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Abstract

We study intersecting families of words from the Erd6s—Ko—Rado perspective. When the alphabet size is
2, a maximum intersecting family is not necessarily a star. However, we prove that every maximum 3-wise
intersecting family is a star. We also present a new proof of the known result for alphabets of size at least
3: maximum intersecting families of words are exactly the stars.
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1. Introduction

The Erd6s—Ko—-Rado (EKR) theorem [2] is a cornerstone result in extremal combi-
natorics. The theorem states that if n and k are positive integers with n > 2k, then
the maximum size of an intersecting family of k-element subsets of an n-element
set is (Z:]l) Furthermore, when n > 2k, the extremal families are precisely the ‘stars’,
consisting of all k-element subsets that share a fixed common element.

Since its inception, the philosophy of the EKR theorem has blossomed into an
active research field. The main goal is to characterise the size and structure of
maximum intersecting families. This line of inquiry has been successfully ported to
structures beyond set families. Analogous EKR-type theorems exist for vector spaces,
permutations, orthogonal arrays and other algebraic structures. For a comprehensive
overview of these generalisations, especially through algebraic graph theory and
association schemes, we refer the reader to the excellent book by Godsil and Meagher
[5]. There are also well-studied variations. These include r-wise intersecting families
(any r members intersect at the same point), z-intersecting families (any two intersect
in at least ¢ points) or a combination of both.

In this paper, we focus on EKR-type questions for words. Let X be a finite alphabet
of size ¢ > 2 and let m € N. We consider the set X" of all words of length m. Two words
X = (xg,...,xy)and y = (y1,...,y,) in X" are said to intersect if they agree in at least
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one coordinate, that is, if x; = y; for some j with 1 < j < m. A collection T C X™ is an
intersecting family if every pair of words in T intersects. The prototypical example of
a large intersecting family is a star (or canonical intersecting family), which is defined
by fixing a specific letter at a specific coordinate. All stars in X" have cardinality ¢g"~!
and it is well known that they have maximum size; for the sake of completeness, we
provide a short proof in the following lemma.

LEMMA L.1. If T C X™ is an intersecting family of words of length m on an alphabet
X of size ¢ > 2, then |T| < ¢" .

PROOF. Without loss of generality, X is given by Z, := Z/qZ. For each § € {0} X
Z’q”*‘, consider the set S(0) = {0,0 +1,...,6 + (q — 1)} consisting of ¢ words, where

¢ =(c,...,c) represents a constant vector in Zy. As we vary d, these ¢"! sets S(6)
partition Zj'. Observe that for each § € {0} x Zf]”‘l, we have |T N S(d)| < 1 since T is
intersecting. Thus, |T| < ¢"~. O

The Erd6s—Ko—Rado phenomenon for words (equivalently, integer sequences or
the Hamming scheme setting) has a rich history. Early extremal results on binary
and integer sequences in Hamming-type spaces go back to Kleitman [7], and explicit
EKR-type results for words were established in the 1980s by Livingston [8], Frankl
and Fiiredi [3], Moon [9], Gronau [6], and Engel and Frankl [1]. Later, Frankl and
Tokushige [4] resolved a conjecture from [3]. For a modern account of EKR-type
results on words, see [5, Ch. 10].

Previous works on the subject have focused mostly on the case where g > 3. In this
range, the stars are the unique maximum intersecting families, a result first proved by
Livingston [8].

THEOREM 1.2. Let X be a finite alphabet with |X| =g >3 and let m € N. Every
maximum intersecting family T of words of length m is a star.

Note that Theorem 1.2 fails when g = 2 (that is, for binary codes). In fact, there
are precisely 22" maximum intersecting families. To see this, partition {0, 1} into
2"=1 complementary pairs, where each pair sums to the constant vector 1. Choosing
one word from each pair yields an intersecting family of size 2"~! and, therefore,
a maximum intersecting family. Conversely, every intersecting family of size 2!
arises in this way, since the two words in each complementary pair do not intersect.
By contrast, there are only 2m stars in {0, 1}, so the vast majority of maximum
intersecting families are not stars.

To the best of our knowledge, no previous work has further examined the case g = 2.
One way to remedy the conclusion of Theorem 1.2 for binary words is to assume
a stronger hypothesis on the intersecting family. A collection 7 of binary words is
3-wise intersecting if every three elements of 7" share at least one common bit at the
same index. Our main result shows that this stronger condition is indeed sufficient to
guarantee that the family is a star.
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THEOREM 1.3. Every maximum 3-wise intersecting family of binary words in {0, 1}
is a star.

We prove Theorem 1.3 in Section 2. Inspired by the proof of Theorem 1.3, we also
give a new proof of Theorem 1.2 in Section 3.

2. Proof of Theorem 1.3

We outline the strategy before giving the details. We argue by contradiction,
assuming 7 is not a star. The key step is Claim 1, which shows that the 3-wise
intersecting hypothesis forces each binary prefix of length k to appear exactly 2" ~*-!
times in 7. Applying this with k = m — 1 yields two words x and y in 7T sharing the
same last bit u, and the 3-wise intersecting condition then forces every word in T to
have last coordinate u; this makes T a star, which is a contradiction.

PROOF OF THEOREM 1.3. Let T be a maximum 3-wise intersecting family. By
Lemma 1.1, |T| < 2"~'. However, a star has size 2”~! and, hence, |T| = 2"~!. Assume
for contradiction that 7 is not a star.

For each k with 0 < k < m, we can partition T according to the first k£ bits. More
precisely, given § = (d1, ..., 0;) € {0, 1}, we define

T5={xeT|xi:6,-f0r1SiSk}.
When k = 0, we define Ts = T. Then, T is partitioned as
T = U Ts.
6€{0,1}k

Our key observation is the following claim.

CLAIM 1. Assume that T is 3-wise intersecting and not a star. For each k with
0<k<m-1andeach§ € {0, 1},

Tl = 2771,

Equivalently, among the words of T, each prefix of length k appears exactly 2" %!
times.

PROOF OF THE CLAIM. We prove the claim by induction on k. When k = 0, the
assertion is trivial.
Fix k > 1. First, we establish that T5 # 0 for each 6 € {0, 1}". Suppose, to the
contrary, that T, = @ for some @ = (a1, ..., a). By induction,
|T(a],...,a/k,1)| — 2m—(k—1)—1 — 2m—k.

After decomposing the set above into a disjoint union

T(Ql ,,,,, 1) = T(Gl,---,(lk—lﬂk) U T(‘Yla-u’ak—lal_a’k)
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and using T = 0, we see that [Ta, e ,.1-ap| = 2" and, thus,
Tia...orr1-a) = @1, .oy @r-1, 1 — @ Xt 15 -+ X)) | X €{0, 1} for k+ 1 < j < m}.
Suppose
Ti—ay1-an,l—apr,a0) * 0.

Pick (1 —aq, 1- az,..., 1- Q15 Xk Yiew1s - - - 7ym) € T(l—(ll,l—(lz l—ag-1,4)" Thens

,,,,,

(a1, a2, ..., 0k-1, 1 =k, L = Yiwt oo o5 L =) € Tiay.n s 1-a)s

but

(I—a,l—ay,..., 1 —ar—1, ¥, Yit1s--->Vm)
and

(a,az,...,@—1, 1 =g, 1 = Yeetse oo L —yi)
do not intersect, which gives a contradiction. Thus,

Ti-ar s l-apr,ap) = 0.
By a similar argument as above,
Ta-ayt—an,-ap = {0 =, ..., 1 — @, Xpets 5 X)) | X € {0, 1} for k +1 < j < mj.

Since T is not a star, it is not the family of all binary vectors whose kth bit is 1 — a.
Therefore, we can choose p = (01,...,0% --.,Pm) € T, where p; = ;. However, the
three elements,

P15+ > Pk=1> Uks Pkt 15 - -+ » Pm)s

(ab cees Qg—1, 1- s 1 — Pk+1s- 1 _pm) € T((Yl,...,(lfk_l,l—a/k)’

d-anl-ay..., 1 -1, 1 =g, L = prets oo, 1 = p) € Ti—ay 1=, 1-a0)
are in T, but there is no coordinate in which all three words agree, which contradicts
the hypothesis that 7' is a 3-wise intersecting family. This completes the proof that

Ts # 0 for each 6 € {0, 1}~.
Second, we show that for each § = (61,. .., ;) € {0, 1}¥,

ﬁ = {i: (xk+17 .. -,xm) € {0’ l}m_k | (61’627 .. .,6k,Xk+], e 7xm) € T6}

is intersecting. Given X = (Xgi1,.+-sXm)s Y = Vktlr+-sVm) € 7::5, pick an arbitrary
element

z=(1-01,1-062,...,1 =0k, Zks15--->2Zm) € T(1=6,,1-6y....1-5,)-

Since T is 3-wise intersecting, the three binary words (6, X), (#,y) and z intersect, that
is, they agree in some coordinate. This shared bit must be in a position indexed by
some j € {k+ 1,...,m}. In particular, X and y intersect; as a result, Ts C {0, l}m‘k I
intersecting. By Lemma 1.1,

|Ts| = |Ts| < 2m 1. 2.1)
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Partition

T51.60080-0) = 1(61.6260-1.00 Y T(61.62,00601,1-50) - (2.2)
By the inductive hypothesis, |15, s,...5..)] = omk, Combining (2.1) and (2.2) finishes
the proof of the claim. |

We now apply Claim 1 (which is valid since T is assumed not to be a star)
to complete the proof by contradiction. Setting k =m —1 and § = (0,0,...,0) €

{0, 1)1, we get |Ts| = 1, so T contains a unique word of the form x = (0,0,...,0, u)
for some u € {0, 1}. Setting 6 = (1,1,...,1), we similarly find a unique word y =
(1,1,...,1,v) € T. Since x and y agree only at position m, and T is intersecting, we

must have u = v.

Suppose some z € T has last coordinate 1 — u. Then, X, y and z share no common
coordinate: any common coordinate would have to be position m (the only position
where x and y agree), but z takes the value 1 — u # u there. This contradicts the 3-wise
intersecting hypothesis. As a result, every word in T has last coordinate u. Since the
family of all binary words with last coordinate u is a star of size 2~ = |T}, it follows
that 7" equals this star; this contradicts our assumption that 7" is not a star. ]

3. A new proof of Theorem 1.2

We outline the strategy before giving the details. The proof proceeds by induction
on m. The key idea is to partition T by the first letter to produce subfamilies 77, ..., T,
of (m — 1)-letter words. A double-counting argument, together with Claim 2 below,
forces one of two scenarios for each set S(§): either it is contained entirely in a single
T; or it meets each 7; in the same singleton. In the first scenario, the hypothesis g > 3
allows us to propagate this containment to all of Zj'"~ !, showing that T is a star. In the

second scenario, all subfamilies 7:, coincide, and their common size and intersecting
property let us apply the inductive hypothesis directly.

PROOF OF THEOREM 1.2. We proceed by induction on m. The base case m =1 is
trivial. We may assume, without loss of generality, that the alphabet X is given by
Zy :=7/qZ.

Since T is a maximum intersecting family, |7| = ¢"~' by Lemma 1.1. For each i with
1 <i < g, we partition the words in T according to the first letter by defining

Ti={x=....x)) €T |x; =i} and T;={X=2,....%n) | (i.X) € T}}.
Givend € ZZH, consider the set of g words S(6) = {4,6 + 1,...,0 + (q — 1)}, where
¢ = (c,...,c) represents a constant vector in Z'~'. There are ¢"~' choices of § € Z'~".

Since each set S(8) has ¢ elements, this yields ¢”2 distinct sets of the form S(8). Our
key observation is the following claim.

https://doi.org/10.1017/50004972726101452 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972726101452

6 S. Asgarli and C. H. Yip [6]

CLAIM 2. For each such S(9),

MQ

ﬂ S(0)| < q.
i=1

Moreover, the equality holds if and only if S(6) € ﬁfor a unique i with 1 <i < q, or
there exists k = (k, ..., k) such that SO)NT; = {6 + K} foralli with1 <i < gq.

PROOF OF THE CLAIM. Fix § € Z’”‘l. We consider two cases.

Case 1. There exists some i with 1 <i < g such that |S(6) N T| > 2.

Take 6 +¢1,0 + ¢, eS(6)ﬂT, with ¢; #¢. If 6+c¢3 eS(é)ﬂT for j # i, then
c3 # ¢1 Or €3 # ¢3; however, (i,6 + ¢1) or (i, 6 + ¢2) does not intersect (j, & + ¢3). This
shows S(6) N T; = 0 for each j # i. Therefore,

q
DT 0S@)] = 1T, N S@)] < IS©)] =
=1

with the equality holding if and only if S(§) C T

Case 2. For all i with 1 <i < g, we have [S(6) N ﬁl < 1.

In this case, we have 2?21 |T; N S(6)| < g, with the equality holding if and only if
IS(6) ﬂﬁl =1 for 1 <i<gq. Suppose the equality holds. If these singleton sets S(d) nT;
do not all coincide, then a similar argument as in the previous paragraph leads to a
contradiction. Hence, we can find the same constant k for which S(6) N 7; = {6 + k}
forl1 <i<gqg. O

We count triples (0, j, w) with w € 7, N S(0) in two different ways. First, summing
|T; N S(6)| over all 6 € Zfl"‘l and all 1 <j < g counts these triples by fixing 6 and j,

and then counting the admissible choices of w. Second, for each fixed w € AT; there
are exactly g choices of § € ZZH for which w € S(6), namely 6 = w — ¢ with ¢ € Z,,.

Since %7 | |Tj| = T}, it follows that
q —_—
D DTN S@) = qlT =
sezp! j=1

The outer sum has ¢”~! terms and each inner summand is at most ¢ by Claim 2. Thus,
for equality to hold, it must be the case that

q
DTN S@®)=q
i=1

for each 0 € Zf]"‘l. Therefore, by the ‘moreover’ part of Claim 2, for each § € Z;”‘l,

either S(6) C i for a unique choice of i € {1,2,...,q} or there exists k (which might
depend on &) such that S(8) N T; consists of the same single element ¢ + k for all i.
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Next, we consider these two cases separately. _
Case I: there exist i with 1 <i<gandéd € Z;’H such that S(6) C T;.

We claim that 7", = Z;”‘l so that T is a star consisting of all words whose first
coordinate is i.

Letu € Z7'. Since g > 3, we can find v, v’ € (Z, \ {0})" " such thatu = § + v + V',
Indeed, any elementinZ, = {0, 1,...,g — 1} can be expressed as a sum of two nonzero
elements: j=1+(G—1)forj#1land1 =2+ (g—1). _

Observe that for each w € S(6) and each j #i with 1 <j < g, we have w + v ¢ T;
for otherwise, (i, w) and (j, w + v) are both in T but do not intersect. This shows that
(8(8) + v) N T; = @ for eachj # i and, thus, Claim 2 forces S(6) + v C T;. Consequently,
S@+v)CT,. Now, we apply the same argument with § replaced with S§=6+Vto
deduce that S(0 + V') C T;. In particula, u =6 +v+Vv =6+ Vv € T;. Since u € ZZH

is arbitrary, we have shown that 5:, = ZZ"‘I, as desired.

Case 2: for each 6 € Z)'™", there is k = k(&) such that
SENT, =S@NT,=---=86)NT, = {6 +k).

It follows that 71 = Tz == Tq; write this common family as U. We claim that
U is intersecting. Indeed, if u, v € U, then (1,u) and (2, v) are both in 7, so since T is
intersecting and these two words differ in the first coordinate, they must agree in one
of the last m — 1 coordinates. Hence, u and v intersect. Moreover, |U| = ¢”~2. By the
inductive hypothesis, U is a star in Z;"‘l and, therefore, 7 is a star in Zg’.

In both cases, T is a star. This completes the proof. ]
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