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Abstract. Aerosol modeling is very important to study the behavior of aerosol dy-
namics in atmospheric environment. In this paper we consider numerical methods
for the nonlinear aerosol dynamic equations on time and particle size. The finite vol-
ume element methods based on the linear interpolation and Hermite interpolation are
provided to approximate the aerosol dynamic equation where the condensation and
removal processes are considered. Numerical examples are provided to show the effi-
ciency of these numerical methods.
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1 Introduction

In recent years, the acid rain, Antarctic ozone hole, the sand storms of Northern China
and many heavy industry cities “gray haze”, which are relevant to atmospheric aerosols,
have aroused widespread concern in society. Aerosol particles have a major effect on cli-
mate change and human health. Hence, the research on atmospheric aerosols is attracting
more attention, see [7,10,11]. In the study of aerosols, the particles are classified as nuclei
mode, accumulation mode and coarse mode according to the grain diameter.

Nuclei mode (r < 0.05um, average radius is about 0.005ym): These particles are formed
by the nucleation of gases or small liquid particles, such as S, SO, which are emitted by
factories, and sulfate particles by oxidation in atmosphere. The particle in nuclei mode
mostly comes from industry pollution and has highly concentration. Nuclei mode is the
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most unstable mode, and usually transformed to accumulation mode by nucleation and
coagulation, which is one of the mainly source of particles in accumulation mode.

Accumulation mode (0.05ym <r <1.0um, average radius is about 0.1ym): The particles
in accumulation mode have weak brown motion, a lower coagulation rate than nuclei
mode, and lower dry deposition rate than coarse mode, and can be removed by wet
deposition as condensation nucleus of clouds. Accumulation mode is the most stable
mode in the three mode. The particles in this mode are the aerosol particles that are
harmful to people’s health, as they usually have harmful substance, and can be inhaled
by lung.

Coarse mode (r > 1.0um, average radius is about 5um): Aerosol particles are mainly
formed by some natural and artificial factors of atmosphere transport, human industry
and agriculture, and pollution of human life. For example, the concentration of aerosol
particles will increase rapidly under sandstorm weather environment. But residence time
of particles in coarse mode is usually very short, several days or even several hours, and
are mainly removed by dry and wet deposition. As the aggravation of environment
pollution, the diameter range of aerosol particles in coarse mode is getting bigger.

Usually, we use the distribution function n(v,t)dv, which represents the number of
particles per unit volume, at time ¢, with particle volume between v and v+dv to describe
the aerosol system mathematically. In fact, the aerosol particle evolution is governed by
the different physical-chemical processes.

We introduce the aerosol dynamic equations when the condensation growth process,
the coagulation process and removal of the particles are taken into account. In this paper
we only deal with such cases, which condensation growth rate and removal of the parti-
cles are taken into account in separate. Hence, the aerosol dynamic equations considered
in this paper have the following form:

on(v,t) +8[G(v)n(v,t)]

ot du
N—————

Condensation

+R(v)n(v,t)
N——
Removal

Vmax

:%/Vv—vm'mﬁ(v_u,u)n(v_u,t)n(u,t)du—n(v,t)/ B(v,u)n(u,t)du, (1.1)

min Vinin

Coagulation
with the boundary and initial conditions:
n(Vmin/t) :0/ te [O/T]/ (12&)
n(v,0)=n’(v), 0 € [Vinin, Vimax]- (1.2b)

In practice, one assumes that the aerosol particle distribution has a nonzero minimal
volume Vpin and a finite maximal volume Viax. Thus, the aerosol dynamic equations are
built on a finite volume interval Q= [Vinin, Vinax)-

Next, we introduce different process of the aerosol dynamic equation.
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Condensation: Aerosol particles grow by the addition of new material onto particles
in the gas phase. Usually, chemical reactions produce condensable materials, and then
these volatile materials condense on or evaporate form the existing particles. Several
numerical studies have been carried out on the condensation process. The change in the
size distribution of particles caused by condensation can be expressed as follows:

on(v,t) d[G(v)n(v,t)]
of 9o ’ (1:3)

where G(v) is the particle growth rate due to condensation of particles with volume v.

Coagulation: The governing equation which describes the particle size distribution caused
by coagulation is proposed as following;:

o) [ vammﬁ(v—u,u)n(v—u,t)n(u,t)du—n(v,t) /, :Z”Mv,u)n(u,t)du- (14)

Removal: The governing equation which is used to describe the removal of aerosol par-
ticles is as follows:
on(v,t)
ot

where R(v) is the removal rate of particles due to deposition, gravity and interception
and other factors.

In this paper, the units of parameters are v in um?, n in particles/cm?, t in h, B in
cm®h!, G in um3h~! and R in um3h~1, respectively. According to [20], atmospheric
aerosols radius usually ranges from 0.001 to 100xm, thus we can assume that the particle
population has a nonzero minimal volume Vi, and a finite maximal volume Vpax. On
the other hand, sizes of aerosol particle span orders of magnitude to hundreds ym, the
size distribution of particles conforms to the very sharp log-normal distribution in statis-
tic then the distribution function n(v,t) changes fiercely in a small interval, the numerical
computation becomes more difficult in the ordinary scales.

Particle sizes span orders of magnitude, and to reveal the particle distribution, the
logarithmic coordinates are popular. Similarly to [15,17], we introduce the logarithmic
coordinates. Let

=—R(v)n(v,t), (1.5)

x=Inv, y=Inu, a=IVnin, b=InVnax, (1.6)

then the aerosol dynamic equations (1.1) become

on( ) +e*xa[coc)n(x,t)]

e +R(x)n(x,t)
In(e*—e” b
2/ n(In(e*—éY), )n(y,t)eydy—n(x,t)/ Bn(y,t)e¥dy, (1.7a)
n(x,0) —no(x) n(a,t)=0. (1.7b)
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Then the different process (1.3)-(1.5) of the aerosol dynamic equations can be rewrit-
ten in logarithmic coordinates:

an(x t) _ _e—xw/ (1.82)
a In(e*—e” b

nazlft 2/ n(In(e*—e”), )n(y,t)eydy—n(x,t)/a Bn(y,t)e’dy, (1.8b)
ang;,t) =—R(x)n(x1). (1.80)

Many numerical methods have been studied to solve the aerosol dynamic equations
such as sectional method [6], moment method [2,9, 19], modal method [1], Monte Carlo
method [22] maximum entropy method [5].

Recently, Liang et al. developed a splitting wavelet method [15,16] and an efficient
second-order characteristic finite element method [14].

The finite volume method (FVM) [13], which is also called the generalized difference
method, uses a volume integral formulation of the differential equation with a finite par-
titioning set of volume to discrete the solution. The method has been widely used in
computational fluid mechanics because it keeps the mass conservation. A typical finite
volume method [3,4,21] uses piecewise constant functions as test functions, and to keep
the same dimension for the spaces of the trial functions and test functions, two different
partitions of the domain are needed, one called primal partition is associated with the
trial space and one called dual partition is associated with the test space.

The finite volume methods based on the linear interpolation and Hermite interpola-
tion are taken into account to approximate the aerosol dynamic equation for the conden-
sation and removal processes in this paper.

Compared with second-order characteristic finite element method [14] and and
wavelet Galerkin methods [16], the finite volume method we presented in this paper
is more efficient and feasible. The wavelet method and the wavelet bases [16] are com-
plex. The numerical results obtained in this paper are of significance in application of the
computational aerosol dynamics.

The paper is organized as follows. In Section 2, the finite volume element schemes
based on the linear interpolation and Hermite interpolation are presented for non-linear
aerosol dynamic equations. In Section 3, numerical experiments for multiple log-normal
distributions are further given.

2 Finite volume element schemes

2.1 Basic knowledge of finite volume method

Let I be a partition of space interval [a,b] such that

Ta=xp<xi1<xp<---<x,=Db, 2.1)
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set element I; = [x;_1,x;], the space step h; = x; —x;_1 and midpoint x; n

Then we get the dual partition

A:a:xo<x%<x%<--~<xn_%<xn:b. (2.2)

The trial space U},

The basis function of the piecewise linear element space at the point x; is:

X;—X
1- lhi , x€l;
pi(x)= 1_x—xi/ xe€liyq, (2.3)
hiy1
0, others.

The basis functions (for simplicity, here we only consider Hermite interpolating function)
of the piecewise cubic element space at the point x; are:

xi—x\2/2(x;—x) '
(1 I ) ( I +1), xl
0(r) — —xin2 —x
@i (x) = 1 X% 2(x—x;) 1 I (2.4a)
0, others,
Xi—X 2
X—X; -1), x€I,
(B, e
1) — X 2
9= (2 xl-)<3;1‘ 31‘1 1), xel, (2.4b)
i+
0, others.
The test space V),
Basis function of V}, corresponding to the piecewise linear element space Uj, is:
1, x€lx,_1,x, 1],
(x) = J=3"71t3 25
yilx) { others. (29)
Basis functions of V}, corresponding to the piecewise cubic element space U, are:
1, x€[x,_1,x; 1]
0 _ 7 ]77/ ]+7 7
Y(x)= 2.6a)
lp] ) { 0, others, (
x—x;, XE[x,_1,x 1]
l _ ]/ ]77/ ]+7 4
(x)= (2.6b)
lp] () { 0, others.
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2.2 Finite volume element scheme based on linear interpolation (L-FVM)

In the particle size direction, we will take the finite element approximation. Let h; be the
space step and I; be the mesh of the interval [a,b] = [Vinin, Vimax]- Let {@;}_, be a set of
basis functions associated with the finite volume space. Let 1, (x,t) be the approximation
of n(x,t), then we get the following representation:

ny(x,t) :ini(t)q)i(x), (2.7)

and the set of time-dependent coefficients

n(t) = [m1 (), ma 1), - ma ()], 8)
which will be determined from the dynamics equations.

Let At =T/K be the time step and time level tk =kAt, k=0,1,--- K, where K is a
positive integer. We will approximate the solutions of the aerosol dynamic equations at
time *+1 = (k+1)At.

We approximate oy, (t) /9t by

al’lh(fk) - TlI]; —niil
ot At
Then, we can get the linear finite volume fully-discrete scheme for the process of of con-
densation and removal of the aerosol dynamic equation respectively.

2.2.1 The L-FVM scheme to the process of condensation
For the process of condensation of the aerosol dynamic equation, let n¥ represents
n(xi,tk), then we can get the following linear finite volume element schemes:
( n’]; — nﬁ_l
At
By the representation (2.7), we can have

n ok i
,¢j(x)>=—(e"a[c(x)21a‘; Zq)(x)],lpj(x)). (2.9)

n k n k-1 n k
i i(x) — X ei(x) _ L 9[G(x) Ly nfgi(x)] ‘
( v A1) =~ (¢ s )
It can also be written in the following form:

31 L0, 4y0) + L (e 20 ) = 3k oy (), 21

then

(2.10)

égnf/ab goi(x)tpj(x)dx—kgnf/ahexwlpj(x)dx

n b
zé Y ukt / 9:(X)p; (x)dx. (212)

i=1

https://doi.org/10.4208/aamm.2013.m362 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2013.m362

M. Cui, Y. X. Su and D. Liang / Adv. Appl. Math. Mech., 8 (2016), pp. 213-235 219

For simplicity, introduce two notations of coefficient matrices:

b —x9[G(x)gi(x)]
— x ,
A= {/ﬂ e B tp](x)dx} R (2.13a)
B=[5; [ pi(a] @130)
=1a: ), @i(x)P;(x)dx 1§i,j§n' .
Consequently, we have that
(A+B)nf=Bn "1, k=1,2,--- K. (2.14)

The discrete initial conditions of 11(x,0)=n"(x) is derived by projecting the continuous
initial distribution n°(x) onto the finite-dimensional solution space:

n
=Y (), nO=[n e )T
i=1

2.2.2 The L-FVM scheme to the process of coagulation

Similarly, we can get the linear finite volume element schemes for the process of coagu-
lation:

Y nkei(x) =T nt L ei(x

1 rln(e*—e®) n
(L ot ot E o)
a i=1

(LA el /ﬁZ”k Lgi(y)etdy, (), (2.15)

i=1
then,

37 0. 45(0) - 5 Lt (i), )

n n In(e*—e?)
Yy (5 [ Bt —e) g (n)dy ()

b
— L i) [ By, (x)), 16)
which means that:

/ dx——an 1/ x) g (x)dx

i

sy
12X In(e*—e” y I y dvd
— L / Bt (e —e)) g () )yt
g [

: ﬁey @i(x) @ (y) i (x)dydx. (2.17)
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Introduce the following notations:

B= [% /ab(Pi(x)le(x)deSi’jgn, (2.18a)
= E/ab/aln(ex—e”)ﬁeyqoi(ln(ex_ey))gor(y)l,b]-(x)dydx]1<i,y<n, (2.18b)

b rb
o=[ [ [ Betgixlginovaz| @15

(n*1)T(C1—Dy)
(n*"1)T(Ca—Dy)

E= : ) (2.18d)
(117 (C,—Dy)

F=1)T is the transpose of #¥~1. Then (2.17) can be written as the following:

where (n
Bn*=(B+E)n*"!, k=1,2,--- K. (2.19)

The discrete initial conditions of 7(x,0) = n°(x) can also be derived by projecting the
continuous initial distribution n°(x) onto the finite-dimensional solution space as,

n
=Y ), 0= [
i=1

2.2.3 The L-FVM scheme to the process of removal

Similarly, the linear finite volume element scheme for aerosol dynamic equation of re-
moval process can be written in the following form:

<2?_1nf§0i(x) —At n §01( ),1,0]-(36)) _ (R(x)énfq)i(x),%(x)), (2.20)

1=
—
—~
~
=
—~
~—
~—
S
—~
=
—~
~
—~
=
—
=
—~
=
~—
~—
e
~
=~
—~
—~
~—
=
—~
~
~—
~—
N
N
—_
N

which means that

Ath/ dx—i—Zn/ i(x)p;(x)dx

:é Yot / 9:(X)p;(x)dx. (222)
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Introduce the following notation for the matrices of coefficients:

1 b
B— [E /a (pi(x)gbj(x)dx]lgi’jgn, (2.23a)
b
r=| / R(x) pi(x);(x)d e (2.23b)
Finally, we can get
(B+F)n*=Bn*1, k=1,2,--- K. (2.24)

The discrete initial conditions of n(x,0) =n°(x) can also be derived by projecting the
continuous initial distribution n°(x) onto the finite-dimensional solution space as

n
my(x) =) migi(x), nP=[n}, - my]".
i=1

Based on the above linear finite volume schemes for the process of condensation, coagu-
lation and removal, (1.7) can be computed by:

(A+B+F)n*=(B+E)n*!, k=12, K, (2.25)

and n®=[nd,---,n

2.3 Finite volume element Scheme based on Hermite interpolation (H-FVM)

Similar to the L-FVM scheme, we will use the finite volume element approximation based
on Hermite interpolation in the size direction. Let i; be the step and I; be the mesh of the
interval [a,b]. Let {¢"}"_; (p=0,1) be a set of basis functions. Then we have the following

representation:
n

n(x,t) =Y (ni(t) @) (x)+nj(t) @i (x)), (2.26)

i=0

and the sets of time-dependent coefficients:

n(t)=[n1(t),na(t), - ,na ()], (2.27a)
n' () = [ (£),n4 (£),my(8), -+ s, (1)) (2.27b)

In the time direction, let At=T/K be the time step and time level tk=kAt, k=0,1,--- K,
where K is positive integer. We will approximate the solutions of the aerosol dynamic
equations at time 1= (k+1)At. Let nf and n’ f denote n(x;,t*) and n’ (x;,t*) respectively.

Next, we give the H-FVM fully-discrete scheme for aerosol dynamic equation of con-
densation and removal.
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2.3.1 The H-FVM scheme to the condensation equation

The H-FVM fully-discrete scheme for aerosol dynamic equation of condensation is as
following;:

k k-1

(H=— ) ()

)Y (nk o9 (x n’f Hx
:_<exa[G( )i ( 19;’;( )+n'i g ( ))},zpf(x)), p=0,1. (2.28)

Note that (2.26), we can get

o (nF g (x) + 19l (x)) — Lo (nf ' @0(x) 41t 9l (x)
< 0( ) N 0( ),gb]p(x)>
n 1k
:_(e—xa[G(x) i—O(ni‘{gzi(x)'i_niq)ll(x))]/lp]}?(x))/ p=0,1. (2.29)

It can also be written in the following form:

n O (ko9 (x n’].( Ty
é(;)(n?qo?<x>+n'fqo}<x>>,¢;’<x>)+(e—xa S R T)
=i (L0 ottt k).l (), p=01, 230

ie.,
n b n b
é(;n? | ot (X)dx+i20n’f | ol (x)ax)

- P (x Z x) ol (x
+;nf/abe—xwlpf(x)dx_’_gn,f/ahe_xwwf(x)dx

1 /& b noo b
= (En?l/a (p?(x)%bf(x)dergnf 1/a ¢}(x)¢]f’(x)dx>, p=0,1. (2.31)

For simplicity, introduce the following notations:

A= /abex%z’?(x)]tp?(x)dx: et (2.32a)
AL /abex%;‘ww?(x)dx: vcrnnejent (2.32b)
A= /abex%z’?(x)]tp}(x)dx: remosic (2.320)
Al — /abex%;ww}(x)dx: veiemosicn’ (2.32d)
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Booz: é /ab go?(x)lp?(x)dx: tnii (2.32)
Blo:: é /abq)}(x)lp?(x)dx:O<i<n,1<]<n (2.32f)
BV — :ﬁ / b¢?<x>¢}(x>d ' | (2.328)
Bu::é /a b¢}(x)¢}(x)d Jocicnpsion (2.32h)

Consequently, we have

AOO AlO
[ AO] All ]

k 00 R10 k 00 R10 k-1
n B B n B* B n
o ]+[ BU1 Bl ] [ Wk ] = [ g1 Bl } [ k1 ] (2.33)

The discrete initial conditions

:i (W92 (x)+n"} 9} (x)), no(t)=0. (2.34)

i=

2.3.2 The H-FVM scheme to the process of coagulation

Similarly, the H-FVM fully-discrete scheme for the aerosol dynamic equation of coagula-
tion process can be given by:

(Eolrlell )11} () - Lol gl ' gi(x D) gr2))
:%</aln(e"—e” [an ! O (In(e*—e¥) +Zﬂ,k ! 1(1n(ex_ey))]

< [ )+ o g )] iy 9 ()

([ b+ ot gl )]

b n
< [ B[L gl w)+ ot gl ) | ey gl (), p=0,L 235)

i=1 0 a
1 /& no
~ar (L [ A e L [ olu! (ax)
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I oane ke [ o 0( 1P
S Ll [T e eln(e =) g (Dayax

1 , In(e*—e?)
Ll 1Zn“/ L pergfn(er—e)) gl )y vy

—i s [T el Onte e g o)

I\.)

I\.)r—\

i [ gt n(e e gl )] )y

;4
=

—nn’-{_ln k-1 ¥ @?(x) P(x)dydx
Yo Yo [ [ s ggbtpl iy

i=

_nnk—ln Y p
Yot [ B a0k (9] <)y

L [ [ bl gRonw ot

i=0 r=1
no & 3
Sy [ [ el ek 9] ()dvdx, =01 (2.36)
i=0 r=0
Introduce the following notations
BY = i/b 9(x) O(x)dx_ (2.37a)
~lat), ¥ ¥ li<i<ni<j<n’ '
- 1 b -
10_[L 17 1y
B" = _At/a ?; (x)l/J] (x)dx_ 0<icuizicn’ (2.37b)
- 1 b -
0n_[L 7 oypl
B = _At/a @; (x)l/J] (x)dx | P (2.37¢)
- 1 b
n_[L 7 e
B =[5 / 9} ()] (x)dx [ (2.37d)
-1 b pin(e*—e) . -
=[5 [ pelnE - twyindyax] @37
0 _ [ [ e e 0/ 0 ]
=[5 [ [ pereline@—emelmudyax] @
-1 b pin(e*—e?) -
=[5 [ el —eglwyindyax] @37y
r1 b rln(e*—e . E
=[5 [ pelnE —eglwvindyax] @37
DY = / / Be! 92 (x) 97 ()7 (x)dyd x]1<i<n1<r<n’ (2.37i)
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b b _
D= [ [ [ perolxigt e (vyayax| (237)
- b b .
o' =[ [ [ perelx)gt e (wayax| (237K)
- b b .
' =[ [ [ perolxigt e (ydyax| __ (237)
r1 b rin(e*—e?) :
00_ |2 Y 0 X o¥)) 1
MP=[5 [ [ pegln(e - gy} (dyax] . (@37m)
o= [ [ bt glan(et —e) g2 9} ()] (2370)
72 )0 Ja ! ’ ] lo<i<ni<r<i
o -l/b/ln(ex_eﬂ)ﬁey O(In(e" — ")) ! (1) ¢! (x)d x| (2.370)
1120 Ja v PV cicno<ran’ '
r1 b rln(e*—e 1
n_ |z Y ol X _ o)) ol 1
Mi=[5 [ [T peglin —e)gl)y} dvax| . @ap)
o [ [°[° 0 0 1 ]
N =[] peradetwgl o] (2379)
b b -
N[ [ bl )gtgl odvax] (237%)
I A i
N'=| /a /a Bel gl (X)gr ()] (W)ydx| (2.375)
- b b .
NE=[ [ eetgl et odyax] @37

and

(n (P =D)+(n" )T (D) |
po_ | (DTG =D+ (T DY) | 2.389)
()T (- D)+ ()T (- D) |
() T(Cf =D+ (" T (CH =D |

k=1\T (01 _ po1y 1. tk=1\T cli_pn
Fl0_ (n*=H)N(G ) '(” ) (G5 ) / (2.38b)

()" (G l
(nt )(M8°—N8°>+(n”‘ o)
(nkil)T(M(l)O—N?O)—l—(n'k 1)T(M10 NlO)
(n*1)T( + (MPP—NIO) |, (2.38¢)
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()T (M~ NG+ ()T (M3~ N
_ k—1

(1) (MNP ()T (11N

B = | ()T (MG NG+ (DT (MY =N | (2.38d)

)TV =N+ (DT (M =N

then, we can get

BOOR10 nk EO00F10 BOOR10 nk=1
[ BU1 Rl ] e <[ EOLET ] + [ ROl gl ]) Sk | k=12,---, K. (239)
2.3.3 The H-FVM scheme to the process of removal

Similarly, we can obtain the H-FVM fully-discrete scheme for aerosol dynamic equation
of the removal process in the following form:

( o(nf gl (x) +n'f g} (x)) - fé Lo(nf gl (x) +1' gl (x >>,¢jp(x))
= (RO kgl gl ().97(). p=01 .40
Also,
Alf(lio(n @) (x)+n'f g} (), ! (x)) + (R(x >§<n @) (x)+'F g} (), 4! (x))
=§t(§<“¢?<> G ) ), p=01, 2.41)
that is

é <§nf/ﬁb(p?(x)¢f(x)dx+in’f/h(p}(x)gbf(x)dx)
+Z" [ R dx+2n [ R ()i
1 /& b .
ZE(;nf 1/a ¢?(x)¢f(x)dx+;)nf 1/a L)Yl (1)dx), p=0,1. (2.42)

Denote matrices of coefficients as follows:

FO= [ ROl @)

1<i<n 1<]<n 0<i<n,1<j<n

PO /abR<x>¢?<x>¢?<X>d4

Iy ) Iy ]
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A A
01 _ 0( )0l n_ Lyl
P [ [ R@glwuia] = CR@e g ] @as)
00 _ i/h 0 0 o_[1 /b 1 0
0= |5 ] =] [eleefedd] @430
01 _ i/b 0 1 11 _ i/b 1 1
B =[5 [ o)) (x)dx}lgiénroéjgn, B =[5 | ol (x)tpj(x)dx}ogiénroéjgn. (2.43d)
Finally, we have
F00 F10 nk pgo0 g1o nk po0p10 nk—1
[ Fol pl1 } [ Wk ‘*‘[ Bl i1 } ok :[ BOL g1l } e (2.44)
The discrete initial conditions can be given by
n
n(x) =Y (109} (x)+1'} 9} (x)). (245)

3 Numerical experiments

Let 1;(t) be the numerical solution at volume nodes x; and n*(x;,t) be value of the ana-
lytical solution. L is the length of the particle size and h = L/n is the particle size step.
At is the time step. The errors of numerical solutions are measured in I, and />, norms
defined as:

miax{|ni(t>—nf‘(xi,t>|}

E 0 — ’ 1
T T e T ) o1
1
" (ni(t) —nA(x;,t 2
Erry= \/E*l( i(H 12)) : (3.1b)
VL (4 (i)
The ratios of convergence in size are calculated by
L Errllhl h] -1 .
Ratio=log (Em,hz > {log (h2 )] , 1=2,00. (3.2)

A reference solution can be obtained by finite volume method on the very fine grid and
associated with very small time step size if no analytical solution is available.

Example 3.1. For the first experiments, we consider the condensation process that the
growth rate is a linear function :

G(v)=0pv, ve€l0,1], (3.3)
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Table 1: The comparison of errors and ratios in size step for the process of condensation.

T T T T
h 5 10 20 a0
Errp,  0.2559 0.0637 0.0161 0.0072
Ratio - 2.0052 1.9813 1.9830
LtVM Erreo  0.2316 0.0561 0.0140 0.0062
Ratio - 2.0461 2.0072 1.9899
Errp,  0.0072 4.5006e-04 2.8125e-05 5.5556e-06
H-FVM Ratio - 4.0027 4.0002 4.0000
Erreo  0.0072 4.5006e-04 2.8125e-05 5.5555e-06
Ratio - 4.0027 4.0002 4.0000
the boundary condition:
n(0,t)=0, te€(0,T], (3.4)
the initial condition:
n(v,0)=N;v?, v€0,1], (3.5)

where N; is a constant. The analytical solution is given as
n(v,t) = Nyv?exp(—30pt),  0€0,1], te(0,T]. (3.6)

Take parameters oy = 11, N, = 10particles/ cm3. The size steps are h=1/5,1/10,1/20
and 1/30 respectively, the corresponding time steps for L-FVM and H-FVM are At = h?
and At = h*, respectively. The comparison of errors and ratios of convergence at time
T=1h by L-FVM and H-FVM are shown in Table 1.

The first part in Table 1 shows the numerical results obtained by L-FVM and the sec-
ond part is obtained by H-FVM at time T = 1h. It is clearly shown that the numerical
solutions are in agreement with the analytic solution in size at time T = 1h. We can see
that L-FVM is of second-order accuracy and H-FVM is of four-order accuracy in size step
in both I, and [», norm. Moreover, the errors of of H-FVM in I;, norm is much smaller
than those of L-FVM, which means that we can use a large size step to get the high-order
approximation by H-FVM while L-FVM must use small size step to get similar error pre-
cision.

Example 3.2. In this example, we only consider the aerosol removal process. Let

R(0)=Rov%, € [Vinin, Vinax], (37)
the boundary condition:
n(0,t)=0, te(0,T], (3.8)
and the initial condition:
In?(2)

Ug

¢ 1
——eX — & | = ve Vo ,V . 3.9
3v2tIlno p{ 181n2(7] [Vimin, Vinax] (3.9)

I0 - 7
n(2,0) .
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Table 2: The comparison of errors and ratios in size step for the process of removal.

i 5 m s 0
Erry 0.0028 6.7191e-04 2.9752e-04 1.6732e-04
L-FVM Ratio - 2.0351 2.0092 2.0008
Erre 0.0027 6.5706e-04 2.9074e-04 1.6329e-04
Ratio - 2.0350 2.0109 2.0054
Erry  1.1187e-04 6.9829e-06 1.3792e-06 4.3638e-07
H-FVM Ratio - 4.0019 4.0002 4.0001
Erreo  1.1053e-04 6.9308e-06 1.3683e-06 4.3305e-07
Ratio - 3.9953 4.0013 3.9991

The analytical solution is given by
2
In (v—i)

= 7Nt eXp |:_
3v2rIno 18In%¢

where N; is a constant, which represents the total initial number of particles, and v, is the
geometric average volume and ¢ is the standard deviation. In this example, Ry =117,
N; =10*particles/cm?, v, =0.1ym?, 0 =1.35um?, and Viin =€~ 7 pm?, Vimax =epm?. Since
Vimin is much smaller than Vi,.x, we convert these equations to logarithmic coordinates:

7 (0,¢) ]1exp(—1z(v>t), € [Vinin, Vo], £€(0,T], (3.10)

[

R(x)= Roe3, x € [In Vinin, In Vinax], (3.11a)
n(0,t)=0, te (0,T], (3.11b)
N; (x—Invg)?q 1
n(x,0)= ————exp|——5""—|—, X € [InVimin,In Vinax|, 3.11c
(x.0) 3v2mlnoe P[ 18In*c ]ex Vi I Vi ( :
N (x—Invg)?7 1
n4 x,t = exp|— 8 | —exp(—R(x)t ,
(x:t) 3v2rIne p[ 18In’c ]ex P(=R())
X € [InVpin, InVinax], t€(0,T]. (3.11d)

The size steps are h=1/5,1/10,1/15 and 1/20, the corresponding time steps for L-FVM
and H-FVM are At=h? and At=h*.

The comparison of errors and ratios of convergence at time T=1/h by the two methods
are shown in Table 2. We can see that errors and ratios of convergence of numerical
solutions of this example are similar to the result of Example 3.1.

Example 3.3. In this example, we consider a test problem (see [17]), where the coagula-
tion rate B(u,v) is a constant and the growth rate G(v) is linear:

G(v)=0pv, PB(u,v)=Ppo. (3.12)
The initial number distribution is exponential (see [17])

n(v,0) :Mexp (—i>, 0 € [Vinin, Vinax)- (3.13)

Om Om
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Table 3: The error and ratio of the L-FVM for the process of condensation and coagulation.

L L L L

h 10 20 30 o
Err, 0.0480 0.0113 0.0051 0.0029
Ratio -  2.0925 1.9550 1.9789
Erres 0.0389 0.0105 0.0046 0.0026

Ratio - 1.8879 2.0140 2.0319

L-FVM

The analytical solution is given by:

o.t) 4N, (_ 2vexp(—opt)

= exp(— g —0pt), V€ [Vinin, Vinax), t€(0,T], (3.14
m(NiBot+2)° Um (NiBot+2) °> [Vinin, Vma] (0,71, (3.14)

where N; is the initial number of aerosol particles and v,, is the initial mean volume.
The corresponding parameters are By = 2.166 x 10~7cm>h~!particles !, oo =0.3h "' N; =
1O4particles, Uy = 0.03ym3, Vinin=¢"" ym3 and Viyax=1 ym3.

In this example, we choose n =10, 20, 30 and 40 and let L = Vinax— Vmin, then the
corresponding size step = L/n and the time step At=1/800. Results of error and ratio
of convergence of the L-FVM at time T =1h are listed in Table 3.

It is shown that the linear finite volume scheme for the process of condensation and
coagulation is of second-order accuracy in both /., and I norm. We can find that the
linear finite volume scheme is efficient to deal with the process of condensation and co-
agulation.

Example 3.4. We consider a real size distribution problem which describes the effect of
a wet removal process. The size distribution of ambient poly-dispersed aerosol can be
represented by log-normal distribution function [18].

In?(d/d
- M} %/ de [dmin/dmax]/ (315)

n(d,0 - 0 ex
(4,0) 3v2rlnoy p{ 18In’0y

where Nj is the total particle number concentration of particles, d, the initial geomet-
ric average particle diameter, and o, the geometric standard deviation. The scavenging
coefficient R(d) expressing the rate of scavenged aerosols by raindrop is as follows:

R(d):/ODOK(d,D)E(d,D)dD, (3.16)
where
K(d,D):”TDZU(D)nR(D), (3.17)
(V323 /(1—a)(30+4)\ /3 3mpu,U(D) \~2/3 _
EaD)=2(*) (k) <2(1.664)ka/\> a4, @)
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In(d) um

Figure 1: The evolution of precipitated particle size distribution due to wet scavenging in different time: t=0h
(blue), t=1h (red), t=2h (green).

where K(d,D) is the collision kernel, and E(d,D) is the collision efficiency, and D is the
water droplet diameter, U(D) is the velocity of falling water droplet, ng (D) is the rain-
drop size distribution, « is the volume fraction of drop, y, is the viscosity of the air, k;
is the Boltzmann's constant (=1.38x 10"2JK~1) and T is the temperature of air, A is the
mean free path length of molecules.

U(D)=130D"2, (3.18)

The raindrop size distribution is also assumed to have a log-normal distribution in wet
scavenging process

N; In*(D/Dg)7 1
ng(D)=————exp | — ———32| =, 3.19a
r(D) 3v27Inop p[ 181n%0p, ]D (3.192)
J=1-6/5a"34+1/5a%, K=1-9/5a'3+a+1/5a%, o=pw/Ma, (3.19b)

where N; is a constant which represents the total initial number of raindrop, Dy is the
geometric average volume and oy is the standard deviation, i, is the viscosity of the
raindrop; No =107, dmax =0.054m, dmin =10""pum, dg =0.01ym, x =5x10"°, T=296.15K,
A=6.73x10"8m, 1, =1.83x 10 kgm!s 7, 1, =9.95x 10 *kgm s~ 1.

The evolution of precipitated particle size distribution for the parameter N; =500,
0p =15, Dg = 0.5mm in different time t =0h, t =1h, t =2h is shown in Fig. 1. It can be
found that the falling velocity of the fine particles is faster for the range of the particle
diameter of < e °um. This is consistent with the fact that fine particles can be collected
by rain drop through the Brownian diffusion [7].

The impact of the precipitated particle size distribution on the distribution of the rain
drops with the parameters N; =500, op =1.5, Dy =0.5mm are shown in Figs. 2-4. The
falling efficiency of the precipitated particle decreases when one of parameters N;, Dy, 0y
gets small and the other two parameters are fixed.
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Figure 2: The evolution of precipitated particle size distribution due to wet scavenging for different N;: t=0h
(blue), N;y=100 (red, t=2h), N; =500 (green, t=2h).

x10°

n(d,t) particles/cm®
w

In(d) um

Figure 3: The evolution of precipitated particle size distribution due to wet scavenging for different op: t=0h
(blue), op=1.3 (red, t=2h), op =1.5 (green, t=2h).
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Figure 4: The evolution of precipitated particle size distribution due to wet scavenging for different Dg: t=0h
(blue), Dg =0.3mm (red, t=2h), Dg=0.5mm (green, t=2h).
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Figure 5: For the same mass of raindrop, the evolution of precipitated particle size distribution due to wet
scavenging for different op: t=0h (blue), op =1.3 (red, t=2h), op=1.5 (green, t=2h).
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Figure 6: For the same mass of raindrop, the evolution of precipitated particle size distribution due to wet
scavenging for different Dg: t=0h (blue), Dg =0.3mm (red, t =2h), Dg =0.5mm (green, t=2h).

Fig. 5 and Fig. 6 show that aerosols are scavenged more effectively by raindrops dis-
tribution with small D, than the raindrops with large D, for the case of the same mass of
raindrops. The figures also show that aerosols are collected more efficiently by raindrops
with small ¢; than raindrops with large ;. This result agrees well with the existing the
theories and experimental data [8] that smaller diameter raindrops have higher collision
efficiency, as for the same mass of raindrops, the smaller raindrops will have an increased
surface area, which lead to the collision efficiency increase (see [8,9]).
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