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Abstract We study the Hausdorff dimension of invariant sets for expanding maps and that
of hyperbolic sets on unstable manifolds. Upper bounds for the Hausdorff dimension are
given in terms of topological pressure, or topological entropy and Lyapunov exponents.

1. Introduction

In the past few years, there has been an increasing interest in searching for relations
between dimension and topological pressued, 1. The topological pressure may

give a more accurate estimate to the dimension of invariant sets than that given by
other dynamical quantities. Boweg][was the first to express the Hausdorff dimension

of an invariant set as a solution of an equation involving topological pressure. Ruelle
[18] refined Bowen’'s method and proved the following result. Assume fhista C*”
conformal expanding map\ is an isolated compact invariant set afid is topologically
mixing, then the Hausdorff dimension af, dimy A, is given by the unique solutiosm

of the equation

P(fla, —alog|D.fl) =0, 1)

where P(f|,-) is the topological pressure functional. The smoothn€$s” was
recently relaxed taC! [8].

At about the same time, McCluskey and Mannidd][studied a similar problem for
hyperbolic sets. Leff be aCc* Axiom A diffeomorphism of a compact surfadé, and
let A be a basic set with splittin@, M = E*(x) ® E"(x), x € A. Use W"(x) to denote
the unstable manifolds. Then for everye A, dimg(W*(x) N A) is the unique number
a satisfying

P(fla. —alog || D, f1E" (x)|)) = O. ©)

The above two theorems were obtained separately. However, since in the hyperbolic
case the restriction of on W"(x), flw«x), IS expanding, they are certainly closely
related. We may say that both results are essentially one-dimensional. The first goal
of this paper is to generalize them to multi-dimensional systems. The invariant sets for
expanding maps and the hyperbolic sets are treated in a parallel manner. Our results will
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also be expressed in terms of equations involving topological pressure. The equations
are like (1) and (2), but with the following modifications. First, an expanding map
f, or a restriction of a diffeomorphisnf |y, usually has different expanding rates

in different directions. These rates are given by the singular values of the derivative
D, f, or D, f|E"(x), respectively. Therefore, we use these singular values to construct
functions superseding the norms in (1) and (2). Second, the derivativgs, dor all

n € Z*, have to be considered rather than jistf. So our new equation involves the

limit of a sequence of topological pressures, one for eflthWe show that the unique
solution of the equation is an upper bound for the Hausdorff dimension.

For expanding maps, this upper bound is equivalent to that in Falc6hddgwever,
our method and result are different. The proof @ fequires a careful estimate of the
shape of arbitrarily high iterates of small balls. Therefore a bounded distortion condition
(D £) 12D f| < 1 is necessary. Our trick, however, is to calculate the Hausdorff
measure at each iteration (g§. The distortion of a ball after more than one iteration is
irrelevant to the proof. So our result is valid for @l expanding maps. Furthermore, this
method works equally well for the dimension of a hyperbolic set on unstable manifolds.

Based on the topological pressure method, we also give upper bounds for the Hausdorff
dimension in terms of Lyapunov exponents and topological entropy. These bounds are
constructed in a similar way to the Lyapunov dimensidnj2, 13. Some inequalities
of this type have been obtained befoie 13.

According to the way they are produced, all the above upper bounds may be called
dynamical quantities It is natural to ask how close they are to the dimension. We
point out that the bounds by topological pressure are sharp estimates of the Hausdorff
dimension. For some large classes of invariant sets, they agree with the dimension
prevalently. In contrast, the Lyapunov exponents and topological entropy can only
provide rough bounds.

This paper is organized as follows. Basic definitions and notations are givigh in
In §3, we describe the construction of two upper bounds for Hausdorff dimension for
expanding maps. 164 we study the similar problems for hyperbolic se§S.is devoted
to proving a basic inequality on the change of Hausdorff measure after one iteration,
which is used ir§6 to complete the proof of all theorems.

2. Definitions and notations
We state the definitions of Hausdorff dimension and topological pressure in a general
setting.
Let X be a compact metric space. UBéx, r) to denote the open ball centered at
x € X with radiusr. Fix e > 0. ForY c X andp > 0 define

HE(Y) = inf { > e JBGy.r) D Y.x; € Xandr; < ,0},
J J

and
HYY) = /I)anOHp(Y).

H* is called thex-dimensionalHausdorff (ball) measureThe Hausdorff dimensiorof
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Y is given by
dimy Y = inf{a : H*(Y) = 0}.
See p] for detailed discussions.
Let f : X — X be a continuous map. Fare X andr > 0, denote

B,(x,r)={yeX: flyeB(fix,r),foralli=0,...,n—1}.

If ¢ is a real continuous function ok andn € Z* let
(Sn)(x) = idﬁf’k)
and forp > 0, set -
Q(¢,n, p) = inf { D xS} | Bi. 0) O X}
j j
Then thetopological pressuref ¢ is given by

- 1
P(f.¢) = LITO“m sup log Q(¢.n, p).

n—oo N
In this paper, we only consider the expanding and the hyperbolic systems, which are
both expansiveg 20, Definition 5.1]. So there is somg > 0 such that for any < pg
and any continuous functiop

. 1
P(f,¢) =limsup logQ(¢,n, p) 3)

n—oo N
[20, Chapter 9]. In this case&? (f, ¢) is always finite.

In particular, the topological pressure of the constant zero funci@, 0), is called
the topological entropy of’, denoted byiop( f).

Now we define the logarithmic singular value functigh(L) for any expanding linear
map L. Let V and V’ be two real inner product spaces with the same dimension
A linear mapL : V — V’ is said to be expanding ifLv| > |v|| for all v € V and
v # 0. We write the logarithms of the singular valueslofa singular value of. is the
positive square root of an eigenvalue fL, which must all be real and non-negative)
in decreasing order:

AL =A== Ay

where,, > 0 because of the expansion. Then for ang [0, m] set

g W= Y hi+@—[aDhinqa
i=m—[a]+1
where [] is the largest integex «. g“(L) is continuous and strictly increasing in
g%L) =0 andg”(L) = Y, A =loglJagL)|, where Ja€l) is the Jacobean df.

g% has the following superadditive property. Af : V — V' andL’ : V' — V"
are two linear expanding maps, where dim= dimV’ = dimV” = m, then for any
a € [0, m]

g*(L'L) > g*(L) + g*(L). (4)

See §, 13 for a proof.

https://doi.org/10.1017/50143385797085003 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797085003

742 Y. Zhang

3. Upper bounds of Hausdorff dimension for expanding maps

We study expanding maps in this section. Ldt be a C*° Riemannian manifold,
dimM = m. Let U be an open subset o/ and let f : U — M be aC! map.
SupposeA C U is a compact invariant set on which is expanding, that isfA = A
and there ik > 1 such that for allk € A andv € T, M,

Dy foll = kvl

where|| - || is the norm induced by an adapted Riemannian metric. We do not assume
that A is isolated orf|, has any transitivity property.

If x € A, thenD, f : T.M — Ty, M is alinear expanding map. Denote the logarithms
of the singular values oD, f by

)"l(xsf)z"'z)"m(x’f)

and fora € [0, m], write

m

g N=" D)= Y M )+ @ = [aDAn g (x, ).

i=m—[a]+1

Since f is C1, the functionsy — A;(x, f) andx — g%(x, f) are all continuous.

For eacha € [0, m], considerPi(a) = P(f|a, —g*%(, f)). It is obvious from the
definition of topological pressure th&;(«) is continuous inx and is strictly decreasing.
P1(0) = hp(f|a) = 0. The sign ofPy(m) = P(f|a, —log|JagD, f)|) is, in general,
unknown. However, wherf is C? and A is an isolated invariant se®;(m) is non-
positive. The following is our main lemma, which will be provedgé.

LEMMA 1. Set
D1 =maX{a € [0, m] : Pi(a) > 0}.

Then
dimyg A < Dy.

The definition of D, gives that if P(f|5, —log|JagD, f)|) < 0, then D; is the
unique number satisfying
Pi(a) =0;

otherwise,D; = m. If the map f is conformal, theng®(x, /) = «alog| D, f||. By
[2, 18, D; actually equals dim A under mild additional assumptions. Whehis not
conformal, howeverD; is only a rough bound for dignA. Sharper bounds can be
obtained by considering the derivatives of all iteratesf of

fA = A implies f"A = A. f" is also expanding o\. Let the logarithms of the
singular values oD, f" be

)\l(-xv fn) Z zkm(x’ fn)

and set

m

g, M= Y M@ M+ (@ = [aD Ay (x, £

i=m—[a]+1

https://doi.org/10.1017/50143385797085003 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797085003

Dynamical upper bounds for Hausdorff dimension of invariant sets 743

By (4), the functionsg® (-, /") satisfy
g (e, [ = g% (e, f") + g (f"x. f). (5)

Define a sequence of functio} : [0, m] — R as follows:
1
Py(a) =P <f|A» —ng“(-, f”)) :
We show the following lemma ig6.

LEMMA 2. For everya € [0, m], the following limit exists

n—oo

lim P,(a) = inf P,().
neZt

SetP*(a) = lim,_ o P,(a). ThenP* is continuous and strictly decreasing ¢@, m].
P*(0) = hiop(fa) = 0, and P*(m) = P(f|a, —log|JagD, f)|).

From Lemma 1 we deduce that the zeroRsf is an upper bound for the Hausdorff
dimension.

THEOREM 1. Let
D(f, A) = maXa € [0,m] : P*(a) > O}.

Then
dimyg A < D(f, A).

The proof will also be given i§6. The numbeD(f, A), if less tharm, is equivalent
to the upper bound ing]. The author proves digpmA < D(f, A) (actually he proves the
inequality for box dimension, which automatically implies that for Hausdorff dimension)
under the conditior|(D, f)~%|?|Ds ]| < 1, which he needs to control the distortion
of small balls after many iterations (se& [lemma 5.2]). In contrast, a basic technique
of our proof is to estimate the Hausdorff measurefof for small setsA, where only
one iteration is applied (Lemma 3). Therefore, we are able to ignore the complicated
distortion problem caused by multiple iterations and so the bounded distortion condition is
not needed. However, without assuming such a condition, we do not have the inequality
for box dimension. Also, the subadditive thermodynamic formalisméijndoes not
apply, so the definition oD(f, A) is slightly different.

Using Lyapunov exponents and topological entropy, we can give another upper bound
for dimgy A. Let £(A, f) be the set off -invariant ergodic measures with supportAn
If we EA, f), by expansion all the Lyapunov exponentsiofire positive. We order
them as usual:

() = - = A ()

and write

m

W= Y M)+ (@ =[]y ().

i=m—[a]+1

By the multiplicative ergodic theorem we have

.1 .
lim nA,-(x, M =x(n), wp-ae. and inLi(u)

n—o00
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and
1 ,
lim “g%(x, f") = g%(w), p-a.e. and inLi(uw).

n—oon

For eachu € E£(A, f), we define a numbed, (1) by its Lyapunov exponents and
topological entropyiop(f1a):

dp(n) = maXa € [0, m] 1 g%(n) < huop(fa)}-

THEOREM 2.
dimg A < sup dj(w).
HEEA, f)
The definition ofd, (i) is motivated by the Lyapunov dimensiod,[12, 13. If
" Ai(1) > hiop(f1a), ONE can rewrite

htop(f|A) - )\m (,LL) - )\m—l+1(ﬂ)
)\mfl(ﬂ)

wherel = max{i @ A () + - - + Apu—it1() < hop(fla)}. Let us compare (6) with the
definition of Lyapunov dimension. Supposés an ergodic measure of any differentiable
map f with Lyapunov exponentg; > --- > A, > 0 > A,.1 > --- > A,, then the
Lyapunov dimension

dp(u) =1+ : (6)

MA -t At Ny

Lyapdim(v) =1 +
[Ar4a]

wherel = maxi : .1 +---+ X; > 0}. When f is a diffeomorphism and is absolutely
continuous with respect to the Lebesgue measure (or only absolutely continuous on
unstable manifolds), by Pesin’s formuldy we have

hv(f)+)\-14+l+"'+)‘-l

Lyapdim(v) =1+
A4l

whereh, (f) is the metric entropy antl = max{i : —A,41 —--- —X; < h,(f)}. This
expression is similar to (6). In the definition @f (1), however, we uséop(f|a)
instead offz,(f) in order to prove Theorem 2. Notice that Lyap dim does not apply
to expanding systems, since all exponentg @fre positive. Sa@, (1) may be considered
as a reasonable substitute. Thus, Theorem 2 is a supplement to the following inequality
of Ledrappier 13

dimg A < sup Lyapdim(v),

ve€(A,f)

where A is a compact invariant set of any differentiable mgp

A construction similar t@l/, (1) also appears ir7], where, instead 0§ (1), a function
consisting of uniform Lyapunov exponents is used.

The question arises of how good are these upper bounds. Whereas it is easy to show
by examples that sype, ) da(w) is a rough bound for dim A, D(f, A) often has a
surprising property which seems to indicate that it is very sharp. (It can be shown that
D(f, A) < SUP,eea, ) da (), seegb). For some large classes of self-affine sets, the
equality dimy A = D(f, A) holds almost surely. We describe two such classes.
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Let there bd non-singular linear contractior’s : R" — R™, |T;|| < 1,j=1,...,1.
Given anyby, ..., b; € R” we definel affine maps;(x) = Tjx + b;. Let B(Ty, ..., T))
be the set of(by,...,b) € R"*! satisfying the property that there is a compact set
K C R™ with int K # @, where intK is the interior ofK, such that the set&; = ;K
are disjoint and are all contained in Kt Then B(Ti, ..., T;) is an open set. Let us
only consider sucHy, ..., T; that B(Ty, ..., T;)) # @. Fix (b1, ..., b)) € B(Th, ..., T)).
DenoteKj ; =t,o---0t,(K), ji =1,...,1. ThenkK C intKj_ ;,, and if

J1eJnn+1
Jnpr # Jnr thenK . 0K, = 0. PUutA = 20U, 1K), As called
a self-affine set. Sees] for more about this construction. Now defineCa expanding
map f on the open set/ = Uj,zlint K; in a natural way: f[ini, = tj‘l. It is easy to
check thatf A = A.

The following cases have been studied.
(1) 4 0 If T <1/3,j =1,...,1, then for Lebesgue almost &by, ..., b)) €

B(Th, ..., T), dimg A = D(f, A).

(2) Consider two affine contractions &f with the same linear part

x1 O

T1=T2=< 0 x

), O<x2<x1. and x2<3,
which map the unit squarg = [0, 1] x [0, 1] into two disjoint rectangles insidg.
(Notice that each rectangle has a horizontal side of lepgtaAnd a vertical side of
length x2.) Then:
@ [A7]if x1 < ; then diny A = D(f, A) = —log 2/ log x1, except thab; — b,
happens to be a vertical vector;
(b) [17, 19 for Lebesgue almost every; € (%, 1), dmy A = D(f,A) =
1 —log 2x1/log x2, except that; — b, happens to be a vertical vector.
These facts strongly suggest that gim = D(f, A) should hold prevalently.
(Another class of self-affine sets satisfying this equality was recently studietiljn [
We thank the referee for pointing this out to us.) For general nonlinear maps, Lebesgue
measure is obviously not appropriate to describe the prevalence. To formulate the right
concept and to prove that the equality gim = D(f, A) is indeed prevalent should be
an interesting problem. The situation here is parallel to the Kaplan—Yorke conjecture on
the Hausdorff dimension of invariant measurés 17.

4. Hausdorff dimension of hyperbolic sets on unstable manifolds

The technique in studying the Hausdorff dimension of hyperbolic sets on unstable
manifolds is similar. LetM be a compact Riemannian manifold and letbe aC?
diffeomorphism onM. A compact setA is called ahyperbolic setfor f, if fA = A

and there is a continuous splittiigM = E*(x) + E“(x) on A satisfying:

(1) (D:HHIE*(x) = E*(fx), (Dx fIE"(x) = E"(fx), x € A;

(2) there is a constarit > 1, such that

IDFIES) < k7%, IDofTHE ()| < k7%

f1a need not be transitive. However, for simplicity we assume that the splitting has a
constant dimension diA*(x) = s and dimE*(x) = u.
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Forx € A, denote byW*(x) the global unstable manifold containing W*(x) is a
C* injective immersion of a Euclidean spaRé into M. Letd" be the induced metric on
WH(x) and letB“(x, r) be the sefy € W"(x) : d"(x, y) < r}. We study the Hausdorff
dimension of the seW*(x) N A.

By the definition of hyperbolic sets, for eaehe Z*, D, f*|E*(x) is an expanding
linear map fromE*(x) onto E*(f"x). Denote by

A(x, f*) == Au(x, f") (= nlogk)

the logarithms of the singular values % | E*(x), and fora € [0, u] set

u

g, M= Y M M)+ (@ — [eD i (x, £
i=u—[a]+1
(The notationsi; (x, f") and g*(x, f*) are used in both expanding and hyperbolic
situations. Their meaning should be clear from the context.) It follows from the
continuity of the splitting that,; (x, f") and g*(x, f") are continuous irx. Consider
the topological pressure functions

1
Ptlu(a)ZP(f'A»_nga(" fn)>7 OIE[O,M].

Since the functiong®(-, /") also satisfy the superadditive condition (5), we can show,
as in Lemma 2, that the limit function

P" (o) = lim P¥(a) = inf P! ()
n—oo neZ+

exists. FurthermoreP"* is continuous and strictly decreasingdne [0, u]: P**(0) =

P (0) = hiop(f1a) = 0 @and P**(u) = P(u) = P(f|a, —log|JagD; f|E" (x)]). If f

is C%2 and A is a hyperbolic set with the local product structure, then it is known that
P(f|a, —log|JdagD, f|E"(x))]) < 0. So the equation

P"*(@)=0

has a unique solutione € [0,u]. In general, however, the sign ofP(f|a,
—log|JagD, f|E"(x))]) is not clear. Parallel to Theorem 1, we have the following
result.

THEOREM 3. Let
D*(f, A) = maX{a € [0, u] : P**(a) > O}.

Then for every € A,
dimy (W*(x) N A) < D“(f, A).

In the proof of Theorem 3§6), we will calculate the Hausdorff dimension with
the induced metrie/“. However, sinceW“(x) is a C* submanifold, using the original
Riemannian metric to compute the dimension would yield the same value.

In particular, when dinE* (x) = 1, itis easy to check tha?**(«) = P*(a) = P(f|a,
—alog||D; fIE"(x)|]). So Theorem 3 generalize¥4, Theorem 1] (stated ifl) in one
direction.
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Again as in§3, we derive another upper bound for djitW*(x) N A) by Lyapunov
exponents and topological entropy. M € £(A, f), then u has exactlyu positive
Lyapunov exponents. Write them in the usual order

and let

u

g W= > x(w+ (=[] A (1)

i=u—[a]+1
Then define for each € £(A, f)
dy(n) = max{a € [0, u] : g% (1) < hwop(fla)}-
This number takes the following form ¥/, A; (1) > hwop(f1a):

hiop(f1a) = A () — -+« — Au—2 (1)
)Vufl(/’L)

wherel = max{(i : A, (1) + - + Au—iz1 () < hiop(f1a)}-

s

() =1+

THEOREM 4. For anyx € A,

dimg (W*(x)NA) < sup dj(n).
HEEA, )

It can be shown thaD"(f, A) < sUP,ce(a.r) da (). In view of the argument at the
end of last section, it seems reasonable to believeaf, A) is a close bound for the
dimension, while sup.¢, s dj(r) is only a coarse estimate.

WhenA is a basic set of an Axiom surface diffeomorphism, it is shown id4] that
dimy A = dimg (WS (x)NA)+dimyg (W*(x)NA), whereW* (x) is a stable manifold. So
a formula for dim; A directly follows from their calculation on digg(W*(x) N A). In
the higher dimensional case, however, the relation betweeg dindimg (W*(x) N A)
and dimy (W*(x) N A) is not clear and so our results can not immediately provide upper
bounds for diny A. We mention that some upper bounds similar to,sug ) dj (w)
have been obtained for dimA [7, 13.

5. Change of Hausdorff measure under iteration
A basic tool used to prove the theorems is the following lemma, which estimates the
Hausdorff measure of the image of a small set under an expanding map.

LEMMA 3. LetU c R” be an open set and lef : U — R” be aC! map. Assume
that, at a pointx € U, D, f : R" — R™ is an expanding linear map. Then for every
a € [0, m], there existypg > 0, such thatB(x, pp) C U and for any sed C B(x, pg) we

have
¢ (A) < CHY(fA) (7)
for all o < pg, where
b = 2Vmexp—An—a(x, )}, 8)
C = 2m*Zexp—g“(x. )} 9)
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Proof. We follow the ideas in3]. Let ¢ be a small positive number witfl + ¢)e® < 2.
Since D, f : R" — R™ is continuous iny, we can choosgy satisfying the following
conditions:
(1) f mapsB(x, 2pp) diffeomorphically ontof B(x, 2p0) and || fz — fyll > llz — vl
for all y, z € B(x, 2p9) with y # z;
2) MO, ) —rilx, fl <€, forall y e B(x, po) andi =1,...,m;
(3) llz—y— Dy )M fz— fl <€llz—yl, for all y € B(x, po) andz € B(y, o).
Condition (3) holds becaus(eDyf)*l is also continuous iry. AssumeA C B(x, po)-
Fix any p < po. Leta = H}(fA) (a is obviously finite). Then for any > 0, there
are finitely many ballsB(z;, r;), z; € fB(x, po), rj < p, such thalUj B(zj,rj)) D fA
and Zj ri <a-+n. Let BJ’. = {y € B(x,p0) : fy € B(zj,rj)}. Then U,- ij D A.
By (1) and (3)Bj C y; + (1 + €)(Dy, /)"*B(0,r;), wherey; € B(x,po) and
f(j) = z;. The definition of the singular values implies thaDyjf)*lB(O, r)
is an ellipsoid which has principle axes of lengths éxp{—X,(y;, f)} = --- >
2rjexpl—11(y;, f)}.  Therefore, BJ( is contained in a rectangular box with sides
21 + erjexpl=in(yj, H} ..., 2(1 + e)rjexpi—r1(y;, f)}, which can be covered
by expl—>_iL,, e+ 4 (> Oy explla]rn (o1 (v, )} balls with radius/m(1 + €)r;
exp{_)\mf[a] (ij i By (2) exp{_)‘mf[a](ij Y <e exp{_)\mf[ot] (x, fH} Summing
up over allj and using the assumptiqi + €)e€ < 2 we get

m

Hp,(A) = Zexp{— > Ai()’j’f)}exp{[(x])‘m—[ﬂt]()’j’f)}
j

i=m—[a]+1
m (L + €)rf expl—ahn_{a (v £)}
= L+ m*?) rrexp—g* (v, f)}
J

IA

1+ e)” exp{oze}m”‘/2 Z rJ‘-” exp{—g*(x, f)}
J

< 2mPexpl—g“(x, Ny Y 1y
J
< C(a+n).
Sincen > 0 is arbitrary, this proves the lemma. O
By a routine procedure we can extend the inequality to any compact set.

COROLLARY 1. Let M be a Riemannian manifoldlimM = m, and letf : M — M
be aC! map. Assum& C M is compact andf is expanding onX (X need not bef
invariant). Fixa € [0, m]. Then for anyby > 2,/m and Co > 2*m*/?, there ispy > 0,
such that for allx € X and all A C B(x, po) (7) holds for everyp < pg, whereb and C
(depending orx) are given by

b=1bo exp{_)‘m—[a] (x, )}, (10)
C = Coexp{—g“(x, f)}. (11)

Proof.SinceXU f X is compact, there ig; > 0, such that for any € XU f X, exp, maps
B.(0, p1), thep;-ball at 0 inT, M, diffeomorphically onto the balB(x, p1) € M. Choose
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02 < p1 SO thaifor everyw € X, fB(x, p2~) C B(fx, p1)- Thenf; = exp]?x1 of oexp,
is defined onB, (0, p2). Obviously, Do f, can be identified withD, f. Again by
compactness, both exmnd exp‘x1 uniformly C! approach isomgtries oA, (0, p) and
B(fx, p),asp — 0. Sothere ipg < pp, such that at every € X, f, satisfies conditions
(2)—(3) in the proof of Lemma 3. Applying Lemma 3 yZ) for everyZ C B, (0, po) we
have _ o

My, (A) < CH(fo(A)) (12)

for all p < po, whereb and C are given by (8) and (9). Set = expx(Z). Then
f+(A) = exp;} o f(A). Reducingp one more time if necessary, we may make all,exp
and ex[:;xl so close to an isometry that (12) can be replaced by (7) with slightly l&arger
and C, which are pre-assigned by (10) and (11). This completes the proof. O

Next we show that a similar statement holds on unstable manifolds of a hyperbolic
set. It is needed in the proof of Theorem 3. Remember that if a set is contained in a
piece of unstable manifold, its Hausdorff measure is calculated under the induced metric.

COROLLARY 2. Let A be a hyperbolic set of €1 diffeomorphismf. All notations are as
in §4. Fixa € [0, u]. Then for anyby > 2,/u and Coy > 2*u®/?, there ispy > 0, such
that for all x € A and all A C B"(x, po), (7) holds for everyp < pg, whereb and C
(depending orx) are given by

b= bO EXp{_)\u—[a] ()C, f)}v (13)
C = Coexp{—g”(x, )} (14)

Proof. Choosep:s > 0, so that for everyx € A, exp, maps the ballﬁx(o, 1)
diffeomorphically ontoB(x, p;). From standard properties of unstable manifoltig],[
there isp, < p1 such that for everye € A, B“(x, p2) C fB“(f x, p2) C B(x, p1),
and expl(fB“(fx, p2)) is the graph of ac?! function from an open set of"(x)
to E*(x). Use p, to denote the projection of, M onto E*(x) along E*(x). Let
g. be the inverse map op, restricted to exp'(fB“(f 1x, p2)). Theng, is a C?
diffeomorphism andDyg, may be identified with the identity map oB“(x). Set
fi= q7y 0 €XPyl o f oexp, oqy. ThenDof, = D, f|E“(x). As p — 0, all exp. andg,
uniformly C* approach isometries Qﬁx(o, p) and EX(O, p) N E*(x), respectively. Thus
there ispg < p2 such that Lemma 3 applies gﬁ uniformly for all x € A. So ifx € A
and A C B.(0, po) N E*(x), then

¢ (&) < CHE(Ju(A)) (15)

for all p < pg, whereb and C are as in (8) and (9) (witlm replaced byu). Now set
A = exp,0q.(A). Then f.(A) = g/, o exp;} o f(A). Further reducingy to make all
exp, andg, closer to isometries, we can replace (15) by (7) withnd C satisfying (13)
and (14), completing the proof. O

6. Proof of the theorems
First we use Corollary 1 to prove Lemma 1. For simplicity we will assume fhé
defined and i<* on the whole ofM.
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Proof of Lemma 1.Assume D; < m, otherwise the assertion is obvious. Then
Py(Dy) = 0. Take anyd > D;. Since Py(«) is strictly decreasinge = —}Pi(d) =
—2P(fla, —g%C, f)) is a positive number. Choosg > 2,/m andCo > 2/m?/2. Since
| D fvll = k|lv| for all x € A andv € T, M, | D, f"v| = k"||v|. This implies that

Ai(x, f" >nlogkforalli=1,...,m andn € Z*.
Pick N € Z* satisfying the inequalities
B =bok™V <1, (16)
Coexp{—Ne} < 1. a7)
Applying Corollary 1 to the magpr™, we can findpy > 0 such that for allk € A and
A C B(x, po)
H,(A) < Coexp—g” (x, FAYHI(FN A) (18)

for all p < pg. Also assumeg is so small that the topological pressure can be calculated
by (3) for anyp < po. Fix such ap. By the definition ofe,

n—oo N

Hence there existsg € Z* such that: > ng implies
Q(—g"(. f).nN, p) < exp{—nNe}.
So there are pointgy;} C A, Uj Bun(xj, p) D A, such that

nN—1

Zexp{ = > (S, f)} < exp(—nNe}.
J i=0

Since B,y (x, p) C B(x, po) and f¥Biy(x, p) C Bi—yn(fVx,p) foralli =1,....n
and allx € A, applying (18)n — 1 times toB,y (x;, p) yields

n—2
Hi, (Bun(xj. p)) < Cp* exp{ =Y &My f%}H;ép(BN(f("‘”Nx,», p))
i=0
n—1 )
_ng(le-xj»fN)}, (19)

i=0

IA

CrtCiC, exp{

whereCy = sup,.., H4,(B(x, p)) andCz = sup,., exp{g’(x, fV)}. By (5),

n—1 n—1N-1 nN—1
ng(fiN-xj,fN)zzzgd(fiN+lxj’f)= Z gd(flx;,f)
i=0 i=0 =0 i=0

Summing up (19) ovel we have
Hipny () = D Mg, (Ba (x5, )
J

IA

nN—-1
Clczcg‘lzexp{ - &, f)}
j i=0
C1C2Cy texpl—nNe).

By (16) and (17), letting: — oo we getH?(A) = 0. Therefored > dimy A. Sinced
can be made arbitrarily close #,, this proves dig A < D;. O

A
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Proof of Lemma 2.All results here easily follow from the standard properties of
topological pressure.
By (5) and RO, Theorem 9.7],

1 a n—+l
Pip(a) = P<f|A,—n_Hg (x, f )>

n 1a n l 1a n 1

n P 1a n l P 1a n !
ntl <f|A,—ng (x,f)>+n+l (flA,—lg (f x,f))

n [
= P, P ().
ntl (oz)+n+l 1 (@)
This, together with 20, Theorem 4.9], proves the existence of the limit
P*(a) = lim P,(a) = inzf P, (a).
n—o00 neZt
For eachn, P,(0) = hip(f|a) and

1
P,(m) = P <f|As _n |Og|‘]ac(Dxfn)|>

l n—1
= P <f|A, - Zloguacwffxfn)
i=0
= P(fla, —log|JagD; f)]).
So P*(0) = hip(fla) and P*(m) = P(fla,—log|JagD;f)). Set K =
Sup.c, 1Dy flI. Then for any O0< a1 < ap < m,
g% (x, f") — g™ (x, f*)

o2 — o1

nlogk < <nlogk.

By [20, Theorem 9.7],

P,(a2) — P,(a
—|OgK§ n( 2) n( l)§—|ng,
o — oy
which implies thatP* is continuous and strictly decreasingadn O
Theorem 1 follows from Lemma 1 and some general arguments about topological

pressure.

Proof of Theorem 1Without loss of generality, we assun® f|,, — log|JadD, f)|) <
0. Forn > 2, consider the equation

P,(@) = P(f"|a, —8%C, f™)) = 0.

SinceP, (0) = hiop(f"[n) = nhiop(f15) = 0 @ndP, (m) = nP(f|a, —log| JagD, f)|) <

0, the equation has a unigue solution, which we denot®py Applying Lemma 1 to
the expanding mag™” yields diny A < D,. So dimy A < inf,cz+ D,. The proof of
Theorem 1 will be completed if the following inequality is verified

inzf D, < D(f, A). (20)
neZ*
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For smalle > 0, letd = inf,cz+ D, — €. As in the proof of Lemma 2, for any; < oy,
Py(@y) = Py(@r) < —nlogk - (o — o).

Substitutinge; = d anda, = D, yields
P,(d) > nlogk - (D, —d) > nlogk - e.

Fix any N € Z*. We showPy(d) > 0.
SetC = max{g?(x, fV) : x € A}. Letl € Z* be so big thai N logk - ¢ > C. For
eachj =0,1,..., N — 1, using (5) we have

IA

-1 -2
DM x, 1Y) @0, )+ g (N, )
i=0 i=0

+g?(fEINTIx, NI+ C

< gt fMH+C.
Summing up overj, we get
1 IN-1 )
v & M =gt M+ C (21)
i=0

Now by [20, Theorem 9.8(i) and Theorem 9.7]

;g"(x,fN)>
— 1 P IN _ 1 lNz_l dg i N
= N P as N i:Og (f'x, /)

1
NP(f“V|A, —g'(x, fM - 0)

Py(d) = P<f|A7—

>
- 1
- Y Eva-0o
- lN IN
1
INlogk-€ — C
> (Nlogk e~ C)

which is > 0 by the definition ofl.
Since Py(d) > 0 for all N, P*(d) > 0 and sod < D(f, A). Ase = inf,cz+ D, —d
can be arbitrarily small, we prove (20), completing the proof of Theorem 1. O

Note that a little more effort can actually sha( f, A) = inf,cz+ D,,.
One more lemma is required to prove Theorem 2. The lemma is similar to
Proposition 2 in 13]. Mimic the definition of d,(u); for anyx € A andn € Z*
we set
da(x, f*) = maXa € [0,m] 1 g%(x, f") < hop(f"1a)}-

Notice thathtop(fn|A) = nhtop(f|A)-
LEMMA 4.
inf supda(x, f") = sup da(p).

neZ* xen HEE(A, [)
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Proof. Let d = inf,cz+ Sup.c, da(x, f"). We first showd < SUR,cea, 1) da(in). Let us
denotes = hip(f|a) for simplicity. Since everyi, (x, /) is uniformly continuous on
A, there is a sequende,} C A such thatds (x,, ") = SUp.c, da(x, ") > d for all
n € Z*. This impliesg?(x,, f") < nh. Now fix N e Z*. If n > N and 0< j < N,
we have by (5)
[n/N1=k(j)
(MM, f)
i=0

[n/N]—k(j)
< gd(xn’fj)-l- Z gd(ftN+jxn’fN)+gd(f/(j)xn’fnfl(j))
i=0
< g0 M
< nh,

wherek(j) = 1,if 0 < j <n— N[n/N]; k(j) =2, if n — N[rn/N] < j < N, and
1(j) = N([n/N]—k(j) + 1)+ j. Summing up ovey yields

n—N
> g (fxu. fN) < nNh.
i=0

Denotingy, = i Zf;ol 8rix,,» Wheres, is the Dirac measure at we rewrite the inequality
as

/ g (x, fN)dv,(x) < Nh+ ]ZC, (22)
A

where C = sup.., g%(x, fV). Let v be a vague limit point ofv,}. Thenv is an
invariant probability measure ofn (see RO, Theorem 6.9]) and from (22)

/ g (x, fNydv(x) < Nh

A

or 1
/ g'(x, fNydv(x) < h. (23)
AN

Letv = fA e dv(x) be an ergodic decomposition of whereu, € £(A, f), v-a.e.
x € A. Then limy_o vg?(x, fV) = g%(uy), v-a.e. and inL*(v). Thus by (23)

/ g/ () dv(x) < h.
A

Thereforeg? (1) < h for somepu, € E(A, f), i.e.d < da(uy).

Now we prove the converse. Obviously, > sup,, inf,da(x, f*). For any
1€ E(A, f), there isx € A such that lim_« *¢%(x, f") = g*(w), all a € [0, m].
SO liMyoaeda(x, f") = da(p). By (5), da(x, f™*) < supda(x, f"), da(f"x, )},
for all n,/ € Z*. Applying this inequality repeatedly we obtain lim., da (x, ) <

SUP,ez+ iNfiez+ da(f"x, f1) < d, which provesd, (u) < d. O

Proof of Theorem 2By Lemma 4 and the fact that dignA < inf,.z+~ D, (see the proof
of Theorem 1), we only need to show that for each

D, < supd(x, f").

xeA

https://doi.org/10.1017/50143385797085003 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385797085003

754 Y. Zhang

Let d = sup.,da(x, f"). Thengd(x, f") > nh for all x € A. So P,(d) =
P(f"a, =8¢, f) < P(f"|a, —nh) = P(f"|a,0) — nh = nh —nh = 0. By the
definition of D,,, we getd > D,, as desired. O

As mentioned beforeD(f, A) = inf,.z+ D,. Therefore we have just shown that
D(f, A) < SUDcea, ) da ().

Now we turn to the proof of the results for hyperbolic sets. All properties of (un)stable
manifolds used here are standard, and can be fourtD]n The key step is the following
dimension estimate.

LEMMA 5. Set
DY = max{a € [0, u] : P{(a) > O}.

Then for anyx € A,
dimyg (W"(x) N A) < Df.

Proof. Fix x € A. Let W be any compact piece d¥*(x). We show
dimg (W N A) < Df. (24)

This obviously implies Lemma 5.
Without loss of generality, assund® < u, i.e. P(f|a, —log|JagD, f|E"(x))|) <O

and P{(D¥) = 0. Take anyd > D! and sete = —1P¥(d). Since P} is strictly
decreasinge > 0. Choosebg > 2/u, Co > 2?u/?, n > 0 andN e Z™ satisfying

B =bok™N <1, (25)

Coe" exp{—Ne} < 1. (26)

Consider A as a hyperbolic set forfV. Clearly, | D, fN|E*(x)| < &V and

D, f~N|E*(x)|| < k~N. By Corollary 2, there iso’ > 0, such that for allx € A,
A C B*(x,p’) andp < p’ we have

H,(A) < Coexpl—g’ (x, fMYHE(N A). (27)

Choose small positive numbers pg and p; (in this order) withpg < r, po < p’ and
p1 < po, SO that the following hold:
() if x e Aandy € B(x, p1) N A, thenB“(y,r) N B(x, p1) C B"“(y, po);
(2) if x e Aandy € WN B(x, p1) N A, thenW N B(x, p1) C B*(y, po);
(3) foranyx e A, fNB“(x, po) C B“(fVx,r),
(4) if x e Aandy € B(x, p1) N A, then|g?(x, V) — g4(y, fV)| < n;
(5) for anyp < p; and any continuous functiof

: 1
P(fla.¢) =limsup logQ(¢.n, p).

n—oo N

Here, (1) is due to some well-known facts about the unstable manifolds. (2) follows
from the compactness d¥. It roughly means thaW intersects anyB(x, p;) at most
once. (3)—(5) are obviously true for all smalj and p;.

Fix p < p1. By the definition ofe,

Iimsupl Iog Q(_gd(’ f)7 n, 10) = —2e.

n—oo N
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So for all larger,
Q(=g“(-. f).nN. p) < exp{—nNe}.

Thus, there are points;;} C A, U; B,y (xj, p) D A, such that

nN—-1

Zexp{ - > gl (f, f)} < exp{—nNe}. (28)
F i=0

The sets{B,y(x;, p)} coverWN A. Let A; = WN AN B,y(xj, p), and consider the
iteratesf'NA;, i =0,1,...,n, if A; # 0.

By (2), A; ¢ W N B(xj, p) C B*(y;, po), for somey; € A;. We use induction to
show

fNA; B (fNyi,p0) i=01,...,n—1 (29)

Assume we already havg~YVA; c B“(fi=YNy; po). Then by (3), f/NA; C
B“(f'"Ny;,r). Moreover, f/NA; C B(f"x;, p) by the fact thatA; C B,y (x;, p).
So by (1), f"NA; € BU(f™y;. 1) N B(f™Vx;, p) € B*(f™y;, po), proving (29).

(4) implies

18Ny, N =g/ (N xy, fMN] < .

From this and applying (27)-times, yields
n—1
(A = 3 exp{ =2 &'y fN>}H;§<f"NA,>
- n—1
= C1Co expinn} exp{ - Xc;gd(fwxj’ fN)},

whereC, = sur{Hz(B”(x, r)) : x € A}, which is clearly finite. By the superadditivity
(5)

n—1 ] nN-1 )

Yol N = Y g ).

i=0 i=0
SinceU;A; D W N A, we get

HE,(WNA) < Y Hi(A)
J

IA

nN-1
C1Ch exp{nn}Zexp{ -8 f)}
i i=0

C1Cq exp{nn} exp{—nNe},

A

where the last inequality is from (28). Using (25) and (26) and letting oo, yields
HY W N A) =0.

This gives diny (W N A) <d. Takingd — D} proves (24). (]
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Note that we have given an alternative proof for half &f,[ Theorem 1]. Again,
because we only calculate the change of Hausdorff measure for each iteration, the use
of Markov partitions and the discussion on the structure-of/linders are avoided.

Let us make a final comment on completing the proof of Theorems 3 and 4. Following
Lemma 5, we may just repeat the proofs of Theorem 1, Lemma 4 and Theorem 2, almost
word for word. All we have to use are general properties of topological pressure and
Lyapunov exponents, and the superadditivity of the functigi(s, /"), which are shared
by both expanding and hyperbolic systems. Thus, the detailed proofs are omitted.

Acknowledgements.l wish to thank Professor T. Y. Li for leading me into this
fascinating research field, and for his valuable comment on the first draft of the paper.
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