Probability, Regularity, and Cardinality

Alexander R. Pruss*t

Regularity is the thesis that all contingent propositions should be assigned probabilities
strictly between zero and one. I will prove on cardinality grounds that if the domain is
large enough, a regular probability assignment is impossible, even if we expand the range
of values that probabilities can take, including, for instance, hyperreal values, and sig-
nificantly weaken the axioms of probability.

1. Introduction. Regularity is usually taken to be the thesis that all con-
tingent propositions should be given probabilities strictly between zero and
one (advocates of regularity conditions include Kemeny 1955; Shimony
1955; Jeffreys 1961; Stalnaker 1970; Lewis 1980; Appiah 1985). There are
some well-known problems for regularity. For instance, if you throw a dart
with a perfectly defined tip at a dartboard, on the standard probability cal-
culus, the probability that it hits a particular point is going to be zero, even
though it is possible for the dart to hit that point.' Another standard example
is that a fair coin that will be flipped an infinite number of times has a zero
probability of landing heads each time but nonetheless can do so (after all,
the all-heads sequence is just as possible as any other infinite sequence of
throw outcomes).

However, such cases may simply be taken to show that we need to expand
the range of values that probability assignments take beyond real numbers,
to include, for instance, hyperreal values such as infinitesimals in a coherent
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1. The tip could be perfectly sharp, or else it could have perfect symmetries that define
its center.
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nonstandard analysis setting. Thus, one might assign an infinitesimal prob-
ability to any particular outcome of the dart throw experiment (cf. Bernstein
and Wattenberg 1969; Skyrms 1980, 187) or to any particular sequence of
coin throws. Recently, Williamson (2007) has argued that in the coin-toss
case this cannot be done, but his argument relies on a number of assump-
tions from classical probability theory, such as how independence is to be
handled. The regularist can still hope that some extension of the classical
probability calculus will save regularity or can deny one of Williamson’s in-
tuitions about the probabilities to be assigned in the cases he constructs (e.g.,
Weintraub 2008).

Alan Hajek (2011) suggested, however, that once one extends the set of
probability values, say to the hyperreals, one should be able to extend the
probability domains—we may think, say, of darts thrown in a space-time
with a hyperreal-based continuum—to make the problem of zero-probability
events recur. He conjectured that the probability-value-extension “arms
race” is a contest the defender of regularity cannot win: no matter how far
she extends the set of probability values, there will be a domain where reg-
ularity fails even given that set of probability values. I shall prove Hajek’s
conjecture under very mild assumptions about probability values, via a count-
ing argument. In the case in which the probability values are partially ordered
with an appropriate addition operator and we have a generalization of the
Kolmogorov axioms with finite additivity, a no-go result holds that if the
sample space has sufficiently large cardinality as compared to the set of
probability values, there is no regular probability assignment. The formal re-
sults will be presented in section 2, and then in section 3 I will argue on
philosophical grounds that the kinds of high-cardinality sample spaces that
the formal results discuss are in fact possible. An appendix with some proofs
follows. While the results become somewhat neater given the axiom of
choice (AC), our main results require only the standard Zermelo-Fraenkel
axioms.’

2. The Formal Results. Formal Kolmogorovian probability theory involves
a sample space (1, a o-algebra /" on (), and a probability measure P on F. A
o-algebra on 2 is a nonempty set of subsets of 2 closed under complementa-
tion and countable unions. The members of F are known as the measurable
subsets of 2. The probability measure, then, is a function from F to the reals
satisfying the following conditions:

(K1) 0<P(A4) forall 4 in F.

2. It has also come to my attention that a version of the main result, albeit using AC, was
independently discovered by Arthur Paul Pedersen around the same time as I discovered
it (early 2012).
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(K2) P(Q) =1.
(K3) P(A4,UA4,U...)=P(4,) + P(4,) + ... for any pairwise disjoint
sets 4,, A,, ... in F' (where a collection of sets is pairwise dis-

joint, provided that no two have any elements in common).

We then say that P is regular, provided that P(4) > 0 for every nonempty
member 4 of F (it then follows from the axioms that P(4) < 1 for every
member A of F other than Q).

For our formal no-go results, we shall weaken these assumptions. First,
we shall loosen the assumption that probabilities are real numbers. Instead,
we shall be working with a set V" of values with a partial ordering <, that is, a
transitive binary relation such that for all x and y in V' if x<y and y<x
then x = y, and for all x in V" we have x <x. I shall write “x < y” for “x<y
and x # y.” We shall also assume that /" has an addition operation “+” and a
distinguished element 0, satisfying the following two axioms:

(V1) x+ 0 =x forall xin V.
(V2) Forall x and y in ¥, if 0 <y then x <x + y.

Moreover, we shall weaken the countable additivity axiom K3 to finite
additivity. If we do that, it will also be natural to weaken the assumption that
F'is a g-algebra to the assumption that it is an algebra of subsets of (2, that is,
a nonempty set of subsets of { closed under complementation and finite
unions. Thus, suppose that we have a V' as above. A V-probability assign-
ment will then be a function P from the algebra F' to V satisfying:

(K1*) 0<P(A) forall 4 in F.
(K3*) P(AUB) = P(4) + P(B) for any disjoint sets 4 and B in F.

The total probability axiom K2 has been dropped entirely because our
formal results do not require it. If we really wanted to, we could replace K2
with the nontriviality assumption:

(K2*) 0< P(Q).

But we will not need to. We will, as before, say that P is regular, provided
that 0 < P(4) for every nonempty A in F. The range R of the V-probability
assignment shall be the set of values that P can take: R = {P(4) : A€ F}.

We will write that |4| < |B| and say that the cardinality of 4 is less than or
equal to that of B, provided that there is a one-to-one function from 4 to
B, and write that |4| = |B| and say that 4 and B have the same cardinality,
provided that there is a one-to-one function from A onto all of B. Then
|4| < |B| means that |4| < |B| and |4| # |B|. For convenience, I will use |4,
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as an abbreviation for |4 U {a, }|, where a, is not in 4; thus, |4, is the same
cardinality as |4|, if 4 is infinite, and one plus the cardinality of 4, if 4 is
finite. I will also write [4| £ |B| for the denial of |4|<|B| (]4| £ |B] is
equivalent to |B| < |A| if AC holds). At this point, no interpretation is needed
for the symbol |4| outside of a context like that above.

Our main formal result follows and is proved in the appendix. A total
ordering < on a set 4 is a transitive binary relation on 4 such that for all x
and y in 4 exactly one of the following relations holds: x <y, y <x, or

X =Y.

Theorem 1. Suppose that the sample space Q has a total ordering < and
that for every x € Q, both the singleton {x} and theset L, = {y e Q: y <x}
are members of the algebra F on Q. Suppose that V' satisfies V1 and V2 and
that P is a V-probability assignment on F. Let R be the range of P. Suppose
that |Q|, £ |R]|. Then there is a member x of Q such that P({x}) = 0.

To see how the theorem works, consider as a special case classical
Kolmogorovian probabilities on a finite space @ = {w,, ..., w,} with n
elements. Let @y = & and let @, = {w,, ..., w;} for 0 <i<n. Suppose P
is a regular probability assignment on the power set of Q. Then by K3, we
have P(Q) =P(Q-,) + P{w}) > P(Q-,), and so P(Q) <P(Q)<...
< P(%,). Thus, the range of P must contain at least n + 1 values. Contra-
positively, if » + 1 is not less than or equal to the cardinality of the range
of P, the assignment P will not be regular, and hence P({x}) = 0 for some
x € Q, which is what the theorem says.

Theorem 1 will follow from theorem 2, below. But first we give two
corollaries.

Corollary 1. Assume the axiom of choice. Suppose V satisfies V1 and V2.
Then there is no regular V-probability assignment on all the subsets of
if  has cardinality greater than V.

For by AC, Q has a well ordering (a well ordering on 4 is a total ordering on
A such that every nonempty subset of 4 has a minimal element) and hence a
total ordering.® If |Q| > | V|, then a fortiori ||, > |R|, where R is the range of
P, and hence |Q|, £ |R|, where the move from |4| > |B| to |4| £ |B| uses
the Cantor-Schroder-Bernstein theorem (Takeuti and Zaring 1971, 71). But
then theorem 1 shows that there is no regular V-probability assignment on
all the subsets of .

3. AC is equivalent to the claim that every set can be well ordered. The assumption that
every set has a total ordering has been proved to be weaker (Gonzales 1995).
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The above corollary made use of AC. Here is one that does not use AC
but merely the standard Zermelo-Fraenkel axioms. Given a set R, let R be
the Hartogs number of R, that is, the least ordinal « such that there is no
one-to-one function from o to R. An ordinal is a set o with the properties
that (@) if x € o, then every member of x is also a member of «, and (b) « is
well ordered by the membership relation €. (The finite ordinals are the
natural numbers constructed inductively by setting 0 =& and n + 1 =
nU{n}.) It is then a theorem of Zermelo-Fraenkel set theory, without any
need for AC, that a Hartogs number exists for every set (Hrbacek and Jech
1999, 130).

Corollary 2. Suppose V satisfies V1 and V2. Then there is no regular /-
probability assignment P on all the subsets of Q if |Q| > |R*|, where R is
the range of P.

This corollary could be proved from theorem 1, but we will instead get it as
a direct consequence of corollary 4, below.

One may want to generalize the notion of probability and regular proba-
bility even further, allowing for a set V of values that has neither a distin-
guished zero nor an addition operation. Suppose now that Vis any partially
ordered set. If Q is a sample space and F an algebra of subsets of 2, then we
say that P is a generalized V-probability, provided that:

(K3**) If 4 C B for sets A and B in F, then P(4) <P(B).

Moreover, we say that P is a regular generalized V-probability, provided
that whenever 4 and B are measurable sets such that 4 is a proper subset
of B, then P(A4) < P(B). We then have the following analogues of our for-
mal results above.

Theorem 2. Suppose that the sample space (2 has a total ordering < and
that for every x € Q, the set L, = {y € @ : y <x} is a member of the algebra
Fon Q. Suppose that Vis a partially ordered set and that P is a generalized
V-probability assignment on F. Let R be the range of P. Suppose that
|Q|. £ |R|. Then P is not a regular generalized V-probability assignment.

Corollary 3. Assume the axiom of choice. Suppose V' is a partially or-
dered set. Then there is no regular generalized V-probability assignment
on all the subsets of Q if  has cardinality greater than V.

Corollary 4. Suppose V' is a partially ordered set. Then there is no regular

generalized V-probability assignment P on all the subsets of Q if |Q] > [R"|,
where R is the range of P.
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The following lemma implies that, given V1 and V2, V-probabilities are
generalized J-probabilities and regular V-probabilities are regular general-
ized V-probabilities.

Lemma 1. Suppose V satisfies V1 and V2, and P is a V-probability as-
signment. Let 4 and B be measurable sets. If 4 is a subset of B, then
P(A)<P(B). If P is regular and 4 is a proper subset of B, then P(4)
<P(B).

Theorem 1 then follows from theorem 2. For under the conditions of theo-
rem 1, by theorem 2, the function P is not a regular generalized V-probability
assignment, and so by lemma 1, P is not a regular V-probability assignment,
and hence P(4) = 0 for some nonempty 4. But then let x be any member
of 4 and observe that 0 < P({x}) <P(4) = 0 by K1* and lemma 1, from
which it follows by partial ordering that P({x})= 0, which is the conclu-
sion of theorem 1. Corollary 3 follows from theorem 2 just as corollary 1 fol-
lowed from theorem 1. Finally, corollary 4, given lemma 1, immediately im-
plies corollary 2. In the appendix, we will prove lemma 1, theorem 2, and
corollary 4.

3. The Philosophical Results. Corollary 2 tells us that no matter how rich
and nonstandard we make our probability values, no matter how far in a
hierarchy of hyperreals we go, as long as our sample space is large enough,
we will run into zero-probability possibilities. There is, however, a philo-
sophical question: Are there any such high-cardinality sample spaces of
possible situations? I will offer one family of constructions.

Plausibly, there are kinds K of concrete objects such that for any nonzero
cardinality £, it is possible that there are exactly k objects that are Ks. For
example, we might simply take K to be the kind concrete object. While it is
controversial whether there could be no concrete objects at all,* it is very
plausible that for any nonzero cardinality £ there could be exactly k con-
crete objects. Or we might follow Pruss (2001) and take K to be a kind of
elementary particle like photon, which allows for more than one instance
of the kind to be in the same quantum state (you cannot run this argument
on the basis of electrons). Moreover, while physicists appear to think of space-
time as having at most the cardinality of the continuum, there does not seem
to be a principled reason to limit space-time to be Archimedean in nature.’

4. Theists who think God is a necessary being deny such a possibility, as do some non-
theists on other grounds (Rundle 2004).

5. The mathematician E. E. Rosinger, in a series of preprints (e.g., Rosinger 2007), has
tried to encourage physicists to consider space-times with larger cardinalities, but as far
as I can tell his appeal has had no effect.
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One can easily mathematically construct large cardinality non-Archimedean
space-times (just use the upward Lowenheim-Skolem theorem), and it is
plausible that such a space-time could be populated with a large cardinality of
entities. At least we should not rule out such possibilities a priori. Or we might
take K to be a kind like universe, for example, defining a universe as a maximal
spatiotemporally connected aggregate of concrete objects. Pace David Lewis
(1986), it is very plausible indeed that for every nonzero cardinality & (again,
the k£ = 0 case will be controversial) there could have been exactly & uni-
verses. Many versions of string theory predict a multiverse containing a large
finite cardinality (and others predict an infinite cardinality) of universes, so
hypotheses about the cardinality of the set of universes are within the realm of
science.

Given such a kind K, we can construct a counterexample to regularity as
follows. We imagine the regularist to have assigned to all propositions
probabilities that take values in some large set V' satisfying V1 and V2 and
satisfying propositional analogues of K1* and K3*, namely, that 0 < P(p)
for every proposition p and P(p v gq) = P(p) + P(q) whenever p and g are
incompatible. Let /" be the Hartogs number of V. Let X, be the ath element
in the aleph sequence (Takeuti and Zaring 1971, 81). Then the number of
initial ordinals 3 such that 8y < 8 <X, equals V™. Now let Q be the space
of all such initial ordinals 8 (this will be well ordered under the ordinal
ordering) and let F' be any algebra of measurable sets that contains all
singletons {,} and all ordinal intervals of the form {3 Q: 8 <.} (we
could just let F be the power set of Q if we think every subset of Q2 should
be measurable). Then |Q| = |V*| £ |V|. Since the range R of P is a subset
of ¥ it follows that |Q|, £ |R|, and, by theorem 1, it follows that P is not
regular.®

The singletons in F correspond to propositions of the form “there are
exactly B, Ks,” while the ordinal intervals correspond to propositions of
the form “the cardinality of K is infinite but less than (3,,” and it is very plau-
sible that such propositions should have probabilities on a Bayesian pro-
gram. After all, for certain kinds K, we might well have to engage in scien-
tific reasoning about such propositions.

We can also extend such examples to generalized V-probability assign-
ments. While for /-probability on propositions, regularity says that only im-
possible probabilities p have V-probability 0, for generalized V-probability
on propositions, regularity would say that if p entails ¢ and P(p) = P(q), then
q also entails p (i.e., p and ¢ are logically equivalent). Extended examples
would show that generalized V-probabilities do not save regularity. The basic
lesson of this article is that no matter how large our range of probability

6. I am very grateful to a referee who pointed out that my original argument here, which
used AC, can be replaced by a simpler argument using Hartogs numbers.
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values is, we can choose a sample space of possible situations that is large
enough that we will have to assign probability zero to some possibility or at
least (this is the case of generalized F-probabilities) assign the same proba-
bility to a set as to a proper subset of it, even if we have significantly relaxed
the axioms of probability.

Appendix
Proofs of Lemma 1, Theorem 2, and Corollary 4

Proof of Lemma 1. Suppose ACB. Let C = {xeB:x¢A}. Then C is
measurable, given that A and B are measurable. (The measurable sets are
closed under complements and finite unions, and C = (4 U B°)*, where A° is
the complement of 4.) Then B = 4 U C. Since 4 and C are distinct, by K3*
we have P(B) = P(4) + P(C). Now, by K1*, 0<P(C). There are two
possibilities: either 0 = P(C) or 0 < P(C). If 0 = P(C), then P(B) = P(A4)
+ 0 = P(4) by V1, and hence P(4) <P(B). If 0 < P(C), then by V2 we
have P(4) < P(4) + P(C) = P(B), and so once again P(4) <P(B). This
completes the proof of the first half of the lemma. The proof of the second
half observes that if 4 is a proper subset of B, then C is nonempty and by
regularity 0 < P(C). But then P(B) = P(4) + P(C) > P(4) by K3* and
V2. QED

Proof of Theorem 2. Start by observing that L, # L, if x # y. To see this,
observe that if x # y, then by total ordering on Q either x <y or y <x. If
x<y,thenxeL, butx¢L, (since we never have x < x in a totally ordered
set), so L, # L,. In the same way, if y <x, then ye L, but y¢L,, and so
L.#1L,.

Next observe that for every x in Q, we have L, # Q. This follows from the
fact that x ¢ L, but x € Q. Let Q" = {Q} U {L, : x € Q}. By our observations,
all the L, are distinct from one another and from Q. Thus, |{L, : x € Q}|
= |Q|. Therefore, |Q"| equals |Q|, ; that is, it equals |Q| + 1 if Q is finite and
equals |Q| if © is infinite (since then the cardinality of the union of {L, : x
€ Q} with a singleton is the same as the cardinality of {L, : x € Q}).

Now assume that |Q|, £ |R|, and for a reductio assume that P is a regular
generalized V-probability assignment. Observe now that P(4) # P(B) if 4
and B are distinct members of Q*. To see this, consider two cases. The first
case is where 4 = L, and B = L, for some x # y. In that case, by total or-
dering, either x <y or y <x. If x <y, then 4 is a proper subset of B. For if
z€ A, then z < x and so by transitivity z < y and so z € B, and hence 4 is a
subset of B. Butx € L, and x ¢ L, so 4 is a proper subset of B. By lemma 1
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and regularity, it follows that P(4) < P(B), and so P(4) # P(B). By exactly
the same reasoning, if y <x, then B is a proper subset of 4, and so
P(B) < P(A), and hence again P(4) # P(B).

The remaining case is where one of 4 and B is {, and the other is L, for
some x. Since L, is a proper subset of Q (x is a member of Q but not of
L,), again by lemma 1 we can conclude that P(L,) # P(Q). So we have
shown that P takes distinct values on distinct members of Q. Consequently,
P is a one-to-one function from Q" to R. Thus, |Q°| <|R|. But |Q"| = |2|,,
and so we have a contradiction to our assumption that |Q|, £ |R|. Absurdity
has been reached, and so we must reject the assumption of regularity. QED

Proof of Corollary 4. Let @ = R*. For a reductio, suppose |Q|>|Q| and
that P is a regular generalized V-probability assignment on the power set of
Q with range R. Since |Q| > |Q, let f be a one-to-one function from Q' to
and define the V-probability function P’ on the power set of Q' by the
formula P'(4) = P(f[A]), where f[A] = {f(x) : xe 4}.

Observe that since P is regular, so is P. For suppose that 4 is a proper
subset of B. Then f[4] is a proper subset of f[B] because f'is one to one, and
so by regularity P(f[A]) < P(f[B]), and thus P'(4) < P'(B).

Butnow € is well ordered (since it is an ordinal ) and hence totally ordered.
Moreover || £ |R| by definition of the Hartogs number, and so |Q'|, ¢ |R|.
Since R is a superset of the range of P’, by theorem 2 we conclude that P’ is
not regular, which contradicts our regularity claim above. By reductio, the
proof is complete. QED
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