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Let S be a generating subset of a cyclic group G such that 0 ¢ S and |S| > 5. We show
that the number of sums of the subsets of S is at least min(|G|,2|S]). Our bound is best
possible. We obtain similar results for abelian groups and mention the generalization to
nonabelian groups.

1. Introduction

Let G be an abelian group and let ay,...,a; be distinct elements of G such that
0 # > s ai, for every nonempty subset J — [l,k]. Improving a bound of Eggleton
and Erdds, Szemerédi proved in [10] that there are k?/100 distinct sums in the family
{>"ics aisJ = [1,k]}. Olson showed in [9] that this result holds with 100 replaced by 9.
Notice that Olson’s result holds for nonabelian groups if one allows reordering of the
sequence elements (cf. [9]).

In the nonabelian case, White obtained the following result in [11].

e Let ay,...,ar be distinct elements of a noncyclic nondihedral group G having no
nonempty subsequence with product = 1. Then there are min(|G| — 1,2k) distinct
elements in the family {[[,., au);J < [1,k]}.

As far as we are aware, no good estimate is known for the number of subset sums in

the general case. We obtain here a best possible one.
Our main results, proved using Olson’s methods [8, 9], are the following.

e Let S be a generating subset of a cyclic group G such that 0 ¢ S and |S| = 5. Then
the number of sums of the subsets of S is at least min(|G/, 2|S]).

e Let S be a generating subset of an abelian group G such that 0 ¢ S and |S| > 5. Then
the number of sums of the subsets of S is at least min(|G| — 1, 2|S]).
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This bound is attained as shown by the following example.

e Let k > 3 be an integer and set n = 3k. Let S be the set of the congruence classes of
the integers 1,3,6,...,3(k — 1) (mod n). The number of distinct sums of the subsets of
S is clearly 2|S].

In the nonabelian case, we obtain the bound proved by White if one allows reordering of
the elements of the sequence without the assumption that the product of every nonempty
subsequence is #£ 1.

Better bounds are known in a prime order, where there are estimates of the number of
sums of the subsets with a given cardinality. We mention below the existing results.

Let p be a prime and let A = Z,. It was proved in [2] that the set of sums of the
j-subsets of 4 has cardinality > min(p, j(|4A| — j) + 1). The case j = 2 of this result solves
a conjecture of Erdds and Heilbronn [4]. An easier proof is contained in [1].

The above example shows that such a formula could not hold for composite numbers.
However, we have the following conjecture.

Conjecture 1.1. Let n > k be natural numbers and let 4 < Z, \ 0 such that |4| >
(m—1)/k+k—1.Then 0 € U2<,<kj/\A-

The case k = 2 of this conjecture is easy, since in this case |4| = (n+ 1)/2. It follows by
a counting argument that 4 must contain a 2-subset with sum = 0.

2. Preliminaries
Recall the following well-known lemma.

Lemma 2.1. [7] Let A, B be subsets of a finite group such that |A| + |B| = |G| + 1. Then
A+B=0G.

Let G be an abelian group and let 4 be a finite subset of G; we write

Z(A)={Zx| TCA}.

xeT

Set A = {ai,...,a;}. Clearly £(4) = {0,a1} + -+ {0,q;}. Let G be an abelian group,
B < G a subset of G and x € G. Following Olson, define:

Ap(x) =|(B +x)N B.

We use the following lemma.

Lemma 2.2. [8, 9] For any B, x, we have

Jp(x) = Jg(x).
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Let B = X(S). For every y € S, we have
IZ(S) = [Z(S\ y)l + 4s(»). (2.1)
As a main tool we use the following result of Olson.
Proposition 2.3. [9] Let B and S be subsets of G such that 0 ¢ S and G = (S). If 1 <

|B| < |B|, then there exists x € S such that

/4g(x) = min((|B| + 1)/2,(IS| + 2)/4). (22)
From this result we shall deduce the following one.

Corollary 2.4. Let S be a generating subset of an abelian group G such that 0 ¢ S and
S| = 3. Set B = X(S) and suppose 2 < |B| < |G| — 2. There exists x € S such that
Ap(x) = 2.

Proof. By Lemma 2.2, we may assume |B| < |B|. By (2.2), we have

Zp(x) = min((|B| + 1)/2,(|S| +2)/4) = min(3/2,5/4). U

3. Big subsets

In this section we shall generalize Lemma 2.1 to subset sum in cyclic groups.
Let A, B be subsets of an abelian group G. We shall write

AANB={x+y|x€A&yeB&x+y}

As usual, we shall write 2A 4 = A N A.
We also recall a lemma from [6], which is the analogue of Lemma 2.1: for an integer
m, put e(m) =0, if m is odd and e(m) = 1 if m is even.

Lemma 3.1. Let A, B be subsets of Z,, such that |A|+|B| = m+2+e(m). Then ANB = Z,,.
Proof. Suppose the contrary and take a € Z, \ (A A B). Let X = {x : a = 2x}.
Clearly |X| < e(m) + 1. Take X = X; U X,, where 0 < |Xy|,|X5| < 1. By Lemma 2.1,
a € (A\ X1)+ (B\ X3). It follows that a € A A B, a contradiction. ]

Notice that the above lemma is best possible. In fact, one may choose A4 as the set of
congruence classes of the integers {0, 1,...,[m/2]}. In this case the congruence class of
0¢ ANA.

Lemma 3.2. Let A, B be subsets of an abelian finite group G with odd order such that
|A| 4+ |B| = |G|+ 2. Then ANB = G.

The proof is similar to the one above. ]
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Notice also that Lemma 3.2 fails for groups with even order. In fact, one may take
V=75 Clearly 0 ¢ VA V.

Lemma 3.3. Let A be a subset of Z,, \ 0 such that 2|A| = m. Then AU (2N A) =Z,,,.

Proof. The proof is by induction, the result being obvious for m < 2. Suppose the result
is proved for all m’ < m.

Consider first the case where m is odd. We clearly have |4| = (m+1)/2. Set A’ = AU{0}.
By Lemma 3.1, ANA =Z,,. Hence AU2NA =17,

Now, suppose m is even. Let H be the subgroup of order m/2. Put 49 = AN H and
Ay = A\ H. Since 0 ¢ A, we have A; # 0. Choose a € A;. We may assume A # A, since
otherwise A = a+ H, and hence Z,, = AU2 A A.

By Lemma 2.1, Ay + H = ({0} U Ayg) + 4 c AU2 N A.

It remains to show that H < A U2 A A. This follows by induction if |4g| = [H|/2. If we
assume the contrary, it follows that |4;] > |H|/2.

Consider first the case where |H| is odd. We have |4;| = (|H| + 1)/2. By Lemma 3.1,
(A1 —a) A (A1 —a U {0}) = H. Hence ((4; — a) A (A1 — a)) U (A1 \ a) = H. Tt follows that
A1 NA1U((Ay \ @) + a) = H. In this case we have H < 2 A\ A.

Now assume that |H| is even. We have in this case |4| > |H|/2+ 1. Let By = A; \ a. By
the induction hypothesis (B; —a)U (2 A (B; —a)) = H. It follows that (B;y +a)U(2AB;y) =
H+2a=H. ]

4. Subset sums

Let us prove a weaker bound which is reached only for subsets with size < 4.

Lemma 4.1. Let G be an abelian group of order n and let S be a generating subset of G
such that 0 ¢ S and |S| = 5. Then |Z(S)| = min(|G| — 1,2|S| — 1).

Proof. The proof is by induction on |G|, the result being obvious for |S| < 2. Put |G| = n,
B = X(S) and suppose |B| < n— 2. We clearly have 2 < |B| < n — 2. By Corollary 2.4,
there exists x € S such that Jg(x) = 2.

Assume |S| = 3. Consider first the case G # (S'), where S = S \ x. By (2.1), |2(S)| =
IZ(S)U (x + Z(S"))| = 2|Z(S")| = min(2[(S")| — 2,4|S| — 4). The result clearly holds unless
S’U{0} is a subgroup. But in this last case [Z(S’)| = |S|. Now |Z(S)| = |Z(S")U(x+2(S"))| =

212(S) = 2SI
Assume now that G = (S’). By (2.1), we have |Z(S)| = |Z(S")| + A(x) = 2|S| -3 +2 =
28| — 1. O

We use the following easy lemma for |B| < 7.

Lemma 4.2. Let B be a subset of G which is an arithmetic progression with difference d
such that 3 < |B| < |(d)| — 3. Then Ap(x) = 3 for every x ¢ {—2d,—d,0,d,2d}.
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Proof. In order that the two arithmetic progressions B and x + B have an intersection
> |B| — 2, one clearly needs x € {—2d,—d,0,d, 2d}. L]

Lemma 4.3. Let G be an abelian group of order n. Let S be a generating subset of G such
that 0 ¢ S and |S| = 3.
Then one of the following conditions holds:

(i) there is an element a such that S = {—a,a,2a}
(i) [=(S)| = min(|G| — 1,6).

Proof. Set B = X(S) and suppose |B| < n— 2. We clearly have 2 < |B] < n— 2. By
Corollary 2.4, there exists x € S such that Ag(x) > 2.

Consider first the case G # (S'), where S’ = S \ x. By (2.1) and Lemma 4.1, |Z(S)| =
IZ(S") U (x + Z(S8")| = 2|1Z(S")| = min(2|(S")| — 2, 6).

In this case (i) holds unless S"U{0} is a subgroup. But in this last case |Z(S’)| = 3. Now
IZ(S)I = [Z(8") U (x + Z(S)| = 2|X(S")| = 6.

Now assume that G = (S’). By (2.1), we have |Z(S)| = |Z(S")| + A(x) = 2 + |Z(5)].

Now (ii) holds unless A(x) = 2 and |Z(S’)| = 3. It follows that S" = {—b, b}, for some b.
In particular, 2(S') = {—b,0,b}. The condition A(x) = 2 forces x = —b or x = b. In this
case we clearly have (i). ]

Lemma 4.4. Let G be an abelian group of order n. Let S be a generating subset of G such
that 0 € S and |S| = 4. Then one of the following conditions holds:

(i) there is an element a such that S = {—2a,—a,a,2a}
(ii) |Z(S)| = min(|G| — 1, 8).

Proof. Set B = X(S) and suppose |B| < n— 2. We clearly have 2 < |B| < n— 2. By
Corollary 2.4, there exists x € S such that Ag(x) = 2.

Consider first the case G # (S'), where S’ = S \ x. By (2.1) and Lemma 4.1, |Z(S)| =
IZ(S) U (x + Z(S"))| = 2|Z(S")] = min(2|(S")| — 2, 10).

In this case (i) holds unless S’ U {0} is a subgroup. But in this last case |X(S’)| = 4. Now
IZ(S) = [Z(S) U (x + Z(S)] = 2[Z(S")| = 8.

Assume now that G = (S'). By (2.1), we have |Z(S)| = |Z(S")| + A(x) = 2 + |XZ(S)].

Now (ii) holds unless A(x) = 2 and |Z(S’)| = 5. It follows by Lemma 4.4 that S’ =
{—=b,b,2b}, for some b. In particular, X(S") = {—b,0,b,2b,3b}. The condition A(x) = 2
forces x = —2b. In this case we clearly have (i). ]

Lemma 4.5. Let G be an abelian group of order n. Let S be a generating subset of G such
that 0 ¢ S and |S| = 5. Then |2(S)| = min(|G| — 1, 10).

Proof. Set B = X(S) and suppose |B| < n— 2. We clearly have 2 < |B| < n— 2. By
Corollary 2.4, there exists x € S such that Ag(x) = 2.

Consider first the case G # (S'), where S’ = S \ x. By (2.1) and Lemma 4.1, |Z(S)| =
[Z(S") U (x + Z(S"))] = 2|Z(S")] = min(2|(S")| — 2, 10).
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In this case (i) holds unless S’ U {0} is a subgroup. But in this last case |X(S’)| = 5. Now
IZ(8)] = [Z(S") U (x + Z(8")] = 2[Z(S")| = 10.

Now assume that G = (S’). By (2.1), we have |Z(S)| = |Z(S')| + A(x) = 2 + |Z(S")].

Now the result holds unless |X(S’)] = 5. By Lemma 4.4, it follows that, for some b,
§" = {=2b,—b,b,2b}. In particular, X(S") = {—3b,—2b,—b,0,b,2b,3b}. In this case we
may easily see that A(x) = 3 (of course, this follows by Lemma 4.2). L]

Theorem 4.6. Let G be an abelian group of order n and let S be a generating subset of G
such that 0 ¢ S and |S| = 5. Then |X(S)| = min(|G| — 1,2|S]).

Proof. The proof is by induction on |G|, the result being true for |[S| = 5, by Lemma 4.5.
Set B = X(S) and suppose |B| < n— 2. We clearly have 2 < |B| < n—2. By Corollary 2.4,
there exists x € S such that Ag(x) > 2.

Consider first the case G # (S’), where S’ = S \ x. By (2.1) and Lemma 4.1, |Z(S)| =
IZ(S") U (x + Z(S)] = 2|Z(S)| = min(2[(S")| — 2,2(2|S| — 3)).

The result clearly holds unless S" U {0} is a subgroup. But in this last case |Z(S")| = |S].
Now [Z(S)] = [Z(S) U (x + Z(S"))| = 2|Z(S")| = 2IS].

Now assume that G = (S’). By the induction hypothesis and (2.1), we have |Z(S)| =
IZ(S)] + Ax) = (2|S| —2)+2 =2]S|. ]

For cyclic groups, we have the following theorem.

Theorem 4.7. Let S be a generating subset of a cyclic group G such that 0 ¢ S and |S| = 5.
Then |Z(S)| = min(|G|, 2|S]).

Proof. This follows by Theorem 4.6 for 2|S| < |G| —1. Suppose 2|S| = |G|. By Lemma 3.3,
1Z(S)] = |G]. U

In the case of nonabelian groups, the reader could adapt the above methods to show
the following theorem.

Theorem 4.8. Let G be a noncyclic multiplicative group. Let ay,...,a; be distinct elements
G\ 1. Then there is a permutation o of [1,k] such that |{1,as1)} " {1, g }| = min(|G| —
1,2k).

The proof in the abelian case works with almost no change, since Olson’s results also
hold for nonabelian groups.
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