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We describe a new parallel, non-orthogonal-grid, three-dimensional electromagnetic
particle-in-cell (EMPIC) code based on a finite-volume formulation. This code uses
a logically Cartesian grid of deformable hexahedral cells, a discrete surface integral
(DSI) algorithm to calculate the electromagnetic field, and a hybrid logical-physical
space algorithm to push particles. We investigate the numerical instability of the
DSI algorithm for non-orthogonal grids, analyse the accuracy for EMPIC simula-
tions on non-orthogonal grids, and present performance benchmarks of this code on
a parallel supercomputer. While the hybrid particle push algorithm has a second-
order accuracy in space, the accuracy of the DSI field solve algorithm is between
first and second order for non-orthogonal grids. The parallel implementation of this
code, which is almost identical to that of a Cartesian-grid EMPIC code using do-
main decomposition, achieved a high parallel efficiency of over 96 % for large-scale
simulations.

1. Introduction

Plasma particle-in-cell (PIC) codes (Birdsall and Langdon 1985; Hockney and East-
wood 1981) have become standard research tools in plasma physics research. A PIC
code models a plasma as many test particles and follows the evolution of the orbits
of individual test particles in the self-consistent electromagnetic fields. Most exist-
ing electromagnetic PIC codes are based on the use of orthogonal grids (Cartesian or
cylindrical). This restricts their applications to problems with simple geometries.
Recently, a few studies have been published on electromagnetic (EM) and elec-
tromagnetic particle-in-cell (EMPIC) algorithms for non-orthogonal grids. Madsen
(1995) has developed a discrete surface integral (DSI) method for an EM code using
non-orthogonal unstructured grids. A similar algorithm has also been developed by
Gedney and Lansing (1995) for an EM code. Eastwood et al. (1995) have developed
the first non-orthogonal grid EMPIC code based on a body-fitted finite-element
method.

In this paper, we describe a new parallel EMPIC code that uses non-orthogonal
grid of hexahedral cells to handle complex geometries for large-scale simulations.
The major features of this code include the following.
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1. The computational grids are logically connected deformable hexahedral cells.
Each grid point in the physical space is mapped one-to-one to a Cartesian mesh
in the logical space.

2. The electromagnetic field update is based on the EM algorithms by Madsen
(1995) and Gedney and Lansing (1995), specialized to the case of a structured
grid of hexahedral cells. This is a discrete-volume generalization of the standard
finite-difference time-domain (FDTD) algorithm (Yee 1966), and reduces iden-
tically to FDTD if the grid is orthogonal. We not only implement the original
Madsen (1995) algorithm, but also present a modified version that uses a new
weighting scheme.

3. The particle pushisa ‘hybrid’ logical-physical space operation. Particle-position
update, field interpolation and current deposit are performed in the Cartesian
logical space, while the particle velocity is computed in physical space. This
hybrid particle push is a unique feature compared with other non-orthogonal

grid PIC codes.

4. The parallel code uses a domain decomposition of the grid and particles that is
nearly identical to that of a Cartesian grid EMPIC code (Wang et al. 1995).

The code described here has some features similar to those of the code by East-
wood et al. (1995), such as the use of blocks of curvilinear hexahedral cells for the
parallel decomposition of the computation domain and full charge conservation
to avoid solving Poisson’s equation for electrostatic potential correction. However,
Eastwood et al. used a different approach to derive their numerical algorithm,
based on a tensor formulation in general curvilinear coordinates. In Eastwood et
al. (1995), the Maxwell equations and the equations of particle motion are inte-
grated in curvilinear (or logical) space with a finite-element approximation to co-
ordinate transformation. This is in contrast to our approach, which is based on
finite volume and allows a relatively simpler formulation than the tensor formula-
tion associated with finite elements. Moreover, we only update particle position and
perform particle—grid interpolations in logical space; all other physical quantities
are dealt with in physical space.

Our decisions to use deformable hexahedral cells rather than more sophisticated
grids, such as tetrahedral cells or unstructured grids, and to use the hybrid logical-
physical space particle push are primarily influenced by considerations of code
performance on massively parallel supercomputers. The logically Cartesian con-
nection of the hexahedral cells preserves the nearest-neighbour relationships and
avoids the complications of indirect addressing needed for unstructured grids. The
location in memory of quantities defined in neighbouring cells can be found triv-
ially via indexing, which is in contrast to an unstructed grid, where the neighbours
of a given cell must be found by lookups in a table or other methods requiring
additional memory references. The use of the logically Cartesian grid, combined
with updating particle positions in logical space, allows us to determine the loca-
tions of particles and cells almost as efficiently as in an orthogonal-grid PIC code.
This is especially important for large-scale simulations, because a PIC code typi-
cally spents most of its computing time to push particles and perform particle—grid
interpolations. Performing particle—grid interpolations in logical space avoids the
complications of doing such tasks directly on non-orthogonal grids, and allows a
direct utilization of the gather and scatter algorithms developed for Cartesian-grid
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PIC codes. Finally, our approach allows an almost-identical parallel implementa-
tion of the code to that of the Cartesian-grid-based parallel EMPIC code (Wang et
al. 1995). Interprocessor communication algorithms developed for Cartesian-grid-
based parallel PIC codes may be applied with little modifications. Moreover, in a
parallel code using a domain decomposition, code efficiency is influenced strongly
by the time spent moving particles to the proper processor as they move out of the
current processor’s domain. For our logically Cartesian grid, the proper processor
for a particle is determined trivially from its logical-space coordinates and the al-
gorithms for exchanging particles among processors are nearly identical to and as
efficient as those of the Cartesian-grid parallel EMPIC code (Wang et al. 1995).

In addition to the numerical algorithms for fields and particles, this paper also
presents an analysis of the accuracy of the particle push on distorted grids, which
has not been previously reported, and a stability and accuracy analysis for the
finite-volume electromagnetic method, which extends the previous analysis by Mad-
sen (1995) and investigates the weak numerical instability caused by grid distor-
tion. Specifically, this instability is studied for three different weighting schemes for
the electromagnetic field update and a procedure for determining which weighting
scheme to use is suggested. This paper also presents performance benchmarks on
parallel computers, which are compared with those of the Cartesian-grid parallel
EMPIC code (Wang et al. 1995).

The numerical algorithm is described in Sec. 2. Numerical experiments of this
code are discussed in Sec. 3, which includes accuracy of particle push, stability and
accuracy of electromagnetic field update, and energy conservation of the entire
EMPIC code. Parallel implementation and parallel benchmarking of the code is
discussed in Sec. 4. Section 5 contains a summary and conclusions.

2. Algorithm
2.1. Governing equations

The governing equations in an electromagnetic PIC code are Newton’s second law
for individual particle trajectories (Birdsall and Langdon 1985; Hockney and East-
wood 1981)

dymv B
=F=q(E+vx-— 1
o q( ch>’ (1)
dx
a

where ym = m/(1 —v?/c*)'/? is the relativistic mass of the plasma particle, and the
Maxwell equations for the macroscopic electromagnetic field:

8871; = —cV x E, (2a)
E
%:CVXB-FJ, (2b)
V-B=0, (2¢)
V-E=p. (2d)
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Figure 1. Transformation between logical space and physical space.

The charge density p and the current density J are derived from the motion of
plasma particles, and satisfy the charge-continuity equation
dp _

5=V (3)

Note that if this charge-conservation condition can be satisfied rigorously numer-
ically, one can update the electromagnetic field using only the two curl Maxwell
equations.

To obtain a numerical solution on non-orthogonal grids, the curl Maxwell
equations are recast in the integral form by integrating the curl equations over a

surface S,
8t/B~ds=—cj{E'dl, (4a)

l
8t/E~ds:c]{B~dl+/J~ds, (4b)
s l s

and the the divergence equations and the charge-conservation equation over a vol-
ume V,

2.2. Computational grid

We define a physical space Qp consisting of a structured grid of hexahedral cells that
can be deformed in shape to body-fit complex geometries, and a logical space Qp,
consisting of a Cartesian mesh. Depending on the geometry of the physical domain
and/or domain decomposition on parallel computers, the physical domain can be
broken down into a set of non-overlapping patches, each with its own Cartesian
coordinates in the logical space. As illustrated in Fig. 1, each cell in Qp is mapped
one-to-one to a unit cube in Qp,. The vertices of the cells in Qp are at the locations
where the logical coordinates are all integers. The neighbours can be found by
simply incrementing indices, and hence the complications of indirect addressing of
unstructured grids are avoided.

Let r = (r, s5,t) denote the logical-space coordinates and x = (z,y, z) the physical-
space coordinates. A simple trilinear interpolation is used to map the logical coor-
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dinates to the physical coordinates. For instance, the mapping to the x coordinate
inside cell (z, 7, k) is

T =x9+ a7+ T28 + 2375 + 24t + 251t + 265t + T77SL, (6)
where
To = Ti,j,k,
L1 = Ti+1,5,k — Li,j,k»

T — xi,jJrl,k - xi,j,ka
Ty = Tijk+1 — Tijk,

T3 = Ti+1 j+1,k T Tijk — Tij+1,k — Ti+l 5k,

T5 = Ti+l,5,k+1 T Ti gk — Tijk+1 — Ti+l,5,k>
T6 = Tg j+1,k+1 T Tijk — Tijk+1 — Tij+1,k,
Ty = —Tijk t Tivl gkt Tigerk T Tig e

—Ti+1,5+1,k — Titl,5,k+1 — LTg j+1,k+1
FLi1 1 k41

The mapping to the y and z coordinates is similar.

2.3. Particle push

The particle push portion of the EMPIC code includes interpolating fields to par-
ticle positions (gather), updating particle positions and velocities (particle move),
and depositing particle currents (scatter). In our code, the particle position is kept
in logical space while the velocity is kept in physical space. We keep the particle
velocity in physical space because it is needed for use in the calculation of the
Lorentz force and the current deposit. We choose to keep the particle location in
logical space because this allows us to determine both a particle’s cell and processor
with the same efficiency of an orthogonal-grid parallel PIC code. This is in contrast
to updating particle position in real space, which then requires a fairly complex
scheme to determine a particle’s new cell (Westermann 1992). Setting the particles’
fundamental shape and position in logical space also simplifies both the force in-
terpolation and the current deposit, because the interpolation weights are simple
linear functions of each logical coordinate.

2.3.1. Gather and scatter. The field interpolation (gather) and current deposit (scat-
ter) are done in logical space, which is Cartesian. Therefore the numerical schemes
for field interpolation and current deposit are exactly the same as that in a flat-
grid electromagnetic PIC code (see e.g. Wang et al. 1995). In particular, the current
deposit is based on the charge conservation scheme discussed in Villasenor and
Buneman (1992), which satisfies the discretized charge-conservation condition

dtpdV =J- dS] —J- dS]71‘+1 +dJ- d52
—J- ng,j-H +J-dsg —d- dsS,k-H (7)
rigorously. Here pdV is the total charge in a single cell of the E grid and J - ds is the
current crossing a face of the E grid. The current deposit is done by calculating for
each particle within a time step how much charge crosses each face of the E grid
using the cells in logical space. Since current deposit is performed in logical space,
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exchanging currents in the guard cells between neighbouring patches or neighbour-
ing subdomains of parallel processors is identical to that in the orthogonal-grid
parallel PIC code (Wang et al. 1995).

2.3.2. Particle move. The trajectory of each particle is integrated using a time-
centring leapfrog scheme for (1). From the velocity in physical space v, the logical
space position r is readily obtained from

dr
=RV, (8)
where
_ [0y, 2)] "
R(r) = [ a(r, s,t) }

is the rotation matrix. (The physical location of the particle can be easily calculated
from r using the geometric information for each cell.) The rotation matrix R is
calculated at each vertex once at the start of the computation. During the time
loop, it is interpolated to the particle position in the particle update using linear
interpolation in logical space.

The numerical scheme for particle move on a non-orthogonal grid, which requires
a modification to the simple leapfrog update of x and v for an orthogonal grid, is
as follows:

1. Identify particle location at step n in the logical space and interpolate the field
value to the particle position: E(r"), B(r")
2. Update v in physical space: u = yv,

un+l/2 +un71/2 q B”
) : (9)

S VE R S VR iEn i x Lan2
m 2y m c
3. Advance r in the logical space with a predictor—corrector scheme:
3.1. Calculate the rotation matrix at r™: R(r").

3.2. Predict ¢r™*1/2:

e = R V2 dt 2. (10)
3.3. Calculate the rotation matrix at r*!/2: R(r™*1/2),
3.4. Advance r a full time step:

=+ RV v g (11)

4. Trade those particles that have moved to neighbouring patches or neighbouring
subdomains of parallel processors.

2.4. Electromagnelic field solve

The electromagnetic field is updated using an explicit DSI (discrete surface integral)
solution of the Maxwell equations, which is modified from the Gedney and Lansing
(1995) algorithm and the Madsen (1995) algorithm for structured hexahedral cells.
This algorithm uses a staggered grid system, as illustrated in Fig. 2. For each cell
(primary cell), we define a dual cell with vertices all at half integers in the logical
space. We shall call the primary cell the B grid and the dual cell the E grid. The
fundamental variables used to update the electromagnetic field field in the code are
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B-ds

B grid

Figure 2. Primary and dual grid layout and location of electromagnetic field variables on
the grids.

B - ds (on each face of the B-grid cells), E - ds (on each face of the E cells), B-dl (on
the edges of each E cell and passing through the faces of the B grids), and E - dl
(on edges of each B cell and pass through faces of the E grids). The current J - ds is
co-located with E - ds. When the grid is Cartesian, the edges and the face normals
are colinear; and the grid system reduces to the familiar Yee lattice for Cartesian
FDTD codes (Yee 1966).

We label each grid quantity with the logical coordinates of its centre, for example,
a cell is labelled by the coordinates of its centre and a B - ds by the coordinates of
the face centre. The vertices of the B grid and cells of the E grid are integer triplets,
and all other quantities have one, two or three half-integer coordinates. Faces and
face variables must have a subscript 1, 2 or 3 for the logical coordinate direction
of the normal (replacing the z,y, z subscripts in a Cartesian grid). Likewise, edges
have a subscript of 1, 2 or 3 for the logical-coordinate direction of the edge vector.
To map these quantities to array locations, we simply drop any half-integers in the
coordinates.

The electromagnetic field is updated from the discretized curl Maxwell equations
using a leapfrog scheme:

n+1/2
(E-ds)nﬂ:(E-ds)"+dt<cZB-dl+J~ds> , (12a)
edges
n+l
(B . ds)n+3/‘) — (B . ds)nﬂ/Z + dt (C Z E- dl) . (IQb)
edges

By using the staggered grid, these equations will hold automatically for the dis-
cretized field divergence conditions (5). Therefore, if the particle push part of the
code maintains the charge-conservation condition (3) rigorously, one can update
the electromagnetic field only using (12) as long as the initial condition satisfies (5).

To close (12), we need to specify how the edge quantities, E - dl and B - dl, are
determined from E-ds and the B - ds respectively. For a uniform orthogonal grid, ds
and dl are parallel, and the transformation from face quantities to edge quantities
is trivial. For instance, we can calculate B - dl = B - ds|dl|/|ds|. Therefore there is no
real distinction between face and edge quantities, and the algorithm reduces to the
standard second-order FDTD algorithm. However, for non-orthogonal coordinates,
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Figure 3. Illustration of face-to-edge transformation.

dl is not parallel to ds, and converting face to edge quantities is more involved. The
calculation of B - dl for a particular cell face involves two steps. Here we illustrate
this calculation by considering face 2 in Fig. 3. The calculations of B - dl for other
cell faces are performed in the same manner. We denote the two neighbouring cells
separated by face 2 as cell 1 and cell 2. In each cell, there are four faces that are
adjacent to face 2. We shall number them in each cell as faces 1, 3, 4 and 5.

The first step is to find the vertex values of B for the four vertices of face 2. A
vertex value of B is obtained from the three cell faces sharing that vertex by solving
a set of three coupled equations. For instance, the value of B at the vertex shared
by faces 1, 2 and 3 of cell 1 is found by solving

B'?.n, =B ds,, (13a)
B'* .n, =B - ds,, (13b)
B]23 Ny = B- ng, (13(‘)

where n; is the unit normal to face ¢. We can perform the same calculation using
faces 1, 2 and 3 of cell 2. Hence there are two values of B at each vertex associated
with the two sides of the face. We denote the two vertex values of B calculated by
considering face values at the two neighbouring cells separated by face 2 as B{** and
B)*. The vertex values at the other three vertices Bj**, B}*” and B** are calculated
in the same manner, where subscript [ refers to the two neighbouring cells.
The second step requires a weighted average of the eight vertex values dotted
with the dual-edge vector to obtain B - dl:
2
B-dl, = Z(Bllzswllz:a + B 4+ BFw!® + B wi) . dl,. (14)
1=1

We have investigated three different weighting methods that may be used in (14):

Method A: Equal weights. Here
wizk = 0.125. (15)

This method is identical to the simple vector sum average in Madsen (1995).
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Method B: Two-sided volume weights. Here the weights are calculated as the volumes
associated with each corner involved. The volume is calculated as a cross-product
of edge vectors. Afterwards, the weights are averaged:

2k
2k — ‘/l

wih = L (16)
l Zlik‘/lﬂk

This method is analogous to the full volume-weighted average by Madsen, but with
weights defined slightly differently in our case.

Method C: One-sided volume weights. Here the vector dly is split into two vectors:
dly = dlp; + dly,

where dl; and dly are the vectors from the centres of cell 1 and cell 2 to the centre

of face 2 respectively. We then rearrange (14) as
2
B- dl2 — Z(Bll23wl123 + B?Z-}w??-l» + Bl125wl]25 + B-l125wl1fz3) . dlzl (] 7)
=1

The weights in (17) are one-sided volume averages:

2k
2k _— Vvl

wy =
m 2k
V)

l=1,2. (18)
This method has not been investigated previously.

We have implemented all three of the weighting schemes in our code. These
schemes will be analysed in Secs 3.2 and 3.3.

Finally, once all the B - ds and E - ds have been updated, we calculate B and E at
the vertices of the primary grid, Byert and Eqepe. Byert and Eyep are the field vectors
that are used to push particles. Each vertex of a primary grid is an intersection of
twelve adjacent B primary faces (where B - ds is known) and is enclosed in a box
by six dual E faces (where E - ds is known). Thus, for each primary-grid vertex, the
calculation of By.. involves twelve B - ds and that of E,. involves six E - ds. To
compute By, at a vertex, we first compute the eight B-vector values associated
with the eight cells sharing this vertex. This is done by considering B - ds on three
adjacent faces at a time and solving a system of three equations similar to (14), as
discussed above. The eight B-vector values are then averaged to obtain Byeyt. Evert
is obtained similarly.

3. Numerical experiments and algorithm analysis
3.1. Accuracy of the particle push algorithm
We first analyse the accuracy of the particle push part of the code for non-orthogonal
grids. In an orthogonal-grid PIC code, the leapfrog scheme for particle update has
second-order accuracy in time and space. In the present non-orthogonal-grid P1C
code, the particle move algorithm involves transformation between the physical
space and the logical space through a rotation matrix. Hence we first derive the
numerical error introduced by the rotation matrix.

Let us characterize a smoothly distorted grid by a, representing the grid distor-
tion magnitude, and A, representing the wavelength of the distortion in the system.
For simplicity, we consider the two-dimensional domain shown in Fig. 4. In this
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Figure 4. A distorted grid used in particle push test: z(¢, j) = ¢h and
y(i,7) = jh + asin(ih/X).

grid, the z coordinate is discretized with grid spacing h = L, /N,, where L, is the
domain length along the z direction and N, the number of grid points. However,
the y coordinate is deformed from the Cartesian location by 6y = asin(xz/A). Hence
the discrete grids are

x(t,5) = th, (19a)
h
y(i,7) = jh + asin (2)\> , (19b)
where A = L, /27mm (m = 1,2,...). Note that h/)\ represents the grid resolution for

a given grid distortion.
From (6), the transformation between Q, and Q, within the (7, j) cell is

x =x(i, ) trh, (20a)
. s h . (.h
y=y(i,j) tasin [(i+ I)X —sin | iy r + sh, (20b)
where 7,5 € |0, 1]. Hence the rotation matrix is
dx dr
— =h— 2la
a - dr (212)

dy _ > h R\ dr ds
o —Oz{sm {(z-ﬁ-]))\} —sin (z}\)} o +hdt

h h A\ 1 h h\*\1dr ds
=al|=-cos|i=)—(=]) =sin|i= ]+ = — +h—. :
a[)\ cos (1)\) ()\) g sin <z>\> 0(()\> )} 7 hdt (21b)

In the limit of a continuous grid, h — 0, the grids are given by

x = Ch,
: h
Yy = asin (C}\) + nh,

where (,n € (—o0, 00). Hence the rotation matrix is simply

de  dC oo
dt (228)
dy h h\ d¢  dn
—~Z = a— cos —_ | =+ =1L
a N <<)\) a
h h —9 . h —2 dC d77 ¢
- oA - _ %5 s - + = 4 p L Y
o L\ cos (z)\) AT76¢in (z)\) o(A hé)} 7 h e (22Db)

https://doi.org/10.1017/50022377899007552 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377899007552

3D deformable-grid electromagnetic PIC 377

where ¢ = ¢h + 6. The difference between (22) and (21) is the numerical error
introduced by the rotation matrix for the discrete grid of (19):

5
Error(R) = sin <ii)a)\2h(}2l — 5) = O(oz(};) ) (23)

This scaling of O(ah?/A?) for error may be derived similarly for other simple dis-
torted grids.

For a numerical test, we consider a particle moving in the absence of a force
field, with an initial velocity vz along the x direction in the domain shown in
Fig. 4. Figure 5 shows the error in the particle’s trajectory as a function of its
position for different grid distortions a, grid resolutions mh and time step vz dt/h.
Figure 6 shows the maximum spatial error as a function of o for three different grid
resolutions: A/ = 0.0125(27), 0.025(27) and 0.05(27). In agreement with the above
derivation, we find that the error is linearly proportional to grid distortion, §/h =
O(a), and second order in the grid resolution §/h = O(h*/\?). Not surprisingly, the
spatial error 6 /h in the trajectory is independent of the time step v, dt/h. We have
done numerical testing on other smoothly distorted grids, and observed the same
accuracy results.

Hence we conclude that the rotation matrix will introduce an additional numeri-
cal error to the leapfrog scheme that scales as O(ah? /2\?). The particle move scheme
for non-orthogonal grid described in Sec. 2.4 is still second-order accurate in time
and space, and is linearly proportional to the grid distortion magnitude:

2
Errory,, = O(dt*) + O(h*) + O <a (i) ) (24)

3.2. Stability of the EM algorithm

In this and the next subsection, we analyse the electromagnetic field solve portion of
the code alone. As discussed in Sec. 2, the field solve reduces to the standard FDTD
scheme and has a second-order convergence rate when the grid is orthogonal. As
we are unable to derive the accuracy of the field solve algorithm analytically for
non-orthogonal grids, the stability and accuracy of the field solve will be studied
by a series of numerical tests. This analysis includes three weighting schemes (i.e.
Methods A, B and C) discussed in Sec. 2.3. It has been reported that the DSI
algorithm is weakly unstable for certain non-orthogonal grids (Brandon and Rambo
1995; Langdon 1995). Hence we first examine the numerical stability of the field
solve in this section.

The numerical test that we used was the propagation of a planar electromagnetic
wave in a vacuum, periodic box with distorted grids. We first consider a rectangular
box of size L, x Ly x L, with N; x N, x N, cells. The grids are distorted in the x
and y direction:

0 ”

x(i,j, k) = ih + asin (271'2) sin (2772) , (25a)
z Y

y(i,j, k) = jh+ asin (szh) sin (ijLh> ; (25h)
z Y

Z(i,j, k) = kha (250)

where h = L, /N,. A (x,y) cutting plane of such a domain is shown in Fig. 7 for two
different grid distortion magnitude . The domain is initially loaded with a plane
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Figure 5. Numerical error in particle orbit. (a) a = 2, df = dt/(h/ve0) = 0.1; (b) o = 1,
dt/(h/vzo) = 0.1; (¢) a = 1, dt/(h/vzo) = 0.4. Grid resolutions h/X\ = 0.0125(27) (solid line),
h/X = 0.025(27) (dashed line) and h/X\ = 0.05(27) (dotted line).

EM wave propagating along the z direction with wavenumber k, = 27/L,. The
non-zero components of the EM field are E, and B,. We take the domain lengths
to be L, = Ly, = 10 and L, = 20 and the numbers of grid points to be N, = 16,
N, =16 and N, = 32. We take the time step to be significantly below the Courant
condition for the smallest grid cells. We take the speed of light ¢ = 1. Hence the
transit time for the wave through the box is L, /c = 20h/c.
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Figure 6. Maximum error in particle orbit. Grid resolutions h/A = 0.0125(27) (solid line),
h/A = 0.025(27) (dashed line) and h/A = 0.05(27) (dotted ine).
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Figure 7. A distorted grid used in field solve test and PIC code test.

We use the total electromagnetic energy Eyq, and the z component of E - ds,
E, = (E - ds),., as a measure of the numerical error. For the analytical solution, the
total energy is a constant, Egq = 1000, and the z component of the E field is always
zero. Time history of the total energy Egq and the maximum value of (E- ds), over
the computational domain are shown in Fig. 8 for a distorted grid with o = 0.8.
We find that the electromagnetic algorithm is numerically unstable for all three
weighting schemes, even though the Courant condition is well satisfied in all grid
cells. For the distorted grid used here, Method A (equal weight) has the smallest
growth rate, while Method C (one-sided volume weight) has the largest growth rate
(Fig. 8a). Note also from Fig. 8(a) that the run using Method A takes about 750
wave transit times to become unstable, while the run using Method C takes only
about 50 wave transit times. From Fig. 8(b), one can observe that the numerical
error as measured by (E - ds), is directly related to the numerical stability. Once
the numerical error becomes comparable to the non-zero components of the exact
solution, the instability results in an exponential growth of the total energy. In Fig.
9, we plot the time history of the wave energy for several different grid distortions
o, using Methods A and C. From Fig. 9, it can be seen that the instability growth
rate increases with the grid distortion a. For comparison, we also considered a
non-orthogonal uniformly skewed grid, shown in Fig. 10(a). The time history of
the non-physical field component (E - ds), is shown in Fig. 10(b). In contrast to the
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Figure 8. Numerical stability test of the EM algorithm. (a) Time history of the total energy.
(b) Time history of the non-physical component (E - ds).. Simulations are performed using
Method A (solid line), Method B (dashed line) and Method C (dotted line). Grid distortion

a=0.8.

results for the grid shown in Fig. 7, we find that the solution for this grid is always
numerically stable.
Madsen (1995) did not observe this weak numerical instability associated with

grid distortion, and concluded that the DSI algorithm is stable as long as the

Courant condition is satisfied. It is not clear whether this was due to his choice

of grid or to not running the computation long enough. Based on the Courant
condition, Madsen finds that the simple vector sum weighting (Method A) allows
the smallest time step (Courant number) for the solution to be numerically stable,
and thus is inferior to other weighting schemes. We also observe that the solution
become unstable quickly if the critical Courant number is exceeded. However, the
weak numerical instability discussed here occurs even though the Courant number
is well below the critical value. This distorted-grid instability grows much more
slowly than that from the violation of the Courant condition, and its growth rate
does not depend upon the value of the time step.

Brandon and Rambo (1995) have studied the dispersion characteristics of the
DSI method using a ‘Chervon’ grid, and have shown that the DSI algorithm sup-
ports slowly growing electromagnetic oscillations. These oscillations have complex
frequencies with non-zero growth rate for a vanishing time step. Langdon (1995)
has considered the two-dimensional DSI algorithm, and has suggested that the
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Figure 9. Numerical stability test of the EM algorithm: time history of the total energy. (a)
Simulations using Method A. (b) Simulations using Method C. Grid distortion o = 0.4 (solid
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Figure 10. Numerical stability test of the EM algorithm. for a uniformly skewed grid. (a)
The skewed grid. (b) Time history of the non-physical component (E - ds)..
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condition for numerical stability is controlled by the properties of the face-to-edge
transformation matrix, which in turn depends on the weighting scheme and the
grid geometry. Here we present a framework for analysis of the three-dimensional
DSI algorithm.

Let Epr, Bpr, Bpg and Epg denote vectors of E-ds, B-ds, B-dl and E - dl
respectively. The spatially discretized Maxwell equations in integral form can be
written in the vector form:

0Epr = Sg - Bpg, (26a)
OBpr = Sp - EpE, (26b)
where the matrices Sg and Sp are related by Sp = —S%. The face-to-edge trans-

formation can be specified as

Bpg =13 - Bpr,

Epg =Tk - Epr.
Taking the time derivative of (26), we have

OwEpr = —Mpg - Epr, (27a)
0uwBpr = —Mp - Bpp, (27D)
where
Mg = SpTeSETr, Mp=SLTeSETs.

If the matrices Mp and Mg are symmetric and positive-definite then all of their
eigenvalues are positive. The largest eigenvalue will impose a restriction on the max-
imal time step allowed: the Courant limit. The computations will be numerically
stable under this limit. The matrices Mp and Mg will be symmetric if

SpTp =TESE, (28)

and they will be positive-definite if the boundary conditions are set properly.

For the uniform Cartesian mesh, the face-to-edge transformation is a diagonal
matrix A: Tg = Tg = A. Obviously, (28) is satisfied in this case, and the solu-
tion is always stable, which is known from the properties of the Yee algorithm.
For the non-orthogonal uniformly skewed grid shown in Fig. 9(a), the face-to-edge
transformation is symmetric:

T =Ty, Tg=Tpg.

We find that (28) also holds in this case. There, the solution is numerically stable,
which is confirmed by our results (Fig. 10b). On the other hand, for a general non-
orthogonal grid such as that shown in Fig. 7, the condition (28) does not hold, and
thus some of the eigenvalues of the matrices Mg and Mp are complex numbers.
In this case, the computations will be numerically unstable even with a time step
below the Courant limit. One can speculate that since different weighting schemes
result in different complex eigenvalues, different weighting schemes will lead to
different numerical instability growth rates for the same grid. For the particular
grid shown in Fig. 7, we speculate that the weighting scheme of Method A provides
relatively more symmetry for Mg and Mp, and is thus relatively more stable.

We find that the symmetric face-to-edge transformation condition proposed by
Langdon (1995) is a necessary but not sufficient condition for the DSI method to be
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stable. The symmetric transformation condition due to Langdon ensures stability
of the DSI method for a special 2D case, where T is diagonal, and Mp = S;ETESE.
In such a case, T must indeed be symmetric in order for Mp to be symmetric
and positive-definite. However, for a general 3D case, a symmetric face-to-edge
transformation does not guarantee that the matrices Mp and Mg will always be
symmetric. Therefore, once a grid has been chosen, we suggest that one should test
all three weighting schemes to choose the most stable one for this particular grid
and to determine the instability onset time. The fact that the DSI method is only
weakly unstable and has typically a long instability onset time means that it can
still be applied to many problems.

3.3. Accuracy of the EM algorithm

We next examine the accuracy of the electromagnetic field solve. We consider the
same test problem used in Sec. 3.2, i.e. a planar electromagnetic wave in a rectan-
gular box with distorted grids. In addition to the 2D distorted grid used in Sec.
3.2, (25), we also consider a grid distorted in all three directions,

.. . (. th\ . (. jh\ . kh
— + S ¢ _ ¢ J- D 9a
x(t,4,k) = ih + asin <Z7TL ) sin (ZTK’L ) sin (ZWLZ) , (29a)

kh

y(i,7, k) = jh + asin <Z7T) sin ( ) sin (27r> , (29D)
ZJ Lz
h kh

2(i,7,k) = kh + asin (27T > sin (27r‘7> sin <27r) , (29¢)
Ly Lz

and a grid distorted in only one direction,

h
(i, j,k) = ih + asin (2%) (30a)
y(i, j, k) = jh, (30b)
(i, 5, k) = kh. (30¢)

The domain size is again taken to be L, = L, = 10 and L, = 20. The results in Sec.
3.2 have shown that Method A has the lowest numerical instability growth rate for
this type of grid, with an instability onset time of about 750 wave transit times.
Therefore the numerical tests here all use Method A. The simulations are run for
10 wave transit times (200h/c).

We perform numerical tests for different grid resolutions A and grid distortions
a, and compare numerical solutions with the analytical one. In the numerical tests
presented here, the following four sets of grid numbers (N, x N, x N;) are used:
8x8x16 (h = 1.25),16x16x32 (h = 0.625), 32x32x64 (h = 0.3125) and 64 x64x128
(h = 0.1563). For each grid resolution, we consider three grid distortions: oo = 0.4,
0.8 and 1.2.

In Fig. 11, we plot the result for the 3D distorted grid, (29a). We take the grid
distortion to be o = 0.8 and compare the total field energy for the four different
grid resolutions as a function of time. Note that the total energy for the analytical
solution is Egq = 1000. For the 8 x 8 x 16 grids, the error in the field energy
is 6Fqa/Eqq =~ 0.02. This error is reduced significantly as one improves the grid
resolution. For the 64 x 64 x 128 grid, we find § E/Eyq ~ 10—+,

Since the particle push utilizes the field vectors at the vertices of the primary
grid, Eye¢ and By, to push particles, we next evaluate the numerical error of the
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Figure 11. Accuracy test of the EM algorithm. Total electromagnetic field energy. 3D dis-

torted grid with o = 0.8. The number of grid points used are 8 x 8 X 16 (dashed line),
16 X 16 x 32 (dotted line), 32 x 32 x 64 (dot-dashed line) and 64 x 64 x 128 (dot-dot-dashed

line).
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Figure 12. Error in the vertex E field, Ey., at the location of maximum grid distortion.
Grid distortions a = 0 (solid line), a = 0.4 (dashed line), @ = 0.8 (solid line) and a = 1.2

(dot-dashed line).

field component at the vertices of the primary grid. We use the difference between
the z component of the numerical E,.+ and the analytical one at the location
with maximum grid distortion, § Ey e, as a measure of the numerical error for the
field solve. In Fig. 12, we plot § Eyet as a function of the grid resolution h for all
three grid distortions as well as the orthogonal grid (e« = 0). The error shows a
second-order convergence (§Ey« = O(h?)) for the orthogonal grid, as expected.
For the three non-orthogonal grids, our numerical tests show a convergence rate of
8Evert = O(RP) with 1.6 < 8 < 1.85.

In Fig. 13, we compare 0 Eyqt as a function of h for the 1D, 2D and 3D distorted
grids, and the Cartesian grid. The grid distortion is taken to be a = 0.8. For the
1D and 2D distorted grid, the results yield much better accuracy than for the 3D
distortion case. For the 1D distorted grid, the accuracy is almost the same as that
of for the Cartesian grid. This is because, for this particular test problem, the grid
along the direction of spatial dependence of the solution, i.e. z, is not distorted in
the 1D and 2D distorted grids. This suggests that, if possible, one may improve the
overall accuracy by minimizing the distortion of the grid in the direction of spatial
dependence of the solution.
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Figure 13. Error in Eye: no distortion (solid line); 1D grid distortion (dashed line); 2D grid

distortion (dotted line); 3D grid distortion (dot-dashed line). For all distorted grids, o = 0.8.

3.4. Energy conservation of the EMPIC' code

Finally we test the complete (field plus particle) non-orthogonal grid EMPIC code
using energy conservation as a measure of code accuracy. For this test, we consider
a relativistic counterstreaming beam system: two equal electron beams are set to
counterstream in the x direction with drifting velocities v4 = £0.4c. The electrons
within each beam follow a Maxwellian distribution with thermal velocity v; =
0.05¢. The ions are considered as a fixed background. This counterstreaming system
generates the well-known two-stream instability, which for the high drift velocity
used here is electromagnetic in nature. The drifting speed is close to the speed of
light, and the unstable wave generated has comparable electric and magnetic fields.
The instability grows at the expense of the kinetic energy of the beams. However,
the total energy of the system should stay as constant. Hence the two-stream
instability provides a good test case for energy conservation of the code.

We consider a rectangular box domain with grids distorted in all three directions
as described by (29a). For this test, the box size is Ly = Ly, = 10 and L, = 20;
the number of grid points used is 12 x 12 x 24; and the number of particles used is
about 10°. In Figs. 14(a) and (b), we plot the electromagnetic field energy Fqq, the
particle kinetic energy E,¢, and the total energy in the system Ey,; as a function of
time for a distorted grid o = 0.8 and for the Cartesian grid o = 0 respectively. Both
results show similar behaviour of the energy transfer between the particles and the
fields as a result of the instability excitation and saturation, and a constant total
energy of the system. The numerical instability from the EM field solve discussed
in Sec. 3.2 has no effect on these results, because the calculation only takes several
wave transit times. In Fig. 14(c), we compare Eiy, for different grid distortions
a=0,0.2,0.4 and 0.8. We find that the error in total energy conservation does not
exceed 2 %, even for a highly distorted grid o = 0.8.

4. Parallel implementation and performance benchmarks

As the algorithm is based on the use of logically connected hexahedral cells and
the particles are moved in logical space, the parallel implementation of this code is
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Figure 14. PIC code test: two-stream instability. Total energy, field energy and particle
energy. (a) Grid distortion a = 0.8. (b) Cartesian grid a = 0. (¢) Comparison of the total
energy for a Cartesian grid (solid line), distortion with o = 0.2 (dashed line) distortion with
a = 0.4 (dashed line), and distortion with o = 0.8 (dotted line).

identical to that of the Cartesian-grid-based PIC code of Wang et al. (1995), which
is implemented using the general concurrent PIC (GCPIC) algorithm (Liewer and
Decyk 1989). The algorithm uses spatial decompositions of the physical domain
to divide the computation among parallel processors. Each processor is assigned a
subdomain and all the particles and grid points in it. When a particle moves from
one subdomain to another, it must be passed to the appropriate processors, which
requires interprocessor communication. However, the interpolations between the
particles and the grids (gather/scatter) are done locally via the use of guard cells.
Interprocessor communication is also necessary to exchange guard cell information
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Figure 15. Run times of a Cartesian-grid EMPIC code (solid line) and the non-orthogonal
grid EMPIC code (dashed line) on a 256-processor Cray T3D. (a) Total loop time Ti,: and
communication/boundary condition time Tomm. (b) Particle push time T}y and field solve
time Thelq.

for current deposit and field solve. In Wang et al. (1995), three communication al-
gorithms for parallel EMPIC codes are described: a Particle Trade to trade particles
between processors; a Guard Cell Exchange to update the E and B fields at processor
boundary cells, and a Guard Cell Summation to add the currents deposited in guard
cells to the proper cells in the neighbouring processors. The same communication
algorithms are utilized here. The readers are referred to Wang et al. (1995) for
detailed discussions on the parallel implementation of a EMPIC code.

To benchmark the performance of this code, we present timing result from run-
ning this code on the CRAY T3D parallel supercomputer at JPL. The CRAY T3D
at JPL has 256 numerical nodes, each with a memory of 64 Mbytes (8 Mwords)
and a peak speed of 150 Mflops. Hence the total memory size is 16.384 Gbytes
(2.048 Gwords) and the total peak speed 38.4 Gflops. We shall use the two-stream
instability test case described in the last section. We measure the total loop time
per time step as well as the times spent by each major part of the code. Since each
processor runs the code with slightly different times, the times measured are the
maximum processor times on a parallel computer.

We perform a scaled problem size analysis, i.e. keeping the problem size on each
processor fixed while increasing the number of processors used. We load the fol-
lowing problem: each processor has a cubic subdomain of 16 x 16 x 16 cells and
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3.16 x 10° particles (about 77 particles/cell). The problem size is scaled up in three
dimensions. When this problem is loaded on all 256 nodes, the total problem size is
64 x 128 x 128 (1.05 million) cells and about 80.8 million particles. The run times of
this code as a function of the number of processors used, N, are shown in Fig. 15.
For comparison, we also plot the results from running the Cartesian grid EMPIC
code (Wang et al. 1995) in the same figure.

Figure 15(a) shows the total loop time T}, and the time spent by the subroutines
to trade particle and guard cell information between processors, Teomm. Since the
global conditions are applied within the same subroutines for interprocessor com-
munications, Tiomm is the sum of the time spent by the code on communications and
global boundary conditions. When the number of processors used is much larger
then one, Tium is dominated by the interprocessor communication time, and hence
it is a good measure of the parallel communication cost.

We find that, similarly to the Cartesian grid EMPIC code, Ti, for the non-
orthogonal-grid PIC code stay almost constant as the number of processors is
increased, indicating a high parallel efficiency. Tiomm only occupies a negligible
portion of Ti. The parallel efficiency € & 1 — Teomm /ot is about 0.96 and 0.98 for
the Cartesian and non-orthogonal grid codes, respectively.

Figure 15(b) shows the times spent by the two stages of the EMPIC codes. We
define the particle push time T,,4, as the sum of the times for moving particles,
depositing currents, applying boundary conditions, and related interprocessor com-
munications, and the field solve time T§qq as the sum of the times for updating the
I and B fields, applying boundary conditions, and related interprocessor commu-
nications. Not surprisingly the new, non-orthogonal grid PIC code runs slower than
the Cartesian grid PIC code because it involves significantly more computations.
For the Cartesian grid code, we have T4, ~ 7.97s and Tjeq ~ 0.039s. While for
the non-orthogonal grid code, T}, ~ 16s and Theq ~ 0.135s. The particle push
time per particle per time step T}ush /part is 98.6ns for the Cartesian grid code and
198ns for the non-orthogonal grid code. Hence, the overall computing speed of the
non-orthogonal grid PIC code is about half of that of the Cartesian grid PIC code.

5. Summary and conclusions

We have developed a three-dimensional non-orthogonal grid electromagnetic P1C
code for parallel supercomputers. The numerical formulation is based on a finite-
volume approach. The computation grids are hexahedral cells that are logically
connected cubic cells but distorted to body-fit complex geometries in physical space.
The particle push algorithm is a hybrid logical-physical space operation that cal-
culates particle velocity in physical space but performs particle position update
and particle—grid interpolations in logical space. The discrete surface integral algo-
rithm for field solve is an extension of the classical staggered mesh finite-difference
time domain (Yee 1996) to non-uniform meshes (Madsen 1995; Gedney and Lans-
ing 1995), and reduces to the standard FDTD algorithm when the grid is Carte-
sian. The parallel implementation of the code is almost identical to that of the
Cartesian-grid EMPIC code (Wang et al. 1995). We show that the accuracy of the
new hybrid particle push algorithm is second-order in time and space (as is the stan-
dard leapfrog scheme), and is linearly proportional to the grid distortion. While the
classical FDTD algorithm has a second-order accuracy in space, we find that the
accuracy of the DSI field solve algorithm is between first- and second-order for
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non-orthogonal grids. In addition, we find that the DSI algorithm is weakly un-
stable for certain non-orthogonal grids, even when the Courant condition is well
satisfied. The instability growth rate does not depend on the value of the time
step, but rather is controlled by the properties of the face-to-edge transformation
matrix, which in turn depends upon the grid geometry and the weighting scheme.
However, since the instability onset may take several hundreds of wave transit time
even for large grid distortions, we find that the DSI method can still be applied to
many problems. Numerical tests of this EMPIC code show that the error in energy
conservation does not exceed about 2 % even when highly distorted grids are used.
The performance of the code is evaluated on a 256-processor CRAY T3D. We find
that the code runs with a high parallel efficiency € > 96 %. However, since the
non-orthogonal-grid code involves significantly more calculations, the speed of the
non-orthogonal-grid code is only about a half of that of the Cartesian-grid code of
Wang et al. (1995).
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