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THE RELATION BETWEEN TWO DIMINISHED CHOICE PRINCIPLES
SALOME SCHUMACHER

Abstract. For every n € o \ {0.1} we introduce the following weak choice principle:

nC;NO : For every infinite family F of finite sets of size at least n there is an infinite subfamily
G C F with a selection function f : G — [\JG1" such that f(F) € [F)" forall F € G.

Moreover, we consider the following choice principle:

KWEF™ : For every infinite family F of finite sets of size at least 2 there is an infinite subfamily
G C F with a Kinna—Wagner selection function. That is, there is a function g: G — P (JG)
with ) # f(F) C F forevery F € G.

‘We will discuss the relations between these two choice principles and their relations to other well-known
weak choice principles. Moreover, we will discuss what happens when we replace F by a linearly ordered
or a well-ordered family.

§1. Introduction and definitions. In the present work we investigate the relations
between the following weak choice principles:

1.1. Known choice principles. In [1]and [2], De La Cruz and Di Prisco introduced
several diminished versions of weak choice principles and studied the relations
between them. Among them are:

o ACF: For every infinite family F of non-empty finite sets there is an infinite
subfamily G C F with a choice function.

Forn € w\ {0,1} we define

e C,,: Every infinite family F of n-element sets has an infinite subfamily G C F
with a choice function.

In [9]. Keremedis and Wajch introduced the following weak choice principle:

o KWF: For every infinite family F of finite sets of size at least 2 there is an
infinite subfamily G C F with a Kinna—Wagner selection function. That is,
there is a function g: G — P (|JG) with @ # f(F) C F forevery F € G.

1.2. New choice principle. For every set S let [S]" :={T C S| |T| =n} and
fin(S) :={T C S| |T| s finite}. For all n € w \ {0,1} define
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416 SALOME SCHUMACHER

e nC Ny For every infinite family F of finite sets of at least » there is an infinite

subfamily G C F with a selection function /': G — [|JG]" suchthat f (F) € [F]"
forall F € G.

Moreover, we will mention the following choice principles:

1.3. Other choice principles.

e AC(LO, LO): Every linearly orderable family of non-empty linearly orderable
sets has a choice function.

e UT(WO. fin, WO): The union of a well-orderable family of finite sets is well-
orderable.

Foralln € w\ {0.1} define

e C,: Every family of n-element sets has a choice function.

e KW, : For every infinite family of n-element sets there is an infinite subfamily
G C F with a Kinna-Wagner selection function. That is, there is a function
f:G—IUGI™ such that ) # f(F) C F forall F € G with |F| > 2.

We will add the prefix “LO” in order to indicate that we replace the family F by
a linearly orderable family. And we use the prefix “WO” to indicate that we replace
the family F by a well-orderable family. So for example for n € w \ {0,1}

° nLOC;NO: For every infinite, linearly orderable family F of finite sets of size at
least n there is an infinite subfamily G C F with a selection function f: G —
[UG]" such that f(F) € [F]" forall F € G.

e WOACF: For every infinite, well-orderable family F of non-empty finite sets
there is an infinite subset G C F with a choice function.

Note that WOACF  is equivalent to the following well-known choice principle:

e ACY : Every countably infinite family 7 of non-empty finite sets has an infinite
subfamily G C F with a choice function.

Analogously, WOKWF is equivalent to

e Every countably infinite family F of non-empty finite sets has an infinite
subfamily G C F with a Kinna—Wagner selection function.

The diagram below indicates the relations between our weak forms of the Axiom
of Choice. An arrow indicates that the implication holds in ZF. The labels of the
implication arrows indicate where the proof can be found. For example the label
Ch4, L5.6, C5.7 means Chapter 4, Lemma 5.6, and Corollary 5.7. The implications
LOACF = nLOC_y, and V/ € w\ {0.1} LOC, = LOC; also hold. however. to
make the diagram easier to read, we omitted these arrows.

( r T Y
. P3.5.P3.6 _ L4.1.110] — , Ch4,C57 - P55 - Ch4, L5.6. C5.7 -
ACF KWF veeo\ {0.1}1C 1Ry Tram PR i geaomi)ol k
Wl ["ll [Gll L6.1. [6] L6.1. [6] [6]
.5, P3. _ L4.1.[10] — Ch4, Cs. — — . L5.6.Cs. -
roacr 228 pokwr B v e\ o1y Loc; S48 noc,, o mLOC E“;;(nff): LOC,

["]l [G]l [Gll L58. [o]l L5.8. [G]l [6]l
P3.5. P36 _ Ch4.L7.2 Ch4. P7.1

L4.1.[10]
acy, 2208 wokwr LMY vy ¢ o\ 0.y woc, S nwocy,, 2 mwoc,y,, — L, woc,

N L B >
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THE RELATION BETWEEN TWO DIMINISHED CHOICE PRINCIPLES 417
In [6] Halbeisen and Tachtsis found permutation models
N, = AC(LO,LO)A-C,
and
V, E UT(WO, fin, WO) A= LOC,

foralln € w\ {0,1}. (The definitions of these two permutation models can be found
in Sections 6 and 5.) These results prove that the implications

ACF = LOACF = AC{:
KWF = LOKWF = WOKWEF:
Ve ew\{0}C, =Vl cw\ {0} LOC, =V, € w\ {0} WOC, and

C,=LOC, = WOC, forallm e w\{0,1}

are all strict.

All independence results in this paper are obtained by using permutation models.
See for example [3] for basics about them. These permutation models give us models
of ZFA. Note that all weak choice principles we will consider in this paper are
injectively boundable (see, e.g.. [12] or [7, Note 203] for the definitions). For example,
KWF" is injectively boundable because

KWF < Vx(|x|- < — every infinite family of finite sets of size at least 2

whose union is equal to x has a Kinna—Wagner selection function.)

So by [12], all results can be transferred into ZF.

§2. The basic form of the permutation models. In this section we introduce the
basic form all permutation models in this paper will have (Figure 1).

FIGURE 1. A permutation model with £y = 2.4; =3.4, = 5,43 =3, and B = w.
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Let B € {w,Q} and let L := (¢; | i € B) be a sequence of natural numbers. For all
n € B define a set

By, = {by.bY. ....b; 1}

We call these sets blocks and assume that they are pairwise disjoint. We start with a
ground model M |= ZFA + AC with a set of atoms

A:zUBn.

neB
For all n € B let
on: A—> A
b s bl moar, k=m
' b¥ otherwise.

In other words, ¢, permutes the block B, cyclically and fixes all atoms outside of
B,. Let G be a group of permutations of A and let Z C P(A) be a normal ideal. Let
the normal filter on G be generated by the subgroups

fix (E) := {p € G |Va € E (p(a) = )},

where E € Z. Let V(B.1L.G.Z) be the class of all hereditarily symmetric sets in M.
Then V(B.L,G.Z) is a permutation model.

§3. A new permutation model.

3.1. Themodel. LetB:=wandL :=(p; |i € w), where p; is the ith prime number.
Now we define the group G of permutations of .4 by requiring

@€ Gifand onlyif ¢ = l_[gozk,
kew

with oy € w and oy = 0 for all but finitely many k& € w. Note that G is a commutative
group. Let

I:z{E§A| lim |{kew|BkﬂE7€®}ﬂn|:0}.

n—o0 n

In other words, E is in Z iff the set of all indices of blocks E intersects non-trivially
is a set of density zero in w.

LemMA 3.1. T is a normal ideal.
Proor. Let E.F € Z. Then also EUF € 7 because
lim Hkew|BiN(EUF)#0}Nn|
n—o00 n
< lim \{kea)\BkﬂE;ﬁ@}ﬂm+\{k6w|BkﬂF7é®}ﬁn| _

T n—oo n n

0.

Moreover, for every ¢ € G and all E € T we have that ¢(E) € T because
{kew] B/CQE#@} ={kecw]| BiNy(E) 75(2)}
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Furthermore we have that

e (e,
eif FcZand F C E.then F € 7 and
e{a}eTIforallac A !

Define Vy := V(B.L.G.T).

3.2. The relation between ACF~ and KWF~. Since every choice function is also a
Kinna—Wagner selection function, ACF implies KWF ™ in ZF. In this section we
will show that the opposite implication cannot be proven in ZF. Note that this result
only holds because to show that KWF™ holds for an infinite family F we only have
to find a Kinna—Wagner selection function on an infinite subfamily G C F and not
on the whole family F. This is crucial. In fact, ACF and KWF are equivalent in ZF
(see [7, Note 70]).

DEerINITION 3.2. A set E C A is called closed iff for every n € w
B,NE+#0=B,CE.

REmMARK 3.3. The set of all closed supports can be linearly ordered. The ordering
is induced by the ordering on the blocks. The ordering is denoted by “<”.

LeEmMmA 3.4. Let x €V, and let
E:={E €TI|E isaclosed support of x}.
Then (& is a closed support of x. Indeed, (€ is the minimal closed support of x.

PrOOF. Note that (& is a closed set. Now we will show that (& is a support
of x. Let ¢ € fixg ([ €). Without loss of generality we can assume that ¢ = gof,:'o o
@m0t with iy, € fixg (N E) forall i < £, ay, € {1.2. ... p,, — 1} foralli < £
and pairwise different ng,n, ...,np_| € w. For every i < £ there is an E € £ such that

Sonl- € ﬁXG(E).

Since E is a support of x we have that ¢, € symg(x). i.e.. ¢, (x) = x. This proves
that ¢ € symg (x). Therefore, ()€ is a support of x. Moreover, (€ is the minimal
support of x by definition of £. -

PROPOSITION 3.5. We have that Vy = KWF .

ProoOF. Let F € V) be an infinite family of pairwise disjoint finite sets of size at
least 2 with minimal closed support E . For every x € | JF the orbit of x is defined
by

orb(x) = {p(x) | ¢ € fixg (Ex)} € |_JF.
Note that for all x,x’ € | JF we have that
orb(x) = orb(x’) or orb(x)Norb(x’) = 0.

Since E 7 is a support of every orb(x), the set of all orbits

O:= {orb(x) |x € U}"}
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can be well-ordered in V. Let Y € F. Our goal is to choose a proper subset of Y.
Let orb(x) be smallest possible with respect to the well-ordering on O such that
Y Nnorb(x) # 0. If Y Norb(x) # Y we are done. So assume that ¥ Norb(x) = Y.
Moreover, we can assume that each y € Y has the same minimal closed support Ey
because otherwise we could choose the elements in Y with the “<”-smallest closed
support. Let Ay C w with

Ey\Er= U By.
kEAy

If there is an infinite subfamily 7/ C F with Ey \ Ex =@ forall Y € F’, the set | J F’
is well-orderable and we are done. So without loss of generality we can assume that
Ey\Er#(forall Y € F. Forevery Y € F define

Gy={]] e €G|Necfin(Ay)and oy € {0.1....p; — 1} forallk € N }.
keEN

In other words, Gy is the subgroup of G which permutes only the atoms in
Uke/\y By =Ey\Er.Forallp € Gy and all k € Ay let

(p|k =0O.

The elements in Gy can be ordered lexicographically (induced by the ordering on
the blocks and the exponents of the ¢, k € Ay). The ordering on Gy is denoted by
<g,- Forall y,y'eYandallk € Ay let

dist ((y.)")) = @lx.
where ¢ is the <_-smallest function in Gy with ¢(y) = y'. Forevery Y € F let

ky :=min{k € Ay | 3y,y" € Y (dist, ({y,»")) #0)}.

Let A:=J{Bk, | Y € F}. If A is a finite set, let B := 4 and G := F. Otherwise
there is an infinite subset # C F such that B := [ J{By, | Y € H} € T and we define
G:={Y € F| By, C B}. Note that G € V,, with support ExU B. For every Y € G
define

[Y]:={o(Y)|pcfixc(EFUB)} CG
and choose (in the ground model) a Yy € [Y]and a yg € Y. Let
Zy, :={y € Yo | disti, ({(r0.y)) =0} C Yo
and for every ¢ € fixg(Ex U B) let
Zoy)i=9(Zy) S o(Y).

Our goal is to show that

g:g%P(UQ>

Y—Zy
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is a well-defined function in V, with support ExU B. So we have to prove the
following claim:

CLAIM. Assume that there are p.¢' € fixg(Ex U B) with ¢(Yo) = ¢'(Yo). Then
we have that p(Zy,) = ¢'(Zy,).

PrOOF OF THE CLAIM. Assume that .’ € fixg (Ex U B) with
¢(Yo) = ¢'(Yo),
but p(Zy,) # ¢'(Zy,). So there is a yy € Zy, with ¢’(yo) ¢ ¢(Zy,). Therefore,
ni=¢ o' (n) ¢ Zy,
and go’1<p’|ky0 = 0 because ¢ and ¢’ are both in fixg (Ex U B). Since y; ¢ Zy,. the

< Gyo-smallest function y € GYO with

(o) = »
satisfies i, # 0. Define y := w o1y’ and let

L:={tew\{ky} |yl #0} € fin(w).
By the Chinese Remainder Theorem there is an o € w such that
a=0 mod p, forall £ € L and
a=1 mod Phy, -

So

Vlky,

yo=700) =1 (v0) =@y, (0) = @iy, (v0) = yo.
So Ey, \ Bkyo is also a support of yo. Indeed. if 7 € fixg (Ey, \BkYo) we have that

i
n(yo) = kaOYO (»0) = yo.

This is a contradiction to the fact that Ey, is the minimal closed support
of yo. —AClaim

This claim shows that the Kinna—Wagner selection function g is in the model V)
and therefore KWF™ holds. B

ProPOSITION 3.6. We have that
Vo E~ACE, .
Proor. Forevery n € w let

Fy:={EC|JBi|Vk <n(ENB=1)}
k<n

and

F:={F,|n€w}.
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This is a well-orderable family of finite sets in V, with support (). Assume towards a
contradiction that there is an infinite subfamily G C F with a choice function

g:6—Jg

Let E, € 7 be a support of g. Let ko € o with B, N E, = (). Since G is an infinite set
there is an ng > ko with F,,; € G. But then we have that

Preo (8 (Fuy)) # & (Fuy) = & (e (Fuy))-
So E, is not a support of g and therefore, g ¢ V. =
3.3. Summary. In the diagram below, all weak choice principles with a gray

background hold in V), and all weak choice principles with a white background
do not hold in V.

g s N2 p

ACF KWF ve € w\{0.1}C; Cony i "Cany et Ok

| | | ! !

LOACF" —— LOKWF —— ¥/ € \ {0.1} LOC, +—»—> nLOC_ mLOC_y ——————— LOC

<Ry W 0 iff ged (m.k)=1 k
| | | ! ! |

ACE, ———— WOKWF ——— W/ €0\ {0.1}WOC; «——— nWOC_,,  «—— mWOC_, ——— WOC;
ES

T - J 7

§4. Second permutation model.

4.1. Themodel. LetB:=wandL :=(p; |i € w), where p; is the ith prime number.
Now we define the group G of permutations of .4 by requiring

@ € G ifand only if ¢ = H(p,?k
kew

with o, € w and oy = 0 for all but finitely many k € w. Let Z := fin(.A). Define
Vin := V(B.L,G,T).
4.2. The relation between V£ € o C, and KWF". By applying KWF" several

times to a family of n-element sets we can prove that KWF  implies V¢ € w \ {0} C,.
Moreover, Lévy proved in [10] that

Vin EV2 € 0\ {0}C,.
So it remains to prove that Vg, = —-KWF .
LeMMA 4.1. We have that Vg, |E - WOKWEF .

Proor. Let F :={B, | n € o} be the set of all blocks. Assume towards a
contradiction that there is an infinite subset G C F with a Kinna—Wagner selection
function g: G — P (LUG). Let E, € fin(A) be a support of g. Let ny € w such that
B, € G and E, N B, # (). Then we have that

Pny (g(Bno)) 7& g(Bno) = g(‘pno (Bno))-

So E; is not a support of g. This is a contradiction and therefore,
Vin = " WOKWF . 4
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4.3. Summary. In the diagram below, all weak choice principles with a gray
background hold in Vg, and all weak choice principles with a white background
do not hold in Vg,. Note that Vg, = -nWOC_y . because AC{, holds iff nWOC_,, .

holds.
g 4 ¥ p%
ACF~ KWF~ Ve € w\ {0. l}C[ nC<N“ ol mC<N(, T ed ()l Ck
| | | |
LOACF ——— LOKWF~ ———— V£ € \ {0.1}LOC; nLO£<N“ o MO, e Ok
| | ! |
AC® ———— WOKWF~ ——— V¢ Ew\{(i.l}WOCz nwolc<N0 mWOlC;NO —_— W(;c;
1 ¥

§5. Third permutation model.

5.1. The models. Let # € w and let B := Q. For all i € Q let n; := n and define
L :=(n; | i € Q). For all order preserving bijections y : Q — Q we define

Py A=A
k (k)

b — by

Now we define the group G by requiring
acG <= a=p,p,
for an order preserving bijection y: Q = Q and ¢ =[], <pfc" with k; € w and
k; = 0 for all but finitely many i € Q. Let Z := fin(A). Define
V, :=V(B,L,G.I).

5.2. The relation between nC’<NO and mC;NO.
REMARK 5.1. Leta € G, letip € Q, and let Bj, := oz(B,-O). Then we have that
APiy = Pl
LeEmMaA 5.2. Let k € w\ {0} and let p be a prime number. Then we have that
Vb= {p [0<£<KkIC_ .

where {p* |0 <€ < k}C;NO := For every infinite family F of non-empty finite sets
there is an infinite subset G C F with a selection function f : G — P(U G) such that
|f(F)|e{p®|0<t<k}forall Fe€g.

Proor. In the first part of this proof we will follow [6, Proof of Fact 4]. Let
F €V, bean infinite family of pairwise disjoint non-empty finite sets. Let Ex =
U{Bi | i €I} € T beasupport of F. If (JF is well-orderable in V « we are done. So
assume that |_ F is non-well-orderable. Therefore, there exists a z € | J F which is not
supported by Ex. Let E. = J{B; | i € I'} be asupport of z. We assume that £ C E.
and that { B; | i € I’} has the fewest possible blocks B; outside of Er. In other words,
\U{B:i|ieI’\{j}}isnotasupportofzforall j € I'\I.Asin[6, Proof of Fact 4] we
can show that there is a linearly orderable partition Y of an infinite subset y C | J F.
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Let “<” be the linear order on Y. Moreover, Y = {U, | « € fixg(E. \ B;,)}. where
io :=max(I’\ 1) and U, C {acp;g(z) | j < p*} forall a € fixg (E. \ B;,). Note that
by [6, Proof of Fact 4] for all a0 € fixg(E. \B,-O) with U,, = U,, we have that
ao(Bj,) = a1(B;,) and |U,| divides p*.

So far we followed [6, Proof of Fact 4]. Now we have to continue differently. Let

G:={FeF|ynF #0}.

Let F € G and let U, € Y be the “x”-least element with F N U, # (. Let Fy :=
FNU,.Forall yy.y, € Fy define the distance from y to y;

dist({(y0.y1)) :=min{f € v | o«pi{)a’l (yo) =y1}>0.

In other words, dist((yo,y1)) is the least natural number £ such that if yo = oy (z).
then y; = a<p;’(;+[(z).
Cram. The distance dist({yo.y1)) is well-defined.

Proor oF THE CLAIM. Assume towards a contradiction that there are g, oy with
Uy, = Uy, and yg.y € Uy, = Uy, such that

dista, ((vo.31)) # dista, ((vo.31)).
where
dist,, ((y0.y1)) :==min{£ € | akgof;a,j (yo) =1}
for k € {0.1}. Let dy := dista, ((yo.y1)) and d, := distq, ((yo.y1)). Let £.4; € w with
Yo = aocpfé’(z) = algof; (z). Without loss of generality we assume that £, < £;. By
. £ .
replacing z by ¢;(z) if necessary. we can assume that
yo = a(z2) = argpy (2) (1)

for an £ € w. Moreover we have that

1= aowf)o(z) = Oéltpf0+d1 (z). (2)

We assume that d; > dy. The case when dy > d) can be treated similarly. By (1) we
have that

aflao(z) = gof‘; (Z) (3)

As mentioned above we have that ao(B;,) = a(B;,) =: B}, because Uy, = U,,. So
by (2) and Remark 5.1 we have that

d d L+d d dy—d,
%000 (2) = a0 (2) = a4 () = ol () = a(z) = o Dyt (2).
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With (3) we get that

dy—d B dy—d dy—d
a0(2) = 9 a0l ag(2) = 9 Pag(2) = a0 ()
Soz= goff) 1= (), This is a contradiction to the minimality of d;. —Claim

Let F € G. If |Fy| € {p® | 0 < £ < k} we are done. Otherwise let

dr = min{dist({(yo.y1)) | yo.y1 € Fy}
and define

Fyi:={y € Fy|3y € Fy (dist((y.y1)) =dr)}.

Note that Fy | C Fy because |Fy| # p‘ foreach0<£ <k.If Fy ;€ {p*|0<£ <k}
we are done. Otherwise we repeat this procedure with Fy,; instead of Fy. After at
most pk iterations we have chosen a subset H C F from every F € G with

[H|e{p"|0<€ <k} .

PROPOSITION 5.3.  Let p be a prime number and let k € w\ {0}. Then we have that
Vi Ve ew\{0}£p*C_y, .

PROOF. Since p*C_y, = £p*C_y, for all £ € w \ {0} it suffices to show that

Vpk ': ka;NO °

Let F €V« be an infinite family of finite sets of size at least p*. By Lemma 5.2 we
have that

Vi E{p"[0<e<KkIC

<R

We iteratively apply {p |0 < ¢ < k}Cﬁ<N0 to the set F until we find an infinite subset
G C F such that for each F' € G there are an ny € w and pairwise disjoint sets

Fy. Fi, ...,an,l S P(F)

with |U,.,, Fi| > p* and |F;| € {p®| 0 < £ <k} for each i < np. Choose the least

i<n
subset o C np with respect to the lexicographical ordering on P({0.1,....np — 1})
such that
U Fﬁ = pk.
PEa
So we can indeed choose exactly p¥ elements from each F € G. -

LEMMA 5.4. Let m € o\ {0,1}, let p be a prime number, and let k € @\ {0} with
p* ¥ m. Then we have that

Vi E-mLOCy, .
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PrOOF. Let £ € w\ {0} be minimal such that p% > m. Let
1
F = l_[Bit | ig, 11, ..., i1 € Q are pairwise different} €V
=0

This is an infinite, linearly orderable family of finite sets. Assume towards a
contradiction that there is an infinite subset G C F with a selection function

o (U]
in Vi such that f(F) € [F]" for every F € G. Let E € fin(A) be a support of f.
There is a set Fy = [[._, B;, € G such that By NEy=0foratye{0....¢~1}. Let
Fy={z e f(Fy) | z(iy) = x}

for all x € B;, . Since p* {m there are xo.x1 € B, with |F;°| # |Fj"|. Therefore we
have that

I (i, (Fo)) = f(Fo) # iy, (f (Fo)).
So Er is not a support of /. This is a contradiction. .
PROPOSITION 5.5. Let m,n € w\{0.1}. Then we have that
nC_y, = mC_y, and nLOC_ = mLOC_y
if and only if n | m.

ProoF. First of all assume that n|m. Let F be a family of sets of size at least m.
We apply nC_y, exactly 7+ times in order to find an infinite subset G C F with a

selection function
rra-[Us]"

Now assume that z t m. Then there is a prime number p and a k € @ \ {0} such that
p*|n and p* { m. Then by Proposition 5.3 and Lemma 5.4

Ve EnCog AmmCly .
Analogously we can prove that
nLOC_y, = mLOC_y,

if and only if n | m. -

5.3. The relation between nC‘<N0 and C,,,.

LEMMA 5.6. Let nm € w\ {0,1} be relatively prime. Then we have that
nC_y, = C,, and nLOC_ = LOC,

m

inZF.
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ProoF. Let F be an infinite family of pairwise disjoint m-element sets. By the
Chinese Remainder Theorem there is an r € @ with

r=0 modm and r=1 modn.
For every F € F let Fy be the union of L copies of F (i.e., [ J{F x {i} |i< L}). Let
Go = {Fo | F E]:}.

Apply nC_y, to Go. This gives us an infinite subset G C Gy and a selection function

81 31 — [U?l]n-
Let
Gi:={F\&i(F)|F €G}.

Repeat this process another HJ — 1 times. Then G 1] is a family of one-element
sets. Define

G={FeF|Fn(Jo;)#0

From each F € G we can choose the element in F N JG, , |. This gives us a choice

function on G and therefore, C,,

» holds. Analogously we can show that nLOC_y =
LOC,,.

COROLLARY 5.7. Let n,m € w \ {0,1} with gcd(m,n) > 1. Let p be a prime number
which divides both, n and m. Then we have that
Vp EnC_y, A-LOC,,.

PrOOF. By [6, Theorem 4] we have that V, = ~LOC,,. And by Proposition 5.3
we have that V, EnC_y, . —|

5.4. The relation between nWOC’<N0 and nLOC;NO.
LemMa 5.8. Letn € w\{0.1} and let p > n be a prime number. Then we have that
Vp EnWOC_ A-nLOC_y .

Proor. This follows from [6, Proof of Theorem 8] and Lemma 5.4. -
5.5. Summary. Assume that n | m and that ged(m.k) = 1. Moreover, assume that
there is a prime number p with p | m and p 1 n. In the diagram below, all weak choice

principles with a gray background hold in V, and all weak choice principles with a
white background do not hold in V,,.
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g g T 3
ACF~ KWF- Ve e w\{0.1}C; nC mC_ len

l l | ) I |

LOACF” ——— LOKWF ——— V¢ € ©\ {0,1}LOC, +—=— nLOC_,, —— mLOC_, ——— LOC}
0 <Ry k

| | ! ! ! |

ACE, ———— WOKWF- ——— V2 €@\ {0.1}WOC; «——— nWOC_ +—— mWOC,, ———— WOC;
e

<®)

T . J

Assume that ged(m,k) > 1 and that n { m. Furthermore we assume that there is a
prime number p with p | n, ptm, and p | k. In the diagram below, all weak choice
principles with a gray background hold in V,, and all weak choice principles with a
white background do not hold in V,,.

4 ~ A2
ACF~ KWF~ Ve € o\ {0.1}C) ¢———— “C<NO mC<N“

| | | ! !

LOACF™ ——— LOKWF~ ——— V£ € 0\ {0.1}LOC, +—=— nLOC<N0 mLOC

| | ! ! !

ACf ————— WOKWF ——— V£ € 0\ {0.1} WOC; +—— nWOC’<N0 — mWOC’<NO — WOC,

1 L 4 >

<R

— R«—.0¢

§6. Fourth permutation model.

6.1. The models. Let n € w and let B := w. For all i € w let n; := n and define
L := (n; | i € o). For every bijection y : @ — w which moves only finitely many
natural numbers we define

py: A=A
b s by ®
i i :
Now we define the group G of permutations of A by requiring
a € Gifand only if a = py ¢,

where ¥ : @ — w is a bijection which moves only finitely many natural numbers and

o=Ilico gof” with k; € w and k; = 0 for all but finitely many i € w. Let Z :=fin(A).
Define

N, :=V(B.L.G.T).

6.2. The relation between nLOC’<N0 and nC;NO.
LeEMMA 6.1. Letn € w\ {0} and let p > n be a prime number. Then we have that
Ny | =nCy, AnLOC_y, .

PrOOF. By [6. Proof of Theorem 8] we have that NV, = nLOC_y, . So it remains
to prove that V), = ~nC_y, . Let F := {B; | i € w}. Assume that there is an infinite
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subset G C F with a selection function

ria-[U9]

Let E; € fin(A) be a support of /. Since G is infinite, there is an iy € w with B, € G
and E, N B;, = (). But then we have that

wi, ([ (Bi))) # [ (Bi,) = f (i, (Bjy))-
So E is not a support of /. This is a contradiction and therefore, NV}, = =nC_y .
6.3. Summary. Let n,m.k € w\ {0} and let p be a prime number with p > m,

p>n, and p | k. In the diagram below, all weak choice principles with a gray
background hold in V,, and all weak choice principles with a white background do

not hold in \V,,.

f g 3 3
A(f K\IF vieo \fo' 3G, "Cony a7 MCaxy T god (m. k=1 G
LO/]CF’ e LO]1WF* ——— ¥ €w\{0.1}LOC; +—=— nLOC<N0 W mLOC<R0 W LOC,
ACP ————— WOKWF ——— V£ € 0\ {0.1} WOC, +—— nWOC’<N0 — mWOC’<N0 — WOC,
T . - 7

§7. The relation between nWOC;NO and WOC,,,.
PROPOSITION 7.1. Let n.m € w \ {0,1}. Then we have that
nWOC_, = WOC,,.
Proor. It suffices to prove that
nWOC_y, = WOKW,, forall 1 <mg <m

because WOKW,, - for all 1 < mg < m implies WOC,,. So let 1 < mg < m and let
F ={Fy | k € o} be a countable infinite family of m-element sets. For every k € w
let

Ak ZZF()XF]X“’XF;(

and define B := {4y | k € o A4y = n}. Apply nWOC_y to the set B. So there is
an infinite subset C C B with a selection function

fic— [Uc] .
For every k € w with A, € C, all £ < k and all x € F; define

nei(x) = {s € f(4x)|s(£) = x}|.

In other words, ny 4 (x) is the number of sequences in f (A ) which have the value x
at the £th position. For each k € w with 4, € C let

N :={€ <k |3xo.x1 € Fy (ngx(x0) # ner(x1))}.
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Case 1: UAkeC Ny is an infinite set. In this case G := {Fg | ¢ € UAkeC Nk} C Fisan
infinite set. And for each Fy € G let k, € @ be minimal such that £ € Ny,. We define

g: g%P(UQ)
Fi—{xeF;|npp,(x) >ngy,(y)forally e F} C Fy.

Case 2:J 4 cc Ni is a finite set. In this case let ng > n foralln € [ J 4 ¢ Ni. Choose
an xg € F,,. For every k > no with 4; € C let

S(A4r) :={s € f(4c) | s(no) = xo}.
We redefine

n(x):=|{s € f(4x) | s(l) = x}|

for all k > ny with A;, € C and all / < k. Then we repeat the process above. Note that
after finitely many repetitions of this process we are in Case 1. #

ProPOSITION 7.2. For all n € w\{0,1} we have that ntWOC_y = ACf . In
particular for all n.m € w \ {0,1} we have that n"WOC_, = mWOC_y, .

Proor. Letm.n € w\{0.1}. It suffices to show that n\WOC_, = AC{ because
ACE = mWOC_y . Let F be an infinite, well-ordered family of finite sets. Apply
nWOC_y, to the set 7 if there are infinitely many F* € F with |F| > n; otherwise use
Proposition 7.1. So there is an infinite subfamily G C F with a selection function

g:G— [U g] .
By Proposition 7.1 we have that
nWOC_y, = WOC,.

Apply WOC,, to G. So we can indeed choose exactly one element from an infinite
subset H C F. .
§8. Open questions.

1. As in [1] and [2] we can define restricted versions of nC*<N0 and C, for every
new\{0,1}:

nRCy, : Given any infinite set x, there is an infinite subset y C x
and a selection function f that chooses an n-element subset from

every z C y containing at least n elements.

RC,, : Given any infinite set x, there is an infinite subset y C x
with a choice function on [y]".
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The relationship of these two weak choice principles to kC_y, and C; has
already been studied in [4]. However, the following questions are still open:
e For n € {2,3,4,6} we have that nRCy, = nC;NO. Are there other n € w for

which this implication holds?
oletn= ]_[i-‘:1 p;"" be the prime decomposition of the natural number . Is it

true that nRCy, = RCy, holds iff m > nand m =1 (mod ]_[5.‘:1 pl-)?

2. In[11], Montenegro proved that RC,, = C, for alln € {2,3,4}. In [5] we proved
that RC, = LOC,, for n € {5,7}. Moreover, we showed that RC, = WOC,,
holds for m,n € w\ {0,1} iff for all prime numbers py, ..., pr_1, ¥ € @, such that
there are ay, ...,a,_1 € w with

h :Zaipi

i<r

we can find by, ....b,_1 € w with

m = Zblp,

i<r

The following questions are still open:

e Does RCq imply LOC? Or more generally: For which n € o\ {0,1} does
RC, imply LOC,,?

e For which n € w \ {0,1} does RC,, imply C,,?
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