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Abstract. A criterion of joint ergodicity of several sequences of transformations of
a probability measure space X of the form Ti(pi ™ s given for the case where T;
are commuting measure-preserving transformations of X and ¢; are integer-valued
generalized linear functions, that is, the functions formed from conventional linear
functions by an iterated use of addition, multiplication by constants, and the greatest
integer function. We also establish a similar criterion for joint ergodicity of families
of transformations depending on a continuous parameter, as well as a condition of joint
ergodicity of sequences T;pi ) along primes.

1. Introduction

Let (X, B, ) be a probability measure space. A measure-preserving transformation
T:X — X is said to be weakly mixing if the transformation 7 x T, acting on the
Cartesian square X x X, is ergodic. The notion of weak mixing was introduced in [VNK]
(for measure-preserving flows) and has numerous equivalent forms (see, for example,
[BeR, BeG]). The following result involving weak mixing plays a critical role in
Furstenberg’s proof [Fu] of the ergodic Szemerédi theorem and forms a natural starting
point for numerous further developments (see [Be, BeLL1, BeMc, BeH]).

THEOREM 1.1. If T is an invertible weakly mixing measure-preserving transformation of
X, then for any k € N and any Ag, Ay, ..., Ay € B one has

N k
. 1 —n —kn
lim NZM(AOOT AN---NT Ak):HM(A,-).

N—o00 .
n=1 i=0

It is not hard to show that Theorem 1.1 has the following functional form. (In
accordance with the well-established tradition, we write T f for the function f (T x).)

https://doi.org/10.1017/etds.2015.11 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.11

Joint ergodicity along generalized linear functions 2045

THEOREM 1.2. If T is an invertible weakly mixing measure-preserving transformation of
X, then for any k € N, any distinct non-zero integers ay, . . ., ar, and any fi, ..., fr €
L (X) one has

N—c0

N

. 1

lim N;Tamfl“-T”"”fk 1/ fidu
n= i=

in L? norm.

In other words, given a weakly mixing transformation 7 of X and distinct non-
zero integers ay, . .., dg, the transformations 7%, ..., T% (or, rather, the sequences
T4, .., T%" n e N) possess a strong joint independence property. This naturally leads
to the following definition.

Definition. (cf. [BBel]) Measure-preserving transformations 77, . . ., Ty of a probability
measure space X are said to be jointly ergodic if for any f1, ..., fir € L°(X) one has

yam NZTnf1 T fie= /f’du
n=1 i=1
in L2 norm.

The following theorem, proved in [BBel], provides a criterion of joint ergodicity of
commuting measure-preserving transformations.

THEOREM 1.3. Let Ti, ..., Ty be commuting invertible measure-preserving trans-
formations of X. Then Ty, ..., Ty are jointly ergodic if and only if the transformation
Ty x - - - x T of X is ergodic and the transformations Ti_lTj of X are ergodic for all
i#J.

Further developments (most of which were motivated by connections with
combinatorics and number theory) have revealed that the phenomenon of joint ergodicity
is a rather general one. For example, as was shown in [Be], if T is an invertible weakly

mixing measure-preserving transformation and pi, . .., pr are non-constant polynomials
Z — Z with p; — p; # constant for any i # j, then for any fi, ..., fi € L°(X) one
has
1
li — T P1(m) TPk £ d
Jim Z fie fi= ]_[ | fidu

i=1

in L? norm (see also [FK, BeH, F] for more results of this flavor). So, it makes
sense to consider ergodicity and joint ergodicity of sequences of measure-preserving
transformations of general form.

Definition. Let T (n), n € N, be a sequence of measure-preserving transformations of X;
we say that 7 is ergodic if for any f € L%(X)

hm Z T f = / fdu.
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Given several sequences 71 (n), ..., Tr(n), n € N, of measure-preserving transformations
of X, we say that 71, ..., Ti are jointly ergodic if

1 N k
m oy T T si=[] [ idu
n=1 i=1

i
N— 00
in L2 norm for any fi, ..., fi € L®¥(X).

Results obtained in [Be, BeH, F] lead to a natural question of what are the necessary
and sufficient conditions for joint ergodicity of sequences of transformations of the form
lel ("), e, Tkwk(”), where T; are measure-preserving transformations of X and g;(n)
are ‘sufficiently regular’ sequences of integers diverging to infinity. In the case where
Ty =---=Ty =T, where T is a weakly mixing transformation, this question has a quite
satisfactory answer not only when ¢; are integer-valued polynomials, but also, more
generally, are functions of the form [v;], where [-] denotes the integer part and ; are
either the so-called ‘tempered functions’ or functions of polynomial growth belonging to
a Hardy field (see [BeH, F]).

Much less is known about joint ergodicity of T](pl("), LT ™ when T; are distinct,
not necessarily weakly mixing, transformations. It is our goal in this paper to extend
Theorem 1.3 to the case where ¢; are integer-valued generalized linear functions.
A generalized or bracket linear function (of real or integer argument) is a function
constructible from conventional linear functions with the help of the operations of addition,
multiplication by constants, and taking the integer part, [-] (or, equivalently, the fractional
part, {-}). (For example, ¢(n) = [a1n + az2], ¢(n) = a1[azn + a3] + a4, and, say, p(n) =
ay[azfoslasn + as] + as] + a7lagn + agl] + ajon + o171, where o; € R, are generalized
linear functions.) In complete analogy with Theorem 1.3, we have the following result.

THEOREM 1.4. (Special case of Theorem 1.7) Let Ty, ..., Ty be commuting invertible
measure-preserving transformations of X and let @1, ..., ox be generalized linear
functions Z. — 7. The sequences Tl(p‘("), cee Tkw" ™ are Jjointly ergodic if and only if
the sequence Tl(p] ™ % x Tk‘pk @ of transformations of X* is ergodic and the sequences

Ti_‘pi (”)T;aj ™ of transformations of X are ergodic for all i # j.

Here are two corollaries of Theorem 1.4.

COROLLARY 1.5. (Cf. Corollary 6.7 below) Let T be a weakly mixing invertible

measure-preserving transformation of X and let ¢y, ..., ¢r be unbounded generalized
linear functions Z — 7 such that ¢; — @; are unbounded for all i # j. Then, for any
f1, .-+, fr € L®(X),
1N k
li . o1 g ek g - diL.
am > fi Ji l_[ i fidup
n=1 i=1
In particular, for any distinct oy, . . . , o € R\{0},
1 N k
Ii . T[Ot]n] L T[akn] — - du.
Jim Zl fi fe ]‘! fidp
n= 1=
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For a measure-preserving transformation 7 of X, let Eig T be the set of eigenvalues

of T,
Eig T = (A € C*: Tf = Af for some f € L*(X)}.
For several measure-preserving transformations 71,...,7; of X, we put
Eig(Ty, ..., Ty) =[], Eig T;.
COROLLARY 1.6. (Cf. Corollary 6.8) Let Ty, ..., Ty be commuting invertible jointly

ergodic measure-preserving transformations of X and let ¢ be an unbounded generalized
linear function 7. — Z. Then

N—o0

N k

. 1

lim 5 ZlTl‘/’(”)fl . Tk‘p(”)szl_[/ fidu forany fi, ..., fi € L®(X)
n= 1=

if and only if limy_eo (1/N) YN 29® =0 for every »eEig(Ti, ..., T)\{1}.
In particular, for any irrational « € R,
1 N k
: [an] lan] » _
Nh—I>noo 5 X;TI“” fio T fi —1_[/ fidu forany fi, ..., fr € L(X)
n= 1=
if and only if ¥« 'Q A Eig(Ty, . .., To) = {1).

In fact, we obtain a result more general than Theorem 1.4. Let G be a commutative
group of measure-preserving transformations of X. We say that a sequence 7 of
transformations of X is a generalized linear sequence in G if it has the form 7 (n) =
Tl(p'(") e T,‘p’("), n€Z, for some Ti,...,T, € G and generalized linear functions
@1y .., @k : Z —> 7. (The sequences Ti_‘pi @) T]fpj ' appearing in Theorem 1.4 are of
this sort.) Also, we change the definitions of ergodicity and of joint ergodicity above
(see Definition 6.3), replacing the averages (1/N) Zflv:l with the more general averages
/1PNl Zne‘bw where (®y) is an arbitrary Fglner sequence in Z. (The uniform
ergodicity and joint ergodicity, which appear when the averages (1/N) fo:l, with
N — oo, are replaced by the averages (1/(M — N)) Z,I:/I:NH, with M — N — oo, form
a special case of it.) In this setup, we prove the following result.

THEOREM 1.7. (Cf. Theorem 6.4 below) Generalized linear sequences Ti, ..., Ty in
a commutative group of transformations of X are jointly ergodic if and only if the
sequence T x - - - x Ty, of transformations of X* is ergodic and the sequences 7;_17}
of transformations of X are ergodic for all i # j.

Utilizing a technique developed by Green and Tao [GT], and following closely an
argument of Sun [S], we then obtain a version of Theorem 1.4 for sequences along primes.
Here is a special case of Theorem 7.1 below.

THEOREM 1.8. Let Ti,...,Ty be commuting invertible measure-preserving
transformations of X and let ¢y, ..., ox be generalized linear functions 7. — Z.
Assume that for any W € N and any 1 <r < W relatively prime with W, the sequences
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Ti(n) = Ti‘p"(W"Jﬂ), i=1, ...,k arejointly ergodic. Then, forany fi, ..., fi € L®°(X),
| k
li - T¢71(P) L. ka(p) — / - d
N T (V) 2 T H T
PEP(N) i=1

in L* norm, where, for N € N, P(N) = {p : p is prime, p < N}, and w(N) = |P(N)|.

The structure of the paper is as follows: §§1—4 contain technical material related to
properties of generalized linear functions. In §5, we investigate ergodic properties of what
we call ‘a generalized linear sequence of measure-preserving transformations’—a product
of several sequences of the form 7%, where ¢ is an integer-valued generalized linear
function. In §6, we obtain our main result, Theorem 6.4, the criterion of joint ergodicity
of several commuting generalized linear sequences. In §7, we extend Theorem 6.4 to
averaging along primes. In §8, we deal with families of transformations depending on
a continuous parameter, and obtain a version of Theorem 6.4 for continuous flows. By
using a ‘change of variable’ trick we also extend this result to more general families of
transformations of the form T7¢@ ) where @ is a generalized linear function and o is a
monotone function of ‘regular’ growth. For example, we have the following version of
Corollary 1.6.

PROPOSITION 1.9. Let T}, ..., T/, s € R, be commuting jointly ergodic continuous flows
of measure-preserving transformations of X and let ¢ be an unbounded generalized
linear function; then, for any o > 0, the families Tl‘p(ta), e, qu;(z“)’ t €0, 00), are
Jjointly ergodic (that is, limp_, o (1/b) fob Tl‘”(’a)fl . Tk‘p([a)fk dt = ]_[le fx fi du for
any fi,..., fx € L®(X)) if and only if limp_,  (1/b) fob D dt =0 for every A €
Eig(T}, ..., TH\{1}.

Finally, §9 contains a result pertaining to joint ergodicity of several non-commuting
generalized linear sequences.

2. Generalized linear functions
For x € R, we denote by [x] the integer part of x and by {x} the fractional part x — [x]
of x.

The set GLF of generalized linear functions is the minimal set of functions R — R
containing all linear functions ax 4+ b and closed under addition, multiplication by
constants, and the operation of taking the integer (equivalently, the fractional) part. More
exactly, we define GLF inductively in the following way. We put GLFy = {p(x) =
ax +b, a,beR}. After GLF; has already been defined, we define GLF;4 to be the
space of functions spanned by GLF; and the set {[¢], ¢ € GLF}. (Equivalently, we can
define GLF;4 to be the space spanned by GLF and the set {{¢}, ¢ € GLF;}.) Finally,
we put GLF = U/?io GLF. For ¢ € GLF, we call the minimal k for which ¢ € GLFy, the
weight of ¢.

We will refer to functions from GLF as GL-functions.

Example. ¢(x) = a1{azlaz{asx + as} + ag] + a7lagx + agl} + ajox + ay1, where ay,
..., a1 € R, is a GL-function.
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Clearly, the set of GL-functions is closed under composition: if ¢, ¢2 € GLF, then
¢1(p2(x)) € GLF.

We define the set BGLF inductively in the following way: BGLF;| = {p(x) = {ax +
b}, a, b € R}; if BGLFy has already been defined, BGLF; is the space spanned by the
set BGLFy U{{¢}, ¢ € GLF}; and, finally, BGLF = | ;2 ; BGLF.

LEMMA 2.1. BGLF is exactly the set of bounded GL-functions. (Hence the abbreviation
‘BGLF’.)

Proof. Clearly, all elements of BGLF are bounded GL-functions. To prove the opposite
inclusion, we use induction on the weight of GL-functions. Let ¢ € GLF;\GLF;_; be
bounded. If k = 0, then ¢ must be a constant and thus belongs to BGLF. If k > 1, ¢ = ¢ +
Z;”zl ai{ei}, where g, @1, ..., ¢m € GLFt_1. Now ¢q is bounded; thus, by induction,
¢o € BGLF, and {¢1}, . .., {¢m} € BGLF by definition, so ¢ € BGLF. O

We will refer to elements of BGLF as bounded generalized linear functions or BGL-
functions.

LEMMA 2.2. Any GL-function ¢ is uniquely representable in the form ¢(x) = ax + ¥ (x),
where a € R and  is a BGL-function.

Proof. Every ¢ € GLF; has the form ¢ =¢o+ Y vy ai{gi} with @o, @1, ..., ¢m €
GLF;_1. We have Z;’Ll ai{p;i} € BGLF, and ¢ is representable in the form ¢o(x) =
ax + Yo(x) with 9 € BGLF by induction on k.

As for the uniqueness, if ajx + Y1 (x) = axx + Y2 (x) with ay, a € R and ¢, ¥ €
BGLF, then the function (a; — ap)x is bounded, and so a; = a,. O

COROLLARY 2.3. Any GL-function ¢ is uniquely representable in the form ¢(x) = [ax] +
&E(x) witha € R and &€ € BGLF.

For a function ¢ : R — R and « € R, ‘the difference derivative’ Dy ¢ of ¢ with step o
is Dyp(x) =p(x + o) — p(x), x € R.
COROLLARY 2.4. For any GL-function ¢ and o € R, Dy is a BGL-function.

We will refer to BGL-functions taking values in {0, 1} as UGL-functions.

LEMMA 2.5. Let ¢ be a BGL-function. Then, for any a € R, the indicator functions Lig<a)
Lig<a) Lig>a), and liy>q) of the sets {x : p(x) < a}, {x : p(x) <a}, {x:9(x) > a}, and
{x : o(x) > a} are UGL-functions.

Proof. We start with the set {¢ > a}. Let c =sup |¢| + |a| + 1. Then the function & =
(p —a)/c+ 1satisfies 0 < & < 2,and ¢ > a if and only if £ > 1. Thus, the UGL-function
[£]1s just 1{p>q)-

Now Lig<a} = Li—pz—a)» lp<a) = 1 = Lig=a), and l{p>a) = 1 — Lip<a). o

We will now show that the set of UGL-functions is closed under Boolean operations.
For two functions ¢ and ¥ taking values in {0, 1},letg vV ¥ = max{p, ¥} =¢ + ¢ — o,
¢ Ay =min{p, Y} =@y, and g =1 —¢.
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PROPOSITION 2.6. If ¢, Y are UGL-functions, then ¢ vV ¥, ¢ A ¥, and —¢ are also UGL-
functions.

Proof. —¢p =1 — ¢ is clearly a UGL-function, ¢ V ¥ is the indicator function of the set
{¢ + ¥ > 0} and thus is a UGL-function by Lemma 2.5, and ¢ A ¥ = =(—¢ V —¢). O

From Proposition 2.6, we get the following generalization of Lemma 2.5.

PROPOSITION 2.7. Let ¢1, . .., ¢r be BGL-functions and let ¢ = (¢1, . .., ¢r). For any
interval I =1} x - - - x Iy CR¥ (where I; are intervals in R, which may be bounded or
unbounded, open, closed, half-open half-closed, or degenerate), the indicator function 14
of the set A = {x : ¢(x) € 1} is a UGL-function.

We also have the following result.

PROPOSITION 2.8. Let ¢ be an unbounded GL-function Z — Z. Then the indicator
function 1y of the range H = ¢(Z) of ¢ is a UGL-function.

(Notice that GL-functions Z — R are restrictions of GL-functions R — R; thus, all the
results above apply.)

Proof. By Corollary 2.3, ¢(n) = [an] + ¥ (n) for some a € R, v € BGLF. Since ¢ is
integer valued, v is integer valued, and thus the range K = ¢ (Z) of v is a finite set of
integers. Since ¢ is unbounded, a # 0; let us assume that a > 0.

Ifn, k, j € Z are such that n = [ak] + j,then0 <ak —n+ j < 1, s0

n—]<k<n—]+l

a a
and, so, .
ke{[n_J]—i—i, ie]},
a
where I ={0, 1,...,[1/a] + 1}. Hence, if n € H, that is, if n = ¢ (k) for some k € Z,
then

n—j .. .
ke{[ ]+l,l€],]€K}.
a

Foreachi € I and j € K, define

s[5+ ()

then §; ; € BGLF for all i, j, and n € H if and only if §; j(n) =0 for some 7, j. By

Lemma 2.5 and Proposition 2.6, the indicator functions Iys =0y are UGL-functions

for all i, j, and thus the function 1y =\/ict 1{5 ;=0} is also a UGL-function by
JjEK ’

Proposition 2.6. O
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3. C-lims, D-lims, densities, and the van der Corput trick

This is a technical section. Starting from this moment, we fix an arbitrary Fglner sequence
(®N)F_, in Z (that is, a sequence of finite subsets of Z with the property that for any
helZ,|(Py —h)ADy|/|Py| — 0as N — 00).

Under ‘a sequence’ we will usually understand a function with domain Z. For
a sequence (u,) of real numbers, or of elements of a normed vector space, we
define C-lim, u, =limy_ (1/|®Pn]) Znebe u,, if this limit exists. When u, are
real numbers, we define C-limsup,, u, = lim supy_, o, (1/|®Pn|) Znecb,v u,. When u,
are elements of a normed vector space, we also define C-limsupy. , u, =limsupy_,
IA/1PND X cary all

For a set E C Z, we define the density of E tobe d(E) =limy_ o0 |[E N ON|/|DPyN], if
this limit exists. We also define the upper density and the lower density of E as d*(E) =
limsupy_, o |[ENPy|/|Pn| and d(E) =lim infy_, o0 |E N Py |/|Py], respectively.

We will say that a sequence (z,) in a probability measure space (Z, 1) is uniformly
distributed if C-lim, g(z,) = fZ gdiforany g € C(2).

For a sequence (u,,) of vectors in a normed vector space, we write D-lim,, u,, = u if, for
any ¢ > 0, d({n : ||uy, — u|| > €}) = 0. Clearly, this is equivalent to C-lim,, ||u,, — u|| = 0.
For a sequence (u,) of real numbers, we also define D-limsup,, u,, as influ e R:d({n:
u, >u}) =0}

We will be using the following version of the van der Corput trick.

LEMMA 3.1. Let (u,) be a bounded sequence of elements of a Hilbert space. Then, for
any finite subset D of Z,

1 1/2
C-limsup u, < (—2 Z C-limsup(uy,4p, un+h2)> .
nl IDI®, 4 n

1.h2€D

Thus, if for some &>0 there exists an infinite set B CZ such that
|C-limsup,, (4,41, , Unthy)| < € for all distinct hy, hy € B, then C-limsupn’”,u u, < ./e.

Proof. Let D C7Z, |D| < oo. For any N € N, we have

1 1 1 1 1
_ U, — — E— u, = | — — Unth | — An + B,
oy S " |D|,Z|<I>N| 2 (|D|Z|©N| 2 >
N heD nedy heD nedy
where
1 1 1 1
D DD DIV N e o
D] & Joy] £ D] & |oy]
N heD ngdy
n+hgdy nt+hedy

Since {®y}F_, is a Fglner sequence and the sequence (u,,) is bounded, |An ||, [[By || — O
as N — oo. Thus,

lim sup
N—o00

= lim sup
N—o00

1
o] 2

nedy

1 1
JE— [ u
|D| 2 [Py 2 tnsh
heD uedy
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By Schwarz’s inequality,

|51 Xy & o

|<1>N| > L]

= 1Pz
nedy |D| nedy heD
= e 2 | Z o]
_— u
= 2 n+h
|D| |<I>N| e

|D|2 |CDN| Z Z un+h]a un+h2)

ne®y hy,hpeD

S0
1 2
<1im sup| —— Z Uy ) = <1im sup || —— Z Z Un+h )
N—o0 lq)N'neCl) N—o0
N
zlimsup Z Z Unth
N—o00 D N|
<Ilim sup Z Z (Un-thy» Unthy)
N—00 1hye N| nedy
1 : 1
|D|2 Z lim sup ol Z (Unthy s> Unthy)-
hi,hoeD N—00 N nedy

To get the second assertion, for any finite set D C B write
1
|D|?

> Climsupunh, . i)
h,hoeD n

1 .
<—— Y |Climsup(upin, . niny)| + — Y |C-limsup(up yn. )]
IDI? - ; |D| p
iy,hp €D heD
hy#hy
<+ — sup
<e+ —sup|u
Bl
and notice that the second summand tends to zero as |D| — oo.
We will also need a simple ‘finitary version’ of the van der Corput trick.
LEMMA 3.2. Letuy, ..., un be elements of a Hilbert space. Then
N 2 N
1 1
< —
S

H_ Z Un N Z(un» Unth)|s
heZ

n=1 n=1
where we assume that u,, =0 ifm &€ {1, ..., N} (and, so, the sum on the right is finite).

Proof.
2

N2

n=1

2 N
% Z (Un, Um) Z Z Up, Unth)
eZ n=1

IA
I
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4. BGL-functions and Besicovitch almost periodicity
We will now describe and use a ‘dynamical’ approach to BGL-functions. We will focus
on functions Z — R.

Let M be a torus, M = V/T', where V is a finite-dimensional R-vector space and I"
is a cocompact lattice in V, and let = be the projection V. — M. We call a polygon any
bounded subset P of V defined by a system of linear inequalities, strict or non-strict:

P=weV:Li(w)<cyr,..., Li() <ck, L1 (V) <cpgty ooy L) < e}y

where L; are linear functions on V and ¢; € R. Let Q be a parallelepiped in V such that
Tlg: Q —> M is a bijection. (Q is a fundamental domain of M in V.) Assume that
0= Ulj: 1 }/’\J is a finite partition of Q into disjoint polygons. Let a function Fon Q be
the sum, F=L+E , of a linear function L and of a function E which is constant on each
of f’j Finally, let F be the function induced by FonM,F=Fo, (n|Q)’1. We will call
functions F obtainable in this way polygonally broken linear or PGL-functions.

Example. The function {2x 4 1/3} on R/Z is a PGL-function.

The following result is clear.

LEMMA 4.1. The set of PGL-functions on a torus M is closed under addition,
multiplication by scalars, and the operation of taking the fractional part.

The following theorem says that BGL-functions are dynamically obtainable from PGL-
functions.

THEOREM 4.2. For any BGL-function @, there exists a torus M, an element u € M, and
a PGL-function F on M such that ¢(n) = F (nu), n € Z.

Proof. For ¢(n) ={an +b},a,b eR, take M =R/Z,u=a mod Z, and F(x) = {x +
b}, x e M.

The set of BGL-functions satisfying the assertion of the theorem is closed under
addition and multiplication by constants. Indeed, if a BGL-function ¢ is represented in
the form ¢(n) = F (nu), n € Z, where F is a PGL-function on a torus M and u € M, then
for a € R the function a F is a PGL-function as well and ap(n) = (aF)(nu), n € Z. If
BGL-functions ¢1, ¢ are represented as ¢1(n) = Fj(nu), ¢2(n) = F>(nv), n € Z, where
F1, F, are PGL-functions on tori M and M, respectively, u; € M and u; € M, then
the function F(x1, x2) = Fi(x1) + F>(x) on the torus M; x M» is a PGL-function and
(o1 +92)(n) = F(n(uy, uz)), n € Z.

Also, the set of BGL-functions satisfying the assertion of the theorem is closed under
the operation of taking the fractional part: if a BGL-function ¢ is represented as ¢(n) =
F (nu), n € 7., where F is a PGL-function on a torus M and u € M, then the function {F'}
is a PGL-function and {¢(n)} = {F}(nu), n € Z.

From the inductive definition of BGL-functions, it follows that the theorem holds for
all BGL-functions. O
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Any closed subgroup Z of a torus M has the form Z = M’ x J for some subtorus M’
of M and a finite abelian group J. We will say that a function F on Z is a PGL-function
if the restriction F| Mixii) is a PGL-function on the torus M’ x {i} for every i € J.

If Z is a closed subgroup of a torus M and F' is a PGL-function on M, then F|, is a
PGL-function on Z. In the environment of Theorem 4.2, putting Z = Zu, we obtain the
following result.

PROPOSITION 4.3. For any BGL-function ¢, there exists a compact abelian group Z, of
the form Z = M’ x J, where M’ is a torus and J is a finite cyclic group, an element
u € Z, whose orbit Zu is dense (and, so, uniformly distributed) in Z, and a PGL-function
F on Z such that ¢(n) = F(nu), n € Z.

COROLLARY 4.4. For any BGL-function ¢, the limit C-lim,, ¢(n) exists. For any BGL-
functions ¢1, . . ., g, for ¢ = (@1, . .., @x), and for any polygon P C R¥, the density of
the set {n € Z.: ¢(n) € P} exists.

As another corollary of Proposition 4.3, we get the following result.

PROPOSITION 4.5. Let ¢ : Z —> R be a BGL-function. For any ¢ > 0, there exists h € 7.
such that D-limsup,, |¢(n + h) — ¢(n)| < & and there exists a trigonometric polynomial q
such that D-limsup,, |¢(n) — g(n)| < e.

Remark. Functions with these properties are called Besicovitch almost periodic (at least,
in the case where the Fglner sequence with respect to which the densities are measured is
®y =[—N, N], N € N). Any function obtainable dynamically with the help of a rotation
of a compact commutative Lie group and a Riemann integrable function thereon is such.

Proof. Represent ¢ in the form ¢(n) = F(nu), n € Z, as in Proposition 4.3. Let Z =
Ulj:1 P; be the polygonal partition of Z such that F' is linear on each of P;. Let U be a
§-neighborhood of UIJZ | 9P with § > 0 small enough so that A(U) < ¢, where A is the
normalized Haar measure on Z. Let F be a continuous function on Z which coincides
with F on Z\U and such that sup |f| <sup |F|=sup|g|. Let ¢(n)= f(nu), nez.
The sequence (nu) is uniformly distributed on Z; thus, d*({n € Z : nu € U}) < ¢, and so
d*(n: o) @)} =d*{n: F(nu) # F(nu)}) <eé. Since F is uniformly continuous,
for any h € Z for which hu is close enough to 0 we have |F(v + hu) — f(v)| < ¢ for all
veZ, solpn+h)—¢n)| <e forall n € Z. This implies that D-limsup,, |¢(n + k) —
o(n)| < e+ 2¢esup |p|. And, if © is a finite linear combination of characters of Z such
that |f — 0| < ¢, then, for the trigonometric polynomial ¢ (n) = ® (nu), n € Z, we have
|¢(n) — q(n)| < ¢ for all n, which implies that D-limsup,, |¢(n) — g(n)| < & + (sup |¢| +
sup |g|)e = & + (2 sup [g] + e)e. D

COROLLARY 4.6. If ¢ is a BGL-function Z. —> 7, then for any & > 0 there exists h € 7
suchthatd({n € Z : p(n + h) = pn)}) > 1 —e.

(Notice that the density of the set {n € Z: ¢(n + h) = ¢(n)} exists by Corollary 4.4.) We
now turn to unbounded GL-functions. From Lemma 2.2 and Theorem 4.2, we see that
any GL-function ¢ is representable in the form ¢(n) = an + F(nu), where a € R, F is a

https://doi.org/10.1017/etds.2015.11 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.11

Joint ergodicity along generalized linear functions 2055

PGL-function on a torus M, and u € M. Given several GL-functions ¢, . . ., ¢, we can
read them off a single torus: for each i, represent ¢; in the form ¢; (n) = a;n + F;(nu;),
where a; € R, F; is a PGL-function on a torus M;, and u; € M;, put M = ]_[le M, u=

(uy, ..., ux) € M, and lift Fy, ..., Fy to a function on M; then ¢; (n) = a;n + F;(nu),
neZ,i=1,...,k. Asacorollary, we get the following result.
PROPOSITION 4.7. Given GL-functions ¢y, . . ., ¢k, there exists a torus M, an element

u € M, and a polygonal partition M = Ulj:1 Pj, such that for each i, j, ¢i(n + h) —
@i (n) does not depend on n if both nu, (n + h)u € P;.

Proof. Let M, u, and F; be as above; let M =V/T", where V is a vector space and
[ is a lattice in V, 7 be the projection V — M, Q C V be the fundamental domain
of M in V, and F, = F07T|Q, i=1,...,k Choose a partition M = Ulj:1 Pj of M
such that for each j and each i, the function F; is linear on P; and, additionally, for
each j, (Pj — Pj) — (Pj — P;)) N T = {0}, where P; =~ '(P;) N Q. Then, for any i
and j, for v, w € P, F;(v) — F;(w) depends on v — w only. Indeed, let vy, wy, v2, wy €
P; be such that vy — w; = vy — wo; let ¥; = 7r|Q_1(v,), Wy = 7T|Q_1(w,), t =1, 2; then
(01 — wy1) — (U — wy) €T, so = 0; thus,

Fi(v1) — Fi(wy) = Fi (1) — F; (1) = Li(D1) — Li () = Li (D) — y)
= Li(0p — W) = F;(v2) — Fj(wy),

where L; is the linear function on V that coincides with 17, on 13\1 up to a constant.
Now, if n and h are such that both nu, (n + h)u € P; for some j, then, for any i,
pi(n+h) —@;i(n) =a;h + Fj(nu 4+ hu) — F;(nu), and F;(nu 4+ hu) — F; (nu) does not
depend on n. O

A set H C 7 is said to be a Bohr set if H contains a non-empty subset of the form
{n € Z:nu € W}, where u and W are an element and an open subset of a torus. Any Bohr
set is infinite and has positive density (with respect to any Fglner sequence in Z). The
following proposition says that (several) GL-functions are ‘almost linear’ along a Bohr

set.
PROPOSITION 4.8. For any GL-functions ¢1, . .., ¢r and any € > 0, there exist a Bohr
set H C 7 and constants Cy, . . ., Cy such that for any h € H,

ddneZ:gin+h) =)+ i)+ Ci,i=1,..., k) >1—e.

Proof. First of all, for any £, the density of the set {n € Z: ¢;(n + h) = ¢; (n) + ¢; (h) +

Ci, i=1,...,k} exists by Corollary 4.4.
Let M be a torus, u € M, and Fy, ..., F; be PGL-functions on M such that ¢; (n) =
Fi(nu),i=1,...,k. Let Z=Zu; then the sequence (nu),cz is uniformly distributed

in Z. Let Z= Ul,'zl P; be the polygonal partition of Z such that for every i and j,
Fi|p.=Li + Ci,j, where L; is linear and C; ; is a constant. Let § > 0 be small enough so
J

that A(U) < e, where U is the §-neighborhood of the set Uljzl 0 P; and A is the normalized
Haar measure on Z. Let Wy be the §-neighborhood of 0. Now, for any w € Wy, d({n €
Z:nue Pj, nu+wePj, j1#j2}) <e. Choose jo for which 0 is a limit point of
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(0] o
the interior P j, of Pj,, let W = P, N Wy, and let H = {n € Z : nu € W}. Then, for any
w € W and any i, whenever v, v + w € Pj for some j, we have

Fiv+w)=Liwv+w)+Cij =Li(w) +Cij + Li(w) + G j, — Cij,
= Fi(v) + Fi(w) + G,

where C; = —C; j,. Forevery h € H, let E, ={n € Z : nu, (n + h)u € P; for some j};
then d(Ep) > 1 — ¢ and, for any n € E, and any i, ¢;(n + h) = ¢;(n) + ¢;(h) + C;. O

5. Generalized linear sequences of transformations

A generalized linear sequence (a GL-sequence) in a commutative group G is a sequence of
the form 7 (n) = Tfpl(") e Tr(p*("), neZ,whereTy,..., T, € Gand ¢y, ..., ¢ are GL-
functions Z —> Z. We say that T is a BGL-sequence if ¢y, . . ., ¢, are BGL-functions.
Corollaries 2.3 and 4.6 and Propositions 4.7 and 4.8 imply the following properties of
GL-sequences.

PROPOSITION 5.1. Let G be a commutative group.

() If T is a GL-sequence in G, then, for any h € Z, the sequence T (n)~'T (n + h),
n € Z, is a BGL-sequence.

(1) IfT is a BGL-sequence in G, then, for any ¢ > 0, there exists h € Z such that d,({n €
Z:Tn+h)=Tn}>1-—e¢.

(i) IfTi, ..., Tr are GL-sequences in G (or, more generally, in distinct commutative
groups G1, ..., Gy, respectively), then there exist a torus M, an element u € M,
and a polygonal partition M = Ulj‘:l P;j such that for any i, j, Ti)" " Ti(n + h)
does not depend on n whenever nu, (n + h)u € P;.

Gv) If Ti, ..., Ty are GL-sequences in G (or, more generally, in distinct commutative
groups G1, ..., Gy, respectively), then, for any ¢ > O, there exist a Bohr set H C
7. and elements Sy, . .., Sy € G (respectively, S; € G;, i =1, ..., k) such that for
anyhe H, theset E,={neZ:Tiin+h)=T,n)T;(h)S;, i =1, ..., k}satisfies
di(Ep) >1—c¢.

If 7 is a GL-sequence of unitary operators on a Hilbert space #, then, via the spectral
theorem, Corollary 4.4 implies the following result. (See Corollary 0.27 in [BeL2] for a
more general statement.)

LEMMA 5.2. Forany f € H, C-lim, T (n) f exists.

We now fix a commutative group G of measure-preserving transformations of a
probability measure space (X, u), and denote by ¥ the set of GL-sequences of
transformations in G.

DEFINITION 5.3. If 7 is a sequence of measure-preserving transformations of X (or
just a sequence of unitary operators on a Hilbert space #H), we say that 7 is ergodic
if C-lim, 7(n)f = f x fdu forall fe L2(X) (respectively, C-lim, 7 (n) f =0 for all
feM). We will also say that T is weakly mixing if for any f, g € L>(X) one has
D-lim, [, T(n)f -gdu= [y fdu [y g du (respectively, D-lim,, (7 (n) f, g) = 0 for all
f. g €H).
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REMARK 5.4. We have defined our C-lims and, so, ergodicity of a sequence of
transformations, with respect to a fixed Fglner sequence in Z. However, since, for any
GL-sequence 7 of measure-preserving transformations, or of unitary operators, and for
any (function or vector) f, C-lim 7 (n) f exists with respect to any Fglner sequence, this
limit is the same for all Fglner sequences; thus, the ergodicity of GL-sequences does not
depend on the choice of the Fglner sequence.

Let Hc @ Hwm be the compact/weak mixing decomposition of L?(X) induced by G,
meaning that H, is the subspace of L?(X) on which all elements of G act in a compact
way and Hym is the orthocomplement of H.; then for any g € Hym there exists a
transformation 7 € G that acts on g in a weakly mixing fashion. Notice also thatif 7 € G
is ergodic, then T is weakly mixing on Hym. The following theorem says that any ergodic
sequence from T is weakly mixing on Hwm-

THEOREM 5.5. If T €T is ergodic, then for any f € Hwm and g € L*(X) one has
D-lim, [, T(n)f - gdu=0.

We first prove that 7 has no ‘eigenfunctions’ in Hyp.

LEMMA 5.6. If T € ¥ is ergodic, then for any f € Hym and A € C with |A| = 1 one has
C-lim, A" T (n)f =0.

Proof. We may and will assume that | f| < 1. Fix g € Hym With |g| <1 andlet T € G
be a transformation that acts weakly mixingly on g. We are going to apply the van der
Corput trick (Lemma 3.1 above) to the sequence f,, = A"T"T (n)f - T"g,n € Z. Let ¢ >
0 and let a Bohr set H C Z, a transformation S € G, and sets E, CZ, h € H, be as in
Proposition 5.1(iv), applied to the single GL-sequence 7. Let Ay, hy € H; for any n €
Ey, N Ep,, one has

(fuvnys Jovrny) = /X Frthy Fathy A
B /x MTNT () f - T g AT T+ hy) f - T2 g dp
= fx T 2T T (h)Sf - TR T(h)Sf) - (T"g - T"8) dp
- /x T fon iy - (T g -T2 dp,
where fhl,hz = A=l TheT () SF - Th T (hy)S . Since T is ergodic,
ctim [ T fyae - e T2 an= ([ fuosnan) ([ 17 Tz an)
and, since dy(Ey, N Ep,) > 1 —2¢ and |fh1’h2|, lgl <1,

=

‘C-limsup(ﬁ1+;ll,fn+h2) /Th'g-Thzgfd,u,‘—i—Zs.
n X

Since D-limy, [} Thg.¢ du=0 for any g’ € L?(X), and since dy(H) >0, we can
construct an infinite set B C H such that |fX Thig.Thgdu| <e for any distinct
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hi, ho € B. (Indeed, choose by € H arbitrarily. The set By ={heN: |fX Thg .
T’ g du| < ¢} has density one, so By N H #@; choose b € Bj N H. Next, the set
B,={heN: |fX T"g . T" g du| < ¢} also has density one, so there is b3 € B N By N
H, etc. Then put B ={by, by,...}.) Then, for any distinct hy, hp € B, we have
|C-limsup,, { fu+n,> fath,)| < 3&, which, by Lemma 3.1, implies that C-limsup”,”ﬂ fn <
/3e. Since ¢ is arbitrary, C-lim, f,, =0.

Now let f = C-lim,, AT (n) f € Hwm (this limit exists by Lemma 5.2). Then, for any
g e L*(X),

/ f-gdu:C-lim/ k”T(n)f~gdu=C-lim/ fadp=0.
X n X n X
Hence, f: 0. O

Proof of Theorem 5.5. Let T (n) = Tl‘pl(") TP e 7, where T; € G and ¢; are GL-
functions. By Lemma 2.2, for each j=1,...,7 one has ¢;(n) =ajn+v;j(n), n € Z,
where a; € R and v, is a BGL-function. Considering 77, . . ., T, as unitary operators on
Hwm, embed them (by utilizing the spectral theorem) into commuting continuous unitary
flows (T/);cr, and let T =T} - - - T;".

Based on Lemma 5.6, we are going to show that 7 has no eigenvectors in Hym.
Assume, in the course of contradiction, that there exists f € Hym, wWith || f|| = 1, such
that Tf = Af. Let S() = T)'™ .. /"™ 50 that T(n) = T"S(n), n € Z. Fix & > 0.

Let / be an interval in R” that contains the range ¥ (Z) of the function ¥ = (Y, ..., V).
Partition / to subintervals Iy, . .., I; small enough so that foreachi =1, .. ., [, for some
fi € Hwm, one has (TlZl e Trz’)_lf X fi for all (z1, ..., zr) € I;. (Here and below, for
g1, &2 € L*(X), ‘g1 N g2’ means that ||g; — g2]l <e.) Foreachi=1,...,[,letA; ={n:

V¥ (n) € I;}; by Proposition 2.7, the indicator function 1,4, is a UGL-function, and thus by
Proposition 4.5 there exists a trigonometric polynomial g; such that D-limsup,, |14, (n) —

gi(n)| <e/l. Foranyi,foranyn € A;, T"f =T (n)Sm)~' f ~ T (n) f;; thus,

(4)

d(Aj) f = C-lim 14, (A" T" f 1 Clim La, (AT (n) f;

g/l . _
~ C-limg;(n)A™"T () f;.
n
2
By Lemma 5.6, the last limit is equal to 0; summing thisup fori =1, ..., [ we get f ~0.
Since ¢ is arbitrary, f =0.
Hence, T is weakly mixing on Hym, that is, for any f, g € Hym, D-lim,(T" f, g) =

0. Let f, g € Hwm and let € > 0. The set {S(n)_lg, n € 7} is totally bounded; let
{g1, ..., gk} be an g-net in this set. Then

D-limsup |{T (n) f, g)| = D-limsup |{T" f, S(n)~'g)| < D-lim max [(T" f, gi)| + e =¢.

Since ¢ is arbitrary, D-lim, (7 (n) f, g) = 0. O

https://doi.org/10.1017/etds.2015.11 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.11

Joint ergodicity along generalized linear functions 2059

6. Joint ergodicity of several GL-sequences of transformations
We now start dealing with several GL-sequences of measure-preserving transformations.
We preserve the notation G, ¥, H,, and Hyy from the preceding section.

Given functions fi, ..., fx on X, the tensor product ®f~‘:1 i=f1Q - -® fr is
the function f(x1, ..., xx) = f1(x1)--- fr(xx) on Xk (whereas the product ]_[ff:l fi=
Jf1 -+ fx is the function fj(x) - - - fx(x) on X).

LEMMA 6.1. If 71, ..., Tk € T are ergodic, then for any functions f1, ..., fx € L*(X)
with f; € Hwm for at least one i, C-lim, ®f:1 Ti(n) fi =0 in L*(X%).

Proof. Assume that f1 € Hym. Let f = C-lim,, ®f=1 Ti(n) fi (the limit exists by
Lemma 5.2). For any g1, ..., gk € L>(X), we have

k k k k
<f’ ®&>=C-}}m /X QT fi - @ & du* :C-;liml‘[/xmnm g du=0,
i=1 i=1 i=1 i=1

since D-lim,, f X Ti(n) f1 - g1 dpu =0 by Theorem 5.5. Since the functions of the form

®*_, g are dense in L2(X%), f =0. -

Given transformations 77, ..., T of X, T} x --- x T} is the transformation of Xk
defined by (T} x - -+ x Tg)(x1, ..., xx) = (T1x1, ..., Tgxg). Notice that if 7q, ..., Tk
are sequences of transformations of X such that 77 x - - - x Ty is ergodic, then 71, ..., Tx

are ergodic and, moreover, 7;, x - -- x Tj, is ergodic forany 1 <ij <--- <i; <k.

LEMMA 6.2. Let T1, ..., Tx € T be such that the GL-sequences 7'1717'2, e, 7'17177{ of
transformations of X are ergodic and the GL-sequence Ty X - - - x Ti of transformations
of X* is ergodic. Then the GL-sequence (7?]75) X o X (7?]Tk) of transformations of
X*k=1is also ergodic.

Proof. Since the span of the functions of the form fo ® ---® fi with fo, ..., fr €
L% (X) is dense in L2(X*~1), it suffices to show that for any f2, ..., fr € L®°(X) with
Jx frdu=---= [y fi diu=0, one has

k
C-lim Q) Ti(m) ™' Ti(n) fi =0

i=2
in L2(X*~1). If at least one of f; is in Hym, this is true by Lemma 6.1. If f>, . .., fi € He,
we may assume that f>, ..., fi are non-constant eigenfunctions of the elements of G, so

that 71 (n) fi = i (n) fiand T;(n) f = A;i(n) f;,i =2, .. ., k, for some (multiplicative) GL-

sequences 7;, A; in {z € C: |z|=1}. Put fi = f>--- fx. Since 71 x - - - x Ty is ergodic,
we have C-lim, ®f~‘:1 Ti(n) f; = 0. But

k k k
C-lim QT fi = C-rllim<]_[ T (n)fi) ® ) rifi
i=1 =2

i=2

k
fi ®ﬁ),
i=2

k
= Clim [[zmn (n)(

k
i=2 i=2
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so C-lim, [T, 7 (m)xi(n) =0. Hence, C-lim, ®'_, Ti(n)~'T;(n) f; = C-lim,, [[*_,

7 (M)A ()(Qi—y fi) =0 as well. 5
DEFINITION 6.3. We say that sequences 7, ..., T of measure-preserving trans-
formations of X are jointly ergodic if for any fi,..., fr € L°°(X), C-lim, ]_[i-‘=1

T fi = TTiey [x fi dpin L2(X).

Notice that if 7p, ..., 7x are jointly ergodic, then 71, ..., 7T, are ergodic and,
moreover, 7;,, . .., 7T, are jointly ergodic forany 1 <ij <--- <i; <k.

We are now in position to prove our main result.

THEOREM 6.4. GL-sequences Ty, ..., Ty € T are jointly ergodic if and only if the GL-
sequences 7;_17;- are ergodic for all i # j and the GL-sequence T x - - - x Ty is ergodic.

Proof. Assume that 7q, ..., Tx € ¥ are jointly ergodic. Leti, j e {l,...,k}, i # j, let
f € L¥(X), and let f = C-lim, 7, ' (n)7;(n) f. Then, for any g € L>(X), we have

(f. g) = C-lim fx T Ty f - gdu = /X C-lim T (n) f - Ti ()@ dpe

=/deu/X§du-

Hence, f = Jx fdu,so 7;717} is ergodic.

To prove that 71 x - - - x T is also ergodic, it suffices to show that for any f1, ..., fx €
L®(X) with [y fidu="---= [y fidp =0, C-lim, @_; Ti(n) f; = 0. If at least one
of fi is in Hym, this is true by Lemma 6.1. If f; € H, for all i, we may assume that
f1, ..., fx are non-constant eigenfunctions of the elements of G, and then 7;(n) f; =
ri(n)fi, i=1,...,k, for some GL-sequences A{,...,Ar in {z€C:|z|=1}. In
this case, both @*_, Ti(n) fi = A(n) Q'_, f; and []’_, Ti(n) f; = A(n) [T*_, f;» where
A(n) = ]_[f.‘:1 Ai(n), n€Z. Since C-lim, ]_[f:1 Ti(n) fi =0, we have C-lim, A(n) =0
and, so, C-lim, ®*_, Ti(n) fi = 0.

Conversely, assume that 7;_17} are ergodic for all i # j and 7| x - - - x Ty is ergodic,
and let f1, ..., fr € L°(X). If all f; € H,, then, again, we may assume that f1, ..., fi
are non-constant eigenfunctions of the elements of G, so ®f€: L Ti(n) fi = A(n) ®f: L fi
and [*_, Ti(n) fi = »(n) [T, fi» and since now C-lim, @’_, 7;(n) f; =0, we obtain
that C-lim,, [T, 7:(n) f; = 0 as well.

It remains to show that C-lim,, ]_[f‘: 1 Ti(n) fi = 0 whenever f; € Hym for at least one i.
We will assume that f] € Hym and that | f;| < 1 for all i. We will use the van der Corput
trick and induction on k. Let ¢ > 0. Let a Bohr set H C Z, transformations Sy, ..., Sk €
G, and sets E, CZ, h € H, be as in Proposition 5.1(iv), applied to the GL-sequences
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Ti, ..., Tx. Let hy, ho € H; for any n € E, N Ep,, we have
k k
<1’[ Tin+h)fi, [[Tin+ hz)fi>
i=1 i=1

k k
=/X]_[7?(n+h1)ﬁ~]_[7?(n+hz)ﬁ du
i=1

i=1

k
= /X(Tl(hl)sl fieTih) S - [ [T O Ta)(Tihn)Si fi - Teh) S fi) d .

i=2
By Lemma 6.2, 7, '3 x - - x T, "I is ergodic; thus, by induction on k, 7, '73,
R 7‘1_177( are jointly ergodic, so
- k _
C'lim/ (Tith)S1f1 - Ti(h2)S1f1) - l—[ﬂ_l(n)ﬂ(n)(’f,-(hl)s,-ﬁ S Ti(h2)Si fi)d
tox i=2
k -
=1 [ 7S5 Trns. i e
i=1

Since dy(Ep, N Ep,) > 1 —2¢and | fil, ..., | fil <1, we get

=

k k
‘C—limsup<1_[ Ti(n + h) fi, l_[ Ti(n + hz)fi>
" i=1 i=1

fxmhoﬁmhz)?du +oe

where f = S;fi. Since f € Hwm. by Theorem 5.5, D-limy, fX Tith) f- f du=0 for
any f’ € Hwm and, since_d* (H) > 0, we can construct an infinite subset B of H such
that | [y 71(h1)f - Ti(h2) f du| < e for any distinct &1, hy € B. (Indeed, choose b € H
arbitrarily. The set By = {h € N: |fX Thf. Tb'?dm < ¢} has density one, so By N H #

#); choose b, € Bj N H. Next, the set B ={h e N: |fX T”f- szfdm < ¢} also has
density one, so there is b3 € B N B, N H, etc. Then put B = {by, by, ...}.) Then, for
any distinct k1, hy € B, we have |C—limsupn(]—[f=1 Ti(n+ hy)fi, ]—[f=l Tiin+ hy) fi)] <
3¢, and so, by Lemma 3.1, C-limsup , I—[le Ti(n) f; < ~/3¢. Since ¢ is arbitrary,
C-lim, [T, i) fi = 0. O

REMARK 6.5. We defined our C-lims with respect to a fixed Fglner sequence in Z.
However, since, for any GL-sequence 7 of measure-preserving transformations of X and
any f € L?>(X), C-lim 7 (n) f exists with respect to any Fglner sequence, this limit is
the same for all Fglner sequences (since any two such sequences can be combined to
produce a new one having them as subsequences). This implies that for 7y, ..., Tx € T,
the condition that 7;_17} foralli # jand 77 X - - - x T are ergodic is independent of the
choice of a Fglner sequence in Z. It now follows from Theorem 6.4 that the joint ergodicity
of 71, ..., Ti does not depend on the choice of the Fglner sequence either—which was
not a priori evident.
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For GL-sequences based on a single transformation, that is, of the form 7 (n) =
T¢™ we have a simple criterion of ergodicity. Recall that for a measure-preserving
transformation 7' of X we defined

EigT ={A € C*: Tf = Af for some f € L*>(X)}

and, for several measure-preserving transformations Ty, ..., Ty of X, Eig(Ty, ..., Ty)
= (BigTy) - - - (Big Ty).

LEMMA 6.6. Let T be an invertible measure-preserving transformation of X and let ¢
be an unbounded GL-function 7. —> 7. Then the GL-sequence T (n) =T%™, n € Z, is
ergodic if and only if T is ergodic and C-lim, A?™ =0 for every A € Eig T\{1}, and T is
weakly mixing if and only if T is weakly mixing.

Proof. The ‘only if’ part is clear. Let L?(X)=H. ® Hwm be the compact/weak
mixing decomposition induced by 7. If T is ergodic and C-lim, A¥™ =0 for every
A € Eig T\{1}, then C-lim, 7 (n) f = fX fdu for any f € H, so T is ergodic on H.
Considering T as a unitary operator on Hymy and using the spectral theorem, embed T
into a continuous unitary flow. Using Lemma 2.2, write ¢(n) = an + ¥ (n), n € Z, where
a € R\{0} and v is a BGL-function; then T¢ has no eigenfunctions in Hym, and so is
weakly mixing on Hym. Since, for any f € Hym, the set {TV™ £, n e 7} is totally
bounded, 7 is weakly mixing (and, so, ergodic) on Hym-. O

We are now in position to prove Corollaries 1.5 and 1.6, formulated in the Introduction.

COROLLARY 6.7. Let T be an invertible weakly mixing measure-preserving trans-
formation of X and let ¢, ..., ¢ be unbounded GL-functions such that ¢; — @;
are unbounded for all i # j; then the GL-sequences T#'™, ... T%™ ncZ, are
jointly ergodic. In particular, for any distinct «q, ..., o € R\{0}, the GL-sequences
Tlanl Tl gre jointly ergodic.

Proof. By Lemma 6.6, the GL-sequences T %W T%/ ™ = T¢;M=¢i(") are ergodic for
all i # j. The GL-sequence T9'™ x ... x T%%® ig also ergodic by Lemma 6.1. By
Theorem 6.4, T91™ . T gre jointly ergodic. O

COROLLARY 6.8. Let Ty, ..., Ty be commuting invertible jointly ergodic measure-
preserving transformations of X and let ¢ be an unbounded GL-function 7 — Z;
then the GL-sequences Tl‘p("), ce Tk‘p("), n e€Z, are jointly ergodic if and only if
C-lim, A*™ =0 for every A € Big(T1, ..., TO\{1}. In particular, for any irrational
o € R, the GL-sequences Tl[om], cee Tk[om] are jointly ergodic if and only if e2mia”'Q

Eig(T1, ..., Tr) ={1}.

Proof. First of all, notice that Eig(7Ty, ..., Tx) = Eig(T} x - - - x Ty). Since the trans-
formations T1, . .., T are ergodic and commute, they share the set of eigenfunctions,
so for any i and j we have Eig(Tl._lTj) CEigT; -Eig T; CEig(Ty, ..., Ty) as well.

Applying Lemma 6.6 to the transformations Ti_lTj fori # j and Ty x - -- x Ty, we get
the first assertion.
The case ¢(n) = [an], with an irrational ¢, is now managed by the following lemma.
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LEMMA 6.9. For an irrational o and a real B one has C-lim, e**1%"18 = 0 if and only if

aff & Za+Q.

Proof. We have [an]B =afn — {an}B, n € Z. Consider the sequence u, = ({afBn},
{an}) in the torus T%x’w =R?/7?2, so that the sequence ([an]B8) mod 1 is its image in
T under the map o (x, ¥y) = ({x} — B{y}) mod 1. If @B and « are rationally independent
modulo 1, (u) is uniformly distributed in T2; thus, o(u,) is uniformly distributed
in T, and so C-lim, ¢>/l®"f = C-lim, ¢?"1°®n) = (0. Let af and « be rationally
dependent modulo 1, ko = ma + [, where k € N and m, [ € Z with ged(k, m, ) = 1.
Then the sequence (u,,) is uniformly distributed in the subgroup S of T2 defined by the
equation kx = my. o maps S to k isomorphic intervals [(m/k)j, (n/k)(j +1) — B), j =
0,...,k—1,inT, and the sequence o (u,) is uniformly distributed in the weighted union
of these intervals. It follows that C-lim,, ¢**?°®n) = ( unless all the intervals coincide,
which happens if and only if k | m, that is, if and only if «8 € Za + Q. In this situation of
a single interval it could still be possible that C-lim,, ¢>7/%“») = 0—if this interval covered
T an integer number of times, that is, if and only if (m/k) — B € Z\{0}; however, this is
never the case since « is irrational. Thus, if a8 € Za 4+ Q, C-lim,, €27/ @) £ 0, O

7. Joint ergodicity of GL-sequences along primes
In this section, we will adapt some results from [GT] and a technique from [S] to establish
a condition for several GL-sequences to be jointly ergodic along primes.

By P, we will denote the set of prime integers. Let us also use the following
notation: for N €N, let P(N)=PN{l,..., N}, n(N)=|P(N)|, and R(N) ={r €
{1,..., N}:gcd(r, N) =1}. As above, we fix a commutative group G of measure-
preserving transformations of a probability measure space (X, p) and denote by ¥ the
group of GL-sequences in G. We will prove the following theorem.

THEOREM 7.1. Let T1, ..., Tx € ¥ be such that for any W € N and r € R(W) the GL-
sequences Tiw,(m)=Ti(Wn+r), i=1,...,k, are jointly ergodic. Then, for any
f1, .-+, fr € L®(X),

1
lim ———
N—oo m(N)

k
» 7'1(p)f1"'77<(p)fk=l_[/xﬁdu (in L? norm).
i=l1

PEP(N)

Remark. 1In general, joint ergodicity of 7;, i =1, ..., k, does not imply that of
Tiw.r. Indeed, let @ € R\Q, let X = {0, 1} with measure w©({0}) = n({1}) =1/2, let
Tx=(x+1) mod 2, let 7i(n)=T", and let Tr(n) =T!*"l, n e N. Then 77 and
T, are jointly ergodic, but 7;(2n + 1) is not ergodic. Notice also that the assertion
of the theorem does not hold for these 77 and 7;: for functions f; and f, on X,

limy oo (1/T(N) 3 ,epy TIPV f1 - Ta(p) o =T fi [y frdps.

Following [GT], we introduce ‘the modified von Mangoldt function’ A’(n) =
1p(n)logn, n € N. The following simple lemma allows one to rewrite the average in
Theorem 7.1 in terms of A’.
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LEMMA 7.2. (Cf. [FHoK, Lemma 1]) For any bounded sequence (vy,) of vectors in a
normed vector space,
=0.

lim
N—o0

1 1 &
m Z UI)—N’;A(H)IM

pEP(N)

A (compact) nilmanifold N is a compact homogeneous space of a nilpotent Lie group
G; a nilrotation of N is a translation by an element of G. Nilmanifolds are characterized
by the nilpotency class and the number of generators of G; for any &, d € N, there exists
a universal, ‘free’ nilmanifold A 4 of nilpotency class k, with d ‘continuous’ and d
‘discrete’ generatorsf such that any nilmanifold of class <k and with <d generators
is a factor of Ny 4. A basic nilsequence is a sequence of the form n(n) = g(a™), where
g is a continuous function on a nilmanifold A/ and a is a nilrotation of /. We may
always assume that A" = N 4 for some k and d; the minimal such k is said to be the
nilpotency class of n. Given k, d € Nand M > 0, we will denote by L 4 p the set of basic
nilsequences 1(n) = g(a"), where the function g € C (N 4) is Lipschitz with constant M
and |g| < M. (A smooth metric on each nilmanifold NV 4 is assumed to be chosen.)

Following [GT], for W, r € N we define A’W’r(n) =(@W)/W)AN (Wn+r), neN,
where ¢ is the Euler function, ¢ (W) = |R(W)|. By W, we will denote the set of integers of
the form W =[] pePm) P>»m € N. Itis proved in [GT] that ‘the W-tricked von Mangoldt
sequences A/W’r are orthogonal to nilsequences’; here is a weakened version of [GT,
Proposition 10.2].

PROPOSITION 7.3. Foranyk,d e Nand M > 0,

lim limsup sup =0.
WV N—oo neLigm
reR(W)

1 N
= 2 Wy (1) = D)

n=1

We need to extend Proposition 7.3 to sequences slightly more general than nilsequences.

LEMMA 7.4. (Cf. [S, Proposition 3.2]) Let P be a polygonal subset of a torus M and let
ue M. Foranyk,d e Nand M > 0,

N
1
lim limsup sup |— Z(A’Wr(n) —Dlp((Wa +runn)| =0.
v‘?//ivovo N—oo nelydm N — ’
reR(W)

Proof. Let Z = Zu; Z is a finite union of subtori My, ..., M; of M. Let ¢ > 0. Choose
smooth functions gy, go on M such that 0 < g; <1p <g> <1 and the set S={g; #
g2} is polygonal with Apq, (SN M;) <eApq,(M;), i=1,...,1, where Ay, is the

normalized Haar measure on M;. Then, for any W and r, the sequences ¢1,w (n) =
g1(Wn +r)u) and & w,(n) = g2((Wn 4+ r)u) are (one-step) basic nilsequences and,
since the sequence (Wn + r)u is uniformly distributed in the union of several components
of Z, the set {n : £1(n) # ¢>(n)} has density < €. Notice that if M is the sum of M and the

+ ‘A continuous generator’ of a nilmanifold NV is a continuous flow (a’),cR in the group G; ‘a discrete generator’
is just an element of G.
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Lipschitz constants of g; and g» and d’ = d 4 dim M, then for any n € Li 4,3 one has
Swrns Sowrn € Liam-
Let Elj,d,M ={neLyqgm:n>0}. Forany W, r, and any n € de’M, for every n € N
we have
(A, () = D1p((Wn + r)u)n(n)
< (A, m&.w.rm) — 1w, ()n(n)
= (A, () = Dow.(mn() + (G2.w.r () = &1 (m)n(n).
By Proposition 7.3,
lim limsup sup

W N—0o neLidm
reR(W)

1 N
5 2 A, ) = Do w.r ()| =0,
n=1

+
whereas, for any W, r, and any n € Ek,d,M’

N

li ! < Mse;
Jim ;|§2,W,r(’1) = aLw.rm|n(n) < Me;
thus,
1N
lim sup lim sup  sup N Z(A’W,r(n) — D1p((Wn+r)u)n(n) < Me.
Wew N—oo

+
W—o00 ”E‘Ck‘d,M n=1
reR(W)

Similarly,
(A () = D1p((Wn + ryu)n(n)
> (N () = Dew,-mnn) — Ga,w.r () — 1w, (m)nn),

SO
N
1
lim inf lim inf ndi:Ilf 5 Z(A’W’r(n) — D1p((Wn + ru)n(n) > —Me.
W—o00 reg(lvag\l n=1
Hence,
N
. . 1 ,
lim limsup sup |— Z(AW L) = D1p(Wn+ru)nn)| =0;
v‘;[//ivovo N—o0 ”Eﬂz—dM N n=1 ,
reR(W)
since Lx.q.m = ﬁlj,d,M — E,':d > We are done. O
Letk, N € N; for sequences b : {1, ..., N} —> R, the kth Gowers norm is defined by
1 1/2k
1Bl gy = (— > [ bpo+ehi+--- +ekhk>)
Vk(N) n,h hi€Z
.. hi€Z eyq,...,e€{0,1}
N2 1 N 2\ 1/2*
=<m Z NZ 1_[ b(n+ethy +---+er_1hi-1) ) :
h] ..... hk,IEZ n=1 el,...,ek,1e{0,l}
where
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Vi(N) = #{(n, hy, ....m) € ZM in+ethy + -+ + ex—1hi—1 € [1, N]
forany ey, ..., e € {0, 1}} < NkH,
and where we assume that b(n) =0ifn € {1, ..., N}.

The next result we need is the fact that, on a certain class of sequences, ‘the
kth Gowers norm is continuous with respect to the system of seminorms |[|b|4 3 =
SUPy Ly g [((1/N) Z,]L] b(nm)n(n)|,d e N, M > 0. We will utilize the following lemma,
which is a corollary of [GT, Propositions 10.1 and 6.4].

LEMMA 7.5. Forany ¢ > 0 and k € N, there existd € N, M > 0, and § > 0 such that for
any N € N, ifa sequence b : {1, ..., N} —> R satisfies |b| <1+ A’W’rforsome WeWw

andr € R(W) and SUP e 2y o ur [(1/N) Z;V:] b(n)n(n)| <8, then ||bllyr ) < &

Remark. Proposition 10.1 was proved in [GT] modulo the ‘inverse Gowers-norm
conjecture’, which had then been confirmed in [GTZ].

Combining Lemmas 7.4 and 7.5, applied to the sequence
b(n) = (A, (n) = 1) - 1p(Wn + ryu) 11 ny(n),

we obtain the following result.

LEMMA 7.6. (Cf. [S, Proposition 3.2]) Let P be a polygonal region in a torus M and let
u € M. Then, for any k € N,

lim li A —Dlp((W =0.

sm IATIH_)S;P , max (A, (n) = DIp((Wn + rwllgrn

W—o0

From Lemma 7.6, we now deduce the following result.

PROPOSITION 7.7. (Cf. [S, Proposition 4.1]) Let Ti,..., Tt €< and f1, ..., fr €
L*®(X). Forany f1, ..., fr € L*(X), we have
N
1
lim limsup max ||— Ay () —DTTWn+r)fi-- - Ta(Wn+r =0.
a3 N_)OOP ,max ;( w.r(m) — DTi( )i K ( ) Ji o
Proof. We will assume that | f;| <1,i=1, ..., k. Let, by Proposition 5.1(iii), M be a

torus, u € M, and M = Ulj:1 P; be a polygonal partition of M such that for every i and
J Ti(n)~YT;(n + h) does not depend on n whenever both nu, (n + h)u € P;. We will
show that for any j and any N, W, r € N, one has

N
1
HN D Ny, 0) = D1p (W + P Ti(Wn +r) fi - Te(Wn + 1) fx i
=l L2(X)
< Ay, () = D1p,(Wn + 1w s i
via Lemma 7.6, this will imply that

lim limsup max

WeW N o0 FER(W)
W—o0

1 N
= 2y 00 = D1p (Wn + ) Ti(Wn +7) fi
n=1

s Te(Wn 4 1) fi =0
L2(X)

foreach j =1, ..., [, from which the assertion of the proposition follows.
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Fix j, N, W, and r; put P = P;, define the sequence b(n) = (A’W’r(n) —1)-1p
((Wn 4+ r)u)1[1,n1(n), and let ﬁ(n) =Ti(Wn+r)fori=1,... k.

By Lemma 3.2,
2

e, ~ =
”N Z b(m)Ti(n) f1 - - - Te(n) fi
n=1

L2(X)

. o ~ _
ﬁzfxb(n)b(mhl)-’n(n)fl Tin+ ) i
n=1

e fi - Ten + hy) fed

By the definition of P = P;, for each i there exists a sequence Si(hy), h1 €Z, of
transformations such that 7;(n) " 7;(n + h1) = S;(hy) if 1p(Wn + r)u) - 1p(W(n +
h1) +r)u) #0, and so, if b(n)b(n + h1) #0. Thus, if we put f;,, = f; -S,-(hl)f,-,

i=1,...,k h €Z,we get
1Y ~ ~ 2
Hﬁ PIUOOVEAOY
n=1 L2(X)

1 1Y ~ ~
=¥ > v ;/;{b(n)b(n +h) - Ti) fin - Te@) fiom du'

1 g ~ 1~ ~
=— /X Fumg 22 b+ ) - (T B @) fany - (T T fem du‘
n=1

1 1 Y . .
=~ 2 | 2o bk ) (TR0 oy -+ (T TO@) fion,
n=1

h€Z L2(X)
In the same way, for every k1,
N 2
1 715 Fo1F
- Zb(n)b(n +h) - (T @) fany - (T T) (@) fien,
N L2(%)
1 .
<< 5 > " bmb(n + hy)b(n + h)b(n + hy + ha)
hyeZ n=1
X (i_lﬁ)(n)fihl,hg e (’E_lﬁ)(n)fk,hl,hz
L2(X)
for some functions f; 5, », of modulus < 1, and so, by Schwarz’s lemma,
1 & ~ ~ 4
H— Y o bTim) fi - Te(n) fe
N3 L2(%)
1 1Y
<7 > 5 > bbb + h)b(n + hy)b(n + hy + hy)
hy,haeZ n=1
X (7~§_17~3)(n)f3,111,h2 e (ﬁ_lﬁ)(n)fk,hl,hz
L2(X)
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Applying Lemma 3.2 with Schwarz’s lemma k — 2 more times, and then Schwarz’s lemma
once again, we arrive at
2k

&, o~ ~
Hﬁ Z b(m)Ty(n) f1 - - - Tre(n) fx
n=1

L2(X)

N
1
NZ 1_[ b(n+ejhy + - - -+ exhy)

hi,...,hi€Z n=l1ey,..., er€{0,1}
1 1 N 2\ 1/2
E(W Z NZ 1_[ b(n+ethy + - - -+ exhy) >
hi,...h€Z n=l1ey,..., ex€{0,1}
k
S ”b”?]l\Jrl[N] O

We are now in position to prove Theorem 7.1.

Proof of Theorem 7.1. For short, put fm)=Tim) fi - Te() fr.n € N. By Lemma 7.2,
we have to show that limy oo (1/N) YN, A'(n) f(n) = [Ti_; [x fi die. Lete > 0. By
Proposition 7.7, we can choose W € W such that for any N large enough and any r €
R(W) one has

<e,
L2(X)

1 & 3
H 5 2 A, ) = Df (Wn +r)
n=1

and so

1

1 N ~ N e
ngA (Wn+r)f(Wn+r)— o) ;f(Wn—i-r)

< .
L2(X) d(W)

Summing this up for all r € R(W), and taking into account that A’'(Wn +r)=0if r ¢
R(W), we obtain

| N ) | LN
HWZA/@)JC(")_W Z NZf(Wn-I-")
n=1

reR(W) n=1

<Eé.
L2(X)

By the theorem’s assumption, for any r € R(W),

N k
”%Zf(WnJrr)—]_[/Xﬁdu
n=1 i=1

for all N large enough. Hence, ||[(1/NW) Zflv:uf A/(n)f(n)HLz(X) < 2¢ for such N, and
SO

<é&
L2(X)

' 1 N ) _ . 1 NW ) _ k
Jim - ; N f = Jim ; N fn) = 1} fx fi du. .

We will now collect some special cases of Theorem 7.1. It was shown in [B] that
if Ty, ..., Ty, with k > 2, are commuting, invertible, jointly ergodic measure-preserving
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transformations, then they are actually totally jointly ergodic, that is, for any W € N and
re?, TIW"”, R Tkw"“ are jointly ergodic. Hence, by Theorem 7.1, we obtain the
following result.

THEOREM 7.8. Let Ty, ..., Ty, where k > 2, be commuting, invertible, jointly ergodic
measure-preserving transformations of X. Then, for any fi, ..., fi € L®(X), in the L?
norm,

k
1
lim —— Tlpf1-~~Tk”fk:H/Xﬁdu.
i=1

N=oo (N) S5ty

The following is a corollary of Theorem 7.1 and Corollary 1.5.

COROLLARY 7.9. Let T be a weakly mixing invertible measure-preserving transformation

of X and let ¢y, ..., ox be unbounded GL-functions Z — Z such that ¢; — @; are
unbounded for all i # j. Then, for any fi, ..., fr € L*(X),
lim 791(P) . Te(P) f d
N%oon’(N) > Ji- Je= l_[ fidu.
peP(N)
In particular, for any distinct oy, . . . , o € R\{0},
k
Tl pl Lorlewpl o — / - du.
Jim N(N) > fi- fe=]T1 ] fidn
peP(N) i=1
From Theorem 7.1 and Corollary 1.6, we obtain the following result.
COROLLARY 7.10. Let Ty, ..., Ty be commuting invertible jointly ergodic measure-
preserving transformations of X and let ¢ be an unbounded GL-function 7, —> 7 such
that limy_ 0 (1/N) Zfzv:l AWty — 0 for every A € Big(Ty, ..., Ty), WeW, and
r € R(W). Then, for any fi, ..., fr € L®(X),
lim TW(P) T(P(P) / d
N rr(N) 2 fi- fi= H fidu.
PEP(N)
In particular, if « € R is irrational and such that 62”""‘71(@ N Eig(Ty, ..., Ty) = {1}, then

li
N—>oo ]T(N)
PeP(N)

k
1
m o Tl[ap]fl"'Tk[ap]fk=l_[/ﬁdM forany fi, ..., fr € L¥(X).
i=1

8. GL-families of a continuous parameter

Let 7(¢), t € R, be a family of measure-preserving transformations of X. We say that T
is ergodic if, for any f € L*(X), limy_, oo (1/b) fo” Tt f dt = [y fdwin L? norm, and
uniformly ergodic if, for any f € L*(X), limy_, oo (1/(b — a)) fab T fdt= [y fdu.
Given several families 71 (¢), . .., Tx(¢), t € R, of measure-preserving transformations of
X, we say that Ty, . . ., Ti are jointly ergodic if

b k
blggo%/o ﬂ(l)fl"'ﬁ(f)fkdl‘zil}[xfidﬂ
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in L2 norm for any fi, ..., fr € L°°(X), and uniformly jointly ergodic if

b—a—

1 b k
1imoom/a 7'1(t)f1--~77<(t)fkdt=gfxﬁdu

forany fi, ..., fr € L®(X).

Let G be a commutative group of measure-preserving transformations of X. In analogy
with the terminology adopted in previous sections, we will call a family 7 (¢), t € R,
of elements of G a GL-family if it is of the form 7 (¢) = T](ﬂ‘(t) T Dt e R, where
11, ..., T, are continuous homomorphisms R — G and ¢y, . .., ¢, are GL-functions
R — R. Let T denote the set of GL-families of transformations from G. We have the
following analogue of Theorem 6.4.

THEOREM 8.1. Let Ty, . .., Tx € Tr. Then the following are equivalent:

@)  Ti,..., Tr arejointly ergodic;

() Ti, ..., Tx are uniformly jointly ergodic;

(iii) the GL-families 7;717} are ergodic for all i # j and the GL-family Ty X - - - x T is
ergodic.

One can verify that a (properly modified) proof of Theorem 6.4 works in the situation
at hand as well. An alternative and simpler approach is to derive Theorem 8.1 from
Theorem 6.4 with the help of the techniques developed in [BeLM]. Namely, we can use
the following fact.

THEOREM 8.2. [BeLM] Let t:R — V be a bounded measurable mapping to a
Banach space V such that, for every t € R, the limit L; =limy_. (1/N) 22]:1 T(nt)
(respectively, L;=Ilimy_p 00 (1/(N — M)) Z,ZLMH t(nt)) exists for almost
every teR. Then the limit L =limp_ (1/b) fob T(t) dt (respectively, L =
limp_g—00 (1/(b — a)) fab T(t) dt) also exists, and L; = L for almost every t € R.

To apply this result, we need to verify that for any GL-family 7 and any ¢ € R the
sequence 7 (nt), n € Z, is a GL-sequence. This is indeed so: any GL-function ¢ can
be written in the form ¢(¢) = le: 1loj®)]aj + ct +d, where ¢; are GL-functions and
aj, c,d €R; thus, for any flow T and any 7 € R, 7o) = (]_[ljzl(T“J')[‘/’«f("”])(T”)”Td,
in which expression all the factors are GL-sequences in the group generated by the
transformations 79, ..., T%, T T¢ We may now apply Theorem 8.2 in conjunction
with Lemma 5.2 to the family (t) = 7 (t) f, where T is a GL-family and f € L*(X), and
see that the limits limp—, o (1/b) foh T @) fdt and limp_y— 00 (1/(b — a)) fah T@)fdt
exist, and 7T is ergodic and is uniformly ergodic if and only if the GL-sequences 7 (nt),
n € 7, are ergodic (= uniformly ergodic) for almost all € R.

Proof of Theorem 8.1. Assume that the GL-families 77, ..., T; are jointly ergodic.
For any distinct i and j, 7; and 7; are jointly ergodic, which implies that 7;_17} is
ergodic. It remains to show that 77 x - - - x T is ergodic. 71, ..., Tk are ergodic, so
the GL-sequences 71 (nt), ..., Tr(nt), n € Z, are ergodic for almost every ¢t € R. Thus,
by Lemma 6.1, C-lim, ®f-‘:1 Ti (nt) f; = 0 for almost every ¢ € R whenever f; € Hyp for
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at least one of i; by Theorem 8.2, this implies that limp_, » (1/b) fob ]_[ff:1 Ti@) fidt =0
whenever f; € Hwm for at least one of i. If f; € H, for all i, we may assume that all f; are
non-constant eigenfunctions of elements of G, so 7;(¢) f; = A;(¢t) fi, i =1, ..., k, where
A; are functions R — C. In this case,

0= lim lf HT(t)f,dt (hm -/ HA(r)dr)Hﬁ,

b— o0

s0 limp_ o0 (1/6) f7 TTEL; Ai(0) dt =0, 50

k b k k
[ Gy ([ Thos) oo
=1 i=l1 i=1

Hence, 71 x - - - x T is ergodic.
Conversely, if 7;_177 forall i # j and 71 X - - - x T are ergodic, then, by Lemma 5.2
and Theorem 8.2, the GL-sequences (717_17})(;1:) and (71 X - - - x Tg)(nt) are ergodic

for almost every t € R, so, by Theorem 6.4, the GL-sequences 71 (nt), ..., Ti(nt) are
jointly ergodic (= uniformly jointly ergodic, see remark after the proof of Theorem 6.4)
for almost every t € R, so 71, . . ., Tx are jointly ergodic and uniformly jointly ergodic by
Theorem 8.2. O

For a continuous parameter, Corollaries 1.5 and 1.6 take the following form.

COROLLARY 8.3. Let T, s €R, be a weakly mixing continuous flow of measure-
preserving transformations of X and let ¢y, . . ., px be unbounded GL-functions R — R
such that ¢; — @; are unbounded for all i # j; then the GL-families TOW T,
t e R, are jointly ergodic. In particular, for any distinct oy, . .., oar € R\{0}, the GL-
families T\ Tt t ¢ R are jointly ergodic.

COROLLARY 8.4. Let T}, ..., T/, s €R, be commuting jointly ergodic continuous
flows of measure-preserving transformations of X and let ¢ be an unbounded GL-
function; then the GL-families le(t), cey Tkw(t)’ t e R, are jointly ergodic if and only
if limp_, o0 (1/b) fob 2O dt =0 for every A € Eig(T}, ..., TH\{1}

We would also like to remark that, in the case of a continuous parameter, by using a
‘change of variable’ trick one can easily extend the results above, proved for GL-families,
to more general families of transformations of the form 7 (o (¢)), where T is a GL-family
and o is a monotone function of ‘regular’ growth. What we mean is stated in the following
proposition.

PROPOSITION 8.5. Let Ti(t), ..., Tx(t), t € R, be jointly ergodic families of measure-
preserving transformations of X and let ¢ : R —> R be a strictly increasing C'-function
such that o’ is monotone and

o Na i)

ba—oo 0-L(b) —0-L(a) b-a—oo 0-L(b) —o—L(a)

Then the families T (o (1)), . .., Ti(o(¢)) are also jointly ergodic.
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Remark. Of course, Proposition 8.5 remains true when the families 7; are defined only on
aray [r, 0o). In this form, it applies when o is of the form o (¢) = Zle cit*, where o;
are non-negative reals, on the ray [r, c0) where o’ becomes monotone. Moreover, for o of
this sort, o ! also satisfies the assumptions of the proposition; thus, 71, . . ., T are jointly
ergodic if and only if T1(o (¢)), ..., Tk(o(?)) are.

Let us say that a function 7 : R —> R has uniform Cesaro limit L if limp_,_,
1/ — a)) f ab 7(¢t) dt = L. Proposition 8.5 is simply a special case of the following
general fact.

PROPOSITION 8.6. Let o be as in Proposition 8.5. Then, if a bounded function t : R —
R has uniform Cesaro limit L, the function t(o (t)) also does.

This proposition must be well known to aficionados, but, since we have not been able
to find any references, we will sketch its proof. Making the substitution s = o (¢), we get

S br(a(t))dt— lim ! fqr(s)(a—l)’(s)ds
g @) —o=(p) J, '

b—a—oo b —a a —p—>00 o~

What we have in the right-hand part of this formula, limp,_4_ 0o (1/(fab )) fab () (1) dt,
is the weighted uniform Cesaro limit of T with weight w= (c~'). Rewriting
Proposition 8.6 in terms of w, we reduce it to the following lemma.

LEMMA 8.7. Let w:R — R be a positive monotone function with the property
that limp_4—s o0 a)(a)/fah o =1limp_4-00 a)(b)/fab w=0. Then, if a bounded function
7 : [0, 0c0) —> R has uniform Cesaro limit L, then the weighted uniform Cesaro limit of T
with weight w is equal to L (and, in particular, exists).

Proof. We will assume that w is increasing; the case of decreasing w is similar. Let
M =sup |t|. Let ¢ >0. Find ¢ > 0 such that (1/c) f;“ t(t) dt ~ L for every x > 0.
Averaging this equation with weight w over an interval [a, b] and changing the order of
integration, we get

1 b 1 xX+c 1 b p
fab_a)/a a)(x)(;/x t(t)dt) dx:cfahw[; </tca)(x)dx>f(t) dt
1 ate “ 1 b+c b
_ d dt + / </ d ) dr.
Cfabw/a (/t_cw(x) x)r(t) t cfaba) A t_ca)(x) x |T() dt

The moduli of the second and of the third summands in the right-hand part of this equality

are majorized by (Mw(b)c?/2)/(c fab w) and tend to 0 as b — a —> oo. We now claim

that, for large b — a, the first summand is close to (1/(fab )) fab T(t)w(t) dt. Indeed,

Qe

L
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taking into account the monotonicity of w, we have

1 b ! 1 b
—cfaba)/a </;_C a)(x)dx)r(t) dt_j;b_a)/a T(Dw(t) dt
1 b t
=% / </ (w(x)—w(t))dx>t(t)dt
Cfa w a t—c

M b t
<— (/ |w(x)—a)(t)|dx> dt
cf]wda \Ji—c

M b
< fb_/ (w() —w(t —c))dt
aa) a

B b M [® w(b)
=— a)(t)dt—b— w()dt <Mc v
fa w Jb—c fa w Ja—c fa w

which tends to 0 as b — a — oo. O

9. Non-commuting GL-sequences

If GL-sequences 7i,..., 7Tx do not commute, the situation becomes much more
complicated. Recall that we introduced the notions of ergodicty and joint ergodicity of
sequences of transformations (Definitions 5.3 and 6.3 above) with respect to an arbitrary
fixed Fglner sequence in Z. However, for commuting GL-sequences the property of
being ergodic or jointly ergodic has turned out to be Fglner sequence independent (see
Remarks 5.4 and 6.5). An example in [BBe2] shows that this is no longer the case if 7;
do not commute, even in the conventional case 7;(n) = T/". It follows that one cannot
expect to have a criterion of joint ergodicity in terms of ergodicity of a certain collection
of sequences of transformations, unless the ergodicity of these sequences is itself Fglner
sequence dependent.

One nevertheless has the following generalization of [BBe2, Theorem 2.1].

THEOREM 9.1. Let Gy, ..., Gy be several commutative groups of measure-preserving
transformations of X and, for each i =1,...,k, let T; be a GL-sequence in G;.
Then Ti,...,Tx are jointly ergodic if and only if Ti,...,Tx are ergodic and
C-lim, [y [T5_, T fi dw =TTy [y fi duforany fi, ..., fe € L¥(X).

Proof. The ‘only if” direction is clear; we will prove the ‘if’ statement. Let f1, ..., fx €
L*>®°(X), with | f;| <1 for all i. First, assume that for some i, f; is in the Hymy Space
corresponding to the group G;. We will assume that i = 1; then 77 is weakly mixing
on f1 by Theorem 5.5. Let ¢ > 0, and let a Bohr set H C Z, transformations S; € G;
fori=1,...,k, and sets Ej, C Z for h € H be as in Proposition 5.1(iv). Then, for any
hi, hp € H,

k k
‘C-}lim<l_[ Tin+m) fi, [ [ Tion + hz)fi>
i=1 i=1

k
<[ctim [ [T 70 Tih0)S: 5 - Tehn)s: o dia| + 26
"X
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k
l_[/ Ti(h)Si fi - Ti(h2) S f; d,u‘ +2¢
i=1 7%

=

/X Ti(h)S1f1 - Ti(h2)S1 fi d,u‘ + 2e.

Since D-limy, (71 (h)S1f, f') =0 for any f’ e L?*(X), we can construct an infinite
set B C H such that |fx Ti(h1)S1 f1 - Ti(h2)S1 fi dju| < e for any distinct hy, hs €
B. By Lemma 3.1, C-limsup, M, i) fi < v/3e.  Since & is arbitrary,
C-lim, [T, i) fi = 0.

Now assume that for each i, 7; acts on f; in a compact way. We then may assume
that, for each i, f; is a non-constant eigenfunction of G;, and so 7;(n) f; = A;(n) f;,
n € Z, for some GL-sequence A; in {z € C:|z|=1}. In this case, ]_[f-;l T(n) f; =
Am) [T5Z, fi, where A(n) = [5_, A:(n). Since C-lim,, [y [T*_; Ti(n) fi dje = 0, we have
C-lim,, A(n) = 0, and so C-lim,, [[*_, Ti(n) f; = 0. O
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