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Abstract
An itegory is a restriction category with a Kleene wand. Cockett, Díaz-Boïls, Gallagher, and Hrubeš briefly
introduced Kleene wands to capture iteration in restriction categories arising from complexity theory. The
purpose of this paper is to develop in more detail the theory of Kleene wands and itegories. A Kleene wand
is a binary operator which takes in two disjoint partial maps, one of type X → X and the other of type
X →A, and produces a partial map X →A. This latter map is interpreted as iterating the endomorphism
until it lands in the domain of definition of the second map. In a setting with infinite disjoint joins, there is
always a canonical Kleene wand realizing this intuition. The standard categorical interpretation of iteration
is via trace operators on coproducts. For extensive restriction categories, we explain in detail how having
a Kleene wand is equivalent to this standard interpretation of iteration. This suggests that Kleene wands
can be used to replace parametrized iteration and traces in restriction categories which lack coproducts.
Further evidence of this is exhibited by providing a matrix construction which embeds an itegory into a
traced extensive restriction category. We also consider Kleene wands in classical restriction categories and
show how, in this case, a Kleene wand is completely determined by its endomorphism component.
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1. Dedications to Phil Scott
We would like to dedicate this paper to Phil Scott (1947–2023).

From Robin: I have so many memories of time spent with Phil that it is hard to know where to
start. In the early 1990s, Phil was instrumental in getting me an introduction at the University of
Calgary and whence the job I have enjoyed since then. Even back then – in fact, maybe, especially
back then – Phil was highly influential and respected. The book with Lambek, “Introduction to
higher order categorical logic,” had truly changed the categorical world.

Phil loved visiting Edinburgh, and in 2018 he conspire to have us spend sabbatical time there
together. My wife, Polly, and I had long wanted to hike theWest HighlandWay (which starts near
Glasgow). Doing this before our Edinburgh sojourn seemed like a perfect moment. I was therefore
to meet my wife, who would be returning from adventures further north, at the start of the hike.
Somehow, I needed to leave, in Edinburgh as I passed through on trains from Oxford, a bag of
stuff not needed on the hike. Phil concocted a simple logistical plan: as he would already be in
Edinburgh, he would meet my midday train at the Edinburgh railway station: I would hand-off
my bag to him and hop back on the train to Glasgow.

Well, of course, everything went wrong. The night before the line to Edinburgh from England
had been subject to major tree falls due to a storm. When a train finally got through – in the late
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2 R. Cockett and J.-S.P. Lemay

evening – it was packed with unhappy passengers standing like sardines in the aisles. As Phil did
not believe in cell phones, there was no way to let him know how badly delayed I was. When the
train finally arrived at Edinburgh the passengers literally poured onto the platform. This included
me with a huge suitcase (on wheels) which I had been supposed to hand-off over six hours earlier.
I had no idea what I was now going to do with the bag!!

Imagine, however, my disbelief as clinging to the hand-rail at the bottom of the exit stairway,
being rudely buffeted by the frustrated crowd pouring forth from the train, stood Phil and his wife
Marcia. Relief hardly does justice to my reaction. Unbelievably they had waited for over six hours
for a train to get through!

The hand-off went smoothly ... and the sabbatical was a special and memorable one!
Phil was hugely generous (and reliable!) ... and a friend I sorely miss.

From JS: Phil was both a friend and a mentor. Phil was an important figure in the early stages of
my academic studies and had quite an impact on the direction of my research interests. Phil was
my first math professor in undergrad at the University of Ottawa: he was the one who taught me
how to do proper proofs. I took many classes from him in undergrad, and Phil quickly became my
favorite lecturer. Near the end of undergrad when I was trying to decide what area of research to
study, Phil was the one who first mentioned category theory to me by introducing me to star-
autonomous categories and Linear Logic. I credit Phil for why and how I became a category
theorist. After my time at the University of Ottawa, Phil continued to be a mentor: he was always
very supportive and happy to discuss my latest research interests or new results. But more impor-
tantly, Phil became a friend. We would often catch up at conferences or whenever I was passing
through Ottawa again. We also both visited Edinburgh at the same time and often went on hikes
together. Phil’s passing is a great loss for many communities, including the Canadianmathematics
community and the category theory community. Phil was incredibly kind, a fantastic mentor, and
a great friend to many of us. Condolences to his loved ones. May he rest in peace.

2. Introduction
Traced monoidal categories were introduced by Joyal, Street, and Verity in Joyal et al. (1996). A
traced monoidal category is a braided (though often symmetric in practice) monoidal category
equipped with a trace operator, which is an operator Tr that takes in a map of type f : X ⊗A→
X ⊗ B, which has a same object X in both the domain and codomain, and produces a map of type
Tr(f ) :A→ B called the trace of f , where we say that we traced out the object X. Trace operators
can often intuitively be thought of as providing feedback, where Tr(f ) can be interpreted as looping
back the output X into the input X of f repeatedly. This is why in the graphical calculus for traced
monoidal categories (Selinger 1999, Section 5), one draws the trace of f by connecting the output
wire X back into the input wire for X creating a cycle. Thus, graphically speaking, having a trace
operator allows for loops.

Traced monoidal categories are now very well studied, being an important framework in
both mathematics and computer science, with a wide variety of different kinds of examples. In
Abramsky (1996), Abramsky characterized two kinds of trace monoidal categories: wave style
traces and particle style traces. On the one hand, wave style trace can be understood as passing
information in a global information wave throughout the system. Examples of wave style traces
can be found inHaghverdi and Scott (2010a, Example 4.5), which include compact closed categories
(Joyal et al. 1996, Proposition 3.1), where the trace operator captures the (partial) trace of matri-
ces and is fundamental in categorical quantum foundations (Abramsky and Coecke 2005), and
traced Cartesian monoidal categories (Selinger 2010, Section 6.4), which are traced monoidal cate-
gories on the product – in this case trace operator captures the notion of feedback via fixed points
(Hasegawa 1997, Theorem 3.1). On the other hand, particle style traces are interpreted by streams
of particles or tokens flowing around a network. Examples of particle style traces can be found
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Mathematical Structures in Computer Science 3

in Haghverdi and Scott (2010a, Example 4.6). Often times, particle style traces can be expressed
using partially defined infinite sum operations, and so particle style traces are also often referred
to as sum style traces as well. Haghverdi and Scott were particularly interested in these sum style
traces, which led to the development of traced unique decomposition categories (Haghverdi 2000)
to help better understand these infinite sum formulas for wave style traces. Haghverdi and Scott,
along with Abramsky, in a series of papers (Abramsky et al. 2002; Haghverdi 2000; Haghverdi and
Scott 2005, 2006, 2010a,) used traced unique decomposition categories to give deeper analysis and
recapture models of Girard’s Geometry of Interaction (Girard 1989).

Most models of particle style traces are in fact traced coCartesian monoidal categories (Selinger
2010, Section 6.4), which are traced monoidal categories whose monoidal product is a coprod-
uct, where in this case the trace operator captures the notion of feedback instead via iteration. It
turns out, thanks to the couniversal property of the coproduct, that to give a trace operator on a
coproduct + is equivalent to giving a parametrized iteration operator (Selinger 2010, Proposition
6.8), which is an operator which takes in a map of type f : X → X +A, and produces a map of type
Iter(f ) : X →A, called the iteration of f . As noted by Selinger (2010, Remark 6.10), parametrized
iteration operators were first defined by Căzănescu and Ungureanu (1982) as an algebraic theory
with iteration. Parametrized iteration operators, and hence traced coCartesian monoidal cate-
gories, and other categorial formulations of iteration have been extensively studied by Căzănescu
and Ştefănescu (1990, 1994), Bloom and Ésik (1993), Adámek et al. (2006, 2010, 2011) along with
Goncharov and Rauch (Goncharov et al. 2016), Jacobs (2010), and many others.

One of the main examples of a traced coCartesian monoidal category is the category of sets and
partial functions. Here, the coproduct is given by disjoint union, while the parametrized iteration
operator and trace operator are given by the natural feedback operator. So for a partial function
f : X → X +A, f (x) can be thought of landing in either X or A, but not both, or is undefined. So
Iter(f ) : X →A is defined as follows. Step 1: take x and check if f (x) is defined, if not Iter(f )(x)
is undefined. Step 2: if f (x) is defined and if f (x) ∈A, then Iter(f )(x)= f (x). Step 3: if f (x) ∈ X
instead, then go back to Step 1 and repeat this process starting from f (x) instead of x. This process
continues until it stops after a finite number of steps: if it does not stop then Iter(f )(x) is undefined.
The trace operator is defined via a similar process, where essentially for a partial function f : X +
A→ X + B, its trace continuously iterates the partial function if it continues to land in X and only
terminates if after a finite number of iterations it eventually lands in B. Thus, the trace operator
and the parametrized iteration operator are forms of guarded iteration, that is, an iteration that
continues until a certain necessary condition, called the guard, is satisfied.

The trace operator for partial functions is not only a particle style trace, but really a sum style
trace, where the partial infinite sum operation is given by the join of partial functions. In fact,
partial functions (more precisely partial injections) was one of the main motivating examples that
led Haghverdi and Scott to studying traced unique decomposition categories. More precisely, it
turns out that partial functions are in fact an example of Arbib and Manes’ notion of a partially
additive category (Manes and Arbib 2012), which is canonically a traced unique decomposition
category that is also a traced coCartesian monoidal category (Haghverdi 2000, Proposition 3.1.4).
Partial functions are also the canonical example of a restriction category. This paper is motivated
by the desire to have a restriction category perspective and explanation for the trace operator
on partial functions. More precisely, we are interested in studying trace operators for extensive
restriction categories.

Restriction categories were introduced by the first named author and Lack in Cockett and Lack
(2002), and they provide the categorial foundations for the theory of partiality. Briefly, a restriction
category (Definition 1) is a category equipped with a restriction operator which associates to every
map f :A→ B, an endomorphism f :A→A called its restriction, which captures the domain of
definition of f . Thus, maps in a restriction category can be thought of as partial in an appropriate
sense. Restriction categories are now a well established field of research and have been used to
capture various important notions related partiality. In Cockett and Lack (2007), the first named
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4 R. Cockett and J.-S.P. Lemay

author and Lack studied extensive restriction categories (Definition 42) which, as the name sug-
gests, are the appropriate restriction category analog of (total) extensive categories (Carboni et al.
1993). Briefly, an extensive restriction category is a restriction category with restriction coproducts
(Definition 40), which are coproducts compatible with the restriction, and such that everymap has
a decision (Definition 43). For a map f :A→ B1 + . . . + Bn, its decision 〈f 〉 :A→A+ . . . +A
splits up the domain of definition of f into the parts that fall into each Bi, respectively. Thus,
in an extensive restriction category, the restriction coproduct + should indeed be thought of as
being a disjoint union. Importantly, this allows extensive restriction categories to have a matrix
calculus (Cockett and Lack 2007), that is, a map of type A1 + . . . +An → B1 + . . . + Bm can
be represented as an n×m matrix, and where composition is given by matrix multiplication
(Section 9).

Since restriction coproducts are just coproducts in the usual sense, one can consider trace oper-
ators and parametrized iteration operators for restriction coproducts and thus also consider traced
extensive restriction categories (Definition 62). In particular, thematrix calculus allows us to inter-
pret the trace operator as acting on 2× 2 square matrices and the parametrized iteration operator
as acting on 1× 2 row matrices, as well as re-expressing their axioms using matrices (Lemma 63).
Thus, a map of type X → X +A is actually a 1× 2 row matrix consisting of an endomorphism
X → X and a map X →A. Thus, for an extensive restriction category, a parametrized iteration
operator is really an operator that takes an endomorphism X → X and a map X →A which are
“disjoint” in an appropriate sense and produces a map of type X →A. This observation was made
by the first named author, Díaz-Boïls, Gallagher, and Hrubeš in Cockett et al. (2012a), where they
considered parametrized iteration operators for distributive restriction categories with the objec-
tive of constructing categories of “timed sets” corresponding to complexity classes. This led to the
definition of a Kleene wand operator (Cockett et al. 2012a, Section 4).

However, Kleene wands were only briefly introduced in Cockett et al. (2012a) and only in the
context of distributive extensive restriction categories. These have restriction products which not
all extensive restriction categories have. Moreover, a full proof that a Kleene wand was equivalent
to a trace operator was not provided. This omission is corrected here: we show that, for extensive
restriction categories, Kleene wands do provide an equivalent way of describing parametrized
iteration and hence a trace operator (Theorem 10).

While Cockett et al. (2012a) was successful in developing categories of timed sets for various
complexity classes, Kleene wands themselves were not further developed and, indeed, seemed to
have fallen somewhat into obscurity.With the recent interest of studying trace operators in restric-
tion categories, it seems like a good time to dust off Kleene wands. Thus, the objective of this paper
is to revisit Kleene wands (Definition 18) and to study them as a stand-alone concept (Section 6).
The “advantage” of a Kleene wand is that it can be defined in a setting without coproducts and
therefore can be used to provide a more general notion of iteration.

As explained above, a key feature that makes the trace operator for partial functions work is that
the coproduct is given by disjoint union. To capture this in a setting without coproducts, we intro-
duce the concept of an interference relation (Definition 3), which is a way of describing when
maps in a restriction category are disjoint. In particular, maps that are disjoint via an interference
relation do have disjoint domains of definition, so when one is defined the other is undefined
and vice versa. We call a restriction category with a chosen interference relation an interference
restriction category (Definition 9). Then a Kleene wand �| on an interference restriction cate-
gory takes in a map f : X → X and a map g : X →A which are disjoint and produces a new map
f �| g : X →A. This new map f �| g should be interpreted as iterating f until it falls in the domain
of definition g, in other words, iterating f until the guard g is satisfies. Thus, in an interference
restriction category, a Kleene wand �| is a form of guarded iteration and we call an interference
restriction category with a Kleene wand an itegory.

We also show how disjoint joins (Definition 10) can be defined in a general interference
restriction category. Then show that, in a setting with countable disjoint joins, there is a canonical

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0960129526100711
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 22:51:01, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0960129526100711
https://www.cambridge.org/core


Mathematical Structures in Computer Science 5

Kleene wand given by taking the disjoint join of all iterations of f composed with g (Theorem 6).
We also explain how in a classical restriction category (Cockett andManes 2009) – a setting where
we have complements (Definition 33) – to give a Kleene wand is equivalent to giving a Kleene
upper-star (Definition 36), which is an operator on endomorphisms only.

Every extensive restriction category has a canonical interference relation (Theorem 8) given by
separating decisions (Definition 47). Intuitively, twomaps in an extensive restriction category are
disjoint if there is a decision which allows us to separate their domains of definition. This allows us
to show that, for an extensive restriction category, every Kleene wand induces a parametrized iter-
ation operator (Proposition 64) and, conversely, every iteration operator induces a Kleene wand
(Proposition 65). Furthermore, these constructions are inverses of each other. Thus, for an exten-
sive restriction category, a Kleene wand and a parametrized iteration operator are essentially the
same thing. Thus, for an extensive restriction category, being traced is equivalent to being an ite-
gory (Theorem 10). We also note that there is a matrix construction on an interference restriction
category which can be used to obtain an extensive restriction category (Proposition 54). Indeed,
applying this matrix construction to an itegory, we obtain a traced extensive restriction category
(Proposition 68).

It is worth mentioning that developing interference relations and studying Kleene wand inde-
pendently brought to light an important subtlety of Kleene wands which had been overlooked. In
Cockett et al. (2012a), Kleene wands were only considered for the maximal interference relation
(Lemma 8), which says that twomaps are disjoint if, where one is defined, the other is not, and vice
versa. However, for an extensive restriction category, the canonical interference relation may not
necessarily be the maximal interference relation, and it is for the canonical one that correspon-
dence between parametrized iteration operators and Kleene wands hold. Fortunately, the main
restriction categories of interest in Cockett et al. (2012a) were distributive extensive restriction
categories with joins and for these the canonical interference relation and the maximal interfer-
ence relation coincide. Thus, in this case, Kleene wands for the maximal interference relation do
indeed correspond to parametrized iteration operators. In this paper, however, we study trace
operators for arbitrary extensive restriction categories, so the axioms of a Kleene wand had to be
reworked slightly.

Outline and Contributions: In Section 3, we review the basics of restriction category theory and
introduce our two main running examples: the category of partial functions and the category of
partial recursive functions.

In Section 4, we introduce the concept of an interference relation (Definition 3) and of an
interference restriction category (Definition 9). We show how giving an interference relation can
be defined on parallel maps or equivalently on restriction idempotents (Proposition 6). We prove
various useful facts about interference relations (Lemma 7) and also show that there is always a
maximal and a minimal interference relation (Lemma 8).

In Section 5, we adapt the notion of disjoint joins to interference restriction categories
(Definition 10). We explain what it means for an interference restriction category to have all
finite disjoint joins (Lemma 14) and give a construction which embeds an interference restriction
category into a disjoint interference restriction category (Proposition 17).

In Section 6, we introduce Kleene wands for interference restriction categories, generalizing the
definition slightly from Cockett et al. (2012a) from the maximal interference relation to any arbi-
trary interference relation. As mentioned above, we call interference restriction categories with
disjoint joins and a Kleene wand an itegory. We provide various interesting identities that all
Kleene wands satisfy (Lemma 19, 20, & 21). We also consider the notion of uniformity for Kleene
wands (Definition 22) and define the notion of a (strongly) inductive Kleene wand (Definition
27). We note that an interference restriction category can have at most one inductive Kleene wand
(Lemma 28(ii)). Indeed, in the presence of countable disjoint joins, there is a canonical strongly
inductive Kleene wand given by the expected join of iterations formula (Theorem 6).
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6 R. Cockett and J.-S.P. Lemay

In Section 7, we introduce classical interference restriction categories (Definition 33) and
Kleene upper-stars (Definition 36). We then show that for a classical interference restriction
category, there is a bijective correspondence between Kleene wands and Kleene upper-stars
(Theorem 7).

In Section 8, we review extensive restriction categories and decisions. We then introduce the
notion of being decision disjoint (Definition 45) and show that this induces an interference rela-
tion on an extensive restriction category, in other words, an extensive restriction category is an
interference restriction category with binary disjoint joins (Theorem 8).

In Section 9, we review the matrix representation of extensive restriction categories and how it
relates to decision disjointness.We also introduce amatrix construction on a finitely disjoint inter-
ference restriction category (Definition 53) and show that this matrix construction is an extensive
restriction category (Proposition 54).

In Section 10, we first review the correspondence between trace operators and parametrized
iterations operators for coproducts. We express the axioms of a parametrized iteration operator
and a trace operator using the matrix notation of an extensive restriction category (Lemma 63).
This leads to the main result of the paper, which is that, for extensive restriction categories, there
is a bijective correspondence between parametrized iteration operators (equivalently trace opera-
tors) and Kleene wands (Theorem 10). In the classical setting, we extend this to including Kleene
upper-stars (Proposition 67). We conclude by explaining how computing traces of matrices of any
size in a traced extensive restriction category reduces to computing traces of 2× 2 matrices, which
allows us to show that applying the matrix construction to an itegory results in a traced extensive
restriction category (Proposition 68).

Future Directions: In future work, it would be interesting to study how Kleene wands connect up
with other categorifications of iteration, such as iteration theories (Bloom and Ésik 1993), Elgot
theories (Adámek et al. 2011), and Elgot monads (Adámek et al. 2010; Goncharov et al. 2016).
Moreover, it would also be interesting to consider what happens to the Kleene wand when we
apply the INT-construction (Joyal et al. 1996, Section 4) or GOI-construction (Abramsky 1996,
Section 3) (which are isomorphic constructions Haghverdi 2000, Proposition 2.3.6) on a traced
extensive restriction category to obtain a compact closed category. This would then allow us to
relate Kleene wands to the Geometry of Interaction (GOI), either via GOI situations (Abramsky
et al. 2002, Definition 4.1) or via GOI interpretations (Haghverdi and Scott 2006, Definition 15).
On the other hand, Kleene wands can naturally be interpreted by the basic programming control
structure:

f �| g := until g do f end; g
where g is interpreted as the test of whether a value lies in the domain of g. This suggests that
the Kleene wand could be used as a primitive to interpret imperative style programs and flow
diagrams which use “looping” constructs as above. Thus, a natural question is how itegories relate
to other models of computability. In particular, it would be interesting to revisit Kleene wands
in Turing categories (Cockett et al. 2012a; Cockett and Hofstra 2008) which are based on partial
combinatory algebras.

Conventions: For an arbitrary category X, we will denote objects using capital letters A, B, C etc.,
homsets will be denoted as X(A, B), and maps will be denoted by lowercase letters f , g, h, etc. ∈
X(A, B). Arbitrary maps will be denoted using an arrow f :A→ B, identity maps as 1A :A→A,
and, for composition, we will use diagrammatic notation (as opposed to applicative notation), that
is, the composition of f :A→ B followed by g : B→ C is denoted as fg :A→ C (rather than g ◦ f ).

3. Restriction Categories
In this background section, we review restriction categories and the necessary basic theory for
the story of this paper such as restriction idempotents, the canonical partial order on maps,
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and restriction zero maps, as well as some main examples. For a more in-depth introduction to
restriction categories, we invite the reader to see Cockett and Lack (2002, 2003, 2007), Cockett
and Manes (2009), and Cockett and Garner (2014).

Definition 1. For a category X, a restriction operator ( ) (Cockett and Lack 2002, Section 2.1.1) is
a family of operators:

( ) :X(A, B)→X(A,A)
f :A→ B
f :A→A

such that the following four axioms hold:

[R.1] f f = f , for all f :A→ B;
[R.2] f g = gf , for all f :A→ B and g :A→ C;
[R.3] gf = gf , for all f :A→ B and g :A→ C;
[R.4] f g = fgf , for all f :A→ B and g : B→ C.

For a map f :A→ B, the map f :A→A is called the restriction of f . A restriction category is a
category equipped with a restriction operator. Furthermore, in a restriction category:

(i) A totalmap (Cockett and Lack 2002, Section 2.1.2) is a map f :A→ B such that f = 1A;
(ii) For parallel maps f :A→ B and g :A→ B, we say that f ≤ g if f g = f (Cockett and Lack 2002,

Section 2.1.4);
(iii) A restriction idempotent (Cockett and Lack 2002, Section 2.3.3) is a map e :A→A such that

e= e. For every object A ∈X, we denote by O(A) the set of restriction idempotents of type
A→A.

The main intuition for a restriction category is that maps f are partial and the restriction f
captures the domain of definition of f . As we will see in Example 3.1, the standard intuition for f
is checking if x ∈A is in the domain of f or not, that is, f (x)= x when f (x) is defined and f (x) is
undefined when f (x) is undefined. Thus, total maps are interpreted as maps which are everywhere
defined.

The intuition for the partial order ≤ is that f ≤ g means whenever f is defined, g is also defined
and is equal to f . Moreover, this partial order enriches every restriction category X over posets.
Thus, each homset (X(A, B),≤ ) is a poset and composition is monotone, that is, if f ≤ g then for
suitable maps h and k, hfk≤ hgk. Also observe that f ≤ g implies that f ≤ g (though the converse
is not necessarily true).

Restriction idempotents correspond to the domain of definition ofmaps, and thusO(A) may be
interpreted as certain special subsets of the object A. The name restriction idempotent is justified
since a restriction idempotent e is indeed idempotent, ee= e. In particular, every restriction f is a
restriction idempotent, so we have f = f and f f = f . Furthermore, O(A) has a natural bounded
meet-semilattice structure, where the meet is given by composition, e0 ∧ e1 = e0e1, and the top
element is the identity 1A. The induced partial order on O(A) on this lattice structure is the same
as the restriction order. Thus, for restriction idempotents, e0 ≤ e1 if and only if e0e1 = e0, and also
e≤ 1A.

A key notion for the story of this paper is restriction zeromaps: these are intuitivelymaps which
are nowhere defined. Categorically speaking, a restriction zeromap is a zeromap in the usual sense
whose restriction is also a zero map. Recall a category has zero maps if for every pair of objects A
and B there is a map 0 :A→ B which satisfies the annihilation property, that is, f 0= 0= 0f for all
maps f .
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8 R. Cockett and J.-S.P. Lemay

Definition 2. A restriction category is said to have restriction zeroes (Cockett and Lack 2007,
Section 2.2) if it has zero maps 0 :A→ B such that 0= 0.

Observe that for anymap f , 0≤ f . Thus, restriction zero maps are the bottom elements for each
homset. Moreover, the restriction zero map of type 0 :A→A is a restriction idempotent, and is,
therefore, the bottom element of O(A).

We conclude this background section by providing two running examples of restriction cat-
egories. For a list of many other examples of restriction categories, see Cockett and Lack (2002,
Section 2.1.3).

Example 3.1. Let PAR be the category whose objects are sets and whose maps are partial functions
between sets. Then PAR is a restriction category (Cockett and Lack 2002, Example 2.1.3.1) where
the restriction of a partial function f : X → Y is the partial function f : X → X defined as follows:

f (x)=
{
x if f (x) ↓
↑ if f (x) ↑

where ↓ means defined and ↑ means undefined. The total maps in PAR are precisely the functions
that are everywhere defined – thus the subcategory of total maps of PAR is simply the category of
sets and functions. For partial functions f : X → Y and g : X → Y , we have that f ≤ g if g(x)= f (x)
whenever f (x) ↓. The restriction idempotents for a set X are in bijective correspondence to subsets
of X (Cockett et al. 2012b, Example 2.2.1). In particular, for every subset U ⊆ X, define the partial
function eU : X → X as follows:

eU(x) : =
{
x if x ∈U
↑ if x /∈U

Then clearly eU = eU , so eU is a restriction idempotent, and every restriction idempotent is of
this form. In particular, note that f = edom(f ). So O(X) is isomorphic to the powerset P(X) of
X, O(X)∼= P(X). Lastly, PAR has restriction zero maps where 0 : X → Y is the partial function
which is nowhere defined, that is, 0(x) ↑ for all x ∈ X.

Example 3.2. Let N be the set of natural numbers, and let REC be the category whose objects
are finite powers Nn and where a map f :Nn →N

m is a partial function which is an m-tuple
f = 〈f1, . . . , fn〉 of partial recursive functions in n variables fi :Nn →N. Then REC is a restric-
tion category (Cockett and Garner 2014, Example 2.1.(ii)) with the same restriction operator as
PAR in the previous example, where note that if f is a tuple of partial recursive functions, then f
will also be a tuple of partial recursive functions. In other words, REC is a sub-restriction category
of PAR. The total maps in REC correspond to tuples of total recursive functions. The partial order
≤ is again the same as PAR. On the other hand, the restriction idempotents for Nn in REC corre-
spond to the recursive enumerable subsets of Nn (Cockett et al. 2012b, Example 2.2.3). As such, if
U ⊆N

n is recursively enumerable, then eU :Nn →N
n (as defined in the previous example) will be

a map in REC, and thus a restriction idempotent in REC. Lastly, REC also has restriction zero maps
defined in the same way as in PAR since the nowhere defined partial function is recursive. It is also
worth mentioning that REC is the canonical example of a Turing category (Cockett and Hofstra
2008, Example 3.2.1), which briefly is a restriction category with an internal partial combinatory
algebra satisfying a universal property which encodes computability of maps.

4. Interference
In this section, we introduce the concept of an interference relation, which is a relation on maps
of restriction category with restriction zeroes which tells us when two maps that have the same
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domain should be viewed as being formally disjoint. Formal disjointness must certainly imply
that where one map is defined, the other is undefined, but could possibly also ask for more. This
concept of disjointness plays key a role in the definition of an iteration operator, since in particular
it is used to determine the termination condition of iterations.

Definition 3. For a restriction category X with restriction zeroes, an interference relation ⊥ on
maps is a family of relations (indexed by triples of objects A, B, C ∈X) on homsets ⊥A

B,C⊆X(A, B)×
X(A, C), where we write f ⊥ g when (f , g) ∈⊥A

B,C and say that f and g are ⊥-disjoint, and such that
the following axioms hold:

[⊥.0] Zero: 1A ⊥ 0;
[⊥.1] Symmetry: If f ⊥ g, then g ⊥ f ;
[⊥.2] Anti-reflexive: If f ⊥ f , then f = 0;
[⊥.3] Downward closed: If f ′ ⊥ g′, f ≤ f ′, and g ≤ g′, then f ⊥ g;
[⊥.4] Composition: If f ⊥ g, then for all suitable maps h, k, and k′, we have that hfk⊥ hgk′;
[⊥.5] Restriction: If f ⊥ g, then f ⊥ g.

It turns out that for an interference relation ⊥, maps are ⊥-disjoint if and only if their restric-
tions are ⊥-disjoint. As such this implies that an interference relation induces a restrictional
coherence (Cockett and Manes 2009, Definition 6.1) on parallel maps.

Lemma 4. For an interference relation ⊥, f ⊥ g if and only if f ⊥ g.

Proof. The ⇒ direction is simply [⊥.5]. For the ⇐ direction, suppose that f ⊥ g. Applying [⊥.4],
we get that f f ⊥ gg, which by [R.1] gives us that f ⊥ g, as desired.

Thus, an interference relation is completely determined by its behavior on restriction idempo-
tents. This means that an interference relation can equivalently be defined as a family of relations
on restriction idempotents.

Definition 5. For a restriction category X with restriction zero maps, a restrictional interference
relation ⊥ is a family of relations (indexed by the objects of X) between restriction idempotents
⊥O

A ⊆ O(A)× O(A), where again we write e⊥ e′ if (e, e′) ∈⊥O
A , and such that the following axioms

hold:

[O⊥.0] Zero: 1A ⊥ 0;
[O⊥.1] Symmetry: If e⊥ e′, then e′ ⊥ e;
[O⊥.2] Anti-Reflexive: If e⊥ e, then e= 0;
[O⊥.3] Downward Closed: If e′1 ⊥ e′2, e1 ≤ e′1, and e2 ≤ e′2, then e1 ⊥ e2;
[O⊥.4] Pre-Composition: If e⊥ e′ in O(A), then for any h with codomain A, he⊥ he′.

Proposition 6. For a restriction category with restriction zero maps, there is a bijective correspon-
dence between interference relations on maps and restrictional interference relations. Explicitly,

(i) Given an interference relation ⊥, define the restrictional interference relation ⊥O as e⊥O e′ if
and only if e⊥ e′;

(ii) Given a restrictional interference relation⊥O , define the interference relation⊥ as f ⊥ g if and
only if f ⊥O g.

Proof. Starting with an interference relation ⊥, clearly by definition ⊥O satisfies [O⊥.0] to
[O⊥.3], since they are the same as [⊥.0] to [⊥.3]. It remains to explain why [O⊥.4] holds.
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10 R. Cockett and J.-S.P. Lemay

So suppose that e⊥O e′, meaning that e⊥ e′. Then by [⊥.4], we have that he⊥ he′, and then by
[⊥.5] that he⊥ he′, thus he⊥O he′. So we conclude that ⊥O is indeed a restrictional interference
relation.

Conversely, starting with a restrictional interference relation ⊥O , we need to show that ⊥
satisfies the six axioms [⊥.0] to [⊥.5].

[⊥.0] By [O⊥.0], 1A ⊥O 0. However, since 1A and 0 are both restriction idempotents, we also
have that 1A ⊥O 0, which tells us that 1A ⊥ 0.

[⊥.1] Suppose that f ⊥ g, meaning f ⊥O g. By [O⊥.1], this means that g ⊥O f , so we have that
g ⊥ f .

[⊥.2] Suppose that f ⊥ f , that is f ⊥O f . By [O⊥.2], this means that f = 0. However, by [R.1],
f = 0 implies that f = 0.

[⊥.3] Suppose that f ′ ⊥ g′, meaning f ′ ⊥O g′, and that f ≤ f ′ and g ≤ g′. This implies that f ≤ f ′
and g ≤ g′ as well. So by [O⊥.3], we have that f ⊥O g, and so f ⊥ g.

[⊥.4] First recall that in a restriction category, we have the identity fg = f g (Cockett and Lack
2002, Lemma 2.1.(iii)). Now suppose that f ⊥ g, meaning f ⊥O g. Then for any suitable h,
by [O⊥.4] we have that hf ⊥O hg. However, by the previous mentioned identity, we may
rewrite this as hf ⊥O hg. Now observe that for any suitable k and k′, hfk≤ hf and hgk′ ≤ hg.
Then by [O⊥.3], we have that hfk⊥O hgk′. As such, we have that hfk⊥ hgk′.

[⊥.5] Suppose that f ⊥ g, meaning f ⊥O g. However, since f and g are restriction idempotents,
we can rewrite this as f ⊥O g, meaning that f ⊥ g.

So ⊥ is indeed an interference relation on maps.
It remains to explain why these constructions are inverses of each other. Clearly, starting with

a restrictional interference relation ⊥O , building its associated interference relation on maps,
⊥= {(f , g)| f ⊥O g} and then taking the induced restrictional interference relation, {(f , g)| f ⊥ g}
gives us back the starting restrictional interference relation⊥O . Conversely, starting with an inter-
ference relation onmaps⊥, building its associated restrictional interference relation⊥O , and then
taking the induced interference relation on maps results back to ⊥ by Lemma 4.

From now on, we will make no distinction between an interference relation and its correspond-
ing restrictional interference relation and shall denote them both by ⊥. Here are some other basic
yet important properties of interference relations:

Lemma 7. Let⊥ be an interference relation on a restriction categoryXwith restriction zeroes. Then:

(i) For all maps f , f ⊥ 0;
(ii) If f ⊥ g, then f g = 0, gf = 0, and f g = 0;
(iii) If f is total, then f ⊥ g if and only if g = 0.
(iv) If e is a restriction idempotent, then e⊥ f if and only if e⊥ f .
(v) If f ⊥ g, then f ⊥ g and f ⊥ g.

In particular notice that Lemma 7(ii) says that if maps are ⊥-disjoint, then they are disjoint in
the usual restriction category sense (Cockett and Manes 2009, Proposition 6.2).

Proof. These are mostly straightforward.

(i) By [⊥.0], 1A ⊥ 0. Using [⊥.4], pre-composing both sides by f , we get that f ⊥ 0.
(ii) First note that f g = 0, gf = 0, and f g = 0 are all equivalent conditions (Cockett and

Manes 2009, Proposition 6.2). So suppose that f ⊥ g. We will show that f g = 0 from the
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anti-reflexivity of ⊥. So first if f ⊥ g, then by [⊥.5], f ⊥ g. Now note that f g f = f g and
f g g = f g. So by [⊥.4], pre-composing both sides by f g we get that f g ⊥ f g. Then [⊥.2]
implies that f g = 0.

(iii) The ⇐ direction is simply [⊥.0]. So for the ⇒ direction, suppose that f is total and that
f ⊥ g. Then by (ii), we have that f g = 0. However since f is total, f = 1. So we have that
g = 0.

(iv) This follows immediately from Lemma 4.
(v) This follows from (iv) and [⊥.5].

A restriction category with restriction zeroes can have multiple different interference relations.
In fact, there are always at least two possible ones: a minimal one ⊥δ and a maximal one ⊥0 (with
respect to the usual ordering of relations). The minimal interference relation ⊥δ is the relation
which only relates maps to zero, that is, f ⊥δ g if and only if f = 0 or g = 0. On the other hand, the
maximal interference relation⊥0 is the relation which says that twomaps are disjoint if, whenever
one is defined, the other is not. Thus, f ⊥0 g if and only if f g = 0 (equivalently gf = 0) or, in other
words, they are disjoint in the sense of Cockett and Manes (2009, Proposition 6.2).

Lemma 8. For a restriction category X with restriction zero maps,

(i) ⊥0 is an interference relation with its associated restrictional interference relation given by
e⊥0 e′ if and only if ee′ = 0;

(ii) ⊥δ is an interference relation with its associated restrictional interference relation given by
e⊥δ e′ if and only if e= 0 or e′ = 0.

Furthermore, for every interference relation ⊥ on X, we have that ⊥δ⊆⊥⊆⊥0.

Proof. Checking that ⊥δ is an interference relation is straightforward and is left as an exercise for
the reader. We now check that ⊥0 is also an interference relation by proving it is a restrictional
interference relation.

[O⊥.0] By the annihilation property, we have that 1A0= 0, so 1A ⊥0 0.
[O⊥.1] Recall that restriction idempotents commute, that is, ee′ = e′e. Therefore, if e⊥0 e′, which

means that ee′ = 0, then e′e= 0 as well, and so e′ ⊥0 e.
[O⊥.2] Recall that restriction idempotents are idempotents, that is, if e ∈ O(A), then ee= e. Then

if e⊥0 e, which implies that ee= 0, then we get that e= 0.
[O⊥.3] Recall that for restriction idempotents, e1 ≤ e′1 and e2 ≤ e′2 imply that e1e′1 = e1 and

e′2e2 = e2. Then if e′1 ⊥0 e′2, which means e′1e′2 = 0, then we also get that e1e2 = e1e′1e′2e2 =
e10e2 = 0. So e1e2 = 0 and so e1 ⊥0 e2.

[O⊥.4] First note that using [R.3] and [R.4], it follows that he he′ = hee′. So if e⊥0 e′, which
means ee′ = 0, then we get that hehe′ = hee′ = h0= 0= 0. So have that he⊥0 he′.

So ⊥0 is a restrictional interference relation, and it is straightforward to see that its induced
interference relation is precisely as defined above. So we conclude that ⊥0 is an interference
relation.

It remains to explain why ⊥0 is maximal and ⊥δ is minimal among interference relations.
However, we have already done this, since for any interference relation ⊥, that ⊥⊆⊥0 is precisely
the statement of Lemma 7(ii), while that ⊥δ⊆⊥ is precisely Lemma 7(i).

Thus, having an interference relation is chosen structure rather than a property and we say
that:
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12 R. Cockett and J.-S.P. Lemay

Definition 9. An interference restriction category is pair (X,⊥) consisting of a restriction category
X with restriction zeroes and a chosen a interference relation ⊥.

Nevertheless, to avoid heavy nomenclature, we will say that X is a ⊥-restriction category as a
short hand for saying that (X,⊥) is an interference restriction category. We conclude this section
with our main examples of interference relations:

Example 4.1. In PAR, the maximal restrictional interference relation corresponds to checking
when subsets are disjoint. Indeed, for subsets U,V ⊆ X, for their associated restriction idem-
potents we have that eU ⊥0 eV if and only if U ∩V = ∅. Therefore, the corresponding maximal
interference relation is given as follows: for partial functions f : X → Y and g : X → Z, we have
that f ⊥0 g if and only if their domains are disjoint, dom(f )∩ dom(g)= ∅. In other words, f ⊥0 g
if f (x) ↑ whenever g(x) ↓ and g(x) ↑ whenever f (x) ↓. On the other hand, the minimal restric-
tional interference relation corresponds to checking if either subset is empty. So for U,V ⊆ X, for
their associated restriction idempotents we have that eU ⊥δ eV if and only if U = ∅ or V = ∅. As
such, for partial functions f : X → Y and g : X → Z, we have that f ⊥δ g if and only if either f or g
is nowhere define, that is, if dom(f )= ∅ or dom(g)= ∅.
Example 4.2. Here is an example of an interference relation on REC which is neither the max-
imal one ⊥0 nor the minimal one ⊥δ . Recall that a subset U ⊆N

n is recursive (or computable)
if the characteristic function χU :Nn →N defined as χU(x)= 1 if x ∈U and χX(x)= 0 if x /∈U
is a total recursive function. Then two subsets U,V ⊆N

n are said to be recursively separable if
there exists a recursive setW ⊆N

n such thatU ⊆W andV ∩W = ∅. Then define the restrictional
interference relation ⊥r for the associated restriction idempotents of recursively enumerable sub-
sets U,V ⊆N

n as eU ⊥r eV if and only if U and V are recursively separable. Then the induced
interference relation ⊥r is given as follows: for two maps F :Nn →N

m and G :Nn →N
k in REC,

we have that F ⊥r G if their domains dom(F) and dom(G) are recursively separable. Then ⊥r is
an interference coherence on REC. On the one hand, clearly ⊥r is not the minimal one ⊥δ . On the
other hand, note that ⊥0 on REC is given the same way as in PAR, which means that ⊥r and ⊥0
are indeed different since there exists disjoint recursively enumerable sets which are recursively
inseparable (i.e. not recursively separable).

5. Disjoint Joins
In this section, we discuss the notion of disjoint joins in an interference restriction category. Since
the homsets of a restriction category are posets, we can consider the join (Cockett and Manes
2009, Definition 6.7) of suitable parallel maps to be the join in usual sense, meaning the least
upper bound with respect to ≤. However, for the story of this paper, we do not need all joins to
exists like in a join restriction category (Cockett and Manes 2009, Definition 10.1) but instead
only require the joins of ⊥-disjoint maps. As such, we call such joins: ⊥-disjoint joins, or simply
⊥-joins, and denote them using � instead of∨, to further emphasize that the maps we are working
with are intuitively disjoint. Readers familiar with joins in a restriction category may recall that
joins can only be defined for maps that are compatible (Cockett and Manes 2009, Proposition
6.3). Recall that parallel maps f and g are compatible, written as f � g, if f g = gf . However, by
Lemma 7(ii), if f ⊥ g, then gf = 0= f g, and so f � g. Therefore, we can indeed consider the join of
parallel⊥-disjoint maps. More generally, one can define define joins with respect to a restrictional
coherence (Cockett and Manes 2009, Definition 6.7). Thus, since every interference relation is a
restrictional coherence, the following definition is Cockett and Manes (2009, Definition 6.7) for
the special case of an interference relation.
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Definition 10. In a ⊥-restriction category X, the ⊥-join (if it exists) of a family of pairwise
⊥-disjoint parallel maps {fi :A→ B}i∈I ⊆X(A, B) (where I is an arbitrary index set and fi ⊥ fj for
all i, j ∈ I with i �= j) is a (necessarily unique) map

⊔
i∈I

fi :A→ B such that:

[�.1] fi ≤ ⊔
i∈I

fi for all i ∈ I;

[�.2] If g :A→ B is a map such that fi ≤ g for all i ∈ I, then
⊔
i∈I

fi ≤ g.

Note that ⊥-joins are necessarily unique since [�.1] and [�.2] say that they are least upper-
bounds, which are always unique. For a finite family indexed by I = {0, . . . , n+ 1}, we write their
⊥-join as

⊔
i∈I

fi = f0 � ... � fn+1. In the special case of a singleton {f }, its ⊥-join is just f , while for

the case of the empty set, the ⊥-join of nothing is simply the zero map. When the ⊥-joins of all
suitable families of⊥-disjoint maps exists, we may also ask that they be compatible with composi-
tion. In Cockett and Manes (2009, Definition 6.7), preservations of joins by pre-composition was
called being stable, while preservations of joins by post-composition was called being universal.
It turns out that being stable implies being universal (Cockett and Manes 2009, Lemma 6.10.(2)),
so we only need to ask that pre-composition preserves ⊥-joins. Since for most of the story of this
paper, we only really need binary ⊥-joins, and we take the time to define this case explicitly.

Definition 11. A ⊥-restriction category X is said to have all binary ⊥-joins if for every pair of
⊥-disjoint parallel maps f :A→ B and g :A→ B (i.e. f ⊥ g) their ⊥-join f � g :A→ B exists and:

[�.3] For any map h :A′ →A, h
(
f � g

) = hf � hg.

Similarly, a ⊥-restriction category X is said to have all (finite) ⊥-joins if for every (finite) family of
pairwise ⊥-disjoint parallel maps {fi :A→ B}i∈I , their ⊥-join

⊔
i∈I

fi :A→ B exists and:

[�.3] For any map h :A′ →A, h
⊔
i∈I

fi = ⊔
i∈I

hfi.

Since a ⊥-join is a join in the sense of Cockett and Manes (2009, Definition 6.7), it therefore
satisfies the same properties, some of which can be found in Cockett et al. (2011, Proposition 2.14)
and Cockett and Lemay (2024, Lemma 4.3). In the result below, which highlights some useful
identities, I is an arbitrary indexing set: if I has size two we recover the binary case, if I is finite we
recover the finite case.

Lemma 12. Let X be a ⊥-restriction category with all (binary/finite) ⊥-joins, then:

(i) fj
⊔
i∈I

fi = fj for all j ∈ I;

(ii)
⊔
i∈I

fi = ⊔
i∈I

fi;

(iii) k

(⊔
i∈I

fi

)
k′ = ⊔

i∈I
kfik′;

(iv) If
⊔
i∈I

fi ⊥ h, then fj ⊥ h for all j ∈ I.

Proof. The first three are simply (Cockett et al. 2011, Proposition 2.14.(i)–(iii)) for the special case
of our ⊥-joins and are proven using the same calculations. For (iv), suppose that

⊔
i∈I

fi ⊥ h. By

[�.1], fj ≤ ⊔
i∈I

fi, and so by [⊥.3], we get that fj ⊥ h.
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14 R. Cockett and J.-S.P. Lemay

It is important to note that while having finite⊥-joins obviously implies having binary⊥-joins,
the converse is not necessarily true. Indeed, having binary ⊥-joins does not imply we can build
arbitrary finite ⊥-joins since the converse of Lemma 12(iv) does not hold in general. To see this,
suppose we have three parallel maps such that f ⊥ g, g ⊥ h, and f ⊥ h. Then we get their binary
⊥-joins f � g, g � h, and f � h. However, since we do not necessarily have that say f � g and h are
⊥-disjoint, we would not be able to construct

(
f � g

) � h. Thus, we also need to ask that ⊥-joins
preserve ⊥-disjointness.

Definition 13. In a ⊥-restriction category X, if the ⊥-join
⊔
i∈I

fi :A→ B of a family of pairwise

⊥-disjoint parallel maps {fi :A→ B}i∈I exists, then we say that
⊔
i∈I

fi is strong if:

[�.4] For every map h :A→ C such that fi ⊥ h for all i ∈ I, then
⊔
i∈I

fi ⊥ h.

A (finitely) disjoint⊥-restriction category is a ⊥-restriction categoryX that has all (finite) ⊥-joins
and every (finite) ⊥-join is strong.

We can now show that having strong binary ⊥-joins is equivalent to having strong finite
⊥-joins.

Lemma 14. Let X be a ⊥-restriction category. Then X is a finitely disjoint ⊥-restriction category if
and only if X has all binary ⊥-joins and every binary ⊥-join is strong.

Proof. The ⇐ direction is automatic. For the ⇒ direction, suppose we have all binary ⊥-joins
and that they are strong. As mentioned above, the ⊥-join of the empty family is the zero map, the
⊥-join of a singleton is the map itself, and by assumption we also have binary ⊥-joins. So we need
to show that for any finite family of pairwise ⊥-disjoint parallel maps of size greater than 2, their
⊥-join exists, is preserved by pre-composition, and is strong. We do so by induction, where the
base case is a family of size 2, which we already know holds. So suppose that we can build n-ary
⊥-joins which are preserved by pre-composition [�.3] and strong [�.4]. Let {f0, f1, . . . , fn, fn+1} be
a family of pairwise ⊥-disjoint parallel maps. Note that {f0, f1, . . . , fn} is also a family of pairwise
⊥-disjoint parallel maps, so by the induction hypothesis, we get its ⊥-join f0 � . . . � fn. By [�.4],
we get that f0 � . . . � fn ⊥ fn+1, so we can define f0 � . . . � fn � fn+1 as the binary join f0 � . . . � fn �
fn+1 := (

f0 � . . . � fn
) � fn+1. It is straightforward to check that f0 � . . . � fn � fn+1 satisfies [�.1]

and [�.2], so f0 � . . . � fn � fn+1 is indeed the ⊥-join of {f0, f1, . . . , fn, fn+1}. Now for any suitable
map h, by [�.3] for the binary case and the induction hypothesis, we can also easily check that
h
(
f0 � . . . � fn � fn+1

) = hf0 � . . . � hfn � hfn+1 as desired. Moreover, if k is a map such that k⊥ fi,
then by the induction hypothesis for [�.4], we get that k⊥ f0 � . . . � fn. Then since k⊥ fn+1 as
well, by [�.4] for the binary case, we get that k⊥ f0 � . . . � fn � fn+1. So we conclude that X is a
finitely disjoint ⊥-restriction category.

Before finally giving examples, let us quickly take a look at disjoint joins for the maximal and
minimal interference relations. We first show that for the maximal relation ⊥0, every ⊥0-join is
strong. In particular, this means that if we have binary ⊥0-joins, then we have all finite ⊥0-joins
as well. A finitely disjoint ⊥0-restriction category was called an ⊥-restriction category in Cockett
and Manes (2009, Definition 7.5) (not be confused with our use of ⊥-restriction category for an
interference restriction category which may not have ⊥-joins).

Lemma 15. Let X be a restriction category with restriction zeroes. Then any ⊥0-join which exists
is strong. Therefore, X is a finitely disjoint ⊥0-restriction category if and only if X has all binary
⊥0-joins.
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Proof. Let {fi} be a family of pairwise ⊥0-disjoint parallel maps whose ⊥0-join
⊔
i∈I

fi exists. Now

suppose we also have another map h such that h⊥0 fi for all i, which recall is equivalent to saying
that hfi = 0. Then by [�.3], we get that h⊔

i∈I
fi = ⊔

i∈I
hfi = ⊔

i∈I
0= 0. So h⊥ ⊔

i∈I
fi. So we get that every

⊥0-join is strong. Therefore, by Lemma 14, having binary ⊥0-joins is sufficient to get all finite
⊥0-joins.

On the other hand, for the minimal interference relation ⊥δ , all ⊥δ-joins exist trivially and are
trivially strong.

Lemma 16. LetX be a restriction category with restriction zeroes. ThenX is a disjoint⊥δ-restriction
category.

Proof. We will first explain why every family of pairwise ⊥δ-disjoint parallel maps can have at
most two elements. Let {fi :A→ B}i∈I be a family of pairwise ⊥δ-disjoint parallel maps. Since
fi ⊥δ fj for all i �= j, this implies that there is at most one non-zero map f ∈ {fi :A→ B}i∈I and the
rest must be 0. When |I| ≥ 1, if such a non-zero f exists, our family is reduced to {f , 0}, and if no
non-zero map exists, then our family is reduced to {0}. Thus, the only possible such families is the
empty set ∅, singletons of every map {f }, and a two element set {f , 0} where here f �= 0. Clearly,
the ⊥δ-join of ∅ is 0; of {f } is f ; and of {f , 0} is f . So, we conclude that all ⊥δ-joins exists. It is
straightforward to check that [�.3] and [�.4] also hold.

Here are now the disjoint joins in our main examples.

Example 5.1. PAR has all ⊥0-joins. For an i ∈ I indexed family of parallel partial functions
fi : X → Y which are pairwise ⊥0-disjoint, which recall means that when fi(x) ↓ then fj(x) ↑ for
all j �= i, their ⊥0-join is the partial function

⊔
i∈I

fi : X → Y defined as follows:

⎛
⎝⊔

i∈I
fi

⎞
⎠ (x)=

{
fi(x) if there exists a (necessarily unique) i ∈ I such that fi(x) ↓
↑ otherwise

In particular, this means that PAR is a disjoint ⊥0-restriction category.

Example 5.2. REC has all ⊥r-joins, which are defined as in the previous example. So REC is a
disjoint ⊥r-restriction category.

We conclude this section by explaining how every interference restriction category embeds
into a disjoint interference restriction category. This is similar to the join construction given in
Cockett and Manes (2009, Section 10), but which is simplified since we only want disjoint joins
and not all joins. So let X be a ⊥-restriction category. For a family of pairwise ⊥-disjoint parallel
maps F ⊆X(A, B), let ↓F = {g :A→ B| ∃f ∈ F s.t. g ≤ f }. Note that ↓F need not be itself a family of
pairwise⊥-disjoint parallel maps, and also that it is never empty since we always have that 0 ∈ ↓F.
Then, abusing notation slightly, define the disjoint ⊥-restriction category DJ[(X,⊥)] as follows:

(i) The objects of DJ[(X,⊥)] are the same as X;
(ii) A map A→ B in DJ[(X,⊥)] is a S=↓F where F ⊆X(A, B) is a family of pairwise ⊥-disjoint

parallel maps;
(iii) Identity maps are the set of restriction idempotents O(A) :A→A;
(iv) Composition of S :A→ B and T : B→ C is defined as ST = {fg| f ∈ S, g ∈ T};
(v) The restriction of S :A→ B is defined as the set of the restrictions, S= {f | f ∈ S};
(vi) The restriction zero maps are the singletons {0} :A→ B;
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16 R. Cockett and J.-S.P. Lemay

(vii) The interference relation is defined as S⊥ T if for all f ∈ S and g ∈ T, f ⊥ g;
(viii) For a family index by a set I of pairwise ⊥-disjoint parallel maps Si :A→ B, their ⊥-join is

defined as their union
⊔
i∈I

Si := ⋃
i∈I

Si.

Now since we want to give an embedding, we also need to explain what we mean by a func-
tor between interference restriction categories. So if X and Y are restriction categories, then a
restriction functor (Cockett and Lack 2002, Section 2.2.1) is a functor F :X→Y which pre-
serves the restrictions, F (f )= F (f ). If (X,⊥) and (Y,⊥) are interference restriction categories,
then an interference restriction functor F : (X,⊥)→ (Y,⊥) is a restriction functor F :X→Y

which preserves the restrictions zeroes, F (0)= 0, and also preserves the interference relation
in the sense that if f ⊥ g, then F (f )⊥ F (g). If there is no confusion, we will simply write an
interference restriction functor as F :X→Y and say that it is a ⊥-restriction functor.

Proposition 17. For a ⊥-restriction category X, DJ[(X,⊥)] is a disjoint ⊥-restriction category.
Moreover, I : (X,⊥)→ DJ[(X,⊥)], defined on objects as I (A)=A and on maps I (f )=↓{f }, is
a faithful ⊥-restriction functor.

Proof. Wemust first explain why this construction is well defined. This follows from the fact that
this construction is a subcategory of the infinite version of the join completion given in Cockett
and Manes (2009, Section 10).1 First note that e≤ 1A if and only if e is a restriction idempotent,
and therefore ↓{1A} = O(A), so identity maps are well defined. Next, observe that if F ⊆X(A, B)
and G⊆X(B, C) are families of parallel ⊥-maps, then by [⊥.4] and [⊥.5], respectively, we have
that FG= {fg| f ∈ F, g ∈G} ⊆X(A, C) and F = {f | f ∈ F} ⊆X(A,A) are as well. Then using the
same arguments as in the proof of Cockett and Manes (2009, Proposition 10.3), we have that
if S=↓F and T =↓G, then ST =↓FG= {fg| f ∈ F, g ∈G} and S=↓F, so composition and restric-
tions are well defined. Thus by similar arguments as in the proof of Cockett and Manes (2009,
Proposition 10.3), we have that DJ[(X,⊥)] is a restriction category. Now since the only maps less
than 0 is 0, we have that ↓{0} = {0} = Z. Then it immediately follows that the Zs are indeed the
restriction zeroes for DJ[(X,⊥)].

Now let us explain why ⊥ is an interference relation.

[⊥.0] By Lemma 7(i), we have that for all e ∈ O(A), e⊥ 0. Thus, O(A)⊥ {0}.
[⊥.1] Suppose that S⊥ T, that is, all f ∈ S and g ∈ T, we have that f ⊥ g. Then by [⊥.1], we also

have that g ⊥ f for all g ∈ T and f ∈ S. So T ⊥ S.
[⊥.2] Suppose that S⊥ S, that is, for all f ∈ S, f ⊥ f . But then by [⊥.2], f = 0 for all f ∈ S. So,

S= {0}.
[⊥.3] By the same arguments as in the proof of Cockett and Manes (2009, Proposition 10.5), we

get that S≤ S′ in DJ[(X,⊥)] if and only if S⊆ S′. So now suppose that S′ ⊥ T′, and also that
S≤ S′ and T ≤ T′, or in other words, S⊆ S′ and T ⊆ T′. Then for all f ∈ S and g ∈ T, we
also have that f ∈ S′ and g ∈ T′, and thus f ⊥ g. So S⊥ T.

[⊥.4] Suppose that S⊥ T, that is, all f ∈ S and g ∈ T, we have that f ⊥ g. Now given suitable
U =↓H and V =↓K, considerUSV andUTV . Then a x ∈USV is of the form ufv for some
u ∈U, f ∈ S, and v ∈V , and similarly a y ∈UTV is of the form x= u′gv′ for some u′ ∈U,
g ∈ T, and v′ ∈V . Now since u, u′ ∈U, there are h, h′ ∈H such that u≤ h and u′ ≤ h′. If
h �= h′, then h⊥ h′, and then by [⊥.3], we have that u⊥ u′. So by [⊥.4], we get that x=
ufv⊥ u′gv′ = y. Now consider instead if h= h′. Now since f ⊥ g, by [⊥.4]we get hfv⊥ hgv′.
Then since u≤ h and u′ ≤ h, we get that ufv≤ hfv and u′gv′ ≤ h′gv′, so by [⊥.3] we get that
x= ufv⊥ u′gv′ = y. So USV ⊥UTV .

[⊥.5] Suppose that S⊥ T, that is, all f ∈ S and g ∈ T, that f ⊥ g. Then by [⊥.5] we also have that
f ⊥ g for all f ∈ S and g ∈ T. So S⊥ T.
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Thus, DJ[(X,⊥)] is a ⊥-restriction category. It remains to discuss the disjoint joins. Now
given a family of families of parallel ⊥-disjoint maps Fi ⊆X(A, B) such that Fi ⊥ Fj for all i �= j
(that is, f ⊥ g for all f ∈ Fi and g ∈ Fj), then their union

⋃
i∈I

Fi ⊆X(A, B) is also a family of pair-

wise ⊥-disjoint parallel maps. Then by the same arguments as in the proof of Cockett and
Manes (2009, Proposition 10.5), we see that for a family of pairwise ⊥-disjoint maps Si =↓Fi, that⊔
i∈I

Si =↓
(⋃
i∈I

Fi

)
. By using again the same arguments as in the proof of Cockett andManes (2009,

Proposition 10.5), we get that [�.1], [�.2], and [�.3] hold. Finally, it remains to show [�.4]. So
consider family of pairwise ⊥-disjoint maps Si and another map T such that Si ⊥ T for all i ∈ I.
Then clearly

⋃
i∈I

Si ⊥ T as well, and so [�.4] holds. So we conclude that DJ[(X,⊥)] is a disjoint

⊥-restriction category.
Finally, it remains to show thatI is an interference restriction functor. By the same arguments

as in the proof of Cockett and Manes (2009, Theorem 10.6), we get that I is a faithful restriction
functor. Moreover, it preserves restriction zeroes since I (0)=↓{0} = Z. Now suppose that f ⊥ g
in (X,⊥). Then by [�.3], for all f ′ ≤ f and g′ ≤ g, we get that f ′ ⊥ g′. Thus, I (f )=↓{f } ⊥↓{g} =
I (g), and so we get that I is indeed a ⊥-restriction functor.

6. Kleene Wands
In this section, we introduce the notion of a Kleene wand for an interference restriction category
with binary disjoint joins by adapting the definition of Kleene wand from Cockett et al. (2012a,
Section 4). The main result of this paper is that for an extensive restriction category, to have an
iteration (or trace) operator on the coproduct is equivalent to having a Kleene wand. As such,
the axioms of a Kleene wand are analogs to of that of an iteration operator. However, while iter-
ation operators require the presence of coproducts, a Kleene wand can be defined without them.
Thus, Kleene wands capture iteration in settings without coproducts. An itegory is an interfer-
ence restriction category with binary disjoint joins and Kleene wands. It is also worth noting that
the definition of a Kleene wand in Cockett et al. (2012a, Section 4) was for the maximal interfer-
ence relation ⊥0 and in a setting with restriction products (Cockett and Lack 2007, Section 4.1).
So here, we adapt some of the axioms for an arbitrary interference relation but do not consider
having restriction products.

Definition 18. For a ⊥-restriction category X with all binary ⊥-joins, a Kleene wand �| is a family
of operators (indexed by pairs of objects X,A ∈X):

�| : {(f , g) ∈X(X, X)×X(X,A)| f ⊥ g} →X(X,A)
f : X → X g : X →A f ⊥ g

f �| g : X →A

such that the following axioms hold:

[�| .1] Iteration: For maps f : X → X and g : X →A, if f ⊥ g, then g � f (f �| g)= f �| g
[�| .2] Naturality: For maps f : X → X, g : X →A, and h :A→ B, if f ⊥ g, then (f �| g)h= f �| gh
[�| .3] Dinaturality: For maps f : X → Y, g : X →A, and k : Y → X, if f ⊥ g then kf �| kg = k(fk �| g)
[�| .4] Diagonal: For maps f : X → X, f ′ : X → X, and g : X →A, if f ⊥ f ′ and f � f ′ ⊥ g, then (f �|

f ′)⊥ (f �| g) and (f � f ′) �| g = (f �| f ′) �| (f �| g).
A ⊥-itegory is a pair (X, �|), consisting of a ⊥-restriction category X with all binary ⊥-joins and a
Kleene wand �| .
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18 R. Cockett and J.-S.P. Lemay

We note that [�| .4] is well defined by Lemma 12(iv). The axioms of a Kleene wand are analogs of
the axioms of an iteration operator but expressed in a setting without coproducts. We first observe
that if we have strong disjoint joins, then the fourth axiom can be simplified.

Lemma 19. For a finitely disjoint ⊥-restriction category X, �| is a Kleene wand if and only if �|
satisfies [�| .1], [�| .2], [�| .3], and the following:
[�| .4.a] Diagonal: For maps f : X → X, f ′ : X → X, and g : X →A, if f ⊥ f ′, f ⊥ g, and f ′ ⊥ g, then

(f � f ′) �| g = (f �| g) �| (f ′ �| g)

Proof. For the⇒ direction, we need only to explain why [�| .4.a] holds. So suppose that f ⊥ f ′, f ⊥
g, and f ′ ⊥ g. By [�.4], we get that f � f ′ ⊥ g. Then we can apply [�| .4] to get that (f �| f ′)⊥ (f �| g)
and the rest of the statement of [�| .4.a]. For the ⇐ direction, we need to explain why [�| .4] holds.
So suppose that f � f ′ ⊥ g. We first need to explain why (f �| f ′) and (f �| g) are⊥-disjoint. To do so,
first note that by Lemma 12(iv), we get that f ⊥ f ′, f ⊥ g, and f ′ ⊥ g. Then observe that by using
[R.1] and [�| .2], we can compute that f �| g = f �| (gg)= (f �| g)g, so f �| g = (f �| g)g and similarly
f �| f ′ = (f �| f ′)f ′. Now by Lemma 7(v), since f ⊥ f ′ and f ⊥ g, then f ⊥ f ′ and f ⊥ g. Moreover by
[�.4], we get that f ⊥ f ′ � g, so we can consider f �| (f ′ � g). Now note that by Lemmas 7(ii) and
12(iii), we get that (f ′ � g)g = g and (f ′ � g)f ′ = f ′. Therefore using these identities and [�| .2], we
also get that (f �| (f ′ � g))f ′ = f �| f ′ and (f �| (f ′ � g))g = f �| g. Now since f ′ ⊥ g, by [⊥.4], we then
get that f �| f ′ = (f �| (f ′ � g))f ′ ⊥ (f �| (f ′ � g))g = f �| g. So, we do indeed get that (f �| f ′)⊥ (f �| g).
Then we can apply [�| .4.a] to get the rest of [�| .4].

Intuitively, the Kleene wand f �| g “iterates” the endomorphism f until the “guard” g is satisfied
and then produces that output. This intuition is indeed justified by successive applications of the
iteration axiom.

Lemma 20. Let X be a ⊥-restriction category, and f : X → X and g : X →A maps such that f ⊥ g.
Then for all n,m ∈N and n �=m, f ng ⊥ f mg (where by convention, f 0 = 1X). Furthermore, if (X, �|)
is a ⊥-itegory, then for all n ∈N, the following equality holds:

f �| g = g � fg � f 2g � . . . � f ng � f n+1(f �| g) (1)

So in particular, f ng ≤ f �| g for all n ∈N.

Proof. Suppose that f ⊥ g. Then by [⊥.5], f ⊥ g. However, since f n+1g ≤ f (using [R.1] and [R.3]),
by [⊥.3] we then have that f n+1g ⊥ g. So by Lemma 4, f n+1g ⊥ g. Then by [⊥.4], for all k ∈N,
pre-composing by f k gives us that f n+k+1g ⊥ f kg. From here, we can conclude that f ng ⊥ f mg for
n,m ∈N and n �=m, as desired.

Now suppose (X, �|) is a ⊥-itegory. We prove (1) by induction on n. The base case n= 0
is precisely [�| .1], since g � f (f �| g)= f �| g. So suppose that we have shown that (1) for all
0≤ k≤ n. We now show it for the case n+ 1 by showing that f �| g is the ⊥-join of the fam-
ily {g, fg, . . . , f ng, f n+1g, f n+2(f �| g)}. By the induction hypothesis and [�.1], we already have
that f kg ≤ f �| g for all 0≤ k≤ n and also that f n+1(f �| g)≤ f �| g. So we also need to explain
why f �| g is greater than f n+1g and f n+2(f �| g). However using [�| .1] and [�.3], observe that
f n+1(f �| g)= f n+1g � f n+2(f �| g). So since f n+1(f �| g)≤ f �| g, by [�.1] and transitivity, we get
that f n+1g ≤ f �| g and f n+2(f �| g)≤ f �| g. So [�.1] holds for n+ 1. Now suppose that we have
a map h such that f kg ≤ h for all 0≤ k≤ n+ 1 and f n+2(f �| g)≤ h. By [�.2], we also get that
f n+1g � f n+2(f �| g)≤ h, or in other words, f n+1(f �| g)≤ h. So by the induction hypothesis and
[�.2], we get that f �| g ≤ h. So [�.2] holds for n+ 2. So we conclude that f �| g is the ⊥-join of
{g, fg, . . . , f ng, f n+1g, f n+2(f �| g)}. Thus, (1) holds for all n ∈N as desired.
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The above lemma suggests that a natural example of a Kleene wand should be the disjoint join
of all f ng when it exists. This formula clearly realizes the intuition that f is iterated until it falls
in the domain of g. In fact, in Theorem 6, we will show that for a disjoint interference restriction
category, this formula always defines a Kleene wand. In themeantime, here are ourmain examples
of Kleene wands:

Example 6.1. PAR has a Kleene wand �| with respect to ⊥0 defined as follows for ⊥0-disjoint
partial functions f : X → X and g : X →A:

(f �| g)(x) :=

⎧⎪⎨
⎪⎩
g(x) if g(x) ↓
g(f n+1(x)) if there exists a (necessarily unique) n ∈N such that g(f n+1(x)) ↓
↑ otherwise

Note that this is well defined since for allm, n ∈Nwithm �= n, if g(f m(x)) ↓ then g(f n(x)) ↑. Thus,
(PAR, �|) is a ⊥0-itegory.

Example 6.2. (REC, �|) is a ⊥r-itegory where the Kleene wand �| is defined as in the previous
example.

Example 6.3. The category of timed sets as introduced in Cockett et al. (2012a) is a ⊥0-itegory.
This was the original example for the original definition of a Kleene wand (which recall was only
for ⊥0). We will not review timed sets here and invite the curious reader to see Cockett et al.
(2012a) for more details.

Here are some other useful basic properties about Kleene wands.

Lemma 21. In a ⊥-itegory (X, �|), for maps f : X → X, g : X →A, and g′ : X →A, which are
pairwise ⊥-disjoint, we have that:

(i) f �| g = (f �| g)g
(ii) 0 �| g = g
(iii) f �| 0= 0
(iv) If f ⊥ g � g′, then f �| g ⊥ f �| g′ and f �| (g � g′)= f �| g � f �| g′
(v) If f is total, then f �| g = 0.
(vi) If g is total, then f �| g = g.

Proof. These are mostly straightforward to prove.

(i) This follows from [R.1] and [�| .2], since f �| g = f �| (gg)= (f �| g)g.
(ii) By Lemma 7(i), 0⊥ g. So using [�| .1], we have that 0 �| g = g � 0(0 �| g)= g � 0= g.
(iii) Using (i), we get that f �| 0= (f �| 0)0= 0.
(iv) Suppose that f ⊥ g � g′. By Lemmas 7(iv) and 12(ii), we also get that f ⊥ g � g′. As such, we

can take their Kleene wand: f �| (g � g′). Next note that by Lemmas 7(ii) and 12(iii), we get
that (g � g′)g = g and (g � g′)g′ = g′. Therefore, by [�| .2], we get that (f �| (g � g′)

)
g = f �| g

and
(
f �| (g � g′)

)
g′ = f �| g′. Now since g ⊥ g′, by [⊥.4] we get that f �| g = (

f �| (g � g′)
)
g ⊥(

f �| (g � g′)
)
g′ = f �| g′. So we have that f �| g ⊥ f �| g′. Finally, using (i) and Lemma 12(iii)

and (ii), we compute that:

f �| (g � g′)= (
f �| g � g′)(g � g′)= (

f �| (g � g′))(g � g′)
= (

f �| (g � g′))g � (
f �| (g � g′))g′ = f �| g � f �| g′

So f �| (g � g′)= f �| g � f �| g′ as desired.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0960129526100711
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 22:51:01, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0960129526100711
https://www.cambridge.org/core


20 R. Cockett and J.-S.P. Lemay

(v) If f is total, then by Lemma 7(iii), f ⊥ g implies that g = 0. So by (iii), f �| g = f �| 0= 0.
(vi) If g is total, then by Lemma 7(iii), f ⊥ g implies that f = 0. So by (ii), f �| g = 0 �| g = g.

We now turn our attention to discussing uniformity and inductivity of Kleene wands. These
are analogs of their namesakes for iteration/trace operators, which are often desirable properties
of well-behaved iteration/trace operators (Hasegawa 2004).

Definition 22. In a ⊥-itegory (X, �|), the Kleene wand �| is said to be:
(i) Uniform if when f ⊥ g and f ′ ⊥ g′, and hg′ = g and hf ′ = fh, then h

(
f ′ �| g′) = f �| g;

(ii) Lax uniform if when f ⊥ g and f ′ ⊥ g′, and g ≤ hg′ and fh≤ hf ′, then f �| g ≤ h
(
f ′ �| g′);

(iii) Colax uniform if when f ⊥ g and f ′ ⊥ g′, and g ≥ hg′ and fh≥ hf ′, then f �| g ≥ h
(
f ′ �| g′).

Basic uniformity simply asks that the iteration behaves equivariently for homomorphic itera-
tion data. The (co)lax versions of uniformity ask that (co)lax homomorphism between iteration
data produces a commensurate (co)lax behavior between iterants. Here are some equivalent
alternative descriptions of uniformity.

Lemma 23. In a ⊥-itegory (X, �|),
(i) �| is uniform if and only if when f ⊥ g and f ′ ⊥ g′, and ag′ = gb and af ′ = fa, then a

(
f ′ �| g′) =(

f �| g) b;
(ii) �| is lax uniform if and only if when f ⊥ g and f ′ ⊥ g′, and gb≤ ag′ and fa≤ af ′, then(

f �| g) b≤ a
(
f ′ �| g′);

(iii) �| is colax uniform if and only if when f ⊥ g and f ′ ⊥ g′, and gb≥ ag′ and fa≥ af ′, then(
f �| g) b≥ a

(
f ′ �| g′);

Proof. For the ⇒ direction of (i), suppose that �| is uniform. Now also suppose that f ⊥ g and
f ′ ⊥ g′, and also that ag′ = gb and af ′ = fa. Now by [⊥.4], we have that f ⊥ gb. As such, setting
h= a, we can apply uniformity to get that a(f ′ �| g′)= f �| gb. However by [⊥.2], we have that
f �| gb= (f �| g)b. So we get that a(f ′ �| g′)= f �| gb. Conversely, for the ⇐ direction of (i), suppose
that f ⊥ g and f ′ ⊥ g′, and also that hg′ = g and hf ′ = fh. Setting a= h and b= 1, we get that
h
(
f ′ �| g′) = f �| g, and so conclude that �| is uniform. Thus, (i) holds as desired. Proving (ii) and

(iii) is done in a similar fashion.

From the alternative description of (co)lax uniformity, we can show that a (co)lax uniform
Kleene wand is monotone.

Corollary 24. In a ⊥-itegory (X, �|), if �| is (co)lax uniform then if f ⊥ g and f ′ ⊥ g′, and g ≤ g′ and
f ≤ f ′, then f �| g ≤ f ′ �| g′.

Proof. This follows immediately by setting a= 1 and b= 1 in Lemma 23(ii) (resp. (iii)).

Note that being uniform and lax (resp. colax) uniform implies being colax (resp. lax) uniform,
and also that being both lax and colax uniform implies being uniform.

Lemma 25. In a ⊥-itegory (X, �|), the following are equivalent:
(i) �| is uniform and lax uniform;
(ii) �| is uniform and colax uniform;
(iii) �| is lax uniform and colax uniform.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0960129526100711
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 22:51:01, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0960129526100711
https://www.cambridge.org/core


Mathematical Structures in Computer Science 21

Proof. We show that (i)⇒ (ii)⇒ (iii)⇒ (i). Starting with (i)⇒ (ii), suppose that �| is uniform
and lax uniform. We need to show that �| is also colax uniform. So suppose that f ⊥ g and f ′ ⊥ g′,
and also that hg′ ≤ g and hf ′ ≤ fh. Then this says that hg′g = hg′ and hf ′fh= hf ′. Now note that
hf ′f ≤ f and hg′g ≤ g, so by [⊥.2], hf ′f ⊥ hg′g. Then by uniformity, we have that h(f ′ �| g′)= hf ′f �|
hg′g, while by Corollary 24, we also have that hf ′f �| hg′g ≤ f �| g. So by transitivity we have that
h(f ′ �| g′)≤ f �| g, and so we conclude that �| is colax.

By a similar argument, we can also that (ii)⇒ (iii), since we would need to show that being
uniform and colax uniform implies being lax uniform. So it remains to show that (iii)⇒ (i). So
suppose that �| is both lax uniform and colax uniform. Now also suppose that f ⊥ g and f ′ ⊥ g′,
and also that hg′ = g and hf ′ = fh. Of course, this says that hg′ ≤ g and hf ′ ≤ fh, as well as hg′ ≥ g
and hf ′ ≥ fh. So by applying lax uniformity we get that f �| g ≤ h

(
f ′ �| g′), while applying colax

uniformity gives us that h
(
f ′ �| g′) ≤ f �| g. So by antisymmetry, we get that h

(
f ′ �| g′) = f �| g, and

conclude that �| is uniform. Thus, �| is strongly uniform as desired.

Definition 26. In a ⊥-itegory (X, �|), the Kleene wand �| is said to be strongly uniform if it is both
uniform and (co)lax uniform (or equivalently lax uniform and colax uniform).

We can now define what it means for a Kleene wand to be (strongly) inductive.

Definition 27. In a ⊥-itegory (X, �|), the Kleene wand �| is said to be:
(i) Inductive if when f ⊥ g, fh≤ h, and g ≤ h then f �| g ≤ h
(ii) Strongly inductive if it is both strongly uniform and inductive.

A (strongly) inductive ⊥-itegory is an itegory whose Kleene wand is (strongly) inductive.

We first note that an inductive Kleene wand, if one exists, is the minimal one among Kleene
wands and, moreover, there is at most one inductive Kleene wand.

Lemma 28. Let �| be an inductive Kleene wand for a ⊥-restriction category X with all binary
⊥-joins, then:

(i) For any other Kleene wand �| ′, we have for all f ⊥ g that f �| g ≤ f �| ′ g.
(ii) �| is the unique inductive Kleene wand on X.

Proof. For (i), suppose that �| is an inductive Kleene wand and �| ′ is another Kleene wand. By [�| .1]
for �| ′, we have that f (f �| ′ g)≤ f �| ′ g and g ≤ f �| ′ g. So setting h= f �| ′ g, since �| is inductive, we
get that f �| g ≤ f �| ′ g as desired. Now for (ii), suppose that �| and �| ′ are both inductive Kleene
wands. By (i) this means that for all f ⊥ g, f �| g ≤ f �| ′ g but also f �| ′ g ≤ f �| g. So by antisymmetry
of ≤, we then get that f �| g = f �| ′ g. So we conclude that an inductive Kleene wand, if one exists, is
unique.

We now show that for a strongly inductive Kleene wand, there is an equivalent axiomatization
which is much simpler.

Proposition 29. For a ⊥-restriction category X with all binary ⊥-joins, �| is a strongly inductive
Kleene wand if and only if �| satisfies the following axioms:

[Alt.�| .1] If f ⊥ g, then g � f (f �| g)≤ f �| g;
[Alt.�| .2] If f ⊥ g, f ′ ⊥ g′, and ag′ = gb and af ′ = fa, then a

(
f ′ �| g′) = (

f �| g) b;
[Alt.�| .3] If f ⊥ g, fh≤ h, and g ≤ h then f �| g ≤ h.
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Proof. The ⇒ direction is automatic since: [Alt.�| .1] is immediate from [�| .1], by Lemma 23(i)
we get that [Alt.�| .2] is an equivalent way of saying �| is uniform, and [Alt.�| .3] is precisely the
statement that �| is inductive.

For the ⇐ direction, we need to show that �| satisfies [�| .1], [�| .2], [�| .3], and [�| .4]:

[�| .1]: It suffices to show that (f �| g)≤ g � f (f �| g). By [Alt.�| .1] and since composi-
tion is monotone, we first get that f (g � f (f �| g))≤ f (f �| g)≤ g � f (f �| g). So we have
f (g � f (f �| g))≤ g � f (f �| g) and g ≤ g � f (f �| g). Thus applying [Alt.�| .3], we get that
f �| g ≤ g � f (f �| g). So by antisymmetry, we obtain that f �| g = g � f (f �| g).
[�| .2]: If f ⊥ g, then starting with f ⊥ g and f ⊥ gh, setting a= 1 and b= h, by applying [Alt.�| .3]
we get f �| gh= (f �| g)h as desired.
[�| .3]: If f ⊥ g, then starting with hf ⊥ hg and fh⊥ g, setting a= h and b= 1, by applying [Alt.�| .3]
we get h(fh �| g)= hf �| hg as desired.
[�| .4]: Suppose that f ⊥ g and f � g ⊥ h, which by Lemma 12(iv) also implies that f ⊥ h and g ⊥ h.
We first show that (f � g) �| h≤ (f �| g) �| (f �| h). We first observe that using [�| .1] we can compute
that:

(f �| g) �| (f �| h)= (f �| h) � (f �| g)((f �| g) �| (f �| h)) ([�| .1])
= h � f (f �| h) � (g � f (f �| g))((f �| g) �| (f �| h)) ([�| .1])
= h � f (f �| h) � g((f �| g) �| (f �| h)) � f (f �| g)((f �| g) �| (f �| h)) (Lemma 12(iii))
= h � f ((f �| h) � (f �| g)((f �| g) �| (f �| h))) � g((f �| g) �| (f �| h)) (Lemma 12(iii))
= h � f ((f �| g) �| (f �| h)) � g((f �| g) �| (f �| h)) ([�| .1])
= h � (f � g)((f �| g) �| (f �| h)) (Lemma 12(iii))

So we have that (f �| g) �| (f �| h)= h � (f � g)((f �| g) �| (f �| h)). This implies both that
h≤ (f �| g) �| (f �| h) and (f � g)((f �| g) �| (f �| h))≤ (f �| g) �| (f �| h). Then applying [Alt.�| .3],
we get that (f � g) �| h≤ (f �| g) �| (f �| h).

Next, we show that (f �| g) �| (f �| h)≤ (f � g) �| h as well. So first observe that using [�| .1]
again, we can compute that (f � g) �| h= h � f ((f � g) �| h) � g((f � g) �| h). This implies
both that h≤ (f � g) �| h and f ((f � g) �| h)≤ (f � g) �| h. Thus applying [Alt.�| .3], we get
that f �| h≤ (f � g) �| h. On the other hand, we also have that g((f � g) �| h)≤ (f � g) �| h and
f ((f � g) �| h)≤ (f � g) �| h. So applying [Alt.�| .3] here gives us that f �| g((f � g) �| h)≤ (f � g) �| h.
However, by [�| .2], we have that f �| g((f � g) �| h)= (f �| g)((f � g) �| h). So we then get
that (f �| g)((f � g) �| h)≤ (f � g) �| h. Therefore, bringing this all together, we have that
(f �| g)((f � g) �| h)≤ (f � g) �| h and f �| h≤ (f � g) �| h. Then applying [Alt.�| .3] again, we get
(f �| g) �| (f �| h)≤ (f � g) �| h. So by antisymmetry, we conclude that (f � g) �| h= (f �| g) �| (f �| h) as
desired.

So �| is a Kleene wand. We must also show that �| is inductive and strongly uniform. However,
[Alt.�| .3] is precisely the statement that �| is inductive, while Lemma 23(i) tells us that [Alt.�| .3]
is an equivalent way of saying �| is uniform. So it remains to show that �| is lax uniform as well.
So suppose that f ⊥ g and f ′ ⊥ g′, and also that g ≤ hg′ and fh≤ hf ′. By [Alt.�| .1], recall that we
have that g′ ≤ f ′ �| g′ and f ′

(
f ′ �| g′) ≤ f ′ �| g′. Pre-composing by h, we then get hg′ ≤ h

(
f ′ �| g′) and

hf ′
(
f ′ �| g′) ≤ h

(
f ′ �| g′). By transitivity, we have that g ≤ h

(
f ′ �| g′) and fh

(
f ′ �| g′) ≤ h

(
f ′ �| g′).

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0960129526100711
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 22:51:01, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0960129526100711
https://www.cambridge.org/core


Mathematical Structures in Computer Science 23

Therefore, applying [Alt.�| .3], we get that f �| g ≤ h
(
f ′ �| g′). So we have that �| is also lax uniform.

Therefore, we conclude that �| is a strongly inductive Kleene wand.

By the above proposition, we can now easily show that in a setting with all disjoint joins, there is
a canonical strongly inductive Kleene wand. So every (countable) disjoint interference restriction
category is canonically a strongly inductive itegory.

Theorem. Let X be a disjoint ⊥-restriction category. Then X has a strongly inductive Kleene wand
�| defined as follows for ⊥-disjoint maps f : X → X and g : X →A:

f �| g : =
⊔
n∈N

f ng (2)

where by convention f 0 = 1X. Thus , (X, �|) is a strongly inductive ⊥-itegory.

Proof. First note that �| is well defined by Lemma 20. By Proposition 29, to show that �| is a
strongly inductive Kleene wand, it suffices to show that �| satisfies the three axioms [Alt.�| .1] to
[Alt.�| .3].

[Alt.�| .1]: Using [�.4], we easily compute that:

f �| g =
⊔
n∈N

f ng = g �
⊔
n∈N

f n+1g = g � f

⎛
⎝⊔

n∈N
f ng

⎞
⎠ = g � f (f �| g)

So we have that f �| g = g � f (f �| g), which of course means that g � f (f �| g)≤ f �| g.
[Alt.�| .2]: Suppose that ag′ = gb and af ′ = fa. Then by Lemma 12(ii), we easily compute that:

a

⎛
⎝⊔

n∈N
f ′ng′

⎞
⎠ =

⊔
n∈N

af ′ng′ =
⊔
n∈N

f nag′ =
⊔
n∈N

f ngb=
⎛
⎝⊔

n∈N
f ng

⎞
⎠ b

So a
(
f ′ �| g′) = (f �| g)b.

[Alt.�| .3]: Suppose that fh≤ h and g ≤ h. Note that fh≤ h implies that f nh≤ h for all n ∈N as
well. Then we see that f ng ≤ f nh≤ h. So f ng ≤ h for all n ∈N. So by [�.2], ⊔

n∈N
f ng ≤ h, which we

rewrite as f �| g ≤ h.

So we conclude that �| is a strongly inductive Kleene wand as desired.

Example 6.4. The Kleene wands given in Examples 6.1 and 6.2 are strongly inductive Kleene
wands, and so (PAR, �|) and (REC, �|) are both strongly inductive itegories.

Moreover, using the construction from Proposition 17, we observe that every interference
restriction category embeds into a strongly inductive itegory.

Corollary 30. Let X be a ⊥-restriction category. Then (DJ[(X,⊥)], �|) is a strongly inductive ⊥-
itegory, where �| is defined as in Theorem 6.

In particular, we can in fact embed any restriction with restriction zeroes into a strongly induc-
tive itegory by considering the maximal interference restriction ⊥0. It is not difficult to see that
the induced interference restriction on DJ[(X,⊥0)] will also be the maximal one.
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Corollary 31. Let X be a restriction category with restriciton zeroes. Then (DJ[(X,⊥0)], �|) is a
strongly inductive ⊥0-itegory, where �| is defined as in Theorem 6.

We conclude this section by observing that the minimal interference relation has a unique but
trivial Kleene wand, which is also strongly inductive.

Lemma 32. Let X be a restriction category with restriction zeroes. Then (X, �|δ) is a strongly
inductive ⊥δ-itegory where �|δ is defined as follows:

f �|δ g = g (3)

Moreover �|δ is the unique Kleene wand for (X,⊥δ).

Proof. Since by Lemma 16, X is a disjoint ⊥d-restriction category, we show that �|δ is a strongly
inductive Kleene wand by checking [Alt.�| .1] to [Alt.�| .3]. However, note that [Alt.�| .2] and
[Alt.�| .3] are immediate by definition of �|δ . For [Alt.�| .1], suppose that f ⊥δ g which implies that
f = 0 or g = 0.We need to show that g � fg ≤ g. So if f = 0, then we have that g � fg = g � 0g = g �
0= g. If g = 0, then g � fg = 0 � f 0= 0 � f 0= 0= g. So in either case, we have that g � fg = g ≤ g,
so [Alt.�| .1] holds. Thus, �|δ is a strongly inductive Kleene wand. Now suppose we have another
Kleene wand �| for (X,⊥δ), and suppose that f ⊥δ g, so either f = 0 or g = 0. If f = 0, by Lemma
21(ii), f �| g = 0 �| g = g = f �|δ g. If g = 0, by Lemma 21(iii), f �| g = f �| 0= 0= g = f �|δ g. So we
conclude that �|=�|δ , and therefore �|δ is the unique Kleene wand for ⊥δ .

7. Kleene Upper-Stars
In this section, we take a detour to discuss Kleene wands in the classical restriction category setting,
that is, in the presence of relative complements. In such a setting, we will show that Kleene wands
are in fact completely determined by how they act on their endomorphism input. Thus, in the
classical setting, Kleene wands are equivalent to an operator on endomorphisms, which we call a
Kleene upper-star.

We begin by discussing relative complements in a disjoint interference restriction category.
Relative complements for join restriction categories were introduced in Cockett andManes (2009,
Section 13). Here, we slightly adjust the definition instead for disjoint ⊥-restriction categories,
where in particular, the relative complement is not simply disjoint in the sense of Cockett and
Manes (2009, Proposition 6.2) but ⊥-disjoint.

Definition 33. In a ⊥-restriction category X with all binary ⊥-joins, for parallel maps f :A→ B
and g :A→ B such that f ≤ g, the ⊥-relative complement of f in g (if it exists) is a (necessarily
unique) map g\f :A→ B such that:

[\.1] g\f ⊥ f
[\.2] (g\f ) � f = g

A classical⊥-restriction category is a ⊥-restriction categoryX with all binary ⊥-joins such that all
⊥-relative complements exists.

Intuitively, g\f is undefined when f is defined and is equal to g whenever f is undefined.
Moreover, a ⊥-relative complement is a relative complement in the sense of Cockett and Manes
(2009, Section 13) (which we can now call a ⊥0-relative complement), and so satisfies the same
properties, some of which can be found in Cockett and Manes (2009, Lemma 13.14) and Cockett
and Lemay (2024, Lemma 4.9).
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Recall that O(A) is a bounded meet-semilattice, so every restriction idempotent e :A→A is
always less than or equal to the identity 1A :A→A, so e≤ 1A. As such, we can consider the relative
complement of a restriction idempotent in the identity, which we denote as ec := 1A\e. It turns out
that having complements of restriction idempotents is sufficient to have all relative complements.

Lemma 34. A ⊥-restriction category X with all binary ⊥-joins is classical if and only if for every
restriction idempotent e :A→A, there exists a (necessarily unique) restriction idempotent ec :A→
A such that e⊥ ec and e � ec = 1A.

Proof. For ⇒ direction, define ec := 1A\e. Then e⊥ ec and e � ec = 1A are precisely [\.1] and
[\.2], respectively. For the ⇐ direction, define g\f := f cg. Now since f c ⊥ f , by Lemma 7(iv), we
get that f c ⊥ f . Then by [⊥.4], it follows that g\f = f cg ⊥ f . Next, using that f ≤ g and Lemma
12(iii), we compute that (g\f ) � f = f cg � f = f cg � f g = (f c � f )g = g. So (g\f ) � f = g. Thus, we
conclude that g\f is indeed the ⊥-relative complement of f in g.

Here is now our main example and also a non-example.

Example 7.1. PAR is a classical ⊥0-restriction category where for partial functions f : X → Y and
g : X → Y such that f ≤ g, the⊥0-relative complement g\f : X → Y is the partial function defined
as follows:

(g\f )(x)=
{
g(x) if f (x) ↑ and g(x) ↓
↑ if f (x) ↓ or g(x) ↑

In particular, for a subset U ⊆ X, the complement of its associated restriction idempotent ecU :
X → X is defined as the restriction idempotent associated with the complement of U, ecU = eUc .
Explicitly:

ecU(x) : =
{
x if x /∈U
↑ if x ∈U

Example 7.2. REC is not classical since the complement of a recursively enumerable set is
not necessarily recursively enumerable. As such, not every restriction idempotent in REC has a
⊥r-complement.

We now consider Kleene wands in a classical interference category.

Definition 35. A classical ⊥-itegory is a ⊥-itegory (X, �|) where X is a classical ⊥-restriction
category.

Observe that in a classical⊥-restriction category, f ⊥ g implies that g ≤ f c, and so f cg = g. Then
in a classical itegory, by [�| .2], we get that f �| g = (f �| f c)g. As such, �| is completely characterized by
its endomorphism component. Therefore for a classical interference restriction category, to give
a Kleene wand amounts to giving an operation on endomorphisms. We call such an operation a
Kleene upper-star.

Definition 36. For a classical ⊥-restriction category X, a Kleene upper-star � is a family of
operators (indexed by objects X ∈X):

� :X(X, X)→X(X, X)
f : X → X
f � : X → X
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such that the following axioms hold:

[�.1] f c � ff � = f �

[�.2] (hf )�h= h(fh)�f c

[�.3] If f ⊥ g, then (f � g)� = (f �g)�f �

It is worth noting that the axioms of a Kleene upper-star have a similar flavor to the axioms of a
repetition operator (Selinger 2010, Proposition 6.11), which can be defined on categories enriched
over commutative monoids. We now show that every Kleene wand induces a Kleene upper-star.

Proposition 37. Let (X, �|) be a classical ⊥-itegory. Then X has a Kleene upper-star � defined as
follows:

f � := f �| f c (4)

Proof. We show that � satisfies the three Kleene upper-star axioms.

[�.1] Using [�| .1] we get that f c � ff � = f c � f
(
f �| f c) = f �| f c = f �.

[�.2] Note that since fh≤ f , taking their complements swaps the order, so we have that f c ≤ fhc,
and so f cfhc = f c. Now the analog of [R.4] for complements is that f gc = fgcf (Cockett and
Lemay 2024, Lemma 4.9.(ix)). Therefore, using this as well as [�| .2] and [�| .3], we compute
that:

(hf )�h= (
hf �| hf c)h= hf �| hf ch= hf �| hf c = h

(
fh �| f c)

= h
(
fh �| fhcf c) = h

(
fh �| fhc)f c = h(fh)�f c

[�.3] Suppose that f ⊥ g. We have the de Morgan law for complements f � gc = f cgc (Cockett
and Lemay 2024, Lemma 4.9.(viii)). As such, we have that f � g ⊥ f cgc, and thus by [�| .4],
we have that f �| g ⊥ f �| f cgc. Then using [�| .2] and [�| .4], we compute that:

(f � g)� = (f � g) �| f � gc (Def.)

= (f � g) �| f cgc (de Morgan Law)

= (f �| g) �| (f �| f cgc) ([�| .4])
= (f �| f cg) �| (f �| f cgc)
= (f �| f c)g �| (f �| f c)gc ([�| .2])
= f �g �| f �gc (Def.)

= f �g �| f �gcf � ([R.4] for complements)

= (
f �g �| f �gc)f � ([�| .2])

= (f �g)�f � (Def.)

So � is a Kleene upper-star.

Conversely, we now show that every Kleene upper-star induces a Kleene wand.

Proposition 38. Let X be a classical ⊥-restriction category with a Kleene upper-star �. Then X has
a Kleene wand �| defined as follows:

f �| g := f �g (5)
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Proof. We show that �| satisfies the four Kleene wand axioms.

[�| .1] First observe that if f ⊥ g, then g ≤ f c which implies that f cg = g. So using Lemma 12(iii)
and [�.1], we get that:

g � f (f �| g)= g � ff �g = f cg � ff �g = (
f c � ff �

)
g = f �g = f �| g

[�| .2] This is automatic since
(
f �| g) h= f �gh= f �| gh.

[�| .3] Again since f ⊥ g, we have that f cg = g. So using [�.2] we compute that:

hf �| hg = (hf )�hg = h(fh)�f cg = h(fh)�g = h
(
fh �| g)

[�| .4] Suppose that f ⊥ f ′ and f � f ′ ⊥ g. Now by Lemma 12(iv), we have that f ′ ⊥ g, and so by
[⊥.4], we have that f �f ′ ⊥ f �g, or in other words (f �| f ′)⊥ (f �| g). Next, using [�.3] we
compute that:

(f � f ′) �| g = (f � f ′)�g = (f �f ′)�f �g = (f �| f ′)�(f �| g)= (f �| f ′) �| (f �| g)
So �| is a Kleene wand as desired.

Next, we show that these constructions are inverses of each other.

Theorem. For a classical⊥-restriction categoryX, there is a bijective correspondence between Kleene
wands and Kleene upper-stars. Therefore, a classical itegory is precisely a classical interference
restriction category with a Kleene upper-star.

Proof. We need to show that the constructions of Propositions 37 and 38 are inverses of each
other, that is, we need to show that f �| g = (f �| f c)g and f � = f �f c. For the former, as explained
above, since f ⊥ g, we have that f cg = g. Therefore, using [�| .2] we get that f �| g = f �| f cg =
(f �| f c)g. So f �| g = (f �| f c)g. For the other identity, applying [�.2] with h= 1X gives us precisely
that f � = f �f c. So the constructions from a Kleene wand to a Kleene upper-star and vice versa are
indeed inverses of each others.

In the setting where we have all disjoint joins, we can apply the above theorem to the canonical
Kleene wand from Theorem 6 to obtain a Kleene upper-star. This Kleene upper-star is similar to
the repetition operator in a setting with infinite sums.

Corollary 39. A classical ⊥-restriction category X which is a countable disjoint ⊥-restriction
category, has a Kleene upper-star � defined as follows on an endomorphism f : X → X:

f � : =
⊔
n∈N

f nf c (6)

Proof. This is precisely the associated Kleene upper-star for the canonical Kleene wand defined in
Theorem 6.

Example 7.3. (PAR, �|) is a classical itegory whose induced Kleene upper-star is defined on a partial
function f : X → X as:

f �(x) :=

⎧⎪⎨
⎪⎩
x if f (x) ↑
f n+1(x) if there exists a (necessarily unique) n∈N such that f n+1(x)↓ and f n+2(x)↑
↑ otherwise.
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8. Extensive Restriction Categories
We now turn our attention to extensive restriction categories. The objective of this section is
to show that every extensive restriction category has a canonical interference relation induced
by decisions and, moreover, that extensive restriction categories have binary disjoint joins. This
means we can certainly consider Kleene wands for extensive restriction categories.

The underlying structure of an extensive restriction category is that of a coCartesian restriction
category, that is, a restriction category with finite restriction coproducts. Restriction coproducts
are coproducts in the usual sense, with the added assumption that the coproduct injection maps
are total. So for a category X with finite coproducts, we denote the initial object as 0, the coprod-

uct as+, the injectionmaps as ιj :Aj →A1 + . . . +An, and write the copairing operation as

[ −
...−

]
,

that is, for a family of maps f1 :A1 → B, ..., fn :An → B, their copairing

⎡
⎣ f1

...
fn

⎤
⎦ :A1 + . . . +An → B

is the unique map such that ιj

⎡
⎣ f1

...
fn

⎤
⎦ = fj. Also, for a family of maps g1 :A1 → B1, ..., gn :An →

Bn, define their coproduct g1 + . . . + gn :A1 + . . . +An → B1 + . . . + Bn as g1 + . . . + gn : =[ g1ι1
...

gnιn

]
. This choice of writing the copairing operation as a vertical column is justified by the

matrix calculus of an extensive restriction category, which we review in the next section. We also

denote the canonical codiagonal maps as ∇ :=
⎡
⎣ 1A

...
1A

⎤
⎦ :A+ . . . +A→A.

Definition 40. A coCartesian restriction category is a restriction category X with finite restric-
tion coproducts (Cockett and Lack 2007, Section 2.1), that is, X has finite coproducts where all the
injection maps ιj :Aj →A1 + . . . +An are total.

In a coCartesian restriction category with restriction zeroes, we can define “quasi-projections”
for the restriction coproduct which make the injections into restriction isomorphisms (also known
as partial isomorphisms). Recall that in a restriction category, a restriction isomorphism (Cockett
and Lack 2002, Section 2.3.1) is a map f :A→ B such that there is a map f ◦ : B→A, called its
restriction inverse, such that ff ◦ = f and f ◦f = f ◦. Restriction inverses are unique, and if f is a
restriction isomorphism then its restriction inverse f ◦ is also a restriction isomorphism, whose
restriction inverse is f (Cockett and Lack 2002, Lemma 2.18.(vii)).

Definition 41. In a coCartesian restriction categories with restriction zeroes, for a finite family
of objects A0, . . . ,An, the quasi-projections are the maps ι◦j :A0 + . . . +An →Aj defined as the

copairing of zeroes and the identity in the jth argument, ι◦j =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
...
0
1Aj
0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎦. In other words, ι◦j is the unique

map such that ιjι◦j = 1Aj and ιiι
◦
j = 0 for i �= j.
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Other useful identities in coCartesian restriction categories with restriction zeroes can be found
in Cockett and Lack (2007, Lemma 2.10) and Cockett and Lemay (2024, Lemma 3.6). In partic-
ular, as mentioned, the injection maps are restriction isomorphisms and also the initial object 0
becomes a zero object, where to the unique map to and from 0 are precisely the restriction zero
maps.

As the name suggests, extensive restriction categories are the appropriate restriction category
analog of extensive categories (Carboni et al. 1993). More explicitly, an extensive restriction cat-
egory is a restriction category with restriction coproducts and restriction zeroes, and such that
every map whose codomain is a coproduct admits a decision.

Definition 42. An extensive restriction category (Cockett and Lack 2007, Section 3) is a coCarte-
sian restriction category with restriction zeroes such that for every map f :A→ B1 + . . . + Bn there
exists a map 〈f 〉 :A→A+ . . . +A︸ ︷︷ ︸

n-times

such that the following equalities hold:

[D.1] f = 〈f 〉∇
[D.2] 〈f 〉 (f + . . . + f

) = f (ι1 + . . . + ιn)

or equivalently if 〈f 〉 satisfies the following:

[D.3] 〈f 〉 is a restriction inverse of

⎡
⎣ ι◦1f

...
ι◦nf

⎤
⎦ :A+ . . . +A→A

[D.4] 〈f 〉 = f .

The map 〈f 〉 is called the decision (Cockett and Lack 2007, Proposition 2.11) of f .

To help keep track of types, it may be useful to write down [D.1] and [D.2] as commutative
diagrams (for clarity we write brackets in the bottom corner):

A
〈f 〉 ��

f
�����

���
���

���
���

��� A+ . . . +A

∇
��
A

A
〈f 〉 ��

f
��

A+ . . . +A

f+...+f
��

B1 + . . . + Bn ι1+...+ιn
�� (B1 + . . . + Bn)+ . . . + (B1 + . . . + Bn)

where for the bottom arrow on the right, it is the coproduct of each injections
ιj : Bj → B1 + . . . + Bn. Moreover, note that by [D.3], since restriction inverses are unique, the
decision 〈f 〉 is the unique map which satisfies [D.1] and [D.2].

Intuitively, in an extensive restriction category, the restriction coproduct should be thought as
a disjoint union. So then given a map f :A→ B0 + . . . + Bn, when f (x) is defined, it lands in only
one of the Bj. As such, the decision of f should be thought of as separating out where f is defined
in the appropriate place. So intuitively, if f (x) ↑ then 〈f 〉(x) ↑, and when f (x) ↓ and f (x) ∈ Bj, then
〈f 〉 sends x to x in the jth copy of A in the codomain. So when f is total, this gives a decision
procedure. This intuition is captured by our main example of an extensive restriction category in
Example 8.1. We can also consider maps that are their own decision.
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Definition 43. In an extensive restriction category, a decision (Cockett and Lack 2007, Proposition
2.15) is map d :A→A+ . . . +A︸ ︷︷ ︸

n-times

such that 〈d〉 = d, in other words, d satisfies:

[d.1] d = d∇
[d.2] d(d + . . . + d)= d(ι1 + . . . + ιn)

Again, to help keep track of types, it may be useful to write down [d.1] and [d.2] as
commutative diagrams (for clarity we will write brackets in the bottom corner):

A d ��

d
�����

���
���

���
���

��� A+ . . . +A

∇
��
A

A d ��

d
��

A+ . . . +A

d+...+d
��

A+ . . . +A
ι1+...+ιn

�� (A+ . . . +A)+ . . . + (A+ . . . +A)

where for the bottom arrow on the right, it is the coproduct of each injections
ιj :A→A+ . . . +A.

Of course, for every suitable f , its decision 〈f 〉 is indeed a decision, so 〈〈f 〉〉 = 〈f 〉 (Cockett and
Lack 2007, Proposition 2.15). Equivalently, a decision can also be characterized as a restriction
isomorphism whose restriction inverse is the copairing of restriction idempotents.

Lemma 44. (Cockett and Lack 2007, Proposition 2.15) In an extensive restriction category,

(i) Amap d :A→A+ . . . +A is a decision if and only if d is a restriction isomorphism such that
for its restriction inverse d◦ :A+ . . . +A→A, ιjd◦ are restriction idempotents.

(ii) If d is a decision, then it is a restriction isomorphism with restriction inverse d◦ =
⎡
⎣ dι◦1

...
dι◦n

⎤
⎦.

As such, intuitively, an n-ary decision of type A should be interpreted as a collection of n
disjoint subsets of A, as is best seen in our main example.

Example 8.1. PAR is an extensive restriction category where the coproduct is given by disjoint
union, which we denote as X1 + . . . + Xn = X1 � . . . � Xn = {(x, k)| 1≤ k≤ n, x ∈ Xk}, the initial
object is the empty set 0= ∅, and for a partial function f : X → Y1 � . . . � Yn, its decision is the
partial function 〈f 〉 : X → X � . . . � X defined as follows:

〈f 〉(x)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(x, 1) if f (x) ↓ and f (x) ∈ Y1
...
(x, n) if f (x) ↓ and f (x) ∈ Yn
↑ if f (x) ↑

Decisions in PAR correspond to a finite family of disjoint subsets. Indeed, given a set X, an n-ary
decision d : X → X � . . . � X induces n subsets of X defined as dk = {x ∈ X|d(x)= (x, k)} for all
1≤ k≤ n (which is well defined since d = 〈d〉). Moreover, clearly for any 1≤ i, j≤ n with i �= j we
have that di ∩ dj = ∅. On the other hand, given a finite family of subsetsU1, . . . ,Un ∈ X which are
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pairwise disjoint, that is, Ui ∩Uj = ∅ when i �= j, we obtain a decision dU1,...,Un : X → X � . . . � X
defined as:

dU1,...,Un(x)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(x, 1) if x ∈U1
...
(x, n) if x ∈Un
↑ if x /∈Ui for all 1≤ i≤ n

Example 8.2. Another source of examples of extensive restriction categories worth mentioning
are distributive restriction categories with restriction zeroes. Briefly, a distributive restriction
category (Cockett and Lack 2007, Section 5.3) is a coCartesian restriction category which also
has restriction products × and a restriction terminal object 1 (Cockett and Lack 2007, Section
4.1)2 which distributes over the restriction coproducts, in the sense that A× (B+ C)∼= (A× B)+
(A× C). Every distributive restriction category with restriction zeroes is an extensive restric-
tion category (Cockett and Lack 2007, Theorem 5.8), where for a map f :A→ B0 + . . . + Bn, its
decision 〈f 〉 :A→A+ . . . +A is defined as the following composite:

〈f 〉 := A
〈1A,f 〉 �� A× (B0 + . . . + Bn)

1A×(tB0+...+tBn )�� A× (1+ . . . + 1)∼=A+ . . . +A
(7)

where 〈−,−〉 is the pairing operation for the restriction product, and tBi : Bi → 1 is the unique
total map to the restriction terminal object. As such, every classical distributive restriction category
(Cockett and Lemay 2024, Section 6) (or equivalently any Kleisli category of the exception monad
of a distributive category Cockett and Lemay 2024, Section 7) is an extensive restriction category
as well. For more details on (classical) distributive restriction categories, we invite the curious
reader to see Cockett and Lack (2007), and Cockett and Lemay (2024).

We now turn our attention to showing that every extensive restriction category has a canon-
ical interference relation induced by decisions. The natural notion of maps being disjoint in an
extensive restriction category is if they can separated by a binary decision.

Definition 45. In an extensive restriction category, we say that maps f :A→ B and g :A→ C are
decision disjoint, written as f ⊥d g, if there exists a decision 〈f |g〉 :A→A+A such that 〈f |g〉ι◦1 = f
and 〈f |g〉ι◦2 = g. We call 〈f |g〉 the separating decision of f and g.

Recall that a binary decision should intuitively be thought of as a pair of disjoint subsets. Thus,
twomaps are decision disjoint if their domains are disjoint and if there is a decision which captures
these two disjoint subsets. Being decision disjoint is also equivalent to asking that the copairing
of the restrictions is a restriction isomorphism, whose restriction inverse will be the separating
decision. From this, since restriction inverses are unique, we also get that separating decision are
unique (which justifies saying the separating decision instead of a separating decision).

Lemma 46. In an extensive restriction category,

(i) f ⊥d g if and only if
[
f
g

]
is a restriction isomorphism.

(ii) If f ⊥d g, then their separating decision 〈f |g〉 is the restriction inverse of
[
f
g

]
.

(iii) A separating decision, if it exists, is unique.

Proof. Starting with (i). For the⇒ direction, suppose that f ⊥d g, so we have a decision 〈f |g〉 such
that 〈f |g〉ι◦1 = f and 〈f |g〉ι◦2 = g. By Lemma 44(ii), we know that 〈f |g〉 is a restriction isomorphism
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and its restriction inverse is 〈f |g〉◦ =
[〈f |g〉ι◦1
〈f |g〉ι◦2

]
=

[
f
g

]
. Since restriction inverses are themselves

restriction isomorphisms, we have that
[
f
g

]
is a restriction isomorphism. Conversely, for the ⇐

direction, suppose that
[
f
g

]
is a restriction isomorphism and call its restriction inverse 〈f |g〉. By

Lemma 44(i), since ι1
[
f
g

]
= f and ι2

[
f
g

]
= g are restriction idempotents, it follows that 〈f |g〉 is

a decision. Thus by Lemma 44(ii), we get that 〈f |g〉 is a restriction isomorphism whose restriction
inverse is

[〈f |g〉ι◦1
〈f |g〉ι◦2

]
. However by assumption, we know that since 〈f |g〉 is the restriction inverse of[

f
g

]
, that

[
f
g

]
is the restriction inverse of 〈f |g〉. Then since restriction inverses are unique, we get

that
[〈f |g〉ι◦1
〈f |g〉ι◦2

]
=

[
f
g

]
. Thus, it follows that 〈f |g〉ι◦1 = f and 〈f |g〉ι◦2 = g. So f ⊥d g as desired.

Then (ii) follows from what we’ve just shown. Lastly for (iii), since restriction inverse are
unique, separating decision are unique as well.

We now show that decision separation is an interference relation and that extensive restriction
categories have all binary disjoint joins.

Theorem. Let X be an extensive restriction category, then ⊥d is an interference relation, making X
into a ⊥d-restriction category which has all binary ⊥d-joins.

Proof. To prove that ⊥d is an interference relation, we will prove that ⊥d is a restrictional
interference relation. Explicitly, the restriction idempotent version of ⊥d is given as follows: for
restriction idempotents e1 and e2, e1 ⊥d e2 if there exists a decision 〈e1|e2〉 :A→A+A such that
〈e1|e2〉ι◦1 = e1 and 〈e1|e2〉ι◦2 = e2. Equivalently by Lemma 46(i), e1 ⊥d e2 if and only if

[e1e2] is a
restriction isomorphism. We will make use of both descriptions.

[O⊥.0] Recall that
[
1A
0

]
= ι◦1 is the quasi-projection, which we know is a restriction isomor-

phism. So 1A ⊥ 0, and moreover 〈1A|0〉 = ι0.
[O⊥.1] Suppose that e1 ⊥d e2, which implies that

[e1e2] is a restriction isomorphism. First consider
the canonical symmetry isomorphism of the coproduct, σ := [

ι2
ι1

]
, which is a restriction

isomorphism (since every isomorphism is a restriction isomorphism). Now observe that[e2e1] = σ
[e1e2]. Then [e2e1] is the composite of restriction isomorphisms, and so is itself a

restriction isomorphism. So e2 ⊥d e1, and moreover 〈e2|e1〉 = 〈e1|e2〉σ .
[O⊥.2] Suppose that e⊥d e. Then we have a decision 〈e|e〉 such that 〈e|e〉ι◦1 = e and 〈e|e〉ι◦2 = e.

Now recall that by using [R.4], it follows that for any map h that he= heh. As such, using
that restriction idempotents are idempotent, the naturality of the quasi-projections, and
[d.2], we can compute that:

e= ee= 〈e|e〉ι◦1〈e|e〉ι◦2 = 〈e|e〉(〈e|e〉 + 〈e|e〉)ι◦1ι◦2
= 〈e|e〉(ι1 + ι2)ι◦1ι◦2 = 〈e|e〉ι◦1ι1ι◦2 = 〈e|e〉ι◦10= 0

So e= 0.
[O⊥.3] Suppose that e′1 ⊥d e′2, so

[
e′1
e′2

]
is a restriction isomorphism, and also suppose that e1 ≤ e′1

and e2 ≤ e′2. First observe that from these inequalities, we get that
[e1e2] =

[
e1e′1
e2e′2

]
= (e1 +

e2)
[
e′1
e′2

]
. So

[e1e2] = (e1 + e2)
[
e′1
e′2

]
. However note that e1 + e2 is a restriction idempotent,

and therefore also a restriction isomorphism. As such
[e1e2] is the composite of restric-

tion isomorphisms, and so is itself a restriction isomorphism. So e0 ⊥d e1, and moreover
〈e1|e2〉 = 〈e′1|e′2〉(e1 + e2).
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[O⊥.4] Suppose that e1 ⊥d e2, which implies we have a decision 〈e1|e2〉 :A→A+A such
that 〈e1|e2〉ι◦1 = e1 and 〈e1|e2〉ι◦2 = e2. Given a map h :A′ →A, consider the map
h〈e1|e2〉 :A′ →A+A. Then define 〈he0|he1〉 := 〈h〈e1|e2〉〉 :A′ →A′ +A′. By construc-
tion 〈he0|he1〉 is decision. So it remains to show that it is the desired separating decision.
To do so, we note that 〈f 〉ι◦j = f ι◦j (Cockett and Lack 2007, Proof of Proposition 2.15).
Using this, we can compute that:

〈he1|he2〉ι◦1 = 〈h〈e1|e2〉〉ι◦1 = h〈e2|e2〉ι◦1 = he1
So 〈he1|he2〉ι◦1 = he1, and similarly 〈he1|he2〉ι◦2 = he2. So we conclude that he1 ⊥d he2.

So we have that ⊥d is a restrictional interference relation. Now this induces an interference
relation ⊥d where f ⊥d g if and only if f ⊥d g, meaning that there exists a decision 〈f |g〉 such that
〈f |g〉ι◦0 = f and 〈f |g〉ι◦1 = g. Then setting 〈f |g〉 := 〈f |g〉, we see that the induced ⊥d is defined in
exactly the same way as in Definition 45. So ⊥d is indeed an interference relation.

We now show that we also have binary ⊥d-joins. So given a pair of parallel maps f :A→ B
and g :A→ B which are ⊥d-disjoint, so f ⊥d g, define the map f � g :A→ B as the following
composite:

f � g := A
〈f |g〉 �� A+A

f+g �� B+ B ∇ �� B (8)

[�.1] Using Lemma 44(ii), it is easy to check that for a decision d that dι◦j d = dι◦j ιj. In particular,
this implies that f

〈
f |g〉 = f and g

〈
f |g〉 = g. So using this fact, it follows that we can compute:

f (f � g)= f
〈
f |g〉 (f + g)∇ = f ι1(f + g)∇ = f f ι1∇ = f ι1∇ = f

So f ≤ f � g, and similarly we can also show that g ≤ f � g.
[�.2] Suppose that we have another map h such that f ≤ h and g ≤ h. This also implies that

f + g ≤ h+ h. As such, using [d.1] and the fact that if e is a restriction idempotent then
eh≤ h, we can compute that:

f � g = 〈
f |g〉 (f + g)∇ ≤ 〈

f |g〉 (h+ h)∇ = 〈
f |g〉 ∇h= 〈

f |g〉h≤ h
So f � g ≤ h.

[�.3] Consider a map k :A′ →A. By the proof of [O⊥.4] above, it follows that 〈kf |kg〉 = 〈k〈f |g〉〉.
Next we compute that:

〈k〈f |g〉〉(k+ k)(f + g)= 〈k〈f |g〉〉(k+ k)(f + g)(f + g) ([R.1])
= 〈k〈f |g〉〉(k+ k)(〈f |g〉 + 〈f |g〉)(ι◦1 + ι◦2)(f + g) (Sep. Dec.)
= k〈f |g〉(ι1 + ι2)(ι◦1 + ι◦2)(f + g) ([D.2])
= k〈f |g〉(f + g) (Def. of ι◦j )

In other words, we have that 〈kf |kg〉(kf + kg)= k〈f |g〉(f + g). From this, we can easily
compute that:

kf � kg = 〈
kf |kg〉 (kf + kg)∇ = k〈f |g〉(f + g)∇ = k

(
f � g

)
So kf � kg = k

(
f � g

)
as desired.

So we conclude that an extensive restriction category is a ⊥d-restriction category with all binary
⊥d-joins.

In general, however, extensive restriction categories may not have arbitrary finite ⊥d-joins,
since⊥d-joins are not necessarily strong. The issue is that for a finite family of pairwise⊥d-disjoint
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maps, even if pairwise we have binary separating decision for them, to build their join one really
requires an n-ary separating decision.

Definition 47. In an extensive restriction category X, a finite family of maps {f1, . . . , fn} that have
the same domain A are said to be decision disjoint if there exists an n-ary decision 〈f1| . . . |fn〉 :
A→A+ . . . +A︸ ︷︷ ︸

n-times

such that 〈f1| . . . |fn〉ι◦j = fj. We call 〈f1| . . . |fn〉 the separating decision of the fjs.

Of course, similarly to the binary case, we can also say being decision disjoint is equivalent to
asking that the copairing of the restrictions is a restriction isomorphism. Moreover, being n-ary
decision disjoint implies that they are pairwise binary decision disjoint.

Lemma 48. In an extensive restriction category,

(i) {f1, . . . , fn} are decision disjoint if and only if

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦ is a restriction isomorphism.

(ii) If {f1, . . . , fn} are decision disjoint, then their separating decision 〈f1| . . . |fn〉 is the restriction

inverse of

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦.

(iii) A separating decision, if it exists, is unique.
(iv) If {f1, . . . , fn} are decision disjoint, then {f1, . . . , fn} is also a family of pairwise ⊥d-disjoint

maps, that is, fi ⊥d fj for all i �= j.
(v) The quasi-projections ι◦j :A1 + . . . +An →Aj are decision disjoint and therefore pairwise

⊥-disjoint.

Proof. Parts (i), (ii), and (iii) are n-ary versions of Lemma 46(i), (ii), and (iii) respectively, so
they are proven in similar fashion. For (iv), suppose {f1, . . . , fn} are decision disjoint, so we have
an n-ary separating decision 〈f1| . . . |fn〉. Now let ι◦i,j :A1 + . . . +An →Ai +Aj be the obvious
quasi-projection which picks out the Ai and Aj components. Then for fi and fj, with i �= j, define
〈fi|fj〉 = {f1, . . . , fn}ι◦i,j. It is straightforward to check that 〈fi|fj〉 is indeed a binary separating deci-
sion for fi and fj, and therefore we have that fi ⊥d fj as desired. Lastly for (v), it is straightforward
to see that the quasi-projections {ι◦1, . . . , ι◦n} are decision disjoint, with their separating decision
being ι1 + . . . + ιn. As such by (iv), the quasi-projection are indeed also a family of ⊥d-disjoint
maps.

It is again worth stressing that the converse of Lemma 48(iv) is not necessarily true. Indeed,
even if {f1, . . . , fn} are pairwise ⊥d-disjoint, they are not necessarily decision disjoint since we
cannot in general build the necessary n-ary separating decision from the binary ones. However, as
mentioned above, we do get disjoint joins of decision disjoint maps by the using the n-ary decision
separation. So while we may not have all finite ⊥d-joins, we do get disjoint joins of a particular
class of ⊥d-disjoint maps, the ones that are also decision disjoint.

Lemma 49. In an extensive restriction category, for a finite family of parallel maps {f1, . . . , fn| fi :
A→ B} which are decision disjoint, their ⊥d-join exists and is defined as follows:

f1 � . . . � fn := A
〈f1|...|fn〉 �� A+ . . . +A

f1+...+fn �� B+ . . . + B ∇ �� B (9)

Moreover, composition preserves these joins in the sense that Lemma 12(iii) holds.
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Proof. This is shown in similar way to how the binary case was shown in the proof of Theorem 8.
So we leave this as an excercise for the reader.

With all that said, in many examples of extensive restriction categories, ⊥d-joins are in fact
strong. When this is the case, the converse of Lemma 48(iv) is true.

Lemma 50. In an extensive restriction category such that finite ⊥d-join are strong, then {f1, . . . , fn}
are decision disjoint if and only if {f1, . . . , fn} are pairwise ⊥d-disjoint.

Proof. The ⇒ direction is Lemma 48(iv). For the ⇐ direction, suppose that {f1, . . . , fn} are
pairwise ⊥d-disjoint. Then by [⊥.4] and [⊥.5], we also get that {f1ι1, . . . , fnιn} are pairwise
⊥d-disjoint. Then we can take their join, and so define 〈f1| . . . |fn〉 :A→A+ . . . +A as follows:

〈f1| . . . |fn〉 := f ι1 � . . . � f ιn (10)

We show that this is a separating decision by showing that it is the restriction inverse of

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦. So

we first compute that (recall that in a restriction category, if y is total then xy= x):

〈f1| . . . |fn〉

⎡
⎢⎢⎢⎣
f1
...
fn

⎤
⎥⎥⎥⎦ = (

f1ι1 � . . . � fnιn
) ⎡
⎣f
g

⎤
⎦ (Def.)

= f1ι1

⎡
⎢⎢⎢⎣
f1
...
fn

⎤
⎥⎥⎥⎦ � . . . fnιn

⎡
⎢⎢⎢⎣
f1
...
fn

⎤
⎥⎥⎥⎦ (Lemma 12(iii))

= f1 f1 � . . . � fn fn
= f1 � . . . � fn (Rest. Idem.)

= f1 � . . . � fn (Rest. Idem.)

= f1ι1 � . . . � fnιn (ιj total)

= f1ι1 � . . . � fnιn (Lemma 12(ii))

= 〈f1| . . . |fn〉 (Def.)
Next we compute that:

ιj

⎡
⎢⎢⎢⎣
f1
...
fn

⎤
⎥⎥⎥⎦ 〈f1| . . . |fn〉 = fj〈f1| . . . |fn〉 = fj

(
f1ι1 � . . . � fnιn

)

= fj f1ι1 � . . . � fj fnιn = 0 � . . . � 0 � fjιj � 0 � . . . � 0= fjιj

Then by the universal property of the coproduct, we get that

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦ 〈f1| . . . |fn〉 = f1 + . . . + fn.

However, recall that the restriction of the copairing is the coproduct of the restrictions (Cockett
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and Lack 2007, Lemma 2.1), so

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦ 〈f1| . . . |fn〉 = f1 + . . . + fn =

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦. So we conclude that

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦ is the restriction inverse of

⎡
⎢⎣ f1

...
fn

⎤
⎥⎦. Therefore by Lemma 48(i), we have that {f1, . . . , fn} are

decision disjoint.

A natural question to ask is if an extensive restriction category can have more than one (non-
trivial) interference relation. It turns out that under the mild natural assumption that the quasi-
projection are pairwise disjoint and binary disjoint joins exist, the only interference relation which
satisfies these assumptions is precisely the decision separation interference. As such, this justifies
that⊥d can indeed be considered as the canonical interference relation for an extensive restriction
category.

Lemma 51. Let X be an extensive restriction category. Suppose that X admits an interference rela-
tion ⊥ such that all binary ⊥-joins exist and such that for any finite family of object A1, . . . ,An, the
quasi-projections ι◦i :A1 + . . . +An →Ai are pairwise ⊥-disjoint, that is, ι◦i ⊥ ι◦j for all 1≤ i, j≤ n.
Then ⊥=⊥d.

Proof. Suppose that f ⊥ g. We need to show that f and g are also decision disjoint. To do so, note
that since f ⊥ g, by [⊥.4] we also have that f ι1 ⊥ gι2. Since we have binary ⊥-joins, we define
the map 〈f |g〉 :A→A+A as 〈f |g〉 := f ι1 � gι1. We can show that 〈f |g〉 and

[
f
g

]
are restriction

inverses of each other by using similar calculations as in the proof of Lemma 50. So by Lemma
46(i) and (ii), we get that 〈f |g〉 is a separating decision for f and g, and thus f ⊥d g. So we get that
⊥⊆⊥d. Conversely, suppose that instead f ⊥d g. By assumption we have that ι◦1 ⊥ ι◦2. By [⊥.4],
we get that f = 〈f |g〉ι◦1 ⊥ 〈f |g〉ι◦2 = g, and so f ⊥ g. Then by Lemma 4, we get that f ⊥ g, and thus
⊥d⊆⊥. So we conclude that ⊥=⊥d.

In particular, we can consider the case when there are disjoint joins for the maximal interfer-
ence relation.

Corollary 52. Let X be an extensive restriction category such that X is a finitely disjoint
⊥0-restriction category. Then ⊥0=⊥d, and therefore being decision disjoint is equivalent to being
pairwise ⊥0-disjoint.

Proof. It is straightforward to check that the quasi-projections are pairwise ⊥0-disjoint. Then by
applying the above lemma, we get that ⊥0=⊥d.

As such, for many important examples of extensive restriction categories (such as the ones
considered in Cockett et al. 2012a), ⊥d=⊥0 and so ⊥d-joins are in fact strong, which implies
that we can build n-ary separating decisions from binary ones. This is also case for an extensive
restriction category with all joins.

Example 8.3. Since PAR has all ⊥0-joins, it follows that a family of partial functions {f1 : X →
Y1, . . . , fn : X → Yn} is decision disjoint precisely if they are all pairwise ⊥0-disjoint, which recall
means that their domains of definitions are all pairwise disjoint, dom(fi)∩ dom(fj)= ∅ for i �= j.
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As such, their separating decision 〈f1| . . . |fn〉 : X → X � . . . � X is defined as follows:

〈f1| . . . |fn〉(x)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(x, 1) if f1(x) ↓
...
(x, n) if fn(x) ↓
↑ if f (x) ↑

Example 8.4. A classical distributive restriction category has all finite joins of compatible maps
by definition. So in particular, a classical distributive restriction category has all finite ⊥0-joins,
and so we get that being decision disjoint is equivalent to being pairwise ⊥0-disjoint.

9. Matrix Representation for Extensive Restriction Categories
In this section, we review the matrix calculus for an extensive restriction category as introduced
in Cockett and Lack (2007). We will then provide a matrix construction on a finitely disjoint
interference restriction category which produces an extensive restriction category.

In an extensive restriction category, every map of type A1 + . . . +An → B1 + . . . + Bm can be
uniquely represented as an n×m matrix where the (i, j) coordinate is a map of type Ai → Bj,
and such that the rows are decision disjoint (Cockett and Lack 2007, Theorem 2.12). Explicitly,
starting with a map of type F :A1 + . . . +An → B1 + . . . + Bm, the map Fi,j :Ai → Bj is defined
by pre-composing F with the injection and post-composing with the quasi-projection:

Fi,j = ιiFι◦j
Moreover, for all 1≤ i≤ n, the family {Fi,1, . . . , Fi,m} is decision disjoint whose separating decision
is defined as the decision of ιiF :Ai → B1 + . . . + Bm, that is:

〈Fi,1| . . . |Fi,m〉 := 〈ιiF〉 :Ai →Ai + . . . +Ai

Conversely, given a family of maps {fi,j :Ai → Bj| 1≤ i≤ n, 1≤ j≤m} such that for each i,
{fi,1, . . . , fi,m} is decision disjoint, define the map f :A1 + . . . +An → B1 + . . . + Bm as the
copairing:

f :=

⎡
⎢⎢⎢⎢⎢⎢⎣

〈f1,1| . . . |f1,m〉(f1,1 + . . . + f1,m)
〈f2,1| . . . |f2,m〉(f2,1 + . . . + f2,m)

...
〈fn,1| . . . |fn,m〉(fn,1 + . . . + fn,m)

⎤
⎥⎥⎥⎥⎥⎥⎦

These constructions are inverses of each other, see the proof of Cockett and Lack (2007, Theorem
2.12) for details.

Thus, when we have a map of type f :A1 + . . . +An → B1 + . . . + Bm, we can write it as a
matrix,

f =

⎡
⎢⎢⎢⎢⎢⎢⎣

f1,1 f1,2 . . . f1,m
f2,1 f2,2 . . . f2,m
...

. . . . . .
...

fn,1 fn,2 . . . fn,m

⎤
⎥⎥⎥⎥⎥⎥⎦,

where the components are maps of type fi,j :Ai → Bj, and the rows {fi,1, . . . , fi,m} (for a fixed i) are
decision disjoint. By Lemma 48(iv), this also means that for each row, the component of a row
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are pairwise decision disjoint, that is, fi,j ⊥d fi,j′ for all 1≤ i≤ n and 1≤ j, j′ ≤m. Sometimes as a
shorthand, we may simply write our matrices as f = [fi,j]1≤i≤n

1≤j≤m
, or simply f = [fi,j] when there is

no confusion over the bounds of i and j.
Matrices of size n× 1 are column vectors: they correspond precisely to copairing, while matri-

ces of size 1×m correspond precisely to a family of maps which are decision disjoint. On the
other hand, composition in an extensive restriction category corresponds to matrix multipli-
cation, where the disjoint join plays the role of the sum (Cockett and Lack 2007, Proposition
2.13). So given maps f :A1 + . . . +An → B1 + . . . + Bm and g : B1 + . . . + Bm → C1 + . . . + Cp,
the matrix representation of their composite fg :A1 + . . . +An → C1 + . . . + Cp is given by:

(fg)i,k =
m⊔
j=1

fi,jgj,k fg =
⎡
⎣ m⊔

j=1
fi,jgj,k

⎤
⎦

1≤i≤n
1≤k≤p

(11)

Note that this is well defined since for each i and k, {fi,jgj,k|1≤ j≤m} are decision disjoint with
separating decision:

〈fi,1g1,k| . . . |fi,mgm,k〉 := 〈〈fi,1| . . . |fi,m〉(fi,1g1,k + . . . + fi,mgm,k)〉 (12)
Keen eyed readers may note that this formula is not exactly the same one given in Cockett and
Lack (2007, Proposition 2.13) where (fg)i,k is instead given by:

〈fi,1| . . . |fi,m〉 (fi,1g1,k + . . . + fi,mgm,k
) ∇ (13)

However, by [D.2] it follows that:
〈fi,1| . . . |fi,m〉 (fi,1g1,k + . . . + fi,mgm,k

) = 〈fi,1g1,k| . . . |fi,mgm,k〉
(
fi,1g1,k + . . . + fi,mgm,k

)
and thus the two formulas are the same.

With this matrix representation, decisions correspond precisely to row matrices of restriction
idempotents. So if d :A→A+ . . . +A is a decision, then it is a row matrix of the form:

d = [e1 . . . en]
where each ei :A→A is a restriction idempotent.

We conclude this section by showing that every finitely disjoint interference restriction cate-
gory embeds into an extensive restriction category via a matrix construction. This construction
is essentially the same as one given in Cockett and Manes (2009, Section 9), which was given for
the maximal interference relation ⊥0: here we slightly generalize the construction to be for an
arbitrary interference relation.

Definition 53. Let X be a finitely disjoint ⊥-restriction category. Define the extensive restriction
category MAT[(X,⊥)] as follows:

(i) The objects of MAT[(X,⊥)] are finite lists (A1, . . . ,An) of objects Ai of X, and including the
empty list ();

(ii) A map F : (A1, . . . ,An)→ (B1, . . . , Bn) in MAT[(X,⊥)] is a n×mmatrix:
[Fi,j]1≤i≤n

1≤j≤m

whose components are maps of type Fi,j :Ai → Bj and such that for each 1≤ i≤ n, each row
{Fi,1, . . . , Fi,m} is a ⊥-disjoint family, that is, Fi,j ⊥ Fi,j′ for all 1≤ i≤ n and 1≤ j, j′ ≤m.

(iii) The identity is the diagonal matrix
1(A1,...,An) =Diag[1A1 , . . . , 1An]

that is, 1(A1,...,An)i,j = 0 if i �= j and 1(A1,...,An)i,i = 1Ai ;
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(iv) Composition of F : (A1, . . . ,An)→ (B1, . . . , Bn) and G : (B1, . . . , Bn)→ (C1, . . . , Cp) is
defined as:

FG=
⎡
⎣ m⊔

j=1
Fi,jGj,k

⎤
⎦

1≤i≤n
1≤k≤p

: (A1, . . . ,An)→ (C1, . . . , Cp)

(v) The restriction of F : (A1, . . . ,An)→ (B1, . . . , Bm) is defined as the diagonal matrix:

F =Diag

⎡
⎣ m⊔

j=1
F1,j, . . . ,

m⊔
j=1

Fn,j

⎤
⎦ : (A1, . . . ,An)→ (A1, . . . ,An)

that is, Fi,j = 0 if i �= j and Fi,i =
m⊔
j=1

Fi,j;

(vi) The (binary) restriction coproduct is given by the concatenation of lists,(
A(1,1), . . . ,A(1,n1)

) + . . . + (
A(m,1), . . . ,A(m,nm)

)
= (

A(1,1), . . . ,A(1,n1), . . . ,A(m,1), . . . ,A(m,nm)
)

and where the injections:
Ij : (A(j,1), . . . ,A(j,nj))→ (A(1,1), . . . ,A(1,n1))+ . . . + (A(m,1), . . . ,A(m,nm))

is defined as Iji,k = 0 if k �= i+ j and Iji,i+j = 1A(j,i) ;
(vii) The restriction zero maps 0 : (A1, . . . ,An)→ (B1, . . . , Bm) are matrices with all zero compo-

nents, 0i,j = 0, and where the zero object is the empty list ().

Since we want to give an embedding, we also need to explain what we mean by a functor
between (finitely) disjoint interference restriction categories. If X and Y are (finitely) disjoint
⊥-interference restriction categories, then a (finitely) disjoint⊥-interference restriction functor
is a ⊥-restriction functor F : (X,⊥)→ (Y,⊥) which preserves the (finite) ⊥-joins, F (

⊔
i∈I

fi)=⊔
i∈I

F (fi).

Proposition 54. For a finitely disjoint ⊥-restriction category X, MAT[(X,⊥)] is an extensive
restriction category, and furthermore:

(i) All finite ⊥d-joins are strong, so MAT[(X,⊥)] is also a finitely disjoint ⊥d-restriction category.
(ii) F ⊥d G if and only if Fi,j ⊥Gi,k for all i, j and k.

(iii) If {F1, . . . , Fn} are pairwise ⊥d-disjoint parallel n×m matrices, then
n⊔

k=1
Fk =[

n⊔
k=1

Fki,j

]
1≤i≤n
1≤j≤m

.

Furthermore, I :X→MAT[(X,⊥)], defined on objects as I (A)= (A) and on maps I (f )=
[I (f )1,1]= [f ] (that is, I (f ) is a 1× 1 whose only coefficient is I (f )1,1 = f ), is a finitely disjoint
⊥-restriction functor.

Proof. Let us first explain why this construction is well defined. Clearly, a row in either an iden-
tity matrix or an injection matrix is indeed ⊥-disjoint by Lemma 7(i), which gives us 1⊥ 0
and 0⊥ 0. Now given two composable matrices (omitting bounds for readability) F = [Fi,j] and
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40 R. Cockett and J.-S.P. Lemay

G= [Gj,k], since Fi,j ⊥ Fi,j′ , by [⊥.4]we get that Fi,jGj,k ⊥ Fi,j′Gj′,k. Then applying [�.4], we get that
m⊔
j=1

Fi,jGj,k ⊥
m⊔
j=1

Fi,jGj,k′ , and so a row of FG is ⊥-disjoint. Then by same arguments as in proofs

of Cockett and Manes (2009, Propositions 9.6 and 9.9), we get that MAT[(X,⊥)] is a coCartesian
restriction category with restriction zeroes.

Next we need to explain why MAT[(X,⊥)] is also extensive. However by Cockett
and Lack (2007, Proposition 2.18), it suffices to show that we have binary decisions.
So for a matrix F : (A1, . . . ,An)→ (B1, . . . , Bm)+ (C1, . . . , Cp), define 〈F〉 : (A1, . . . ,An)→
(A1, . . . ,An)+ (A1, . . . ,An) as the matrix 〈F〉i,j = 0 for j �= i or i+ n, 〈F〉i,i =

m⊔
k=1

Fi,k, and

〈F〉i,i+n =
p⊔

k′=1
Fi,m+k′ . This is well defined since each row of F is a family ⊥-disjoint maps,

and so by [⊥.5], we get that {Fi,1, . . . , Fi,m} and {Fi,m+1, . . . , Fi,m+p} are also families of paral-

lel ⊥-disjoint maps, so we may their ⊥-joins. Moreover, by [�.4] we also get that
m⊔
k=1

Fi,k ⊥
p⊔

k′=1
Fi,m+k′ , and therefore it follows that each row of 〈F〉 is also ⊥-disjoint. Thus 〈F〉 is indeed

a map in MAT[(X,⊥)]. Next we show that this is a decision for F.

[D.1] First note that ∇ : (A1, . . . ,An)+ (A1, . . . ,An)→ (A1, . . . ,An) is given by ∇i,j = 0 if
j �= i or n+ i, and ∇i,i = 1Ai and ∇i,n+i = 1Ai . Then it straightforward to compute that

(〈F〉∇)i,j = 0 if i �= j and (〈F〉∇)i,i =
m⊔
k=1

Fi,k �
p⊔

k′=1
Fi,m+k′ =

m+p⊔
k=1

Fi,k = Fi,i. So we get that

〈F〉∇ = F.
[D.2] Abusing notation slightly, since F is matrix, we may already write F as a block matrix

F = [F1 F2] where F1 : (A1, . . . ,An)→ (B1, . . . , Bm) is an n×mmatrix given by F1i,j = Fi,j,
and F2 : (A1, . . . ,An)→ (C1, . . . , Cp) is an n× pmatrix given by F2i,j = Fi,m+j. Then it fol-
lows that 〈F〉i,i = F1i,i and 〈F〉i,n+i = F2i,i. As such, 〈F〉 can be given as the block matrix
〈F〉 = [F1 F2]. Moreover, we also get that F1F = [F1 0] and F2F = [0 F2]. Similarly, we may
also write F + F as the block matrix F + F = [ F 0

0 F
]
. Then by matrix multiplication, we get

that:

〈F〉(F + F)= [F1 F2]

⎡
⎣F 0
0 F

⎤
⎦ = [[F1 0] [0 F2]]

On the other hand, similarly we may write ι1 + ι2 =
[

ι1 0
0 ι2

]
, and also that F1ι1 = [F1 0] and

F2ι2 = [0 F2]. As such, we get that:

F(ι1 + ι2)= [F1 F2]

⎡
⎣ι1 0
0 ι2

⎤
⎦ = [[F1 0] [0 F2]]

So get that 〈F〉(F + F)= F(ι1 + ι2).

Thus 〈F〉 is indeed the decision of F, which allows us to conclude thatMAT[(X,⊥)] is an extensive
restriction category.

Since we have an extensive restriction category, by Theorem 8 we get that MAT[(X,⊥)] is a
⊥d-restriction category with all binary ⊥d-joins. We now show that these binary ⊥d-joins are in
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fact strong. To do so, let us first work out the binary ⊥d-joins, for which we need to consider the
separating decision. So let us now prove (ii).

So suppose that F ⊥d G, then there is a separating decision 〈F|G〉. Since 〈F|G〉 is a separat-
ing decision, we get that 〈F|G〉i,i = Fi,i and 〈F|G〉i,n+i =Gi,i. However, since each row of 〈F|G〉 is
⊥-disjoint, we get that Fi,i ⊥Gi,i. Then by definition of Fi,i and Gi,i, from Lemma 12(iv), it fol-
lows that Fi,j ⊥Gi,k, and then by Lemma 4 we get Fi,j ⊥Gi,k. Conversely, if Fi,j ⊥Gi,k for all i, j and
k, then we can build the separating decision 〈F|G〉 as 〈F|G〉i,j if j �= i or n+ i and 〈F|G〉i,i = Fi,i
and 〈F|G〉i,n+i =Gi,i. By similarly arguments as above, it follows that 〈F|G〉 is a separating deci-
sion, so F ⊥d G. Moreover, it may be worth noting that as a block matrix, we get 〈F|G〉 = [F G].
Now suppose that F and G are parallel ⊥d-disjoint maps. Then since Fi,j ⊥Gi,j for all i and
j, we can take their ⊥-join Fi,j �Gi,j. Then using (8), F �G= 〈F|G〉(F +G)∇ , or by the using
the same arguments as in the proof of Cockett and Manes (2009, Proposition 9.9), we get that
(F �G)i,j = Fi,j �Gi,j. Now also suppose that H ⊥d F and G⊥d F, which implies that Hi,j ⊥ Fi,j
and Hi,j ⊥Gi,j. Then by [�.4], we get that Hi,j ⊥ Fi,j �Gi,j, so therefore by (ii) we have that
H ⊥d F �G. Thus binary ⊥d-joins strong in MAT[(X,⊥)], and so by Lemma 14, MAT[(X,⊥)] is a

finitely disjoint ⊥d-restriction category. Moreover, it then follows that
n⊔

k=1
Fk =

[
n⊔

k=1
Fki,j

]
1≤i≤n
1≤j≤m

as desired.
Lastly, by the same arguments as in the proof of Cockett and Manes (2009, Proposition 9.10),

we also get that I preserve the disjoint interference restriction structure.

If we apply this to the maximal interference relation ⊥0, we get precisely the matrix construc-
tion fromCockett andManes (2009, Section 9).Moreover, by Corollary 52, we get that the induced
interference relation on the matrix construction is precisely the maximal one as well.

Corollary 55. Let X be a restriction category with restriction zeroes. Then MAT
[
(X,⊥0)

]
is an

extensive restriction category and moreover its separating decision ⊥d coincides with ⊥0.

Lastly, we also note that if the base category has all disjoint joins, then so does the matrix
category.

Lemma 56. For a disjoint ⊥-restriction category X, MAT[(X,⊥)] is a disjoint ⊥d-category,
where if {Fk| k ∈K} is a family of pairwise ⊥d-disjoint parallel n×m matrices, then

⊔
k∈I

Fk =[⊔
k∈K

Fki,j

]
1≤i≤n
1≤j≤m

.

Proof. This follows by a similar arguments to the finite disjoint join case above.

10. Iteration and Trace
In this section, we show that for an extensive restriction category to give a trace operator is equiv-
alent to giving a Kleene wand, which is one of the main results of this paper. We begin by first
reviewing trace operators on coproducts, and how to give a trace operator is equivalent to giving a
parametrized iteration operator. This perspective will be very useful since, as we will see below, for
an extensive restriction category, a parametrized iteration operator is essentially a Kleene wand.

Briefly recall that a traced symmetric monoidal category is a symmetric3 monoidal category
with monoidal product with a trace operator. Since every category with finite coproducts is a
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42 R. Cockett and J.-S.P. Lemay

symmetric monoidal category (Selinger 2010, Section 6.2), where the monoidal product is the
coproduct and the monoidal unit is the initial object, one can indeed consider a trace operator
for coproducts. As such, the following definition below of a trace operator is the same as for a
symmetric monoidal category, but where we have already specified our monoidal structure to be
that given by coproducts. There are many equivalent lists of axioms for a trace operator on sym-
metric monoidal category. Here, we will use the (strict version) of the one presented in Hasegawa
and Lemay (2023, Definition 2.2). For other equivalent axiomatizations of the trace operator, see
for example Haghverdi and Scott (2010a, Definition 4.1) or Hasegawa (1997, Definition 2.1) or
Hasegawa (2009, Section 3). For a more in-depth introduction to traced symmetric monoidal cat-
egories, including their graphical calculus, we invite the reader to see Abramsky et al. (2002),
Haghverdi (2000), Haghverdi and Scott (2010a), Hasegawa (1997, 2004, 2009), Hasegawa and
Lemay (2023), Selinger (2010), and Joyal et al. (1996).

Definition 57. A traced coCartesian monoidal category (Selinger 2010, Section 6.4) is a category
X with finite coproducts which comes equipped with a trace operator Tr (Hasegawa and Lemay
2023, Definition 2.2) which is a family of operators (indexed by triples of objects X,A, B ∈X):

TrXA,B :X(X +A, X + B)→X(A, B)
f : X +A→ X + B
TrXA,B(f ) :A→ B

such that the following axioms hold:

[Tightening]: For every map f : X +A→ X + B, g :A′ →A, and h : B→ B′ the following equality
holds:

TrXA′,B′((1X + g)f (1X + h))= gTrXA,B(f )h (14)

[Sliding]: For every map f : X +A→ X′ + B and k : X′ → X, the following equality holds:

TrXA,B(f (k+ 1B))= TrX
′

A,B((k+ 1A)f ) (15)

[Vanishing]: For every map f : X + Y +A→ X + Y + B, the following equality holds:

TrX+Y
A,B (f )= TrYA,B

(
TrXY+A,Y+B(f )

)
(16)

[Superposing]: For every map f : X +A→ X + B and every map g : C →D the following equality
holds:

TrXA+C,B+D(f + g)= TrXA,B(f )+ g (17)

[Yanking]: For every object X, the following equality holds:
TrXX,X(σ )= 1X (18)

where recall that σ : X + X → X + X is the canonical symmetry isomorphism for the coproduct.

For a map f : X +A→ X + B, the map TrXA,B(f ) :A→ B is called the trace of f .

In Abramsky (1996), Abramsky referred to trace operators on coproducts as “particle style
traces,” as the trace can intuitively be interpreted by streams of particles or tokens flowing around
a network – see also Abramsky et al. (2002, Section 1.1) and Haghverdi and Scott (2010a, Section
4.1) for more explination about this intuition. Another desirable property one might ask of the
trace operator is that it be uniform.
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Definition 58. For a traced coCartesian monoidal category X, its trace operator Tr is said to be
uniform (Hasegawa 2004, Definition 2.2) if the following holds:

[Uniform]: For all f : X +A→ X + B, f ′ : Y +A→ Y + B, and h : X → Y such that f (h+ 1B)=
(h+ 1A)f ′, then TrXA,B(f )= TrYA,B(f ′).

As explained by Selinger in Selinger (1999, Section 3.2), uniformity is a proof principle for
showing that two traces are equal. We note that often times uniformity is only with respect to
a certain subclass of maps, called strict maps (Hasegawa 2004, Definition 2.1). However in this
paper, we consider uniformity to hold for all maps, or in other words, that all maps are strict.

As mentioned above, trace operators on coproducts admit an alternative characterization via
another kind of operator. Indeed, consider a map of type f : X +A→ X + B. By the couniversal
property of the coproduct, this is actually a copairing of maps f1 : X → X + B and f2 :A→ X + B,
so f =

[
f1
f2

]
. Using [Tightening] and [Sliding], it turns out that the following equality holds:

TrXA,B(f )= f2

⎡
⎣TrXX,B(∇f1)

1B

⎤
⎦

where note that TrXX,B(∇f1) : X → B. Therefore, we see that the traced out part of a map of type
X +A→ X + B is essentially determined by its X → X + B component. As such, this gives rise to
an operator which takes in a map of type X → X + B and produces a map of type X → B, called a
parametrized iteration operation.

Definition 59. For a category X with finite coproducts, a parametrized iteration operator Iter
(Selinger 2010, Proposition 6.8) is a family of operators (indexed by pairs of objects X,A ∈X):

IterXA :X(X, X +A)→X(X,A)
f : X → X +A
IterXA(f ) : X →A

such that the following axioms hold:

[Parametrized Iteration] For every map f : X → X +A, the following equality holds:

f

⎡
⎣IterXA(f )

1A

⎤
⎦ = IterXA(f ) (19)

[Naturality] For every map f : X → X +A′ and every map h :A′ →A, the following equality holds:

IterXA(f (1X + h))= IterXA′(f )h (20)

[Dinaturality] For every map f : X′ → X +A and every map k : X → X′, the following equality
holds:

IterXA(kf )= kIterX
′

A (f (k+ 1A)) (21)

[Diagonal Property] For every map f : X → X + X +A the following equality holds:

IterXA
(
IterXX+A(f )

) = IterXA(f (∇X + 1A)) (22)

For a map f : X → X +A, the map IterXA(f ) : X →A is called the iteration of f .
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44 R. Cockett and J.-S.P. Lemay

As the name suggests, a parametrized iteration operator can intuitively be interpreted as iterat-
ing the map f : X → X +A if it continues to land in X and only stopping when it lands in A. This
intuition is best captured by our main example of partial functions given below. As with trace
operators, a desirable property for a parametrized iteration operator is to be uniform.

Definition 60. For a category X with finite coproducts, a parametrized iteration operator Iter is
said to be uniform (Hasegawa 2004, Section 4.3) if the following holds:

[Uniform]: For all f : X → X +A, f ′ : Y → Y +A, and h : X → Y such that f (h+ 1A)= hf ′, then
IterXA(f )= hIterYA(f ′).

We now review how having a trace operator is equivalent to having a parametrized iteration
operator and, in particular, how to build one from the other.

Proposition 61. (Selinger 2010, Proposition 6.8) For a category with finite coproducts, there is a
bijective correspondence between (uniform) trace operators and (uniform) parametrized iteration
operators. Explicitly:

(i) Let Iter be a (uniform) parametrized iteration operator, then, for a map f : X +A→ X + B,
define its trace TrXA,B(f ) :A→ B as

TrXA,B(f ) := ι2f

⎡
⎣IterXB (ι1f )

1B

⎤
⎦ (23)

then Tr is a (uniform) trace operator.
(ii) Let Tr be a (uniform) trace operator, then, for a map f : X → X + B, define its iteration

IterXB (f ) : X → B as

IterXB (f ) := TrXX,B

⎛
⎜⎝

⎡
⎣f
f

⎤
⎦
⎞
⎟⎠ = TrXX,B

(∇Xf
)

(24)

then Iter is a (uniform) parametrized iteration operator.

Furthermore, these constructions are inverses of each other. In other words, a coCartesian traced
monoidal category is precisely a category finite coproducts equipped with a parametrized iteration
operator.

Our main example of a coCartesian traced monoidal category is the category of sets and partial
functions. Other examples of coCartesian traced monoidal categories can be found in Haghverdi
and Scott (2010a, Example 4.6). In particular, every partially additive category is a coCartesian
traced monoidal category (Haghverdi 2000, Proposition 3.1.4).

Example 10.1. PAR is a traced coCartesian monoidal category where the trace operator and
parametrized iteration operator are induced by the natural feedback operator. So for a partial
function f : X → X � Y , its iteration IterXY (f ) : X → Y is the partial function defined as follows:

IterXY (f )(x)=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
y if f (x)= (y, 2)
y if ∃ n ∈N, n≥ 1 ∃ x0, x1, . . . , xn ∈ X s.t. f (x)= (x0, 1)

and f (x0)= (x1, 1) and . . . and f (xn)= (y, 2)
↑ otherwise
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For a partial function g : X � Y → X � Z, its trace TrXY ,Z(g) : Y → Z is the partial function defined
as follows:

TrXY ,Z(g)(y)=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
z if g(y, 2)= (z, 2)
z if ∃ n ∈N, n≥ 1 ∃ x0, x1, . . . , xn ∈ X s.t. g(y, 2)= (x0, 1)

and g(x0, 1)= (x1, 1) and . . . and g(xn, 1)= (z, 2)
↑ otherwise

Furthermore, Iter and Tr are uniform.

Since restriction coproducts are actual coproducts, one can consider trace operators and
parametrized iteration operators for restriction coproducts. In particular, we are interested in
these operators for extensive restriction categories.

Definition 62. A traced extensive restriction category is an extensive restriction category equipped
with a trace operator or equivalently a parametrized iteration operator.

Our objective is to show that for an extensive restriction category, to give a parametrized iter-
ation operator is equivalent to giving a Kleene wand. To do so, let us first revisit the axioms of
a parametrized iteration operator using the matrix calculus for extensive restriction categories.
So suppose we are in a traced extensive restriction category with parametrized iteration operator
Iter. First observe that in an extensive restriction category, to give a map of type f : X → X +A
is equivalent to giving maps f1 : X → X and f2 : X →A such that f1 ⊥d f2, since f is in fact a 1× 2
matrix f = [f1 f2]. So the parametrized iteration operator is really acting on an endomorphism
and a map with the same domain that are ⊥d-disjoint maps. So we may write

f : X → X g : X →A f ⊥d g
IterXA([f1 f2]) : X →A

So we see that a parametrized iteration operator and a Kleene wand are operators with the same
inputs and outputs. This is our first hint that in this setting, a parametrized iteration operator and
a Kleene wand are in fact the same thing. It is important to note that in Cockett et al. (2012a,
Section 4), they were working in a distributive extensive restriction category with joins, which
by Corollary 52 implies that ⊥0=⊥d. The objective here however is to show that we still get the
desired correspondence for arbitrary extensive restriction categories when taking Kleene wands
on ⊥d instead (since in an arbitrary extensive restriction category, ⊥d may not equal ⊥0).

Now let us consider re-expressing the axioms of a parametrized iteration operator using
the matrix calculus. To avoid heavy notation, let us introduce the following notation for our
parametrized iteration operator:

IterXA([f1 f2])= [f1| f2] (25)

Now starting with [Parametrized Iteration], first note that by using matrix multiplication we
have that:

[f1 f2]

⎡
⎣[f1| f2]

1A

⎤
⎦ = f1[f1| f2] � f2

Thus, we may re-express the iteration axiom as follows (where we slightly modify the above
equality using commutativity of �):
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[Parametrized Iteration] For everymap f1 : X → X and f2 : X →A such that f1 ⊥ f2, the following
equality holds:

f2 � f1[f1| f2]= [f1| f2] (26)
Next, for [Naturality] and [Dinaturality], first note that 1X + h : X +A′ → X +A and k+ 1A :
X +A→ X′ +A are respectively the following diagonal square matrices:

1X + h=
⎡
⎣1X 0

0 h

⎤
⎦ k+ 1A =

⎡
⎣k 0
0 1A

⎤
⎦

Moreover, by matrix multiplication, it is easy to compute that we have the following equalities:

[f1 f2]

⎡
⎣1X 0

0 h

⎤
⎦ = [f1 f2h] k[f1 f2]= [kf1 kf2] [f1 f2]

⎡
⎣k 0
0 1A

⎤
⎦ = [f1k f2]

Thus, we may re-express the naturality and dinaturality axioms as follows:

[Naturality] For every map f1 : X → X and f2 : X →A′ such that f1 ⊥ f2, and every map h :A′ →
A, the following equality holds:

[f1| f2h]= [f1| f2]h (27)
[Dinaturality] For every map f1 : X′ → X and f2 : X′ →A such that f1 ⊥ f2, and every map
k : X → X′, the following equality holds:

[kf1| kf2]= k[f1k | f2] (28)
Then for the last axiom [Diagonal Property], first note that a map f : X → X + X +A is equiva-
lently given by three maps {f1 : X → X, f2 : X → X, f3 : X →A} which are decision disjoint. So f is
in fact a 1× 3 row matrix, f = [f1 f2 f3]. Next observe that ∇X + 1A is the 3× 2 matrix:

∇X + 1A =

⎡
⎢⎢⎢⎣
1X 0
1X 0
0 1A

⎤
⎥⎥⎥⎦

and so we get that:

[f1 f2 f3]

⎡
⎢⎢⎢⎣
1X 0
1X 0
0 1A

⎤
⎥⎥⎥⎦ = [f1 � f2 f3]

Next note that [f1 f2 f3]= [f1 [f2 f3]]. So we may take its iteration, which we denote by
[f1| f2 f3] := [f1|[f2 f3]] : X → X +A. Note that [f1| f2 f3] is a 1× 2 row matrix and thus fully
determined by post-composing it with the quasi-projections ι◦1 and ι◦2. Then by [Naturality], it
follows that [f1|[f2 f3]]ι◦1 = [f1| f2], and similarly [f1|[f2 f3]]ι◦2 = [f1| f3]. Therefore, we have that:

[f1|[f2 f3]]= [[f1| f2][f1| f3]] (29)
So we may re-express the diagonal axiom as follows:

[Diagonal Property] For every {f1 : X → X, f2 : X → X, f3 : X →A} which are decision disjoint,
the following equality holds:

|[f1| f]]= [f1 � f2| f3] (30)
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We can also re-express uniformity as follows:

[Uniform] For every map f1 : X → X and f2 : X →A such that f1 ⊥d f2, and f ′1 : Y → Y and
f ′2 : Y →A such that f ′1 ⊥ f ′2, and h : X → Y such that hf ′1 = f1h and f2 = hf ′2, then the following
equality holds:

[f1| f2]= h[f ′1| f ′2] (31)

To summarize, we have that:

Lemma 63. For an extensive restriction category, Iter is a (uniform) parametrized iteration operator
if and only if Iter satisfies (26)–(28), and (30) (and (31)).

Now let us consider the induced trace operator. A map f : X +A→ X + B is in fact a 2× 2
square matrix f =

[
f1 f2
f3 f4

]
, where f1 : X → X, f2 : X → B, f3 :A→ X, and f4 :A→ B such that f1 ⊥d

f2 and f3 ⊥d f4. As such, our induced trace operator Tr acts on 2× 2 square matrices. Inspired by
our notation for our parametrized iteration operator, we use the following notation to denote our
traces:

TrXA,B

⎛
⎜⎝

⎡
⎣f1 f2
f3 f4

⎤
⎦
⎞
⎟⎠ =

⎡
⎣ f1 f2
f3 f4

⎤
⎦ (32)

Now note that we have that ι1f = [f1 f2] and ι2f = [f3 f4]. Therefore, the trace is given as follows:⎡
⎣ f1 f2
f3 f4

⎤
⎦ = f4 � f3[f1| f2] (33)

and the trace axioms can be re-expressed in terms of square matrices as follows:

[Tightening]: ⎡
⎣ f1 f2h
gf3 gf4h

⎤
⎦ = g

⎡
⎣ f1 f2
f3 f4

⎤
⎦ h (34)

[Sliding]: ⎡
⎣ f1k f2
f3k f4

⎤
⎦ =

⎡
⎣ kf1 kf2

f3 f4

⎤
⎦ (35)

[Vanishing]:

⎡
⎢⎢⎢⎣
f1 f2 f3
f4 f5 f6
f7 f8 f9

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎣ f1 f2
f4 f5

⎤
⎦

⎡
⎣ f1 f3
f4 f6

⎤
⎦

⎡
⎣ f1 f2
f7 f8

⎤
⎦

⎡
⎣ f1 f3
f7 f9

⎤
⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(36)
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[Superposing]: ⎡
⎢⎢⎢⎣
f1 f2 0
f3 f4 0
0 0 g

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
⎡
⎣ f1 f2
f3 f4

⎤
⎦ 0

0 g

⎤
⎥⎥⎥⎦ (37)

[Yanking]: ⎡
⎣ 0 1X
1X 0

⎤
⎦ = 1X (38)

[Uniform]: ⎡
⎣f1h f2
f3h f4

⎤
⎦ =

⎡
⎣hf ′1 hf ′2
f ′3 f ′4

⎤
⎦ =⇒

⎡
⎣ f1 f2
f3 f4

⎤
⎦ =

⎡
⎣ f ′1 f ′2
f ′3 f ′4

⎤
⎦ (39)

On the other hand, we can recapture the parametrized iteration operator from the trace as
follows:

[f1| f2]=
⎡
⎣ f1 f2
f1 f2

⎤
⎦ (40)

We are now finally ready to show the equivalence between parametrized iteration operators and
Kleene wands. We begin by showing how a Kleene wand gives a parametrized iteration operator,
and thus also a trace operator.

Proposition 64. Let X be an extensive restriction category which comes equipped with a Kleene
wand �| for ⊥d – that is, (X, �|) is a ⊥d-itegory – then X has a parametrized iteration operator Iter
defined as follows on a map f = [f1 f2] : X → X +A:

[f1| f2]= f1 �| f2 (41)

and the induced trace operator Tr is defined as follows on a map g =
⎡
⎣g1 g2
g3 g4

⎤
⎦ : X +A→ X + B:

⎡
⎣ g1 g2
g3 g4

⎤
⎦ = g4 � g3(g1 �| g2) (42)

SoX is a traced extensive restriction category. Moreover, if �| is uniform, then Iter and Tr are uniform.

Proof. First note that our parametrized iteration operator is indeed well-defined since given a
map f : X → X +A, there are unique maps f1 : X → X and f2 : X →A with f1 ⊥d f2 such that
f = [f1 f2]. So f1 �| f2 is indeed well defined. We now show that Iter satisfies the four axioms of
a parametrized iteration operator. By Lemma 63, we can prove their equivalent versions in an
extensive restriction category.

[Parametrized Iteration] Using [�| .1], we compute that:
f2 � f1[f1| f2]= f2 � f1

(
f1 �| f2

) = f1 �| f2 = [f1| f2]
[Naturality] Using [�| .2], we compute that:

[f1| f2h]= f1 �| f2h= (f1 �| f2)h= [f1| f2]h
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[Dinaturality] Using [�| .3], we compute that:
[kf1|kf2]= kf1 �| kf2 = k(f1k �| f2)= k[f1k| f2]

[Diagonal Property] Using [�| .4], we compute that:
[f1 � f2| f3]= (f1 � f2) �| f3 = (f1 �| f2) �| (f1 �| f3)= [f1 �| f2| f1 �| f3]= [[f1| f2]|[f1| f3]]

Thus, Iter is a parametrized iteration operator as desired. Moreover, from (33), we get that (42)
is indeed the formula for the induced trace operator Tr. Lastly, suppose that �| is also uniform.
Then we show that Iter is also uniform:

[Uniform] Suppose that f1 ⊥d f2 and f ′1 ⊥d f ′2, and that we have a map h such that hf ′1 = f1h and
f2 = hf ′2. Since �| is uniform, we get that h(f ′1 �| f ′2)= f1 �| f2, or in other words, h[f ′1| f ′2]= [f1| f2].

Since Iter is uniform, we also get that Tr is uniform.

Conversely, we now show how a parametrized iteration operator gives a Kleene wand.

Proposition 65. Let X be a traced extensive restriction category with parametrized iteration oper-
ator, Iter, and an induced trace operator Tr, then (X, �|) is a ⊥d-itegory, where the Kleene wand �| is
defined for ⊥d-disjoint maps f : X → X and g : X →A as follows:

f �| g := [f |g]=
⎡
⎣ f g
f g

⎤
⎦ (43)

Thus, (X, �|) is a ⊥d-itegory. Moreover, if Iter is uniform, then �| is uniform.

Proof. Since f ⊥d g, we can indeed build the 1× 2 matrix [f g] : X → X +A. So we can take its
iteration, and therefore our proposed Kleene wand is well defined. We now need to prove the four
axioms of a Kleene wand.

[�| .1] Here we use [Parametrized Iteration] to compute that:
g � f (f �| g)= g � f [f |g]= [f |g]= f �| g

[�| .2] Here we use [Naturality] to compute that:(
f �| g) h= [f |g]h= [f |gh]= f �| gh

[�| .3] Here we use [Dinaturality] to compute that:
hf �| hg = [hf |hg]= h[hf |g]= h

(
fh �| g)

[�| .4] If f � f ′ ⊥d g, we will first show that {f , f ′, g} are decision disjoint. So define 〈f |f ′|g〉 = 〈f �
f ′|g〉(〈f |f ′〉 + 1X). To show that this is the separating decision of {f , f ′, g}, by Lemma 48(i),

we need to show that is the restriction inverse of

[
f
f ′
g

]
. However, recall that by Lemma 46(i),

〈f � f ′|g〉 is the restriction inverse of
[
f�f ′
g

]
and 〈f |f ′〉 is the restriction inverse of

[
f
f ′

]
. So by

construction, 〈f |f ′|g〉 is the restriction inverse of

⎛
⎜⎝

⎡
⎣ f
f ′

⎤
⎦ + 1X

⎞
⎟⎠ [

f�f ′
g

]
, since it is the com-

position and coproduct of restriction isomorphisms. However observe that by [R.3] and

Lemma 12(i), we get that
[

f
f ′

]
f � f ′ =

[
f
f ′

]
. Then we have that

⎛
⎜⎝

⎡
⎣ f
f ′

⎤
⎦ + 1X

⎞
⎟⎠

⎡
⎣f � f ′

g

⎤
⎦ =
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[
f
f ′
g

]
. So 〈f |f ′|g〉 is the restriction inverse of

[
f
f ′
g

]
, and therefore is also the separating

decision which make {f , f ′, g} decision disjoint. Since {f , f ′, g} are decision disjoint, we can
build the row matrix [f f ′ g]. We first need to explain why f �| g and f �| f ′ are ⊥d-disjoint.
However note that from (29), we get that [f |g]⊥d [f | f ′], or in other words, f �| g ⊥d f �| f ′ as
desired. Finally, using [Diagonal Property], we compute that:

(f � f ′) �| g = [f � f ′|g]= [[f | f ′]|[f |g]]= [f �| f ′| f �| g]= (f �| f ′) �| (f �| g)
So we conclude that �| is a Kleene wand. Now suppose that Iter is also uniform. Given f ⊥d g and
f ′ ⊥d g′, and a map h such that hg′ = g and hf ′ = fh, then h

(
f ′ �| g′) = f �| g. Then by [Uniform],

we get that f �| g = [f |g]= h[f ′|g′]= h(f ′ �| g′). So �| is also uniform, as desired.

It is immediate that the constructions in Propositions 64 and 65 are inverses of each other.
Thus, we obtain the main result of this paper:

Theorem. For an extensive restriction category, there is a bijective correspondence between
parametrized iteration operators (equivalently trace operators) and Kleene wands for⊥d. Therefore,
a traced extensive restriction category is equivalently an extensive restriction category which is an
itegory with respect to ⊥d.

In the case that we have infinite disjoint joins, we can use the canonical inductive Kleene wand
to get a parametrized iteration operator and trace operator.

Proposition 66. Let X be an extensive restriction category which is also a disjoint ⊥d-restriction
category, then X is a traced extensive restriction category with parametrized iteration operator Iter
and trace operator Tr defined respectively as follows:

[f1| f2]=
∞⊔
n=0

f n1 f2

⎡
⎣ g1 g2
g3 g4

⎤
⎦ = g4 �

∞⊔
n=0

g3gn1 g2 (44)

Moreover, Iter and Tr are uniform.

Proof. These are the induced parametrized iteration operator and trace operator from the Kleene
wand from Theorem 6. Since this an inductive Kleene wand, it is uniform, and therefore the
parametrized iteration operator and trace operator are both uniform as well.

Moreover, we also note that it is not difficult to see that an extensive restriction category which
is also a disjoint ⊥d-restriction category is in fact a partially additive category where the partial
sum operation � is given by the ⊥d-joins

⊔
. Moreover in this case, the canonical trace formula

for a partially additive category as in Haghverdi (2000, Proposition 3.1.4) is precisely the one given
in (44) above.

We can also consider the classical setting, where we can use the Kleene upper-star to express
the parametrized iteration operator and trace operator.

Proposition 67. Let X be an extensive restriction category which is also a classical ⊥d-restriction
category equipped with a Kleene upper-star �, then X is a traced extensive restriction category with
a parametrized iteration operator Iter and trace operator Tr defined respectively by:

[f1| f2]= f �1 f2

⎡
⎣ g1 g2
g3 g4

⎤
⎦ = g4 � g3g�

1g2 (45)
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Proof. These are the induced parametrized iteration operator and trace operator from the induced
Kleene wand from a Kleene upper-star as given in Proposition 38.

Either of these above formulas recapture the canonical trace and iteration of partial functions.

Example 10.2. For PAR, the parametrized iteration operator and trace operator given in Example
10.1 are precisely the ones obtain from the Kleene wand in Example 6.1. Moreover, they are also
given by the formulas in (44) and (45).

We conclude by explaining how applying the matrix construction to an itegory gives a traced
extensive restriction category. Once one has matrices, it is much easier to use the trace operator
rather than the Kleene wand or the parametrized iteration operator. To understand the formula
for the trace in the matrix construction, we first need to understand what the trace of an n+m×
n+ pmatrix is in a traced extensive restriction category. This amounts to understanding the trace
formulas for matrices of size 1+m× 1+ p and n+ 1× n+ 1, respectively. We will explain how
in either case, it reduces to computing traces of 2× 2 matrices.

So let us start with a map F : X +A1 + . . . +Am → X + B1 + . . . + Bp, which is an 1+m×
1+ p matrix F = [Fi,j]1≤i≤1+m

1≤j≤1+p
, where F1,1 : X → X, F1,j+1 : X → Bj, and Fi+1,1 :Ak → X, and

Fi+1,j+1 :Ai → Bj. As a short hand let us denote �A=A1 + . . . +Am and �B= B1 + . . . + Bp. Then
its trace TrX�A,�B(F) :A1 + . . . +Am → B1 + . . . + Bp is a m× p matrix whose components are
given by ιiTrX�A,�B(F)ι

◦
j :Ai → Bj. However by [Tightening], we get that ιiTrX�A,�B(F)ι

◦
j = TrXAi,Bj

(
(1X +

ιi)F(1X + ι◦j )
)
. So expanding this out, we get that:

TrX�A,�B(F)i,j =
⎡
⎣ F1,1 F1,j+1

Fi+1,1 Fi+1,j+1

⎤
⎦

So as a matrix, the trace of F is written as:

TrX�A,�B(F)=

⎡
⎢⎢⎢⎢⎢⎢⎣

F1,1 F1,2 . . . F1,p+1

F2,1 F2,2 . . . F2,p+1
... . . .

. . .
...

Fm+1,1 Fm+1,2 . . . Fm+1,p+1

⎤
⎥⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎣F1,1 F1,2
F2,1 F2,2

⎤
⎦ . . .

⎡
⎣F1,1 F1,p+1

F2,1 F2,p+1

⎤
⎦

...
. . .

...⎡
⎣ F1,1 F1,2
Fm+1,1 Fm+1,p+1

⎤
⎦ . . .

⎡
⎣ f1,1 F1,p+1

Fm+1,1 Fm+1,p+1

⎤
⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(46)

So the trace of an 1+m× 1+ pmatrix is them× pmatrix whose components are traces of 2× 2
matrices. As such, computing the trace of an 1+m× 1+ pmatrix is reduced to computing traces
of 2× 2 matrices.

Another way to see this is to write our map X +A1 + . . . +Am → X + B1 + . . . + Bp as a
block matrix

[
f P
Q R

]
, where f : X → X is an endomorphism, P = [P1 . . . Pp] : X → B1 + . . . + Bp

is a 1× p row matrix, Q=
⎡
⎣ Q1

...
Qm

⎤
⎦ :A1 + . . . +Am → X a m× 1 column matrix, and R= [Ri,j] :

A1 + . . . +Am → B1 + . . . + Bp is anm× pmatrix. Then the traced matrix

⎡
⎣ f P
Q R

⎤
⎦ is given by:
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⎡
⎣ f P
Q R

⎤
⎦
i,j

=
⎡
⎣ f Pi
Qj Ri,j

⎤
⎦

⎡
⎣ f P
Q R

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎣ f P1
Q1 R1,1

⎤
⎦ . . .

⎡
⎣ f Pp
Q1 R(1, p)

⎤
⎦

...
. . .

...⎡
⎣ f P1
Qm R(m, 1)

⎤
⎦ . . .

⎡
⎣ f Pp
Qm R(m, p)

⎤
⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(47)

On the other hand, consider now a map of type X1 + . . . + Xn +A→ X1 + . . . + Xn + B,
which is a n+ 1× n+ 1 matrix. Then successive applications of [Vanishing] tells us that trac-
ing out X1 + . . . + Xn is done by first tracing out X1, then tracing out X2, and so on (in
fact [Yanking] also tells us that we can do it in any order). Then we may write down the
higher order [Vanishing] inductively on n as follows. Consider a map X1 + . . . + Xn+1 +A→
X1 + . . . + Xn+1 + B, which is an n+ 2× n+ 2 matrix, which we write down as a block matrix[

f T U
V S g
W h k

]
, where S : X2 + . . . + Xn+1 → X2 + . . . + Xn+1 is an n× nmatrix, T : X2 + . . . + Xn →

Xn+1 and U : X2 + . . . + Xn+1 → B are n× 1 column matrices, V : Xn+1 → X1 + . . . + Xn and
W :A→ X2 + . . . + Xn+1 are 1× n row matrices, and the rest are maps f : X1 → X1, g : X1 → B,
h :A→ X1, and k :A→ B. Then by [Vanishing], we have that:

⎡
⎢⎢⎢⎣

f T g
V S U
h W k

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎣ f T
V S

⎤
⎦

⎡
⎣ f g
V U

⎤
⎦

⎡
⎣ f T
h W

⎤
⎦

⎡
⎣ f g
h k

⎤
⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(48)

where on the left-hand side, the top left, top right, and bottom left inputs of the traced matrix
can be reduced further using (47) and applying [Vanishing] again. Thus, we see that the trace
of an n+ 1× n+ 1 matrix is given by taking the trace of 2× 2 matrices whose components are
themselves 2× 2matrices, and so on. So again we have that computing the trace of a n+ 1× n+ 1
reduces to computing the trace of 2× 2 matrices.

Finally, combining (47) and (48) together tells us that computing the trace of an n+m× n+ p
matrix can be reduced to computing traces of 2× 2 matrices. Therefore, for the matrix construc-
tion, it suffices to give a formula for 2× 2 matrices and then extend it to n+m× n+ p matrices
inductively using (47) and (48).

Proposition 68. Let X be a finitely disjoint ⊥-restriction category with a Kleene wand, so (X, �|) is
a⊥-itegory, thenMAT[(X,⊥)] is a traced extensive restriction category, where the trace operator, Tr,
is defined on a matrix4 F : (X,A)= (X)+ (A)→ (X)+ (B)= (X, B) as follows:

Tr(X)(A),(B)(F)=
⎡
⎣ f1,1 f1,2
f2,1 f2,2

⎤
⎦ = [f2,2 � f2,1(f1,1 �| f1,2)] (49)

which we then extend to matrices of type (X1, . . . , Xn)+ (A1, . . . ,Am)→ (X1, . . . , Xn)+
(B1, . . . , Bm) using (47) and (48). Furthermore, I :X→MAT[(X,⊥)] preserves the Kleene wands,
that is, I (f �| g)= I (f ) �| I (g).
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Proof. Proposition 64 tells us that the proposed formula for the trace operator satisfies all the
necessary axioms for 2× 2 matrices. It is then not difficult to see (though very tedious to write
down) that when extending to n+m× n+ p matrices using (47) and (48), the trace operator
axioms all hold by definition and reducing it to the 2× 2 case. Thus, we get that MAT[(X,⊥)] is
indeed a traced extensive restriction category. Then by Proposition 65, we get a Kleene wand on
MAT[(X,⊥)] which can be expressed using the trace as in (43). Then using [�| .1], we compute
that:

I (f ) �| I (g)=
⎡
⎣I (f ) I (g)

I (f ) I (g)

⎤
⎦ =

⎡
⎣ [f ] [g]
[f ] [g]

⎤
⎦ =

⎡
⎣ f g
f g

⎤
⎦ = [g � f (f �| g)]= [f �| g]= I (f �| g)

So I preserves the Kleene wand as desired.

If the base interference restriction category has infinite disjoint joins, then we can give more
explicit formulas for the Kleene wand and its induced uniform parametrized iteration operator
and uniform trace operator.

Corollary 69. Let X be a disjoint ⊥-restriction category, then MAT[(X,⊥)] is a traced exten-
sive restriction category with inductive Kleene wand given as in Theorem 6, and induced uniform
parametrized iteration operator and uniform trace operator defined as in Proposition 66.

Proof. By Lemma 56, MAT[(X,⊥)] is also a strongly completely disjoint interference restriction
category. Thus by Theorem 6, we get an inductive Kleene wand, whose induced parametrized
iteration operator and trace operator are given as in Proposition 66.

Taking a step back, we can first use the disjoint join construction and then apply the matrix
construction to get a traced extensive restriction category.

Corollary 70. LetX be a ⊥-restriction category, thenMAT[DJ[(X,⊥)]] is a traced extensive restric-
tion category with inductive Kleene wand given as in Theorem 6 and induced uniform parametrized
iteration operator and uniform trace operator defined as in Proposition 66.

Of course, we can simply start with any restriction category with restriction zeroes to build a
traced extensive restriction category.

Corollary 71. Let X be a restriction category with restriction zeroes, then MAT[(DJ[(X,⊥0)],
⊥0)] is a traced extensive restriction category with inductive Kleene wand given as in Theorem
6 and induced uniform parametrized iteration operator and uniform trace operator defined as in
Proposition 66.
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Notes
1 In Cockett and Manes (2009, Section 10), the construction is given for finite families; however, it is not difficult to see that
the constructions and results still hold for arbitrary families.
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2 It is important to recall that while restriction coproducts are the indeed usual coproducts, restriction products are not
products in the usual sense. For more details on restriction products, we invite the reader to see Cockett and Lack (2007),
Cockett and Lemay (2024), and Cockett et al. (2011).
3 It is worth noting that in Joyal et al. (1996), Joyal, Street, and Verity first introduced traced monoidal categories as braided
monoidal categories equipped with a trace operator. However, since we are dealing with coproducts, we are working in the
symmetric setting.
4 Recall that in MAT[(X,⊥)], the coproduct is given by concatenation of lists.
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