.0937  -0.5264392 NA -0.5264320 -0.5271749 (7.357e-04)  -0.5264518 (1.260e-05)
0.1406  -0.4264545 -0.42645 -0.4264492 -0.4276315 (1.177e-03)  -0.4265356 (8.110e-05)
0.1953  -0.3202137 NA -0.3202068  -0.3209943 (7.806e-04)  -0.3200577 (1.560e-04)
0.5000  0.0257995 0.02580 0.0257987  0.0256839 (1.156e-04) 0.0257175 (8.200e-05)
0.7656  0.3253592 NA 0.3253529  0.3259697 (6.105e-04)  0.3252217 (1.375e-04)
0.7734  0.3339924  0.33398  0.3339860  0.3346373 (6.449¢e-04)  0.3338694 (1.230e-04)
0.8437  0.3769189 NA 0.3769119 0.3778450 (9.261e-04) 0.3769140 (4.900e-06)
0.9062  0.3330442 0.33290 0.3330381 0.3339829 (9.387e-04) 0.3331021 (5.790e-05)
0.9219  0.3099097 NA 0.3099041 0.3108006 (8.909e-04) 0.3099725 (6.280e-05)
0.9297  0.2962703  0.29622  0.2962650  0.2971221 (8.518e-04)  0.2963312 (6.090e-05)
0.9375  0.2807056 NA 0.2807005  0.2815029 (7.973e-04)  0.2807605 (5.490e-05)
1.0000  0.0000000 0.00000 0.0000000  0.0000000 (0.000e+00)  0.0000000 (0.000e+00)
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Figure 2: Profiles of u-velocity along the line x=0.5 computed by using the stable 9”;”0;' X ;@5’ with unregularized

boundary condition.
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Figure 3: Profiles of v-velocity along the line y=0.5 computed by using

boundary condition.
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Table 4: Comparison of the vertical components of the velocity along the segment x€[0,1], y=1/2 at Re=1000,
numbers in parentheses indicate the difference between the reference solutions [8] and our numerical values.

x [8] [9] [24] P < P
(256 x 256) (512x512)
1.0000  -1.0000000 -1.00000  -1.0000000  -1.0000000 (0.000e+00)  -1.0000000 (0.000e+00)
09766 -0.6644227  NA  -0.6644194  -0.6666343 (2.212¢-03)  -0.6648562 (4.335¢-04)
09688 -0.5808359 -0.58031 -0.5808318  -0.5831751 (2.339¢-03)  -0.5812660 (4.301e-04)
09609 -0.5169277 ~ NA  -0.5169214  -0.5190905 (2.163¢-03)  -0.5172781 (3.504e-04)
09531 -0.4723329 047239 -0.4723260 -0.4741970 (1.864e-03)  -0.4725743 (2.414e-04)
0.8516 -0.3372212  NA  -0.3372128  -0.3380993 (8.781e-04)  -0.3370508 (1.704e-04)
07344  -0.1886747 -0.18861 -0.1886680 -0.1890994 (4.247e-04)  -0.1884232 (2.515e-04)
0.6172 -0.0570178 ~ NA  -0.0570151  -0.0570951 (7.730e-05)  -0.0569011 (1.167e-04)
0.5000  0.0620561  0.06205  0.0620535  0.0622962 (2.401e-04)  -0.0619466 (1.095¢-04)
04531 01081999  NA 01081955  0.1085611 (3.612e-04)  0.1080176 (1.823¢-04)
0.2813  0.2803696 028040  0.2803632  0.2811184 (7.488e-04)  0.2802013 (1.683¢-04)
01719 03885691 ~ NA  0.3885624  0.3894565 (8.874e-04)  0.3885914 (2.230e-05)
01016 03004561 030029  0.3004504  0.3006758 (2.197e-04)  0.3004357 (2.040e-05)
0.0703 02228955  NA 02228928  0.2228075 (8.800e-05)  0.2228534 (4.210e-05)
0.0625 0.2023300 020227  0.2023277  0.2021815 (1.485e-04)  0.2022834 (4.660e-05)
0.0547 01812881  NA  0.1812863  0.1810885 (1.996e-04)  0.1812376 (5.050e-05)
0.0000  0.0000000  0.00000  0.0000000  0.0000000 (0.000e+00)  0.0000000 (0.000e+00)

Table 5: Values used to plot the contours of the stream function and the vorticity.

Contours

Values

Stream function

Vorticity

-0.1175,-0.1150, -0.11, -0.1, -0.09, -0.07, -0.05, -0.03, -0.01,
-1.0E-04, -1.0E-05, -1.0E-07, -1.0E-10, 1.0E-08, 1.0E-07,
1.0E-06, 1.0E-05, 5.0E-05, 1.0E-04, 2.5E-04, 5.0E-04,

1.0E-03, 1.5E-03, 3.0E-03

-5.0,-4.0,-3.0,-2.0,-1.0,-0.5,0.0, 0.5, 1.0, 2.0, 3.0, 4.0, 5.0

The computed streamlines are presented in Fig. 4. One can observe count-rotating
secondary vortices at the bottom left and right corners of the square cavity. Bottom left
and right vortices grow in size as Reynolds number increases and the secondary vortex
at the top left corner of the square cavity develops as Reynolds number increases.

The vorticity contours are presented in Fig. 5. We observe that the gradient in vorticity
is negligible in the center of cavity and the region of very low gradient in vorticity grows
as Reynolds number increases.
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Figure 4: Streamline computed by using the y%h X ,93(’)1 element, the values used to plot the contours are listed
in Table 5.
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Figure 5: Contours of vorticity computed by using the .W%h X 396’ element, the values used to plot the contours
are listed in Table 5.
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In Table 6, we present the location of the center of the primary vortex, the stream func-
tion ¢, and vorticity w at vortex center. These data are calculated for 100 <Re <5000; for
comparison, available data from the literatures are also given. The values of the stream
function ¥ and vorticity w are recorded at the center of meshes. The locations of pri-

mary vortices computed by using the 9;”%’}’ X 59;(’} element differ from the other results by
about 0.002 which is half the mesh size 1/h~0.0039, Our numerical solutions computed

by using both 275" x Z! and 254 x 29" elements exhibit a good agreement with the
literature data except in the case of the Q;g X ,@fco’h element with leaky cavity boundary

condition (5.3) applied. ¢ and w for the 9;"%’}’ X @5’ element with (2.3) are similar to those
in the literature [18-20, 34]. In addition, Table 7 summarizes data on the strengths and
the locations of secondary vortices in the bottom left and right corners, and in the top
left corner. We observe that secondary vortices appear stronger as the Reynolds number
increases.

In Section 4, we introduced the indicators for the accuracy of the numerical solution.
First, the volumetric flow rate values V,,y, and V;,,_defined by (4.1) are shown in Table

8 for the 275" x 2! element The values of V,, . and V,,, for the ,@gg x 244! element are

much larger than those values of V,, ;. and V,,, for the 9;"%’}’ x 2! element. Erturk et al.
[18] calculated V,,x. and V,,,, by using their solutions. The smallest values of V.. =4.5E-8

and V,,,,, =1.34E-7 in [18] are lager than the largest values of V;, and V, for the Q’%h X j@?g
element. N
Table 9 shows the values of (4.3) and (4.4) for the Q%h x 2% and the Q;g X foéh el-

ements. Concerning the compatibility condition (4.3), the 3?;“0;1 x 2} element and the
Taylor-Hood element with the leaky cavity boundary condition (5.3) give precise values,
while the Taylor-Hood element with the watertight cavity boundary condition (5.2) gen-
erates about 0.3% errors. An investigation of the value (4.4) shows that the numerical

results obtained by using the ,Q?Tcoh x 2} element are more accurate than those by the

Taylor-Hood element. Moreover, the values (4.4) for the 9’11’%’}’ X 502 element are inde-
pendent of Reynolds number and element Qj; due to Theorem 4.1. With the grid size

256 x 256, the value (4.4) for the Q’%h X j@f(’} element is given by

_ 1 596058, (5.4)

max 3563

V-u;,dx
Qik€ I

Qjk
while such values for the Taylor-Hood element with watertight and leaky cavity bound-
ary conditions are given in Table 9. It should be stressed that the values obtained by

the 9;"%’}’ X fﬁfg element are smaller by a factor of four than those obtained by the Taylor-
Hood element. The values of (4.4) are computed with the different mesh sizes by using

the 3?;“0;1 X % element at Re=1000. The numerical results are presented in Table 10 and
confirms the theoretical result in Theorem 4.1 numerically.
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Table 6: Computed primary vortex; the values of stream function (¢), vorticity (w), and location (x,y).

Re FEM Grid Pmin w (x,y) BC
P x 7l 256x256 0103531 316206 (0.6152,07363) (2.3)
250 2{%" 128x128 0103519 318101  (0.6172,0.7383)  (5.2)
25y x 215" 128x128 0102872 3.15485 (0.6172,0.7383)  (5.3)
100 [19] 129x129 -0.103423 3.16646 (0.6172,0.7344) -
[20] 128x128  -0.103435 - (0.6172,0.7344)  [20]
[34] 257x257 -0.103471  3.1655  (0.6189,0.7400)  [34]
P x Pl 256x256 0114071  2.29821  (0.5527,0.6035) (2.3)
250 204" 128x128 0113990 229476  (0.5547,0.6055)  (5.2)
255 2{%" 128x128 0111900 226041  (0.5547,0.6055)  (5.3)
400 [19] 257x257 -0.113909 229469  (0.5547,0.6055) -
[20] 128x128  -0.113909 - (0.5547,0.6094)  [20]
[34] 257x257 -0.113897 22950  (0.5536,0.6075)  [34]
P x Pl 256x256 0119186  2.07216  (0.5293,0.5645) (2.3)
25y x 205" 128x128 0118941 2.06779 (0.5313,0.5664)  (5.2)
250 205" 128x128 0115376  2.00941  (0.5313,0.5664)  (5.3)
1000 [18] 601x601 -0.118781 2.06553 (0.5300,0.5650) -
[19] 257x257 -0.117929 2.04968 (0.5313,0.5625) -
[20] 128x128 -0.119173 - (0.5313,0.5625)  [20]
[34] 257x257 -0.118800 2.0664  (0.5335,0.5639)  [34]
PPl 256x256  -0122151 198912 (0.52150.5449) (2.3)
250 214" 128x128 0121492 197645  (0.5195,0.5430) (5.2)
2500 250 2{4" 128x128 0115717 1.88476  (0.5195,0.5430)  (5.3)
[18] 601x601 -0.121035 196968 (0.5200,0.5433) -
P x 7l 256x256 0122713 197778 (0.5176,05410) (2.3)
250 2{%" 128x128 0121860 196186  (0.5195,0.5391)  (5.2)
25, x 2{§"  128x128 0115310 1.85833 (0.51950.5430) (5.3)
3200 [19] 257x257 -0.120377 1.98860 (0.5165,0.5469) -
[20] 128x128  -0.121768 - (0.5165,0.5352)  [20]
[34] 257x257 -0.121628 19593  (0.5201,0.5376)  [34]
P x Pl 256x256 0123658 196650 (0.5137,0.5371) (2.3)
250 204" 128x128 0122368 1.94277  (0.5156,0.5352)  (5.2)
250 2{%" 128x128 0114120 181321  (0.5156,0.5352)  (5.3)
5000 [18] 601x601 -0.121289 192660 (0.5150,0.5350) -
[19] 257x257 -0.118966 1.86016 (0.5117,0.5352) -
[20] 128x128 -0.121218 - (0.5156,0.5352)  [20]
[34] 257x257 -0.122050  1.9392  (0.5134,0.5376)  [34]
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Table 7: Computed secondary vortices; the values of stream function (¢) and location (x,y) for the 9?%}' X 32’(}}

element.
Bottom left Bottom Right Top left

Re Pmax (x,y) Pmax (x,y) Pmax (x,y)

100 1.7368E-06 (0.0332,0.0332) 1.2597E-05 (0.9434,0.0605) - -

400 1.4100E-05 (0.0488,0.0488) 6.4495E-04 (0.8848,0.1230) - -
1000 2.3223E-04 (0.0840,0.0762) 1.7319E-03 (0.8652,0.1113) - -
2500 9.2779E-04 (0.0840,0.1113) 2.6661E-03 (0.8340,0.0918) 3.3918E-04 (0.0410,0.8887)
3200 1.1104E-03 (0.0801,0.1191) 2.8323E-03 (0.8223,0.0840) 7.0750E-04 (0.0527,0.8965)
5000 1.3660E-03 (0.0723,0.1387) 3.0641E-03 (0.8027,0.0723) 1.4566e-03 (0.0645,0.9082)

Table 8: Volumetric flow rates along the vertical and horizontal lines through the geometric center of the cavity,
(x¢,yc), by using the .9”;'%’}1 x 2! and Qg}é X e@fcoh element.

Re FEM Grid Vi, Voy. BC

.9?;’3’1 x ?]E 256x256 1.9039%-16 1.2514e-13  (2.3)

100 25, x 2{§"  128x128  93009E-06  6.5662E-08  (5.2)

250 2{4" 128x128  1.3114E-03  9.7804E-08  (5.3)

P X Pl 256x256 2155416 1334713 (23)

400 250 2{4" 128x128  14876E-05 1.2495E-06  (5.2)
250 204" 128x128  1.3170E-03  1.1132E-06  (5.3)

P Pl 256x256  3599%e-17 1103714 (23)

1000 250 2{4" 128x128  2.4097E-05  2.8794E-06  (5.2)
250 204" 128x128  1.3264E-03  2.5407E-06  (5.3)

P Pl 256x256 2437316 1528013 (2.3)

2500 25, x 2]§"  128x128  4.0694E-05 57553E-06  (5.2)
250 204" 128x128  1.3431E-03  4.8544E-06 (53)

2L ?,]g 256x256 2.1814e-16  5.1092e-14  (2.3)

3200 250 2{%" 128x128  4.6986E-05  7.0223E-06  (5.2)
250 204" 128x128  1.3494E-03  5.8405E-06  (5.3)

P X Pl 256x256 3556216  12311e-13  (23)

2000 250 2{%" 128x128  6.1055E-05  1.0206E-05 (5.2)
250 204" 128x128  1.3634E-03  8.2691E-06  (5.3)
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Table 9: Compatibility (4.3) and incompressibility conditions (4.4) for the .9”;”0;' X 326’ and Qg}é X e@fcoh elements.

Re FEM Grid | [nwdx+1| (4.4) BC
P P 256x256  2.8866e-15  5.9605E-08  (2.3)
100 | 255x2{%" 128x128  2.6042e-03  6.1596E-04 (5.2)
250 21" 128x128  11102e-15  3.3407E-04  (5.3)
P P 256x256  22204e-16  5.9605E-08  (2.3)
400 | 275x 2{%" 128x128  2.6042e-03  6.6730E-04 (5.2)
250 < 204" 128x128  4.7740e-15  3.9730E-04  (5.3)
P P 256x256  2.6645e-15  5.9605E-08  (2.3)
1000 | 258 x2{5" 128x128  2.6042e-03  7.2274E-04 (52)
25y x 205" 128x128  15543e-15  5.0746E-04 (53)
PPl 256x256  1.1102e-15  59605E-08  (2.3)
2500 | 2545x 23" 128x128  2.6042e-03  1.1836E-03 (5.2)
250 2{" 128x128  7.7716e-15  5.941E-04 (5.3)
P P 256x256  39968e-15  5.9605E-08  (2.3)
3200 | 250x2{3" 128x128  2.6042e-03  13685E-03 (5.2)
250 21" 128x128  15543e-15  6.0657E-04  (5.3)
P Pl 256x256  14433e-15  5.9605E-08  (2.3)
5000 | 250x2(3" 128x128  2.6042e-03  1.6240E-03 (5.2)
250 204" 128x128  42188e-15  6.7909E-04  (5.3)

Table 10: Computed values of (4.4) with the different mesh sizes by using the 5’%’1 X ng at Re=1000.

Grid (4.4) ratio
16 x16 | 2.441406e-04
32x32 | 3.051758e-05 3.00
64x64 | 3.814697e-06 3.00

128 128 | 4.768372e-07  3.00
256 x256 | 5.960464e-08 3.00
512x512 | 7.450581e-09 3.00

At least judged by the three accuracy indicators, (4.1), (4.3), and (4.4), the numerical

solutions by using the 9'11’%’1 x 2! element without any modification at the top corners
are more accurate than those by using the Taylor-Hood element with modified boundary
conditions (5.2) and (5.3).
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6 Conclusions

The £ Tcoh X % element is applied to solve the lid driven cavity problem with least mod-
ification at the two top corner element to deal with the jump discontinuities there using
the DSSY element (or CDY element).

The numerical solutions using 9;"%’}’ x 2% element are compared with bench mark
solutions and the horizontal and vertical components of the velocity at the center are
correct up to mostly two and three digits if the mesh sizes are 256 x 256 and 512 x 512,
respectively.

Numerical solutions were compared with those the conforming ,@gg X Qf/co’h element
(Taylor-Hood element) with leaky and watertight cavity boundary conditions. Three
indicators for accuracy of the numerical solution have been compared: (a) volumetric
flow rate (4.1); (b) compatibility condition (4.3); (c) incompressibility condition (4.4).

Our numerical solutions satisfy the incompressibility and compatibility conditions
precisely. Numerical results computed by using the ,Q?Tcoh x 2} element show the best
results in terms of satisfying incompressibility and compatibility conditions, and volu-
metric flow rates.
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