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Abstract. We study the Hausdorff dimension of invariant sets for expanding maps and that
of hyperbolic sets on unstable manifolds. Upper bounds for the Hausdorff dimension are
given in terms of topological pressure, or topological entropy and Lyapunov exponents.

1. Introduction
In the past few years, there has been an increasing interest in searching for relations
between dimension and topological pressure [6, 9, 16]. The topological pressure may
give a more accurate estimate to the dimension of invariant sets than that given by
other dynamical quantities. Bowen [2] was the first to express the Hausdorff dimension
of an invariant set as a solution of an equation involving topological pressure. Ruelle
[18] refined Bowen’s method and proved the following result. Assume thatf is aC1+γ

conformal expanding map,3 is an isolated compact invariant set andf |3 is topologically
mixing, then the Hausdorff dimension of3, dimH 3, is given by the unique solutionα
of the equation

P(f |3, −α log‖Dxf ‖) = 0, (1)

where P(f |3, ·) is the topological pressure functional. The smoothnessC1+γ was
recently relaxed toC1 [8].

At about the same time, McCluskey and Manning [14] studied a similar problem for
hyperbolic sets. Letf be aC1 Axiom A diffeomorphism of a compact surfaceM, and
let 3 be a basic set with splittingTxM = Es(x) ⊕ Eu(x), x ∈ 3. UseWu(x) to denote
the unstable manifolds. Then for everyx̄ ∈ 3, dimH (Wu(x̄) ∩ 3) is the unique number
α satisfying

P(f |3, −α log‖Dxf |Eu(x)‖) = 0. (2)

The above two theorems were obtained separately. However, since in the hyperbolic
case the restriction off on Wu(x), f |Wu(x), is expanding, they are certainly closely
related. We may say that both results are essentially one-dimensional. The first goal
of this paper is to generalize them to multi-dimensional systems. The invariant sets for
expanding maps and the hyperbolic sets are treated in a parallel manner. Our results will
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also be expressed in terms of equations involving topological pressure. The equations
are like (1) and (2), but with the following modifications. First, an expanding map
f , or a restriction of a diffeomorphismf |Wu(x), usually has different expanding rates
in different directions. These rates are given by the singular values of the derivative
Dxf , or Dxf |Eu(x), respectively. Therefore, we use these singular values to construct
functions superseding the norms in (1) and (2). Second, the derivatives off n, for all
n ∈ Z+, have to be considered rather than justDxf . So our new equation involves the
limit of a sequence of topological pressures, one for eachf n. We show that the unique
solution of the equation is an upper bound for the Hausdorff dimension.

For expanding maps, this upper bound is equivalent to that in Falconer [6]. However,
our method and result are different. The proof in [6] requires a careful estimate of the
shape of arbitrarily high iterates of small balls. Therefore a bounded distortion condition
‖(Dxf )−1‖2‖Dxf ‖ < 1 is necessary. Our trick, however, is to calculate the Hausdorff
measure at each iteration (see§5). The distortion of a ball after more than one iteration is
irrelevant to the proof. So our result is valid for allC1 expanding maps. Furthermore, this
method works equally well for the dimension of a hyperbolic set on unstable manifolds.

Based on the topological pressure method, we also give upper bounds for the Hausdorff
dimension in terms of Lyapunov exponents and topological entropy. These bounds are
constructed in a similar way to the Lyapunov dimension [1, 12, 13]. Some inequalities
of this type have been obtained before [7, 13].

According to the way they are produced, all the above upper bounds may be called
dynamical quantities. It is natural to ask how close they are to the dimension. We
point out that the bounds by topological pressure are sharp estimates of the Hausdorff
dimension. For some large classes of invariant sets, they agree with the dimension
prevalently. In contrast, the Lyapunov exponents and topological entropy can only
provide rough bounds.

This paper is organized as follows. Basic definitions and notations are given in§2.
In §3, we describe the construction of two upper bounds for Hausdorff dimension for
expanding maps. In§4 we study the similar problems for hyperbolic sets.§5 is devoted
to proving a basic inequality on the change of Hausdorff measure after one iteration,
which is used in§6 to complete the proof of all theorems.

2. Definitions and notations
We state the definitions of Hausdorff dimension and topological pressure in a general
setting.

Let X be a compact metric space. UseB(x, r) to denote the open ball centered at
x ∈ X with radiusr. Fix α > 0. ForY ⊂ X andρ > 0 define

Hα
ρ(Y ) = inf

{∑
j

rα
j :

⋃
j

B(xj , rj ) ⊃ Y, xj ∈ Xandrj ≤ ρ

}
,

and
Hα(Y ) = lim

ρ→0
Hα

ρ(Y ).

Hα is called theα-dimensionalHausdorff (ball) measure. The Hausdorff dimensionof
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Y is given by
dimH Y = inf{α : Hα(Y ) = 0}.

See [5] for detailed discussions.
Let f : X → X be a continuous map. Forx ∈ X andr > 0, denote

Bn(x, r) = {y ∈ X : f iy ∈ B(f ix, r), for all i = 0, . . . , n − 1}.
If φ is a real continuous function onX andn ∈ Z+ let

(Snφ)(x) =
n−1∑
i=0

φ(f ix)

and forρ > 0, set

Q(φ, n, ρ) = inf

{∑
j

exp{(Snφ)(xj )} :
⋃
j

Bn(xj , ρ) ⊃ X

}
.

Then thetopological pressureof φ is given by

P(f, φ) = lim
ρ→0

lim sup
n→∞

1

n
logQ(φ, n, ρ).

In this paper, we only consider the expanding and the hyperbolic systems, which are
both expansive[20, Definition 5.1]. So there is someρ0 > 0 such that for anyρ < ρ0

and any continuous functionφ

P (f, φ) = lim sup
n→∞

1

n
logQ(φ, n, ρ) (3)

[20, Chapter 9]. In this case,P(f, φ) is always finite.
In particular, the topological pressure of the constant zero function,P(f, 0), is called

the topological entropy off , denoted byhtop(f ).
Now we define the logarithmic singular value functiongα(L) for any expanding linear

map L. Let V and V ′ be two real inner product spaces with the same dimensionm.
A linear mapL : V → V ′ is said to be expanding if‖Lv‖ > ‖v‖ for all v ∈ V and
v 6= 0. We write the logarithms of the singular values ofL (a singular value ofL is the
positive square root of an eigenvalue ofL∗L, which must all be real and non-negative)
in decreasing order:

λ1 ≥ λ2 ≥ · · · ≥ λm,

whereλm > 0 because of the expansion. Then for anyα ∈ [0, m] set

gα(L) =
m∑

i=m−[α]+1

λi + (α − [α])λm−[α],

where [α] is the largest integer≤ α. gα(L) is continuous and strictly increasing inα.
g0(L) = 0 andgm(L) = ∑m

i=1 λi = log | Jac(L)|, where Jac(L) is the Jacobean ofL.
gα has the following superadditive property. IfL : V → V ′ and L′ : V ′ → V ′′

are two linear expanding maps, where dimV = dimV ′ = dimV ′′ = m, then for any
α ∈ [0, m]

gα(L′L) ≥ gα(L) + gα(L′). (4)

See [4, 13] for a proof.
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3. Upper bounds of Hausdorff dimension for expanding maps
We study expanding maps in this section. LetM be a C∞ Riemannian manifold,
dimM = m. Let U be an open subset ofM and let f : U → M be a C1 map.
Suppose3 ⊂ U is a compact invariant set on whichf is expanding, that is,f 3 = 3

and there isk > 1 such that for allx ∈ 3 andv ∈ TxM,

‖Dxf v‖ ≥ k‖v‖,
where‖ · ‖ is the norm induced by an adapted Riemannian metric. We do not assume
that 3 is isolated orf |3 has any transitivity property.

If x ∈ 3, thenDxf : TxM → Tf xM is a linear expanding map. Denote the logarithms
of the singular values ofDxf by

λ1(x, f ) ≥ · · · ≥ λm(x, f )

and forα ∈ [0, m], write

gα(x, f ) ≡ gα(Dxf ) =
m∑

i=m−[α]+1

λi(x, f ) + (α − [α])λm−[α](x, f ).

Sincef is C1, the functionsx → λi(x, f ) andx → gα(x, f ) are all continuous.
For eachα ∈ [0, m], considerP1(α) ≡ P(f |3, −gα(·, f )). It is obvious from the

definition of topological pressure thatP1(α) is continuous inα and is strictly decreasing.
P1(0) = htop(f |3) ≥ 0. The sign ofP1(m) = P(f |3, − log | Jac(Dxf )|) is, in general,
unknown. However, whenf is C2 and 3 is an isolated invariant set,P1(m) is non-
positive. The following is our main lemma, which will be proved in§6.

LEMMA 1. Set
D1 = max{α ∈ [0, m] : P1(α) ≥ 0}.

Then
dimH 3 ≤ D1.

The definition ofD1 gives that if P(f |3, − log | Jac(Dxf )|) ≤ 0, then D1 is the
unique numberα satisfying

P1(α) = 0;
otherwise,D1 = m. If the mapf is conformal, thengα(x, f ) = α log‖Dxf ‖. By
[2, 18], D1 actually equals dimH 3 under mild additional assumptions. Whenf is not
conformal, however,D1 is only a rough bound for dimH 3. Sharper bounds can be
obtained by considering the derivatives of all iterates off .

f 3 = 3 implies f n3 = 3. f n is also expanding on3. Let the logarithms of the
singular values ofDxf

n be

λ1(x, f n) ≥ · · · ≥ λm(x, f n)

and set

gα(x, f n) =
m∑

i=m−[α]+1

λi(x, f n) + (α − [α])λm−[α](x, f n).
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Dynamical upper bounds for Hausdorff dimension of invariant sets 743

By (4), the functionsgα(·, f n) satisfy

gα(x, f n+l) ≥ gα(x, f n) + gα(f nx, f l). (5)

Define a sequence of functionsPn : [0, m] → R as follows:

Pn(α) = P

(
f |3, −1

n
gα(·, f n)

)
.

We show the following lemma in§6.

LEMMA 2. For everyα ∈ [0, m], the following limit exists

lim
n→∞ Pn(α) = inf

n∈Z+
Pn(α).

SetP ∗(α) = limn→∞ Pn(α). ThenP ∗ is continuous and strictly decreasing on[0, m].
P ∗(0) = htop(f |3) ≥ 0, andP ∗(m) = P(f |3, − log | Jac(Dxf )|).

From Lemma 1 we deduce that the zero ofP ∗ is an upper bound for the Hausdorff
dimension.

THEOREM 1. Let
D(f, 3) = max{α ∈ [0, m] : P ∗(α) ≥ 0}.

Then
dimH 3 ≤ D(f, 3).

The proof will also be given in§6. The numberD(f, 3), if less thanm, is equivalent
to the upper bound in [6]. The author proves dimH 3 ≤ D(f, 3) (actually he proves the
inequality for box dimension, which automatically implies that for Hausdorff dimension)
under the condition‖(Dxf )−1‖2‖Dxf ‖ < 1, which he needs to control the distortion
of small balls after many iterations (see [6 Lemma 5.2]). In contrast, a basic technique
of our proof is to estimate the Hausdorff measure off A for small setsA, where only
one iteration is applied (Lemma 3). Therefore, we are able to ignore the complicated
distortion problem caused by multiple iterations and so the bounded distortion condition is
not needed. However, without assuming such a condition, we do not have the inequality
for box dimension. Also, the subadditive thermodynamic formalism in [6] does not
apply, so the definition ofD(f, 3) is slightly different.

Using Lyapunov exponents and topological entropy, we can give another upper bound
for dimH 3. Let E(3, f ) be the set off -invariant ergodic measures with support in3.
If µ ∈ E(3, f ), by expansion all the Lyapunov exponents ofµ are positive. We order
them as usual:

λ1(µ) ≥ · · · ≥ λm(µ)

and write

gα(µ) =
m∑

i=m−[α]+1

λi(µ) + (α − [α])λm−[α](µ).

By the multiplicative ergodic theorem we have

lim
n→∞

1

n
λi(x, f n) = λi(µ), µ-a.e. and inL1(µ)
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and

lim
n→∞

1

n
gα(x, f n) = gα(µ), µ-a.e. and inL1(µ).

For eachµ ∈ E(3, f ), we define a numberd3(µ) by its Lyapunov exponents and
topological entropyhtop(f |3):

d3(µ) = max{α ∈ [0, m] : gα(µ) ≤ htop(f |3)}.
THEOREM 2.

dimH 3 ≤ sup
µ∈E(3,f )

d3(µ).

The definition ofd3(µ) is motivated by the Lyapunov dimension [1, 12, 13]. If∑m
i=1 λi(µ) > htop(f |3), one can rewrite

d3(µ) = l + htop(f |3) − λm(µ) − · · · − λm−l+1(µ)

λm−l(µ)
, (6)

wherel = max{i : λm(µ) + · · · + λm−i+1(µ) ≤ htop(f |3)}. Let us compare (6) with the
definition of Lyapunov dimension. Supposeν is an ergodic measure of any differentiable
map f with Lyapunov exponentsλ1 ≥ · · · ≥ λu > 0 ≥ λu+1 ≥ · · · ≥ λm, then the
Lyapunov dimension

Lyap dim(ν) = l + λ1 + · · · + λu + λu+1 + · · · + λl

|λl+1| ,

wherel = max{i : λ1 + · · · + λi ≥ 0}. Whenf is a diffeomorphism andν is absolutely
continuous with respect to the Lebesgue measure (or only absolutely continuous on
unstable manifolds), by Pesin’s formula [15] we have

Lyap dim(ν) = l + hν(f ) + λu+1 + · · · + λl

|λl+1| ,

wherehν(f ) is the metric entropy andl = max{i : −λu+1 − · · · − λi ≤ hν(f )}. This
expression is similar to (6). In the definition ofd3(µ), however, we usehtop(f |3)

instead ofhµ(f ) in order to prove Theorem 2. Notice that Lyap dim(µ) does not apply
to expanding systems, since all exponents ofµ are positive. Sod3(µ) may be considered
as a reasonable substitute. Thus, Theorem 2 is a supplement to the following inequality
of Ledrappier [13]

dimH 3 ≤ sup
ν∈E(3,f )

Lyap dim(ν),

where3 is a compact invariant set of any differentiable mapf .
A construction similar tod3(µ) also appears in [7], where, instead ofgα(µ), a function

consisting of uniform Lyapunov exponents is used.
The question arises of how good are these upper bounds. Whereas it is easy to show

by examples that supµ∈E(3,f ) d3(µ) is a rough bound for dimH 3, D(f, 3) often has a
surprising property which seems to indicate that it is very sharp. (It can be shown that
D(f, 3) ≤ supµ∈E(3,f ) d3(µ), see§6). For some large classes of self-affine sets, the
equality dimH 3 = D(f, 3) holds almost surely. We describe two such classes.
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Let there bel non-singular linear contractionsTj : Rm → Rm, ‖Tj‖ < 1, j = 1, . . . , l.
Given anyb1, . . . , bl ∈ Rm we definel affine mapstj (x) = Tjx + bj . Let B(T1, . . . , Tl)

be the set of(b1, . . . , bl) ∈ Rm×l satisfying the property that there is a compact set
K ⊂ Rm with int K 6= ∅, where intK is the interior ofK, such that the setsKj ≡ tjK

are disjoint and are all contained in intK. ThenB(T1, . . . , Tl) is an open set. Let us
only consider suchT1, . . . , Tl that B(T1, . . . , Tl) 6= ∅. Fix (b1, . . . , bl) ∈ B(T1, . . . , Tl).
DenoteKj1...jn

= tj1 ◦ · · · ◦ tjn
(K), ji = 1, . . . , l. Then Kj1...jnjn+1 ⊂ int Kj1...jn

, and if
j ′
n+1 6= jn+1 thenKj1...jnjn+1 ∩Kj1...jnj

′
n+1

= ∅. Put3 = ⋂∞
n=0

⋃l
j1,...,jn=1 Kj1...jn

. 3 is called
a self-affine set. See [5] for more about this construction. Now define aC1 expanding
map f on the open setU = ⋃l

j=1 int Kj in a natural way:f |intKj
≡ t−1

j . It is easy to
check thatf 3 = 3.

The following cases have been studied.
(1) [4, 6] If ‖Tj‖ < 1/3, j = 1, . . . , l, then for Lebesgue almost all(b1, . . . , bl) ∈

B(T1, . . . , Tl), dimH 3 = D(f, 3).
(2) Consider two affine contractions onR2 with the same linear part

T1 = T2 =
(

χ1 0
0 χ2

)
, 0 < χ2 ≤ χ1, and χ2 ≤ 1

2,

which map the unit squareR = [0, 1] × [0, 1] into two disjoint rectangles insideR.
(Notice that each rectangle has a horizontal side of lengthχ1 and a vertical side of
lengthχ2.) Then:
(a) [17] if χ1 ≤ 1

2, then dimH 3 = D(f, 3) = − log 2/ logχ1, except thatb1 − b2

happens to be a vertical vector;
(b) [17, 19] for Lebesgue almost everyχ1 ∈ ( 1

2, 1), dimH 3 = D(f, 3) =
1 − log 2χ1/ logχ2, except thatb1 − b2 happens to be a vertical vector.

These facts strongly suggest that dimH 3 = D(f, 3) should hold prevalently.
(Another class of self-affine sets satisfying this equality was recently studied in [11].
We thank the referee for pointing this out to us.) For general nonlinear maps, Lebesgue
measure is obviously not appropriate to describe the prevalence. To formulate the right
concept and to prove that the equality dimH 3 = D(f, 3) is indeed prevalent should be
an interesting problem. The situation here is parallel to the Kaplan–Yorke conjecture on
the Hausdorff dimension of invariant measures [1, 12].

4. Hausdorff dimension of hyperbolic sets on unstable manifolds
The technique in studying the Hausdorff dimension of hyperbolic sets on unstable
manifolds is similar. LetM be a compact Riemannian manifold and letf be a C1

diffeomorphism onM. A compact set3 is called ahyperbolic setfor f , if f 3 = 3

and there is a continuous splittingTxM = Es(x) + Eu(x) on 3 satisfying:
(1) (Dxf )Es(x) = Es(f x), (Dxf )Eu(x) = Eu(f x), x ∈ 3;
(2) there is a constantk > 1, such that

‖Dxf |Es(x)‖ ≤ k−1, ‖Dxf
−1|Eu(x)‖ ≤ k−1.

f |3 need not be transitive. However, for simplicity we assume that the splitting has a
constant dimension dimEs(x) = s and dimEu(x) = u.
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For x ∈ 3, denote byWu(x) the global unstable manifold containingx. Wu(x) is a
C1 injective immersion of a Euclidean spaceRu into M. Let du be the induced metric on
Wu(x) and letBu(x, r) be the set{y ∈ Wu(x) : du(x, y) < r}. We study the Hausdorff
dimension of the setWu(x) ∩ 3.

By the definition of hyperbolic sets, for eachn ∈ Z+, Dxf
n|Eu(x) is an expanding

linear map fromEu(x) onto Eu(f nx). Denote by

λ1(x, f n) ≥ · · · ≥ λu(x, f n) (≥ n logk)

the logarithms of the singular values ofDxf
n|Eu(x), and forα ∈ [0, u] set

gα(x, f n) =
u∑

i=u−[α]+1

λi(x, f n) + (α − [α])λu−[α](x, f n).

(The notationsλi(x, f n) and gα(x, f n) are used in both expanding and hyperbolic
situations. Their meaning should be clear from the context.) It follows from the
continuity of the splitting thatλi(x, f n) and gα(x, f n) are continuous inx. Consider
the topological pressure functions

P u
n (α) = P

(
f |3, −1

n
gα(·, f n)

)
, α ∈ [0, u].

Since the functionsgα(·, f n) also satisfy the superadditive condition (5), we can show,
as in Lemma 2, that the limit function

P u∗(α) ≡ lim
n→∞ P u

n (α) = inf
n∈Z+

P u
n (α)

exists. Furthermore,P u∗ is continuous and strictly decreasing inα ∈ [0, u]: P u∗(0) =
P u

n (0) = htop(f |3) ≥ 0 andP u∗(u) = P u
n (u) = P(f |3, − log | Jac(Dxf |Eu(x))|). If f

is C2 and 3 is a hyperbolic set with the local product structure, then it is known that
P(f |3, − log | Jac(Dxf |Eu(x))|) ≤ 0. So the equation

P u∗(α) = 0

has a unique solutionα ∈ [0, u]. In general, however, the sign ofP(f |3,

− log | Jac(Dxf |Eu(x))|) is not clear. Parallel to Theorem 1, we have the following
result.

THEOREM 3. Let
Du(f, 3) = max{α ∈ [0, u] : P u∗(α) ≥ 0}.

Then for everyx ∈ 3,
dimH (Wu(x) ∩ 3) ≤ Du(f, 3).

In the proof of Theorem 3 (§6), we will calculate the Hausdorff dimension with
the induced metricdu. However, sinceWu(x) is a C1 submanifold, using the original
Riemannian metric to compute the dimension would yield the same value.

In particular, when dimEu(x) = 1, it is easy to check thatP u∗(α) = P u
n (α) = P(f |3,

−α log‖Dxf |Eu(x)‖). So Theorem 3 generalizes [14, Theorem 1] (stated in§1) in one
direction.
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Again as in§3, we derive another upper bound for dimH (Wu(x) ∩ 3) by Lyapunov
exponents and topological entropy. Ifµ ∈ E(3, f ), then µ has exactlyu positive
Lyapunov exponents. Write them in the usual order

λ1(µ) ≥ · · · ≥ λu(µ)

and let

gα(µ) =
u∑

i=u−[α]+1

λi(µ) + (α − [α])λu−[α](µ).

Then define for eachµ ∈ E(3, f )

du
3(µ) = max{α ∈ [0, u] : gα(µ) ≤ htop(f |3)}.

This number takes the following form if
∑u

i=1 λi(µ) > htop(f |3):

du
3(µ) = l + htop(f |3) − λu(µ) − · · · − λu−l+1(µ)

λu−l(µ)
,

wherel = max{i : λu(µ) + · · · + λu−i+1(µ) ≤ htop(f |3)}.
THEOREM 4. For anyx ∈ 3,

dimH (Wu(x) ∩ 3) ≤ sup
µ∈E(3,f )

du
3(µ).

It can be shown thatDu(f, 3) ≤ supµ∈E(3,f ) du
3(µ). In view of the argument at the

end of last section, it seems reasonable to believe thatDu(f, 3) is a close bound for the
dimension, while supµ∈E(3,f ) du

3(µ) is only a coarse estimate.
When3 is a basic set of an AxiomA surface diffeomorphism, it is shown in [14] that

dimH 3 = dimH (Ws(x)∩3)+dimH (Wu(x)∩3), whereWs(x) is a stable manifold. So
a formula for dimH 3 directly follows from their calculation on dimH (Wu(x) ∩ 3). In
the higher dimensional case, however, the relation between dimH 3, dimH (Ws(x) ∩ 3)

and dimH (Wu(x)∩3) is not clear and so our results can not immediately provide upper
bounds for dimH 3. We mention that some upper bounds similar to supµ∈E(3,f ) du

3(µ)

have been obtained for dimH 3 [7, 13].

5. Change of Hausdorff measure under iteration
A basic tool used to prove the theorems is the following lemma, which estimates the
Hausdorff measure of the image of a small set under an expanding map.

LEMMA 3. Let U ⊂ Rm be an open set and letf : U → Rm be a C1 map. Assume
that, at a pointx ∈ U , Dxf : Rm → Rm is an expanding linear map. Then for every
α ∈ [0, m], there existsρ0 > 0, such thatB(x, ρ0) ⊂ U and for any setA ⊂ B(x, ρ0) we
have

Hα
bρ(A) ≤ CHα

ρ(f A) (7)

for all ρ < ρ0, where

b = 2
√

m exp{−λm−[α](x, f )}, (8)

C = 2αmα/2 exp{−gα(x, f )}. (9)

https://doi.org/10.1017/S0143385797085003 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797085003


748 Y. Zhang

Proof. We follow the ideas in [3]. Let ε be a small positive number with(1+ ε)eε < 2.
SinceDyf : Rm → Rm is continuous iny, we can chooseρ0 satisfying the following
conditions:
(1) f mapsB(x, 2ρ0) diffeomorphically ontof B(x, 2ρ0) and‖f z − fy‖ > ‖z − y‖,

for all y, z ∈ B(x, 2ρ0) with y 6= z;
(2) |λi(y, f ) − λi(x, f )| < ε, for all y ∈ B(x, ρ0) and i = 1, . . . , m;
(3) ‖z − y − (Dyf )−1(f z − fy)‖ < ε‖z − y‖, for all y ∈ B(x, ρ0) andz ∈ B(y, ρ0).
Condition (3) holds because(Dyf )−1 is also continuous iny. AssumeA ⊂ B(x, ρ0).
Fix any ρ < ρ0. Let a = Hα

ρ(f A) (a is obviously finite). Then for anyη > 0, there
are finitely many ballsB(zj , rj ), zj ∈ f B(x, ρ0), rj ≤ ρ, such that

⋃
j B(zj , rj ) ⊃ f A

and
∑

j rα
j < a + η. Let B ′

j = {y ∈ B(x, ρ0) : fy ∈ B(zj , rj )}. Then
⋃

j B ′
j ⊃ A.

By (1) and (3) B ′
j ⊂ yj + (1 + ε)(Dyj

f )−1B(0, rj ), where yj ∈ B(x, ρ0) and
f (yj ) = zj . The definition of the singular values implies that(Dyj

f )−1B(0, rj )

is an ellipsoid which has principle axes of lengths 2rj exp{−λm(yj , f )} ≥ · · · ≥
2rj exp{−λ1(yj , f )}. Therefore, B ′

j is contained in a rectangular box with sides
2(1 + ε)rj exp{−λm(yj , f )}, . . . , 2(1 + ε)rj exp{−λ1(yj , f )}, which can be covered
by exp{−∑m

i=m−[α]+1 λi(yj , f )} exp{[α]λm−[α](yj , f )} balls with radius
√

m(1 + ε)rj

exp{−λm−[α](yj , f )}. By (2) exp{−λm−[α](yj , f )} ≤ eε exp{−λm−[α](x, f )}. Summing
up over allj and using the assumption(1 + ε)eε < 2 we get

Hα
bρ(A) ≤

∑
j

exp

{
−

m∑
i=m−[α]+1

λi(yj , f )

}
exp{[α]λm−[α](yj , f )}

·mα/2(1 + ε)αrα
j exp{−αλm−[α](yj , f )}

= (1 + ε)αmα/2
∑

j

rα
j exp{−gα(yj , f )}

≤ (1 + ε)α exp{αε}mα/2
∑

j

rα
j exp{−gα(x, f )}

≤ 2αmα/2 exp{−gα(x, f )}
∑

j

rα
j

≤ C(a + η).

Sinceη > 0 is arbitrary, this proves the lemma. �

By a routine procedure we can extend the inequality to any compact set.

COROLLARY 1. Let M be a Riemannian manifold,dimM = m, and letf : M → M

be aC1 map. AssumeX ⊂ M is compact andf is expanding onX (X need not bef
invariant). Fix α ∈ [0, m]. Then for anyb0 > 2

√
m and C0 > 2αmα/2, there isρ0 > 0,

such that for allx ∈ X and all A ⊂ B(x, ρ0) (7) holds for everyρ < ρ0, whereb andC

(depending onx) are given by

b = b0 exp{−λm−[α](x, f )}, (10)

C = C0 exp{−gα(x, f )}. (11)

Proof.SinceX∪f X is compact, there isρ1 > 0, such that for anyx ∈ X∪f X, expx maps
B̃x(0, ρ1), theρ1-ball at 0 inTxM, diffeomorphically onto the ballB(x, ρ1) ⊂ M. Choose
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ρ2 < ρ1 so that for everyx ∈ X, f B(x, ρ2) ⊂ B(f x, ρ1). Then f̃x ≡ exp−1
f x ◦f ◦ expx

is defined onB̃x(0, ρ2). Obviously, D0f̃x can be identified withDxf . Again by
compactness, both expx and exp−1

f x uniformly C1 approach isometries oñBx(0, ρ) and

B(f x, ρ), asρ → 0. So there isρ0 < ρ2, such that at everyx ∈ X, f̃x satisfies conditions
(1)–(3) in the proof of Lemma 3. Applying Lemma 3 tõfx , for everyÃ ⊂ B̃x(0, ρ0) we
have

Hα
bρ(Ã) ≤ CHα

ρ(f̃x(Ã)) (12)

for all ρ < ρ0, whereb and C are given by (8) and (9). SetA = expx(Ã). Then
f̃x(Ã) = exp−1

f x ◦f (A). Reducingρ0 one more time if necessary, we may make all expx

and exp−1
f x so close to an isometry that (12) can be replaced by (7) with slightly largerb

andC, which are pre-assigned by (10) and (11). This completes the proof. �

Next we show that a similar statement holds on unstable manifolds of a hyperbolic
set. It is needed in the proof of Theorem 3. Remember that if a set is contained in a
piece of unstable manifold, its Hausdorff measure is calculated under the induced metric.

COROLLARY 2. Let 3 be a hyperbolic set of aC1 diffeomorphismf . All notations are as
in §4. Fix α ∈ [0, u]. Then for anyb0 > 2

√
u and C0 > 2αuα/2, there isρ0 > 0, such

that for all x ∈ 3 and all A ⊂ Bu(x, ρ0), (7) holds for everyρ < ρ0, whereb and C

(depending onx) are given by

b = b0 exp{−λu−[α](x, f )}, (13)

C = C0 exp{−gα(x, f )}. (14)

Proof. Chooseρ1 > 0, so that for everyx ∈ 3, expx maps the ballB̃x(0, ρ1)

diffeomorphically ontoB(x, ρ1). From standard properties of unstable manifolds [10],
there isρ2 < ρ1 such that for everyx ∈ 3, Bu(x, ρ2) ⊂ f Bu(f −1x, ρ2) ⊂ B(x, ρ1),
and exp−1

x (f Bu(f −1x, ρ2)) is the graph of aC1 function from an open set ofEu(x)

to Es(x). Use px to denote the projection ofTxM onto Eu(x) along Es(x). Let
qx be the inverse map ofpx restricted to exp−1

x (f Bu(f −1x, ρ2)). Then qx is a C1

diffeomorphism andD0qx may be identified with the identity map onEu(x). Set
f̃x ≡ q−1

f x ◦ exp−1
f x ◦f ◦ expx ◦ qx . ThenD0f̃x = Dxf |Eu(x). As ρ → 0, all expx andqx

uniformly C1 approach isometries oñBx(0, ρ) andB̃x(0, ρ)∩Eu(x), respectively. Thus
there isρ0 < ρ2 such that Lemma 3 applies tõfx uniformly for all x ∈ 3. So if x ∈ 3

andÃ ⊂ B̃x(0, ρ0) ∩ Eu(x), then

Hα
bρ(Ã) ≤ CHα

ρ(f̃x(Ã)) (15)

for all ρ < ρ0, whereb and C are as in (8) and (9) (withm replaced byu). Now set
A = expx ◦ qx(Ã). Then f̃x(Ã) = q−1

f x ◦ exp−1
f x ◦f (A). Further reducingρ0 to make all

expx andqx closer to isometries, we can replace (15) by (7) withb andC satisfying (13)
and (14), completing the proof. �

6. Proof of the theorems
First we use Corollary 1 to prove Lemma 1. For simplicity we will assume thatf is
defined and isC1 on the whole ofM.
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Proof of Lemma 1.Assume D1 < m, otherwise the assertion is obvious. Then
P1(D1) = 0. Take anyd > D1. SinceP1(α) is strictly decreasing,ε ≡ − 1

2P1(d) =
− 1

2P(f |3, −gd(·, f )) is a positive number. Chooseb0 > 2
√

m andC0 > 2dmd/2. Since
‖Dxf v‖ ≥ k‖v‖ for all x ∈ 3 and v ∈ TxM, ‖Dxf

nv‖ ≥ kn‖v‖. This implies that
λi(x, f n) ≥ n logk for all i = 1, . . . , m andn ∈ Z+.

Pick N ∈ Z+ satisfying the inequalities

β ≡ b0k
−N < 1, (16)

C0 exp{−Nε} < 1. (17)

Applying Corollary 1 to the mapf N , we can findρ0 > 0 such that for allx ∈ 3 and
A ⊂ B(x, ρ0)

Hd
βρ(A) ≤ C0 exp{−gd(x, f N)}Hd

ρ(f
NA) (18)

for all ρ < ρ0. Also assumeρ0 is so small that the topological pressure can be calculated
by (3) for anyρ < ρ0. Fix such aρ. By the definition ofε,

lim sup
n→∞

1

n
logQ(−gd(·, f ), n, ρ) = −2ε.

Hence there existsn0 ∈ Z+ such thatn > n0 implies

Q(−gd(·, f ), nN, ρ) < exp{−nNε}.
So there are points{xj } ⊂ 3,

⋃
j BnN(xj , ρ) ⊃ 3, such that∑

j

exp

{
−

nN−1∑
i=0

gd(f ixj , f )

}
< exp{−nNε}.

SinceBiN(x, ρ) ⊂ B(x, ρ0) and f NBiN(x, ρ) ⊂ B(i−1)N (f Nx, ρ) for all i = 1, . . . , n

and allx ∈ 3, applying (18)n − 1 times toBnN(xj , ρ) yields

Hd
βnρ(BnN(xj , ρ)) ≤ Cn−1

0 exp

{
−

n−2∑
i=0

gd(f iNxj , f
N)

}
Hd

βρ(BN(f (n−1)Nxj , ρ))

≤ Cn−1
0 C1C2 exp

{
−

n−1∑
i=0

gd(f iNxj , f
N)

}
, (19)

whereC1 = supx∈3Hd
βρ(B(x, ρ)) andC2 = supx∈3 exp{gd(x, f N)}. By (5),

n−1∑
i=0

gd(f iNxj , f
N) ≥

n−1∑
i=0

N−1∑
l=0

gd(f iN+lxj , f ) =
nN−1∑
i=0

gd(f ixj , f ).

Summing up (19) overj we have

Hd
βnρ(3) ≤

∑
j

Hd
βnρ(BnN(xj , ρ))

≤ C1C2C
n−1
0

∑
j

exp

{
−

nN−1∑
i=0

gd(f ixj , f )

}
< C1C2C

n−1
0 exp{−nNε}.

By (16) and (17), lettingn → ∞ we getHd(3) = 0. Therefored ≥ dimH 3. Sinced

can be made arbitrarily close toD1, this proves dimH 3 ≤ D1. �
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Proof of Lemma 2.All results here easily follow from the standard properties of
topological pressure.

By (5) and [20, Theorem 9.7],

Pn+l(α) = P

(
f |3, − 1

n + l
gα(x, f n+l)

)
≤ P

(
f |3,

n

n + l

(
−1

n
gα(x, f n)

)
+ l

n + l

(
−1

l
gα(f nx, f l)

))
≤ n

n + l
P

(
f |3, −1

n
gα(x, f n)

)
+ l

n + l
P

(
f |3, −1

l
gα(f nx, f l)

)
= n

n + l
Pn(α) + l

n + l
Pl(α).

This, together with [20, Theorem 4.9], proves the existence of the limit

P ∗(α) = lim
n→∞ Pn(α) = inf

n∈Z+
Pn(α).

For eachn, Pn(0) = htop(f |3) and

Pn(m) = P

(
f |3, −1

n
log | Jac(Dxf

n)|
)

= P

(
f |3, −1

n

n−1∑
i=0

log | Jac(Df ixf )|
)

= P(f |3, − log | Jac(Dxf )|).
So P ∗(0) = htop(f |3) and P ∗(m) = P(f |3, − log | Jac(Dxf )|). Set K =
supx∈3 ‖Dxf ‖. Then for any 0≤ α1 < α2 ≤ m,

n logk ≤ gα2(x, f n) − gα1(x, f n)

α2 − α1
≤ n logK.

By [20, Theorem 9.7],

− logK ≤ Pn(α2) − Pn(α1)

α2 − α1
≤ − logk,

which implies thatP ∗ is continuous and strictly decreasing inα. �
Theorem 1 follows from Lemma 1 and some general arguments about topological

pressure.

Proof of Theorem 1.Without loss of generality, we assumeP(f |3, − log | Jac(Dxf )|) ≤
0. Forn ≥ 2, consider the equation

P̃n(α) ≡ P(f n|3, −gα(·, f n)) = 0.

SinceP̃n(0) = htop(f
n|3) = nhtop(f |3) ≥ 0 andP̃n(m) = nP (f |3, − log | Jac(Dxf )|) ≤

0, the equation has a unique solution, which we denote byDn. Applying Lemma 1 to
the expanding mapf n yields dimH 3 ≤ Dn. So dimH 3 ≤ infn∈Z+ Dn. The proof of
Theorem 1 will be completed if the following inequality is verified

inf
n∈Z+

Dn ≤ D(f, 3). (20)
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For smallε > 0, let d = infn∈Z+ Dn − ε. As in the proof of Lemma 2, for anyα1 < α2,

P̃n(α2) − P̃n(α1) ≤ −n logk · (α2 − α1).

Substitutingα1 = d andα2 = Dn, yields

P̃n(d) ≥ n logk · (Dn − d) ≥ n logk · ε.

Fix any N ∈ Z+. We showPN(d) > 0.
SetC = max{gd(x, f N) : x ∈ 3}. Let l ∈ Z+ be so big thatlN logk · ε > C. For

eachj = 0, 1, . . . , N − 1, using (5) we have

l−1∑
i=0

gd(f iN+j x, f N) ≤ (gd(x, f j ) +
l−2∑
i=0

gd(f iN+j x, f N)

+gd(f (l−1)N+j x, f N−j )) + C

≤ gd(x, f lN) + C.

Summing up overj , we get

1

N

lN−1∑
i=0

gd(f ix, f N) ≤ gd(x, f lN) + C. (21)

Now by [20, Theorem 9.8(i) and Theorem 9.7]

PN(d) = P

(
f |3, − 1

N
gd(x, f N)

)
= 1

lN
P

(
f lN |3, − 1

N

lN−1∑
i=0

gd(f ix, f N)

)

≥ 1

lN
P (f lN |3, −gd(x, f lN) − C)

= 1

lN
(P̃lN (d) − C)

≥ 1

lN
(lN logk · ε − C)

which is > 0 by the definition ofl.
SincePN(d) > 0 for all N , P ∗(d) ≥ 0 and sod ≤ D(f, 3). As ε = infn∈Z+ Dn − d

can be arbitrarily small, we prove (20), completing the proof of Theorem 1. �

Note that a little more effort can actually showD(f, 3) = infn∈Z+ Dn.
One more lemma is required to prove Theorem 2. The lemma is similar to

Proposition 2 in [13]. Mimic the definition of d3(µ); for any x ∈ 3 and n ∈ Z+

we set
d3(x, f n) = max{α ∈ [0, m] : gα(x, f n) ≤ htop(f

n|3)}.
Notice thathtop(f

n|3) = nhtop(f |3).

LEMMA 4.
inf

n∈Z+
sup
x∈3

d3(x, f n) = sup
µ∈E(3,f )

d3(µ).

https://doi.org/10.1017/S0143385797085003 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385797085003


Dynamical upper bounds for Hausdorff dimension of invariant sets 753

Proof. Let d = infn∈Z+ supx∈3 d3(x, f n). We first showd ≤ supµ∈E(3,f ) d3(µ). Let us
denoteh = htop(f |3) for simplicity. Since everyd3(x, f n) is uniformly continuous on
3, there is a sequence{xn} ⊂ 3 such thatd3(xn, f

n) = supx∈3 d3(x, f n) ≥ d for all
n ∈ Z+. This impliesgd(xn, f

n) ≤ nh. Now fix N ∈ Z+. If n > N and 0≤ j < N ,
we have by (5)

[n/N ]−k(j)∑
i=0

gd(f iN+j xn, f
N)

≤ gd(xn, f
j ) +

[n/N ]−k(j)∑
i=0

gd(f iN+j xn, f
N) + gd(f l(j)xn, f

n−l(j))

≤ gd(xn, f
n)

≤ nh,

wherek(j) = 1, if 0 ≤ j ≤ n − N [n/N ]; k(j) = 2, if n − N [n/N ] < j < N , and
l(j) = N([n/N ] − k(j) + 1) + j . Summing up overj yields

n−N∑
i=0

gd(f ixn, f
N) ≤ nNh.

Denotingνn = 1
n

∑n−1
i=0 δf ixn

, whereδx is the Dirac measure atx, we rewrite the inequality
as ∫

3

gd(x, f N) dνn(x) ≤ Nh + N

n
C, (22)

where C = supx∈3 gd(x, f N). Let ν be a vague limit point of{νn}. Then ν is an
invariant probability measure on3 (see [20, Theorem 6.9]) and from (22)∫

3

gd(x, f N) dν(x) ≤ Nh

or ∫
3

1

N
gd(x, f N) dν(x) ≤ h. (23)

Let ν = ∫
3

µx dν(x) be an ergodic decomposition ofν, whereµx ∈ E(3, f ), ν-a.e.
x ∈ 3. Then limN→∞ 1

N
gd(x, f N) = gd(µx), ν-a.e. and inL1(ν). Thus by (23)∫

3

gd(µx) dν(x) ≤ h.

Thereforegd(µx) ≤ h for someµx ∈ E(3, f ), i.e. d ≤ d3(µx).
Now we prove the converse. Obviously,d ≥ supx∈3 infn d3(x, f n). For any

µ ∈ E(3, f ), there isx ∈ 3 such that limn→∞ 1
n
gα(x, f n) = gα(µ), all α ∈ [0, m].

So limn→∞ d3(x, f n) = d3(µ). By (5), d3(x, f n+l) ≤ sup{d3(x, f n), d3(f nx, f l)},
for all n, l ∈ Z+. Applying this inequality repeatedly we obtain limn→∞ d3(x, f n) ≤
supn∈Z+ infl∈Z+ d3(f nx, f l) ≤ d, which provesd3(µ) ≤ d. �
Proof of Theorem 2.By Lemma 4 and the fact that dimH 3 ≤ infn∈Z+ Dn (see the proof
of Theorem 1), we only need to show that for eachn

Dn ≤ sup
x∈3

d3(x, f n).
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Let d = supx∈3 d3(x, f n). Then gd(x, f n) ≥ nh for all x ∈ 3. So P̃n(d) =
P(f n|3, −gd(·, f n)) ≤ P(f n|3, −nh) = P(f n|3, 0) − nh = nh − nh = 0. By the
definition of Dn, we getd ≥ Dn, as desired. �

As mentioned before,D(f, 3) = infn∈Z+ Dn. Therefore we have just shown that
D(f, 3) ≤ supµ∈E(3,f ) d3(µ).

Now we turn to the proof of the results for hyperbolic sets. All properties of (un)stable
manifolds used here are standard, and can be found in [10]. The key step is the following
dimension estimate.

LEMMA 5. Set
Du

1 = max{α ∈ [0, u] : P u
1 (α) ≥ 0}.

Then for anyx ∈ 3,
dimH (Wu(x) ∩ 3) ≤ Du

1 .

Proof. Fix x̄ ∈ 3. Let W be any compact piece ofWu(x̄). We show

dimH (W ∩ 3) ≤ Du
1 . (24)

This obviously implies Lemma 5.
Without loss of generality, assumeDu

1 < u, i.e. P(f |3, − log | Jac(Dxf |Eu(x))|) < 0
and P u

1 (Du
1) = 0. Take anyd > Du

1 and setε = − 1
2P u

1 (d). Since P u
1 is strictly

decreasing,ε > 0. Chooseb0 > 2
√

u, C0 > 2dud/2, η > 0 andN ∈ Z+ satisfying

β ≡ b0k
−N < 1, (25)

C0e
η exp{−Nε} < 1. (26)

Consider 3 as a hyperbolic set forf N . Clearly, ‖Dxf
N |Es(x)‖ ≤ k−N and

‖Dxf
−N |Eu(x)‖ ≤ k−N . By Corollary 2, there isρ ′ > 0, such that for allx ∈ 3,

A ⊂ Bu(x, ρ ′) andρ < ρ ′ we have

Hd
βρ(A) ≤ C0 exp{−gd(x, f N)}Hd

ρ(f
NA). (27)

Choose small positive numbersr, ρ0 andρ1 (in this order) withρ0 � r, ρ0 ≤ ρ ′ and
ρ1 < ρ0, so that the following hold:
(1) if x ∈ 3 andy ∈ B(x, ρ1) ∩ 3, thenBu(y, r) ∩ B(x, ρ1) ⊂ Bu(y, ρ0);
(2) if x ∈ 3 andy ∈ W ∩ B(x, ρ1) ∩ 3, thenW ∩ B(x, ρ1) ⊂ Bu(y, ρ0);
(3) for anyx ∈ 3, f NBu(x, ρ0) ⊂ Bu(f Nx, r);
(4) if x ∈ 3 andy ∈ B(x, ρ1) ∩ 3, then|gd(x, f N) − gd(y, f N)| < η;
(5) for anyρ < ρ1 and any continuous functionφ

P (f |3, φ) = lim sup
n→∞

1

n
logQ(φ, n, ρ).

Here, (1) is due to some well-known facts about the unstable manifolds. (2) follows
from the compactness ofW . It roughly means thatW intersects anyB(x, ρ1) at most
once. (3)–(5) are obviously true for all smallρ0 andρ1.

Fix ρ < ρ1. By the definition ofε,

lim sup
n→∞

1

n
logQ(−gd(·, f ), n, ρ) = −2ε.
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So for all largen,

Q(−gd(·, f ), nN, ρ) < exp{−nNε}.
Thus, there are points{xj } ⊂ 3, ∪jBnN(xj , ρ) ⊃ 3, such that

∑
j

exp

{
−

nN−1∑
i=0

gd(f ixj , f )

}
< exp{−nNε}. (28)

The sets{BnN(xj , ρ)} cover W ∩ 3. Let Aj = W ∩ 3 ∩ BnN(xj , ρ), and consider the
iteratesf iNAj , i = 0, 1, . . . , n, if Aj 6= ∅.

By (2), Aj ⊂ W ∩ B(xj , ρ) ⊂ Bu(yj , ρ0), for someyj ∈ Aj . We use induction to
show

f iNAj ⊂ Bu(f iNyj , ρ0) i = 0, 1, . . . , n − 1. (29)

Assume we already havef (i−1)NAj ⊂ Bu(f (i−1)Nyj , ρ0). Then by (3), f iNAj ⊂
Bu(f iNyj , r). Moreover, f iNAj ⊂ B(f iNxj , ρ) by the fact thatAj ⊂ BnN(xj , ρ).
So by (1),f iNAj ⊂ Bu(f iNyj , r) ∩ B(f iNxj , ρ) ⊂ Bu(f iNyj , ρ0), proving (29).

(4) implies

|gd(f iNyj , f
N) − gd(f iNxj , f

N)| < η.

From this and applying (27)n-times, yields

Hd
βnρ(Aj ) ≤ Cn

0 exp

{
−

n−1∑
i=0

gd(f iNyj , f
N)

}
Hd

ρ(f
nNAj )

≤ C1C
n
0 exp{nη} exp

{
−

n−1∑
i=0

gd(f iNxj , f
N)

}
,

whereC1 = sup{Hd
ρ(B

u(x, r)) : x ∈ 3}, which is clearly finite. By the superadditivity
(5)

n−1∑
i=0

gd(f iNxj , f
N) ≥

nN−1∑
i=0

gd(f ixj , f ).

Since∪jAj ⊃ W ∩ 3, we get

Hd
βnρ(W ∩ 3) ≤

∑
j

Hd
βnρ(Aj )

≤ C1C
n
0 exp{nη}

∑
j

exp

{
−

nN−1∑
i=0

gd(f ixj , f )

}
< C1C

n
0 exp{nη} exp{−nNε},

where the last inequality is from (28). Using (25) and (26) and lettingn → ∞, yields

Hd(W ∩ 3) = 0.

This gives dimH (W ∩ 3) ≤ d. Takingd → Du
1 proves (24). �
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Note that we have given an alternative proof for half of [14, Theorem 1]. Again,
because we only calculate the change of Hausdorff measure for each iteration, the use
of Markov partitions and the discussion on the structure ofn-cylinders are avoided.

Let us make a final comment on completing the proof of Theorems 3 and 4. Following
Lemma 5, we may just repeat the proofs of Theorem 1, Lemma 4 and Theorem 2, almost
word for word. All we have to use are general properties of topological pressure and
Lyapunov exponents, and the superadditivity of the functionsgα(·, f n), which are shared
by both expanding and hyperbolic systems. Thus, the detailed proofs are omitted.

Acknowledgements.I wish to thank Professor T. Y. Li for leading me into this
fascinating research field, and for his valuable comment on the first draft of the paper.

REFERENCES

[1] J. C. Alexander and J. A. Yorke. Fat Baker’s transformations.Ergod. Th. & Dynam. Sys.4 (1984),
1–23.

[2] R. Bowen. Hausdorff dimension of quasi-cicles.Publ. Math. IHES50 (1979), 11–26.
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