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Introduction

Readers will most likely be aware of the works of Johann Sebastian
Bach in the field of music, particularly of his Goldberg variations and the
changes that can be rung, wherein aesthetically appealing alterations to
structure produce a raft of colourful sounding themes. Similarly in the field
of quadrature it is possible to revisit and re-establish well-known formulae
by developing variations on the theme of a three-point interpolating
quadratic formed to represent a function that is to be integrated.

There are of course very-well established, benchmark approaches to
quadrature and these involve the use of Cote's formula and finite difference
methods that can be found in most seminal texts on numerical integration
(see [1, 2, 3, 4]), particularly in relation to equally spaced abscissa points.
For example, these methods are used to establish at an undergraduate level
numerical integration formulae such as ‘Simpson's rule’, the ‘Three-eighths
rule’ and ‘Weddle's formulae’, to name but a few. In the case of Simpson's
rule, the interpolating quadratic approach for equal intervals is often
presented to students at sixth form level and it is the purpose here to show
that this approach can be employed also to establish other well-known
formulae by judiciously combining results of quadratic interpolation across
unequally spaced intervals. It is likely that such an approach is known, but
the author is not yet aware of the literature containing it, the library being
filled somewhat with the classical texts. No attempt will be made to dwell
on the important aspect of quantifying before use the magnitude of
accuracies, which is inherent in the more esoteric approaches. In this
respect, the approach here is somewhat simplistic but it should serve
nonetheless to provide the younger mathematician with a very quick avenue
to well-known results and it might possibly enable them to develop
quadrature formulae of their own. In the final analysis, the proof of the
pudding is in the eating and so the results of using the formulae developed
hereunder to evaluate a test integral numerically will also be presented.

The approximating quadratic

With reference to Figure 1 below, a typical interval of integration is
assumed to be of width 24 and within the interval there is a point of
subdivision at the abscissa point x = A4 which does not necessarily divide
the interval into two equal parts.

For this interval the integration is expressed symbolically in the form
2
I = d
Jy yex

and the function to be integrated, y(= f(x)) say, is approximated by a

P
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quadratic of the form
y=f(x) = A" + Bx + C
passing through the three points (0, yy), (Ah, y;) and (24, y,).
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FIGURE 1: The integration schematic for three unequally spaced abscissa points

In order to ascertain suitable values for the coefficients A, B and C, the
quadratic is forced to pass through the above three points, and the
intermediate point, which can be varied, will be referred to hereafter as the
hinge point of the interpolation. Usually the abscissae are taken to be
equispaced but for the purpose of this exercise they are not. Thus, by
adopting the prescription for the quadratic through these points, it can be
established in a straightforward manner that the associated values are

201 = yo) = A2 = o)

A =
24(4 = 2) 2
B = 401 = y0) = X = »)
24(2 = M)k
and C =y,

These values can be substituted into the above expression for the integrand
and the integrations can be carried out explicitly to produce the intermediate
result

h
I = g(a}’O + dby; + cy)) (1

where
3 -2 1 4 - 3}
a = 1 ’b_l(2—/1)andc_2—l'

Having established such a ‘Lego’ building block, so to speak, the
exercise now will focus on showing how selected values for the parameter 4
can be used and varied to re-establish well known quadrature formulae,
without recourse to the usual higher-flown methods.
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Varying the values of the parameter A

The A-values of interest here will be those shown in Table 1 below, but
it will become apparent that other values could be considered to secure yet
more integration formulae, if required. Also shown are the names of well-
known integration formulae which will be developed here from the

associated parameter values.

Number of equal | Rule/formula [ Associated values of Corresponding
strip widths designation the parameter A ordinate values
2 Simpson 0,1,2 Y0, Y1, Y2
3 Three-eighths 0,2/3,4/3,2 Yos Y1, Y2, V3
4 Milne [2] 0,1/2,1,3/2,2 Y05 Y15 Y25 Y35 Y4
5 — 0,2/5,4/5,6/5,8/5,2 Y0s V1s V25 V35 Vas Vs
6 Weddle 0,1/3,2/3,1,4/3,5/3,2 | Y0, Y1, Y2, Y3, Y45 Y5, Vo

TABLE 1: Parameter values and associated integration formulae names

For each entry in the Table, the end point values for A are 0, 2 and the
hinge point values are the values between. In what follows, an interpolating
quadratic will be forced to pass through the end points and each hinge point
in turn. The ordinate names, corresponding to the abscissae (hinge and end
points) in the third column, are shown in the last column of the Table.

With reference to future use of (1), it will be convenient to display also
the values of the above parameters a, 4b and c¢ due to these tabulated A-
values. They are shown in Table 2.

A-values a 4b c
1/3 -3 36/5 9/5
2/5 -2 25/4 7/4
1/2 -1 16/3 5/3
2/3 0 9/2 3/2
4/5 1/2 25/6 4/3

1 1 4 1
6/5 4/3 25/6 1/2
4/3 3/2 9/2 0
3/2 5/3 16/3 -1
8/5 7/4 25/4 -2
5/3 9/5 36/5 -3

TABLE 2: Values of a, 4b and ¢ due to associated A-values
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Not surprisingly, there is a skew symmetry of data in the table. Having
established the preliminaries, it will be appropriate to address now the
integration formulae that can be extracted using the proposed approach.

Two equal intervals

In the case when the hinge point is at 1 = 1 the spacing between
abscissae in Figure 1 is equal and, for associated data from both Tables, the
interpolating quadratic of (1) through the three points where 4 = 0, 1, 2
reduces simply to Simpson's rule, i.e.

h
I = g()’o + 4y, + )’2)- )

Three equal intervals

With reference to Table 1, the required hinge point values are 4 = 2/3
and A = 4/3, and the ordinate values at these points are y; and y;,
respectively. For the interpolating quadratic through the end points and the
hinge point at A = 2/3, values of a, 4b and ¢ can be extracted from Table 2
to produce a result from (1) in the form

3 _om 3w
nooo2 20
Similarly, when the hinge point is at A = 4/3, the exercise will produce the
result
3B _ 3w,

h 2 2
Each of these two expressions represents the area under the curve y = f(x)
in the interval (0, 24). Accordingly, so too must their weighted sum. For
example, multiply the first expression by «, say, and the second similarly by
B, and add to obtain the result

h
I =|——— +3 + 36y, + .
(2(a + B (Byo ayi By, + ays)
Writing 8/ a = u, this may be rewritten in the form
h
I = |—— + 3y + 3wy + ;). 3
(2(1 M (eeo V1 10y> + s) 3)

This weighted expression involves four equally-spaced ordinate values and
the distance between respective abscissae can be denoted by A4". Then
W = 2h/3 and if u is unity the result reduces to the well-known Three-
eighths rule [2], i.e.

’

8

The result has been obtained without reference to either Cote's formula or
finite difference methods by judiciously combining results for abscissae that

I =

(o + 3y + 3y + »3).
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are not uniformly spaced. The interested reader might care to examine other
formulae from the above expression by selecting a value for u that is
different from unity. As is well-known, it is possible also to obtain this
result using an interpolating cubic to pass through four ordinate points
whose abscissa are equally spaced.

Four equal intervals

The hinge point values required to produce rules for integration over
four intervals are shown in the Table 1 and the corresponding values for a,
4b and c are shown in Table 2. Specifically, at the hinge point A = 1/2, the
result from (1) can be written in the form

3/ 16y, Sy
— = - — + .
I T
Similarly, for the next hinge point value (A = 1) it can be shown that
3
— =Y+ 4y +

h

Finally, for the remaining hinge point at A (= 3/2), it is possible to obtain
similarly the result

3 5y 16y;

= 45 T, )4

h 3 3

As before, in the three-interval case, it will prove to be of interest to
examine a weighted summation of these three expressions. Specifically, in
this instance a weighted symmetric summation will be chosen by
multiplying the first and third expressions by o and then adding them to the
second expression multiplied by f to produce the symmetric result

h
1= 7((205 +3B)yo + 160y, + 128y, + 16ay; + 2a + 3/3)y4).
18a +9p

Again, introducing the above parameter , this expression reduces to

———((2 + 3wyo + 16y + 12uy; + 16y; + (2 + 3uw)ys). (4)
18 + 9u

It is possible now to envisage a raft of expressions for different values
of the parameter u. For example, if 4 = 2/3 and £ is replaced by 2/, it is a
simple matter to show that Simpson's rule for four intervals is captured.
Alternatively, if u = —2/3, the expression reduces to

4K
I = ?(2}’1 -y + 2y)

which is also a known result; it serves as an approximation to the numerical
value of the integral over the specified range that avoids tabulation of the
integrand at the end points of the interval of integration. Again, a judicious
combination of results for unequally spaced abscissae has resulted in an
integration rule where ordinate values are obtained at uniformly spaced
abscissae.
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Five equal intervals

The values for 4 that are required to produce a rule for this scenario can
be extracted from Table 1 and the corresponding values for a, 4b and ¢ can
be drawn from Table 2. As before, the corresponding ordinate values at the
various A-points are also shown in the table. Then the interpolating
quadratics through the end points and each of the various hinge points in
turn can be obtained as described above. For the hinge point where
A = 2/5,itis possible to obtain the result

3] 25_)11 7_)15

— = 2%+ — + .
3 T Ty

Similarly, for the hinge point A = 4/5,
3 25 4
2 _ Yo L s

h 2 6 3°
Also, for the hinge point where A = 6/5,

3] 4 25
3 _ o, 2%, s

h 3 6 2°
Finally, at the hinge point A = 8/5

[ 2
M _ T, Bn_,
h 4 4

Again, a symmetric, weighted summation of these four expressions can be
formed in the usual way. Specifically, multiply the first and last of these by «,
say, and multiply the second and third by  to obtain, on addition, the result

I 5K
144 (a + p)
where now & = 5h"/2. As before, make the change /o = u to rewrite
this expression in the form

1= — (20~ )y + TSy + S0uys + S0uys + TSy + (220 - 3)y5). (5)

144(1 + w)

Again, in the usual fashion, one can experiment with different values of
the parameter u. For example with ¢ = 3/22 it is possible to obtain an
integration rule that does not involve function evaluation at the end points of
integration.

((228 = 3a) yo + T5ay, + 508y, + 508y + T5ays + (228 - 3a)ys)

Six equal intervals (Weddle's formula)

This is a well-known integration formula that can be found in various
texts [2], or by googling the words. The procedure to secure a formula is
pretty much the same as that described above for the various cases and
involves first the determination of the interpolating quadratics through the
various hinge points shown in Table 1. It is left as an exercise for the reader
to fathom that a symmetric weighted summation of the ensuing quadratics
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(with weighting coefficients a, § and y) can be developed to produce the
result

h
I = ———————((y + 38 - 6a)yy + 36ay; + 9By, +

30a + 128 + 3y
4yys + 9Bys + 36ays + (v + 3B — 6a)ys).
As before, effect the parameter change S/a = u and also the change
y/a = v to rewrite this expression in the form

h
I = —— +3u-6 + 36y +
0+ 120+ 3 (v + 3u — 6)fyo + 36y
Optyr + 4vys + uys + 36ys + (v + 3u ~ 6) ). (6)
If now the weighting coefficients are chosen so that u = 4/5 and
v = 54/5, Weddle's rule is captured:

’

h
10 (yo + 5y + yo + 6y3 + y4 + Sys + yé),

where now & = h/3. It is of course possible to consider other values for
these weighting coefficients to obtain different-looking expressions. For
example, if 4 = 2 and v = 9, it is possible to capture the expression for
Simpson's rule across six equally spaced intervals. Further, if 4 = 4 and
v = 6, it is possible to capture similarly the Three-eighths rule applied over
the six intervals viewed as consecutive tranches of three equally spaced
intervals. The result due to Weddle can be related also to a combination of
Simpson's rule and the Three-eighths rule. To this end, denote the numerical
integrations corresponding to Weddle's formula, Simpson's rule and the
Three-eighths rule by W, S and T respectively. Then it may be verified that
W = (9§ - 4T)5.

I =

Discussion

As with all numerical integration formulae, their relative strengths can
be assessed via a numerical exercise. To this end it is appropriate to display
the results of a numerical exercise involving all of the above integration
formulae applied to a well-known integral. In this instance ‘Ahmed's
Integral’ (see [5]) will be chosen as the test integral. It is

I tanV2 + x? S

2
Y L e S N
Jy 1+ 7" 9

The integration formulae given by equations (2) — (5) were computed in
various cases and a Table of accuracies for different numbers of integration
strips was drawn up, as shown below:
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Equation Number of strips
u-value 3 4 5 6 8 9 10 12

(2

3
1

(C))
-2/3

4)
2

4)
2/9

)
1

)
3/2

©)
3/22

- 1.E-03 - 7.E-05 | 2.E-05 - 6.E-06 [ 3.E-06

1.E-01 - - 4.E-04 - 3.E-05 - 7.E-06

- 3.E-01 - - 1.E-03 - - 6.E-05

- 1.E-01 - - 4.E-04 - - 2.E-05

- 6.E-02 - - 2.E-04 - - 1.LE-05

- - 1.E-02 - - - 3.E-05 -

- - |4E-02| - - - |1E-04| -

- - 2.E-01 - - - 7.E-04 -

TABLE 3: Absolute % accuracies, i.e. [(1 — Approximate | Exact) x 100

In this Table, the left-hand column shows the equation number from the text
(in brackets), and underneath is a typical value chosen for the parameter u,
where appropriate. Clearly, and perhaps not surprisingly, Simpson's rule (the
top entry in the Table) is the most attractive, but the other options also
converge albeit at a slower rate. It is of course possible to consider other test
integrals and the reader might care, like the author, to do so and see if the
story changes significantly. It is also of interest to write down in full the
integral expressions from the Table for the various values of the parameter
u. For example, in the case of the fifth data entry in the Table pertaining to
(4) when u = 2/9, the relevant form for integration over four equally-
spaced intervals is
4w

= 1500+ 631+ 3 + 635 + 33)

which is not cumbersome to the eye. However, this is not always the case as
the reader might appreciate by considering for example the integral
expression for integration over five equally spaced intervals arising from the
sixth data entry in the Table.
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Data pertaining to Weddle's rule (see (6) above) is not contained in the
Table and the exploitation of the two parameters there (¢ and v) to obtain
different looking integral expressions for integration over six equally spaced
intervals is left as an exercise for the reader.

Conclusion

An exercise has been carried out to show how some of the standard
numerical integration formulae that an early undergraduate might be
exposed to can be obtained by judicious combination of quadratics
interpolated through three points whose abscissae are unequally spaced. In
addition to securing the well-known numerical integration formulae it is
possible to obtain others, seemingly at will. Convergence rates for the latter
can be seen to be somewhat slower than the former, at least in the case of a
specified test integral. The author has considered other test integrals and a
similar picture emerges. Moreover, attention here has focused on a
symmetric weighted combination of outputs obtained from the interpolating
quadratics because it leads to a simplicity in the sums. It is left as an
exercise for the reader to determine the effect of other types of weightings.
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