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Abstract
Path planning has been widely investigated by many researchers and engineers for its extensive applications in
the real world. In this paper, a biharmonic radial basis potential function (BRBPF) representation is proposed to
construct navigation fields in 2D maps with obstacles, and it therefore can guide and design a path joining given start
and goal positions with obstacle avoidance. We construct BRBPF by solving a biharmonic equation associated with
distance-related boundary conditions using radial basis functions (RBFs). In this way, invalid gradients calculated
by finite difference methods in large size grids can be preventable. Furthermore, paths constructed by BRBPF are
smoother than paths constructed by harmonic potential functions and other methods, and plenty of experimental
results demonstrate that the proposed method is valid and effective.

1. Introduction

With the development of smart robots, collision-free navigation to destinations using path planning
methods in complex environments has been widely paid attention by both research and industrial com-
munities. This benefits from the fact that optimal paths designed by path planning algorithms can satisfy
various requirements in different scenarios. Therefore, path planning is one of the central components
for many real-world applications including autonomous driving [1], smart service robots [2, 3, 4, 5],
and unmanned aerial vehicles (UAV) [6, 7].

Path quality criterion determines the final path shapes and cost functions. Path length and path dura-
tion are two common quality criteria, for example, the well-known A∗ [8] and Dijkstra’s algorithm [9]
are two classical shortest path solutions. Smoothness [10] is another requirement for path planning since
robots steering in a smooth path becomes easy. Moreover, designers can construct more sophisticated
cost function to accomplish their tasks. In computer-aided geometric design (CAGD) [11], bounded
curvature is a basic constraint in curve and surface reconstruction. However, designing a path with the
overall bounded curvature along the path is still an open issue [12]. In this paper, we focus on designing
paths with sufficient smoothness, which are more accordant with practical robot steering.

Many literatures have reported smooth path planning methods [8, 10, 13, 14, 15, 16, 17], and har-
monic potential field [13, 18] is a representative approach among them. Harmonic functions are very
useful for path planning since they possess two important properties: uniqueness of solutions and
maximum/minimum principle. The maximum/minimum principle guarantees that a harmonic function
achieves its maximal and minimal solutions on the boundaries, and the unique solution can ensure the
destination arrival for robots. Furthermore, paths constructed by harmonic potential methods are also
C2 smooth at least. However, the large curvature may occur in paths constructed from harmonic func-
tions. For example, the maximal curvature (see the definition in Experimental Results Section) of the
path shown in Fig. 1(a) is κm = 7.2789. Biharmonic functions, on the other hand, satisfy a fourth-order
partial differential equation, and they are C4 at least. Existing path planning methods [12, 19] based on
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Figure 1. (a) Path computed using harmonic function with Dirichlet boundary conditions. The path
is smooth, but the maximal curvature is κm = 7.2789. (b) An invalid gradient field is constructed in a
300 × 300 grid by solving the harmonic equation with central difference method. The red point is the
unique real destination or sink, while the green point is a pseudo-sink.

biharmonic functions have reported satisfactory results. In this paper, we present a biharmonic radial
basis potential function to design paths with enough smooth path planning requirement.

Numerical algorithms (e.g., Jacobi iteration, Gauss–Seidel, and SOR) are feasible for solving har-
monic and biharmonic equations, but numerical solution depends heavily on the resolution of grids,
and the most drawback is that iterative algorithms may fail to find a valid gradient for large grid size due
to numerical precision. See Fig. 1(b), for example, the gradient field is constructed in a 300 × 300 grid
by solving the harmonic equation ∂2f

∂x2 + ∂2f
∂y2 = 0 using the central difference method, and the iteration

number is set to 10,000. The red point is the unique real destination or sink position, but in the example,
a green pseudo-sink point is appeared. Radial basis functions (RBFs) [20] are a high-accuracy meshless
method to solve partial differential equations, thus RBFs are irrelevant to grid size and can also over-
come invalid gradients caused by numerical precision. On the other hand, proper boundary conditions
are crucial for concrete PDEs. Therefore, we design distance-related boundary conditions to construct
our biharmonic field. In this paper, we propose and use the radial basis functions (RBFs) to approximate
biharmonic equations with our proposed boundary conditions.

The main contribution of this paper is threefold. (1) A biharmonic potential field is proposed to
design collision-free smooth paths. (2) A biharmonic equation with distance-related boundary condition
is presented, which can be used to construct the biharmonic potential field. (3) The RBF approach is
used to solve the biharmonic equation, and it can approximate biharmonic functions as well as on large
size grids comparing with finite difference methods. The rest of this paper is organized as follows. In
the next section we first review some related works, and then preliminary knowledge is revisited in
Section 3. The biharmonic equation system with distance-related boundary conditions is presented in
Section 4, and the relevant approximate computation and path planning procedure is also introduced
in this section. In Section 5, some experimental results are shown, and at last we conclude the whole
paper.

2. Related work

Numerous path planning methods have been proposed for given start and goal positions in the past
decades, and many of them have been used in real-world products. In this section, we mainly review
representative path planning algorithms in the two-dimensional maps, and more references can be found
in the survey [21]. Generally, most path planning algorithms fall into one of the following categories.
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• Geometric method Geometry-based algorithms, also known as the road map algorithms, are classic
path planning methods. There are four major algorithms in the group: visibility graph, cell decomposi-
tion, Voronoi diagram, and triangulation-based algorithms. Geometric methods work with geometric
representations of environments and obstacles, and generate paths by connecting nodes and edges of
geometric graphs. In visibility graph methods [22, 23], the start point, the goal point, and the vertices
of polygons (obstacles) are connected to form a graph, and edges of the graph has no intersections with
obstacles. Therefore, any two points in the graph can be reachable in the graph. Then, graph search
methods (e.g., Dijkstra’s algorithm) are used to find a path. Comparing to visibility graph methods,
edges in Voronoi diagram methods [24] are not necessary to be straight lines. The curved edges in
Voronoi diagrams can improve the safety for moving robots. The cell decomposition methods [25]
divide the free configuration space into many small regions called cells, and then these cells are viewed
as nodes to construct a graph according to neighboring relationships. Triangulation-based pathfinding
methods[26, 27, 28] represent a planar environment using Constrained Delaunay Triangulations, and
then path is found in the triangulated environment. Geometric path planning methods run very fast in
general, but smoothness of paths constructed by the methods is unsatisfactory.

• Sampling-based method For a path planner, constructing a graph from sensory data are always a
time-consuming task. Instead of a geometric representation of maps, sampling-based planners, such
as RRT [29, 30] and its variant RRT*[31] and PRM [32, 33], randomly choose enough points in the
free configuration space, and then the steering and collision checking routines are applied to explore
reachable paths. In general, this kind of algorithms are available for high-dimensional and complex
constraints path planning problems. RRT [29, 30] and PRM [32, 33] are probabilistically complete,
but the path generated by them is not optimal (e.g., not to be shortest) and not always unique. In
general, approaches fallen into the category are efficient, but they (e.g., RRT) may also become time
consuming when maps contain narrow passages.

• Potential field method The artificial potential field (APF) [34] is a classical potential field design
method, which was first proposed by Khatib [35] in 1986. Robots are pushed away from obstacles in
APF by the repulsive field, and they are also attracted to the goal position by the attractive field. APF
can generate smooth paths, but robots may not achieve the goal due to local minimizers. Harmonic
navigation fields [6, 13, 18] are extensively used in robotic path planning areas. The harmonic function
attains its global minimal/maximal value at boundaries, which can guarantee and always find a path to
the goal from any locations. Moreover, paths generated by harmonic fields are generally smooth, which
tend to be easily steering for robots. However, harmonic function methods have several drawbacks. The
computational cost is very extensive comparing to sampling-based path planning methods (e.g., RRT
and PRM). Large curvatures may occur in paths generated by following a harmonic navigation field.
On the other hand, biharmonic fields (BHF) satisfy a fourth-order PDE, and the paths generated by
following BHF shows no large curvature results [12, 19]. In fact, the algorithm proposed in this paper
falls into the category.

• Graph-based search method In essence, graph-based planning methods (e.g., Dijkstra’s and A∗ algo-
rithms) are a distance propagation process according to computed distances. Dijkstra’s algorithm [9]
adopts a brute-force way to calculate the shortest path. On the other hand, A∗ algorithm [8] and its
variants (e.g., any-angle A∗ [36], D∗ [37], and D∗ lite [38]) introduce a heuristic function to reduce
the search scope and improve the efficiency comparing to Dijkstra’s algorithm. Graph-based methods
can always find a path joining given start and target positions if there at least exists a path. However,
the real-time performance of A∗ algorithm and its variants on large-scale graphs does not reveal the
superiority. However, graph-based search method needs to first construct a graph, and then search
algorithms are used to find paths, and it does not demonstrate superiority comparing to other path
planning methods.
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• Intelligence planning method When robots locate in a completely unknown and dynamic environ-
ment, learning-based methods [39, 40, 41] can plan a reasonable path via local image and depth
information captured by equipped sensors. However, for unseen information that was not covered in
sample data, learning-based methods cannot be well dealt with. Various smart optimization methods,
such as simulated annealing algorithm [42], genetic algorithm [43], and ant colony algorithm [44],
are also used to explore feasible path planning strategies.

In fact, there are some path planning methods that are not covered by our category scheme. For exam-
ple, combinations of several methods [45, 46] stated above are also widely used in vehicle navigation.
In the next section, we give preliminary knowledge of biharmonic functions and radial basis functions.

3. Preliminaries

3.1. Biharmonic functions

In a 2D planar region �⊂R
2, a function F(x, y) is biharmonic if it satisfies

�2F(x, y) = 0, (1)

where� is the Laplacian operator, and Eq. (1) is also the well-known biharmonic equation. Biharmonic
functions have many graceful properties that can be used for path planning. Rather than a second-order
elliptic function as the Laplace equation, the biharmonic equation is a fourth-order elliptic PDE, thus
two boundary conditions are required to solve it and attain a unique solution [47]. If every function fi( · )
(i = 1, 2, · · · , K) is biharmonic, then the sum

∑K
i=1 fi( · ) of K biharmonic functions is also biharmonic.

That is the superposition property.
The first property states that any biharmonic equation has a unique solution up to proper boundary

conditions, and the superposition property illustrates that we can compose multiple biharmonic func-
tions to accomplish complex tasks. Unfortunately, the maximum/minimum principle is not satisfied by
biharmonic equations. Interestingly, let g(x, y) =�F(x, y), then solving Eq. (1) with proper boundary
conditions is equivalent to solve system of equations with corresponding boundary conditions:{

�F(x, y) = g(x, y) in �

�g(x, y) = 0 in �
(2)

The function g(x, y) is obviously a harmonic function, which can be used to construct a navigation field.

3.2. Radial Basis Functions (RBFs)

RBFs are a powerful approximation (interpolation) tool, which can approximate any multivariable func-
tions by linear combinations of translates of a single radial basis function. One of the greatest advantages
of RBFs is that they can be applied to almost an arbitrary dimensional point set due to no distribution
requirements for data. Approximation using RBFs does not need to triangulate a given point set, thus
RBFs are a meshless method and an arbitrary approximate accuracy can also be gained in principle. For
these reasons, RBFs have been widely used to solve PDEs [20] in scientific computing and engineering.

Given m center points ci ∈R
2 (i = 1, · · · , m), the RBFs approximation scheme for x ∈R

n can be
generally expressed as

f (x) =
m∑

i=1

ωiφ(‖x − ci‖), (3)

where ‖ · ‖ is the Euclidean distance, ωi are unknown coefficients that must be determined, and
φ( · ):R+ →R is the RBF kernel. At some cases, polynomial terms are added at the end of Eq. (3)
to guarantee the existence of RBF interpolation and approximation.
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Clearly, RBF kernel functions are heavily relevant to the approximation quality. Commonly used ker-
nel functions include Gaussian kernel φ(r) = exp ( − s2r2), linear kernel φ(r) = r, multiquadric kernel
φ(r) = √

1 + s2r2, and thin plate spline φ(r) = r2 ln r, where r > 0 and s is the shape parameter.
Since the approximant f ( · ) is differentiable with respect to parameters ωi, then these parameters can

be estimated by iterative methods or matrix methods of linear least squares.

4. Biharmonic navigation field

In this section, we mainly give the construction method of the biharmonic navigation field using
biharmonic radial basis representation. Therefore, the RBF representation and relevant computational
procedures are presented here.

4.1. Biharmonic equation with distance-related boundary conditions

Let� be an open bounded domain whose boundary is ∂�, andO = {O1,O2, · · · ,OK} are K topological
disks in � whose boundary are ∂O = {∂O1, ∂O2, · · · , ∂OK}, respectively. We also require ∂Oi �= ∅
and ∂Oi ∩ ∂Oj = ∅. In the path planning background, Oi in fact represents an obstacle region or a goal
region, and ∂Oi is the boundary of Oi.

We consider a function u(x, y) defined in the domain � that is governed by a biharmonic equation:⎧⎪⎪⎨
⎪⎪⎩
�2u(x, y) = 0, (x, y) ∈�\O
�u(x, y) = S, u(x, y) = T (x, y) ∈ ∂OV+1 ∪ · · · ∪ ∂OK

�u(x, y) = 0, u(x, y) = 1
γ ·d(x,y) (x, y) ∈ ∂�∪ ∂O1 ∪ · · · ∪ ∂OV

(4)

that is equivalent to a system of equations if we define g(x, y) =�u(x, y):⎧⎪⎨
⎪⎩
�g(x, y) = 0, (x, y) ∈�\O
g(x, y) = S, (x, y) ∈ ∂OV+1 ∪ · · · ∪ ∂OK

g(x, y) = 0, (x, y) ∈ ∂�∪ ∂O1 ∪ · · · ∪ ∂OV

(5)

and ⎧⎪⎨
⎪⎩
�u(x, y) = g(x, y), (x, y) ∈�\O
u(x, y) = T , (x, y) ∈ ∂OV+1 ∪ · · · ∪ ∂OK

u(x, y) = 1
γ ·d(x,y) , (x, y) ∈ ∂�∪ ∂O1 ∪ · · · ∪ ∂OV

(6)

where S, T , and γ > 0 are real numbers, and d(x, y) is the Euclidean distance between a point (x, y)
and the goal position. Now, we recall a theorem that characterizes the uniqueness and smoothness of
biharmonic equations in Eq. (4) under Navier boundary condition.

Theorem 1. The equation Eq. (4) has a unique C4(�\O) ∩ C(�\O) solution.

Proof. By the theory of the elliptic equation under the Dirichlet boundary condition [48], one can obtain
a unique classical solution f to the Laplace equation Eq. (5). Similarly, one can also obtain a unique
classical solution u to the Poisson equation Eq. (6). Hence the solution u to (6) is the unique classical
solution to Eq. (4), and u is also C(�\O) according to ref. [48].

4.2. Solving biharmonic equations using radial basis functions

In the following, we concentrate on the following biharmonic equation:⎧⎪⎨
⎪⎩
�2u(x, y) = 0, (x, y) ∈�\O
�u(x, y) = G1, u(x, y) = G2 (x, y) ∈ ∂OK

�u(x, y) = 0, u(x, y) = 1
γ ·d(x,y) (x, y) ∈ ∂�∪ ∂O1 ∪ · · · ∪ ∂OK−1

(7)
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where G1 and G2 are real numbers. From Eq. (7), it is obvious we mainly focus on a single goal OK
and multiple obstacles Oi (i = 1, 2, · · · , K − 1). Here, we have to point out OK in fact is a single point.
According to Theorem 1, however, OK can not be a point. In practice, we set OK = {(x, y):‖(x, y) −
(xg, yg)‖2 ≤R}, where R> 0 represents a radius and (xg, yg) is the goal position.

Assuming {(xi, yi)}m
i=1 are m points locating in the boundaries ∂O1 ∪ · · · ∪ ∂OK . Due to the general

solution of biharmonic equations can be formulated as [49] f1(x, y) + r2f2(x, y) with suitable harmonic
functions f1 and f2, and r2 = x2 + y2, and the biharmonic equation Eq. (7) is homogeneous, then its
approximation solution can be expressed as [50]

uh(x, y) =
m∑

i=1

αiφ(ri) +
m∑

i=1

βiψ(ri) (8)

where φ(ri) = ln(ri) and ψ(ri) = r2
i ln(ri) with ri = ‖(x, y) − (xi, yi)‖2, and αi ∈R and βi ∈R are scalar

parameters. Also (xi, yi) is called the centers of RBF. Obviously, uh(x, y) satisfies the biharmonic equa-
tions. In this paper, we call uh the biharmonic radial basis representation function (BRBRF). Similarly,
uh also has to satisfy the boundary condition:

{
�uh(x, y) = G1, uh(x, y) = G2 (x, y) ∈ ∂OK

�uh(x, y) = 0, uh(x, y) = 1
γ ·d(x,y) (x, y) ∈ ∂�∪ ∂O1 ∪ · · · ∪ ∂OK−1

(9)

where OK is the goal region, and O1 ∪ · · · ∪OK−1 is the union of the obstacle regions.
Due to uh is biharmonic, we just need to determine 2m parameters αi and βi such that the bound-

ary conditions (9) are satisfied. In essence, RBF approximation solution uh interpolates given nodes.
Therefore we require uh(xi, yi) (i = 1, 2, · · · , m) must satisfy the boundary constraints (9). On the
other hand, in order to approximate boundary constraints on non-given boundary points and avoid the
vanishing distance ri = 0, we replace the centers of BRBRF in Eq. (8) as

(x̂i, ŷi) =
{

(xi, yi) + λ · ni, (xi, yi) ∈ ∂�
(xi, yi) − λ · ni, (xi, yi) ∈ ∂O1 ∪ · · · ∪ ∂OK

(10)

where λ≥ 1 and ni is the unit outer normal at point (xi, yi). Then the distance ri in Eq. (8) is changed to
ri = ‖(x, y) − (x̂i, ŷi)‖2.

Note that there are 2m unknown parameters {αi}m
i=1 and {βi}m

i=1 in uh, and we also have 2m con-
straints according to Eq. (9). Therefore, we can give the closed-form solution of {αi}m

i=1 and {βi}m
i=1.

Let ω= (α1, α2, · · · , αm, β1, β2, · · · , βm)T , m1 and m2 be the numbers of points locating in ∂OK and
∂�∪ ∂O1 ∪ · · · ∪ ∂OK−1, respectively. It is obvious that m1 + m2 = m. Then the four constraints in
Eq. (9) can be represented as a matrix form A ·ω= B. Let φi,j = ln(ri,j) and ψi,j = r2

i,j ln(ri,j) with
ri,j = √

(xi − x̂j)2 + (yi − ŷj)2, then we set

A1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 �ψ1,1 �ψ1,2 · · · �ψ1,m
0 0 · · · 0 �ψ2,1 �ψ2,2 · · · �ψ2,m
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 �ψm1,1 �ψm1,2 · · · �ψm1,m
φ1,1 φ1,2 · · · φ1,m ψ1,1 ψ1,2 · · · ψ1,m
φ2,1 φ2,2 · · · φ2,m ψ2,1 ψ2,2 · · · ψ2,m

...
...

. . .
...

...
...

. . .
...

φm1,1 φm1,2 · · · φm1,m ψm1,1 ψm1,2 · · · ψm1,m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Figure 2. (a) In three red circle regions, some incorrect directions may lead to unsatisfactory path
planning results. (b) The misleading direction field in (a) is rectified by the harmonic interpolation.

A2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 �ψl1,1 �ψl1,2 · · · �ψl1,m
0 0 · · · 0 �ψl2,1 �ψl2,2 · · · �ψl2,m
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 �ψlm2 ,1 �ψlm2 ,2 · · · �ψlm2 ,m
φl1,1 φl1,2 · · · φl1,m ψl1,1 ψl1,2 · · · ψl1,m
φl2,1 φl2,2 · · · φl2,m ψl2,1 ψl2,2 · · · ψl2,m

...
...

. . .
...

...
...

. . .
...

φlm2 ,1 φlm2 ,2 · · · φlm2 ,m ψlm2 ,1 ψlm2 ,2 · · · ψlm2 ,m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where li = m1 + i. Immediately, we get A =
[

A1
A2

]
, and B is a 2m × 1 column vector with B =

(MT
G1

, MT
G2

, MT
S1

, MT
S2

)T , where MG1 = (G1, G1, · · · , G1) ∈ R1×m1 , MG2 = (G2, G2, · · · , G2) ∈ R1×m1 ,
MS1 = (0, 0, · · · , 0) ∈ R1×m2 and MS2 = ( 1

r·d(x1,y1) ,
1

r·d(x2,y2) , · · · , 1
r·d(xm2 ,ym2 ) ) ∈ R1×m2 . Then the unknown

ω can be solved by ω= A−1B. Due to the Gaussian elimination is used to compute A−1, then the time
complexity is O(m3). Here we do not give the proof that A is invertible, but in practice the matrix A is
rarely not invertible.

4.3. Path planning using biharmonic navigation field

Once all parameters αi and βi have been estimated, then we can reconstruct the biharmonic function
uh(x, y) for (x, y) ∈�. At last the biharmonic navigation field is represented as the negative gradient
field −∇uh(x, y), where ∇ is the gradient operator. Robots can arrive at the goal position from any point
in � by following the navigation field.

We have to point out that −∇uh(x, y) may occur misleading directions at some points near boundaries.
For example, there are some incorrect directions at some locations in three red circle regions in Fig. 2(a).
If robots follow these directions, paths will be fairly unexpected. Therefore post-processing is needed to
rectify the flaws. We observed that most directions are correct, and we also note that directions in local
regions are gradually changed. Hence we adapt harmonic interpolation to correct wrong directions. In
fact, we first detect positions where wrong directions are occurred, and then we update these directions
using the harmonic equation, and directions at other positions are served as the Dirichlet conditions.
Note that although the grid size maybe large, the number of wrong directions is small, and thus iterative
methods for solving harmonic equations are valid. For example, there are some misleading directions
in the red regions in Fig. 2(a). Using the harmonic interpolation for these vectors, we can get the final
biharmonic navigation field as shown in Fig. 2(b), which can be used to complete the path planning
tasks.
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Figure 3. (a) Numerical solution of a biharmonic equation �2f (x, y) = 0 with f (x, y) =
x2 + y2 + ex cos (y) using the approximation method presented in this paper. (b) Numerical error.

Figure 4. Path planning results constructed by using our method and the harmonic function method
[13] with Dirichlet boundary conditions in (a) and (b), respectively.

5. Experimental results

In this section, we give implementation details of our algorithm and show several examples. All exam-
ples, including Figs. 1(a), (b), 2(a), (b), are implemented using MATLAB on a 3.40 GHz laptop computer
with 4 GB of memory. In the next, several examples are shown, and relevant parameters are also given.

We first give a numerical example that can verify the effectiveness of our RBF approximation
scheme for the biharmonic equation with boundary conditions. Let f (x, y) = x2 + y2 + ex cos (y), then
the function f (x, y) is a biharmonic function since it satisfies �2f (x, y) = 0. The boundary conditions
are determined by the exact solution f (x, y). In the example, we assume the computation domain is
�= [0, 0] × [1, 1], which is discretized into 100×100 grids, and also let the goal position is (0.5, 0.5).
The results are shown in Fig. 3(a) and (b), and the maximal relative error is about 0.73%. The example
shows that the presented approximation strategy for biharmonic equation is useful and valid.

By setting G1 = 0.1, G2 = −20, and γ = 10 in Eq. (9(a)), our biharmonic navigation field method
(see Fig. 4(a)) is compared to the harmonic field method (see Fig. 4(b)). Both figures have the same size
165 × 247 and obstacle configurations. In the two figures, both algorithms have the same start and goal
positions, and the navigation field information is also shown in both figures. The results demonstrate
that the path constructed by our method is more attractive and steerable than the path constructed by
the harmonic function method. It is obvious that the path in Fig. 4(a) that tends to keep far distances to
obstacles, and meanwhile maintains local flatness as much as possible.
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(a) (b)

Figure 5. Path planning results constructed by using our method and the harmonic function method
[13] with Dirichlet boundary conditions in (a) and (b), respectively.

Figure 6. Our path planning result in a large grid with size 300 × 300. The maximal curvature of the
path is κm = 0.1054.

In Fig. 5, the path shown in (a) is constructed by our method with setting G1 = 0.1, G2 = −25, and
γ = 40, and the result in (b) is generated by following the harmonic field constructed from the har-
monic equation with Dirichlet boundary conditions. Both subfigures have the same size 200 × 200,
obstacle configurations, and start and goal positions. In Fig. 5, the path in (a) tends to arrive at the
goal position with large distances to obstacles compared to distances between the path and obstacles in
(b). Furthermore, it is obvious the maximal curvature of the path in (a) is less than that of the path in
(b). The results verify that our algorithm can generate more smoother paths than the harmonic method.
Supposing p0, p1, and p2 are three successive points in a polyline, and then the discrete curvature at p1 is
computed as κ = 2θ

d , where d is the sum of two line segments p0p1 and p1p2, and θ is the angle between−−→p0p1 and −−→p1p2.
In Fig. 6, we test our algorithm in a large grid with size 300 × 300, and the result demonstrates that

our algorithm can also run very well in large size grids. Taking Fig. 1(b) as an example, however, solving
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Table 1. Statistical data of paths shown in Fig. 7.

– APF [35] RRT* [31] Our method

time(s) 26.69 762.67 28.14
κm 1.305 2.57 0.054

(a) (b) (c)

Figure 7. Given a start position S and a goal position G, path planning results shown in (a), (b), and
(c) are obtained by performing the APF [35], RRT* [31], and our proposed method, respectively.

harmonic equations using numerical iterative methods (e.g., finite difference method) in large size grids
cannot arrive at desirable solutions.

We also estimate the performance of our proposed method and other two classical path planning
algorithms, Artificial Potential Function (APF) [35] and RRT* [31], in an indoor map shown in Fig. 7.
Given a start position S and a goal position G, paths generated by three different path planning algo-
rithms are shown in Fig. 7 with map size 500 × 500. The maximum curvature and the run time are also
computed, and the related data are reported in Table 1. Note that due to a random algorithm, RRT* is
performed five times in the experiment, κm and the run time are corresponding mean values as well. The
time efficiency of APF and our method is similar, but both are significantly better than that of RRT*.
The maximum curvature κm of the path generated by the proposed biharmonic method, on the other
hand, outperforms the other two methods’ results.

Examples shown in this section demonstrate that the biharmonic path planning algorithm proposed
in this paper is practical and feasible.

6. Discussion and conclusion

Biharmonic functions are an powerful tool for many real applications, and they also show great potential
in path planning. The proposed biharmonic navigation method belongs to the potential field function
category, and an obvious advantage is that it can generate a more smooth path compared to APF, har-
monic methods, and other path planning algorithms. Similar to all potential field methods, the proposed
algorithm also suffers the computational inefficiency.

In this paper, we present BRBPF to design a path joining given start and goal positions. The naviga-
tion field is the negative gradient of the solution of a biharmonic equation with distance-related boundary
conditions. In order to deal with invalid gradient problems for large size grids by using finite difference
methods (such as Jacobi iteration and Gauss–Seidel), the RBF approach is adopted to solve our bihar-
monic equation system. An obvious benefit is that paths constructed by biharmonic navigation fields
are smoother than paths constructed by harmonic fields. We have to point out that the RBF method for
solving the biharmonic equation presented in this paper is not suitable for single point obstacles due
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to outer normals (see Eq. (10)) are need for boundary points of the obstacles. In the future, we would
like to develop our method to deal with path planning tasks in real sensor data scenes, even on some
curved surfaces, because it is possible to solve the Poisson equation on some Riemannian manifolds
[51, 52, 53, 54, 55, 56, 57].
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