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Abstract. We prove distributional limit theorems for random walk adic transformations
obtaining ergodic distributional limits of exponential x> form.

1. Introduction

As in [A1], for (X, B, m) a o-finite measure space, F, : X — [0, co] measurable, and
Y € [0, oo] a random variable, we say that (F,,) converges strongly in distribution to Y
(written F), n_}—ago Y) if it converges in law with respect to all m-absolutely continuous

probabilities; equivalently
g(F,) — E(g(Y)) weak xin L*(m)
n—o0

for each bounded, continuous function f : [0, co] — R.

For a discussion of strong distributional convergence, see [Al, A2, E, TZ].

Here, we study distributional stability. As in [A2], we will call a conservative,
ergodic measure-preserving transformation (X, B, m, T) distributionally stable if there
are constants a(n) > 0 and a random variable Y on (0, co) so that

Lsn(f)—% Ym(f) forall felLl,
a(n)

where

n—1
Su(f) :=ZfoTk and m(f) :=/ fdm.
k=0 X
By the ratio ergodic theorem, if the above convergence holds for some f € L', then it
holds forall f € LY.
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If the ergodic distributional limit Y is integrable and normalized by E(Y) =1, the
constants a(n) are determined uniquely up to asymptotic equality and are also known as
the return sequence of T. Both the (normalized) ergodic distributional limit and the return
sequence are invariant under similarity (see [A1]).

By the Darling—Kac theorem [DK], pointwise dual ergodic transformations (e.g.
Markov shifts) with regularly varying return sequences are distributionally stable with
Mittag—Leffler ergodic distributional limits (see also [A1, A2]).

Our present study concerns random walk adic transformations.

A random walk adic transformation is a conservative, ergodic, measure-preserving
transformation associated with a Markov driven, aperiodic, random walk on a group of
form G = Z*F x RP—k. These were first considered in [HIK] (and are sometimes known
as ‘generalized HIK transformations’).

It is the (unique) G-extension of the adic transformation on the underlying Markov shift
which parametrizes the tail relation of the random walk. This definition is explained in §2.

The degree of a random walk adic transformation is the dimension of the associated
group G: dim(span G). It appears as the number of degrees of freedom in the x?2
distribution appearing in the limit.

We establish the following theorem.

THEOREM. Suppose that (X, B, m, T) is a random walk adic transformation with degree
D eN, then

;Sn(f) 2 @PP2e= WDy () forall feLl,
an(T)

where

n—1
Su(f)=)_ foT* an(T)ocn/logn)’* and xp = |£II3
k=0

for & a standard Gaussian random vector on RP. Here, for a(n), b(n) > 0, a(n) o« b(n)
means there exists lim,_,o(a(n)/b(n)) € (0, 0o).

This ergodic distributional limit first appears in [LS] (see below).

Most of this paper is devoted to proving the theorem. In §2, we define adic
transformations and random walk adic transformations as group extensions of adic
transformations. In §3, we establish a compact representation for (all) adic transformations
and a uniform convergence theorem for stationary adic transformations, which is needed
later in the proof of the theorem. We review the distributional limit theory of Markov
shifts in §4 and prove the theorem in §5, giving applications to exchangeability in §6 and
horocycle flows in §7.

Related, earlier work can be found in [ANSS, AW, LS] (see §7).

2. Bratteli diagrams, adic and random walk adic transformations
2.1. Bratteli diagrams. Fix b, >2 (n>1) and set S :=1{0,1,...,b — 1}, Q:=
H/fil Sk-
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A Bratteli diagram is a subset ¥ C 2 of the form
Yi={weQ: A(wk, wp+1) =1Vk > 1},

where, for k > 1, A : Sk x Sgy1 — {0, 1} is the kth transition matrix.

We assume throughout that the transition matrices are non-degenerate in that they have
no zero rows or columns.

Recall that © is compact when equipped with the standard metric d(x, y):=
exp[— min{n : x,, # y,}] and X is a closed subset.

The Bratteli diagram X is said to be stationary if Sy =S, Ay = A for all k > 1. In this
case, X is a topological Markov shift (TMS) with transition matrix A as in [LM].

The only result in this paper concerning non-stationary Bratteli diagrams is the compact
representation lemma in §3.

2.2. Tail relation on a Bratteli diagram. The tail relation on ¥ is the equivalence
relation
T=%(T):={(x,y) € T x X :3Insuch that x° = y>°},

where x° 1= (x,, Xp41, - - .)-
The equivalence classes of the tail relation are linearly ordered by the reverse
lexicographic order, namely the partial order < on X defined by

x <y < thereexistsn suchthat x5, =y;7, and X, < y,.
If x is maximal, then
xp =max{y €S, : Ay(y, xp41) =1} foralln > 1;

therefore, the collection of non-maximal points is open and the collection X,,x of maximal
points is closed. A similar argument shows that the set Xp;, of minimal points is closed.
In the case when X is a TMS (stationary Bratteli diagram), more is true.
If x is maximal, then x,, = ¢4 (x;41), where ¢4 (x) = max{y € S: A(y, x) = 1} (well
defined by non-degeneracy), and we claim that

x is periodic, with period <#S. (&)

To see (#®), note first that there exists s € S so that #{n >1:x, =s}=o00. The
sequence n — ¢’} (s) is eventually periodic with a final period

t, @), .o @ O) = (01 (), ..o, @ (s))
with J > 1 and k < #S.
Let
pi=@ @), 0RO, @), TR, ).

We prove our claim by showing that x = o*(p) for some £ > 1. Let nj 1 oo be so that
Xn, =s forall k> 1. It follows that x,,_, = ¢} (s), whence there exists 1 < £; <« so
that x'f"_J =l (P)rfk_J. There is a subsequence m; =ny; — 00 so that £, = €, =:
£ for all j > 1, whence x = af( p) and (#®) is established.

Thus, the set of maximal points (and the set of minimal points) is finite.
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2.3. Adic transformations. The adic transformation (generated by <) on the Bratteli
diagram X is
T: X\ Zmax = X\ Xmin defined by 7(x) :=min{y :y > x}.
It is said to be stationary if the underlying Bratteli diagram is stationary.
As shown in [V], every ergodic, probability-preserving transformation is isomorphic to

some adic transformation.
Stationary adic transformations are:

. isomorphic to odometers or primitive substitutions, have zero entropy, but can be
weakly mixing (see [L1]); and
. always uniquely ergodic; moreover, the unique t-invariant probability measure vy is

globally supported, non-atomic, Markov and equivalent to the Parry measure w (of
maximal entropy) for the associated TMS (see [BM]).

24. The (2, f)-random walk. Let X be a topologically mixing TMS on the (ordered)
finite state space S, let 0 : ¥ — X be the shift and let T : ¥’ — ¥’ be the corresponding
stationary adic transformation, where

Y= E\ U U_n(zmax U Xmin) = ﬂ Tn(z\(zmax U Zmin))-
n>0 nez

The tail relation of X is the tail relation of o,

(D) =T(0) = J{r, ) €= x T:0"(x) =0" ()},

n>0

and this is parametrized by the adic transformation,
TO)NE xT)={x,t"x):xe X, neZ).
A function f : ¥ — R9 is Holder continuous if there exists @ € (0, 1), M > 1 so that
IfG) — fFO)Il < MO" forallx,ye B, xF =y, )

Specifically, we call f: % — R¢ 0-Holder continuous (0 € (0, 1)) if (+) is satisfied for
some M > 1.
For f : ¥ — R Holder continuous let

H:={f,(x):n>1,x€ X, o"x =x}),

where (-) means ‘the group generated by’ and

n—1
) =00 =) flot).
k=0

Let

G={fn) = fu(y):n=1,x,yeX, o"x=x,0"y =y}

therefore, G and H are both closed subgroups of R? and G < H.
It follows from LivSic’s cohomology theorem [L2] (see e.g. [ANS, PS, Sa]) that

f=8g—goo+h+a,
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where:

) g : ¥ — R? is Holder continuous;

° a € H is such that (G + a) = H

° h: ¥ — G is Holder continuous and o-aperiodic in the sense that if y € @, YIS

S!, g: ¥ — S!is Holder continuous and y o f = A(g o o/g),theny =1, A = 1 and
g is constant.
It follows that dim(G) =dim(H) =: D, where, for A C R?, dim(A) denotes the
dimension of the closed linear subspace spanned by A.
Any closed subgroup G < R” with dim(G) = D is conjugate by the linear map to a
group of form 7k x RP~*% where 0 <k <D := dim(G) and 70 RO .= {0}.
Now suppose that f: ¥ — G =ZF x RP~* is Holder continuous and o-aperiodic
and consider the (2, f)-random walk (£ x G, B(X x G), m, o¢), where oy : X x G —
¥ X G is defined by

op(x,y):=(c(x),y+ f(x)) and dm(x,y) :=dux)dy,

where  is the o-invariant Parry measure (with maximal entropy) and dy is Haar measure
on G.

We note for future reference that a? x,y)=(0"(x), y+ fulx)).

As shown in [G], by the aperiodicity of f, (¥ x G, oy, m) is exact.

2.5. Random walk adic transformation over (X, f,t). The random walk adic
transformation over (X, f, t) is that skew product over t which parametrizes the tail
%(oy) of the (X, f)-random walk. To see the existence and uniqueness of such a

transformation,
T(op) = | JUG ). YD) € (B x G210 y) = olh(x, y))
n>0
= Jl@ ». " y) € (B x 6)? 16" (') =" (x) and
n>0

yl + fn(x/) =y+ fulx)}
= {((x,y), &, ¥ €(ExG)?: (x,x) €T (o) and y' = y + ¥ (x, x')},

where o
Yx, x) =) (fle*x) = flo*x)).
Thus, .
Top) N(E x G)* = {((x, y), (', Y) € (E' x G)? : 0} (v, y) = 0} (x, y)}
={((x, ), T"(x, y) : (x, y) € (' x G)?, n € Z)
holds for T : ¥’ x G — X’ x G of the form
T(x,y) =T14(x, y) = (t(x), y + $(x))
if and only if
Px) =Y (x, T(x)) = kf;(f(oer) — fe*x)).
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We consider 7 with the invariant measure
dm(x, y) :=dv(x)dy,

where v € P(X) is the t-invariant Markov measure (equivalent to the Parry measure w)
and dy is Haar measure on G.

As mentioned above, it was shown in [G] that (¥ x G, oy, m) is exact, whence
(2 x G, T, m) is ergodic and also conservative (being an invertible, ergodic, measure-
preserving transformation of a non-atomic space).

The degree of the random walk adic transformation (X x G, T, m) is

deg(T) := dim(spanG).

In this paper we ignore the other invariant measures for 7' (which are considered
in [ANSS)).

3. Uniform convergence

UNIFORM CONVERGENCE LEMMA. Let ¥ be a mixing TMS and let T: %' — X' be
the associated stationary adic transformation with t-invariant Borel probability measure
vo € P(X). Then

- Fort —>/ Fdvy uniformly on ¥/ for all F € C(%).

Although t is a uniquely ergodic homeomorphism on X', this space is not compact.
The main part of the proof is to provide a suitable continuous transformation of a related
compact space. This latter construction is made for any adic transformation.

COMPACT REPRESENTATION LEMMA. Let ¥ be a Bratteli diagram and let T be the
associated adic transformatlon There are:

° a compact metric space ()3 d)
° a continuous injection 7 : Z\EmaX — Z and
° continuous surjections w : S > YandT: ¥ — I sothat

wom =Idlz\x mor=Tonm and WoT=Tow.

Proof. For w € Tax, set
A(w) :={a € ¥ : T sequence x™ € £\ Spax s.t. x - w and 1(x ") - a},

S0 A(w) C Lmin-
Let
Yo :=2\Zmax and Xj:= U {w} x A(w).

®E Tmax

Define the metric space (f, Zi\) by
s = Yo W Xq; c?lzoxzo =d and for (w, @) € X,

dw, 7) +d(a, t2), z€ X,

d((w, @), 2) =
dw, o) +d o), z=(, a')eX.

To see that this is a compact metric space, let (z,),>1 be a sequence in .
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° If there exists ng — 00, 7y, = (wk, o) € Xy, then (possibly passing to a
subsequence) we may assume that (wk, ox) = (@, @) € Lmax X Zmin- 10 see that
(w, @) € X, for each k > 1, choose x; € X so that d (xx, wg) + d(t(xg), ax) — O.
It follows that (w, &) € X and (wk, ax) — (@, @) in =.
° Otherwise there exists ny — 00, z,, € X9, Zp, — r € X, and
- if r € ¥g, then z,, — r in i;
- if r € ¥, then there exists m, = ng, — 0o so that 7(z,,) — s € X; whence
(r,s) € ¥y and z,, = (r, 5) In s.
Let 7 : Z9 — & be the identity map. The following map is a continuous left inverse:
@2 — ¥ defined by the identity map on Xy and by (w, @) — w on Xj.
Now define 7: % — % by T(x) := 7(x) for x € Xy and T(w, @) = « for (w, @) € X1;
then 7 is continuous and 7 o T =T o 7.
To see that T is onto, it suffices to show that ’r\(f) D Xmin. To this end, fix
o € Xpin, S0 there exists x, € X\ Xpin, X, — «. Without loss of generality, x,, ¢ Zmax
and so x, = 7(y,) for some y, € X, where y, > w € X. It follows that w € T« (else
o = 7(w) ¢ Tmin), Whence (w, o) € S and @ is onto. O
Proof of the umform convergence lemma. Since vy € P(Z'), it lifts to a ?invariant
measure v| € 73(2) viorr L =vy. We claim that T is unlquely ergodic on 3 with
invariant measure vi. Otherwise there exists v| # vy € 73(2) with v, 0o T-! = vy. This

entails vy o ! = Vo, whence v) = vy.
It follows that

nl

ZFor /del

If feC(X), then fow € C(/Z\) and for every w € £’ and k > 1, we have thw e IR
whence f(rkw) =fo w(?kna)). Thus,

L5 £ b - [ rav

n =0

—— 0 forall F eC(E)

n—0o0

A, (F) _sup

sup |— <A,(fo ¢)—>0 O

wey’

4.  Limit theory for the shift
Let (¥, A, u, o) be a mixing TMS with 4 a o-invariant, Markov measure, let ¢ =),
be its transfer operator, let G C R be a closed subgroup of dimension D and let f =
(fD, ..., fP): ¥ — G be Holder continuous and o-aperiodic. Let f := f — E(f).
Note that f may have values outside G.

We will need the following results later. The results are not new although we could not
find any references for their statements. The proofs are standard and will only be sketched.

ASYMPTOTIC VARIANCE THEOREM 4.1. There exists a D x D, symmetric, positive-
definite matrix I' =T ¢ so that

— ()= (J)

RankI'y =D and IE(fn ) Fi,j forall1 <i, j <D,

where ?S) = ZZ;(l) ?(l) ook,

https://doi.org/10.1017/etds.2012.160 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2012.160

712 J. Aaronson and O. Sarig

Since I' is symmetric and positive definite, it can be put in the form
r=U'M)U'M)
with U unitary and M > 0 diagonal.

CENTRAL LIMIT THEOREM 4.2.

~

o (CLT)

1 1
i N S -t
UG vmen ;=2 P aT /IeXp[ Su'T u:| du
whenever I C RP is Riemann integrable (i.e. with Riemann integrable indicator function).

LOCAL LIMIT THEOREM 4.3. (Mixed lattice-nonlattice case) Let0 € I C G be Riemann
integrable; then

(W) PG o cnli( )4 Jrnn+11 et Jam DT e

Proof sketches. Suppose that f is 8-Holder continuous and let p = pg be the metric on X
defined by

1
Xp[—iu[F_lu}. (LLT)

p(x,y):= Ginf{”ZIanyéyn}.

Let L =1Ly be the Banach space of p-Lipschitz continuous (equivalently, 6-Holder
continuous) functions on ¥ equipped with the norm

) |F(x) — F(x)
IF|lL :=sup |F(x)|+ sup ———.
X€EX X,yEX p(x,y)

As shown in [DF, GH], for some N >1, ¢V :L — L satisfies the Doeblin—Fortet
inequality, namely there exist » € (0, 1) and H > 0 so that

[eN FllL < rl|Fll + H sup |[F(x)| forall F €L, (OF)

xex

whence [DF, ITM] ¢ : L — L is quasi-compact in that there exist 0 € (0, 1) and M > 1
so that

’&”F—f quH < MO"|F| forall Fel. (QC)
D) L

Proof of the asymptotic variance theorem. The absolute convergence of the series

2

n>1

/ £ oa"du‘ forl <i,j<D
T

follows from (QC) and the convergence follows from this. The non-singularity of the limit
matrix follows from the aperiodicity of each - f : £ :— R (t € RP) via Leonov’s theorem
(as in [RE)). O

Proof of the central and local limit theorems. Both of these results are established using
Nagaev’s perturbation method as in [HH, PP, RE] (also known as characteristic function
operators [AD]).
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For 1 € CP define P, : L' (Z) — L'(Z) by P,(F) :=56(e!"/ F); then P;(F):L — L
and the map ¢ — P, is analytic C” — hom(L, L) with

9" s - ;) it-f
(i )= ([L 77
where hom(IL, ) is equipped with the uniform topology. Therefore (see [N, PP]
and/or [RE]):
o ||P|l<1forallr € G =Tt x RP* with equality if and only if t = 0;
° P; satisfies (DF) for |¢| small.
We have the following result.

NAGAEV’S THEOREM [N]. There are constants € >0, K >0 and 6 € (0, 1), and
analytic functions A : (—€, €) — B¢ (0, 1) and N : (—e, €) — hom(L, L) such that

IP"h — At)'N(t)h||, < KO" k| forall|t|<e,n>1helL,

where, forall |t| <€, N(t) is a projection onto a one-dimensional subspace, A\(0) =
land NOO)F := [y F dp.

The expansion of A is obtained by considering 7 - f : & — R (t € RP) as in [GH]. Tt is

given by

)»(l)=1+it-E(f)—<Ft2—’t>+0(|t|2) ast — 0.

The central limit theorem follows from this in the standard manner (see [GH, RE]); and
the local limit theorem follows with a proof as in [S] (see [AD]). O

5.  Proof of the theorem
For n > 1, set £, := [log, n], where A = eMor(®) | Tet 0 e I ¢ G be Riemann integrable
with 0 < || < 0o of the form I = {0®)} x J, where 0% e ZF, o(/.") =0(1<j<k) and
0 € J c RP=* is Riemann integrable with 0 < |J| < oco. Here; | - | denotes the Haar
measure on G.

To achieve our goal, we will establish that

forall R >0, forall x € X/,

Er?/z _
" .Sn(lz/xl)(x,o)lB(R)(ff;lf_x)>

N L — - ex [_W}l (?zn (X)> @

Jembder " 20, sl == )

where7:= f—E(f), B(R):={z¢€ RP: Izl < R} and a,, =~ b,, means a, — b, —> 0.

n—od
We will show first that (%) holds, and then we will prove that (%) implies the theorem.

5.1.  Overview of the proof of (). The proof uses a process of block splitting where in
order to estimate

n—1
Su(lsia)(x, 00 =Y Ty (tx, dr(x))

=0
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we split the -orbit block {t¥x : 0 < k <n — 1} into simpler blocks on which it is easy to
apply the results of §4.

This is done as follows.

Forxe X/, N>1,

o MoNx} = {t*xmin : 0 <k <#to N{cVx} — 1},
where xpmi, :=min o~V {oVx} with respect to the reverse lexicographic order and
#oN{oNx}—1
Lsixr © T (rmin, 0) = #{y € 0~ Mo™x} 1 fn(y) € fiv (xmin) + 1},
j=0
Quantities appearing, such as

#lyeo Nx}: fn() e fv(@) + 1},

where I C G is Riemann integrable, are estimated using (LLT) as in Lemma 5.1 (below).
The arbitrary blocks are estimated from the simple ones of suitably smaller size. This
is calibrated using the Perron—Frobenius theorem:

#o NioVNx) = Z AN~y DAY,

S, XN+1
0<s=<d-1

where A is the transition matrix of ¥, A = e"r(®) is its leading eigenvalue and c : S —
(0, ).
Fix M > 1 large. For each n > 1 large, let N = N,, be such that MAN = AElu: then

M—1
{t/x:0< j<n}= U o N{zkoNx}
k=0
up to relatively small edge effects (estimated in the proof below using Lemma 5.2), and
Sn(Lyrx ) (x, 0)
M-1
=Y #yeo Mt Mx): fy () = fy(min 07N (o))
k=0
up to relatively small errors (estimated in Lemma 5.3 below).
5.2. Proofof (%). Forx € Z,t™ e G, sup, (]|t |/s/n) < 00, set
Ny (x) :=#z €0 Mo"x}: f,(z) €t™ + 1.
LEMMA 5.1. We have

Ah(o"x)|I| |M~tU:™ )2
Np(x) ~ exp| ———————

VQrn)P det T 2n

uniformly on X, where h = du/dm, m and | being the t- and o-invariant probabilities,
respectively.
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Proof. Let G, 6, be the transfer operators of o with respect to m and u, respectively;
then o, f = ho,(f/h) and

N,(x) = )‘na\nﬁl[f,let(”)-i-l](anx)
L7 (n)
= Wh(o"x)5"! <M>(U"x)

h
AMh(o"x)| 1|

1
~ e exp| —— M U™
V@rn)P detT 2n

uniformly on ¥ by (LLT). O

5.3.  Block splitting. Forn > 1, let
En,s ={(x1,...,xp)x €L, Xn+1 =s}, Ju(s) ::#En,s;

then

Ju(s) = Z Ay . cN
ueS

uniformly in s € S, where A = ") and ¢ : S — Ry
It will be convenient also to set J,,(z) := # o0 ~"{z}. Here,
Tn(x) = #Zp x, = Ju(x1)
and
Ju(x) ~ c(x)A"

uniformly in x € ¥, where ¢ : ¥ — Ry, ¢(x) := c(x1).
For n > 1 fixed, we call a point x € X:

o n-minimal if x = min 0 *{o"x} =min{y € X : y,4+1 = xp+1}; and
° n-maximal if x = max o "{o"x} =max{y € £ : yp41 = xp41}.
Now define
K,:2—>N and 1,:X—> X
by
K,(x):=min{k > 1: *x is n-maximal} and t,(x):= K@+
S0:
° o1, (x) = t(c"x);
° T, (x) is n-minimal; and
° K,(x) < Zz(o”x) = #o0 ""{o"x} with equality if x is n-minimal.

It follows that, for j > 1, _
ot (x) =t/ (6"x)

and ‘ R
Kn (T (X)) = Jp(t/0"x).

Forn > 1 fixed and r > 1, set

r—1 ) r—1 . )
K@) =Y Ka(ti (1) = Kn (@) + Y Ju(/ (6")).

Jj=0 j=1
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LEMMA 5.2. There exists n,, 6, | 0 so that
K,(lr)(x) = Tt L F () foralln,r >1,xe %

Proof. By the uniform convergence lemma there exists 6, | 0 such that
r—1 )
Y @0 x) = rE() forallx e ¥ n,r= 1.
j=1

Suppose that J,, (s) = e A" ¢(s), where 7, | 0. Then, for x € X',

r—1
KD () = Kn(¥) + Y Jn(t/ (0"x))
j=1
r—1 )
= K, (x) + e o" Z ¢(t/ (6"x))
j=1

= K, (x) + etmet? 1) E(0).
Since K, (x) < j:,(o”x) = O(\"), the lemma follows. O

LEMMA 5.3. Forr € Nfixed, x € ¥’ and R > 0, as n — 00,

S0 o (IExD) (¥, 0)1B(R)<7:,/(;)>
: h_l(:# eXp[_W]mm(%) (1)
and
S (12x1) (6, 0) 1 3Ry (?ﬁ))
) hrﬂ((nj;—;?lw exp[_W]me%)’ 2)

where h,(z) := Z;;g) h(t/z).

Here, for A,, B, >0, A, 2 B, means lim (Ap/Bp) =1 and A, < B, means

- n—> 00
limy— 00 (An/By) < 1.

Proof. Writing K ,(,0) = (0, we have

r—1
S (IEx 1)@, 0) = E)(SKé.f+1>(x)(lzxz>(x, 0) = S, (Lxx1) (. 0)
j:
= Sk, 0)(ex)(x,0)
r—1

+ Z;(SK,V“)(x)(IEXI)(X’ 0) — SK’EJ')(X)(IEXI)(X’ 0)).
]:
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For fixed j > 1,
Skt o Tex D) (¥, 0) = Sy (Tex)(x, 0)

KYD (1)1
= > lsax grx)

k=K (x)

Ko (] ()1

()
= Z g (% ), Py e )
=0

Tn(@iox)—1

= > Lysr (t' (5 (1)), PR (o))

=0
Now,

(4t (x):0< € < Ty (tio"x) — 1} = o " {r/o"x),
B e ) = V(@ D) =D (f(0* ) = f(6*2)) (0=t=Tu(x/o"x) =),
k=0
and so
SK;‘./+1)(X)(1>:><1)(X, 0) — SKr(li)(x)(lExI)(x» 0)

—#{z oo Tl (X))} : (g, x) € I).
For z = t%(z} (x)) € 0" {t/ 0" x} we have

Py oy ) = ¥ (2, X)

=Y (fc*x) = fo*2)

k=0
= fi(x) — f1(2),

where t = ¢(x, 2) :=min{N > 1 :6V¥x = oz}

Here, 6"z = /6" x and

t(x,2) <n+t@/o"x, o"x).
Thus,
V(z, x) = fu(2) — fa(x) + Kkn, j (),
where
|kn,j ()] <2sup |fI(N —n) <2sup | flt(t!o™x, 0" x).

We claim that for almost every x € X,

1mz;lx t(t/o"x, 0"x) = O(logn) asn— oo. &)
<j=<r

Proof of (X). For M > 0set A,(M) :={x € X :t(to"x, 0"x) > M log n}. Then

m({x €Y : max f(t/o"x, o"x) > Mlogn})

I<j=r

sm< U r—-"An<M>)srm(An(M>>.

O0<j=r-—1
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Now t(to"x, 6"x) > M log n if and only if there exists z € X« so that

Xptrj=2z; foralll <j<Mlogn.

Thus,
m(Ap(M)) < sup hpu(An(M))
=sup h Z wlzis - 2 Mogn D
2€ Zmax
— O(A._M logn)
and ,
Zm(A,,(M)) <00 for M > —.
=1 og A
The claim (&) now follows from the Borel-Cantelli lemma. O

In view of (&), by Lemma 5.1 we have that for almost every x,

1 EFCAYS 1 0—S.; A 0
B\~ (S0 oy T2x)(x, 0) = S (Texp)(x, 0))

— s (%)#{z €0 Mo T (V) o) € fuolr) — kn;(¥) + 1)
Fn(x)\ A"h(c"x) IM~YU(f,(x) = ken, j GO II?

~ I1pg) NG D/ exp| — n
Fn(x)\A"h(c"x) IM~UF, ()]

N|I|lB(R) ﬁ D/ exp| — o .

The lemma then follows. O

Completion of the proof of (%). Given 0 < € < %:

e use the uniform convergence lemma to fix r such that, forall y € £, r > re, €’ <

1 + €, where 0, is as in Lemma 5.2, and

() () =0 £rEy() and  hr(y), hr2(y) = (1 £ e)rEp(h);

o fix J > erforall r > 1 and for n > 1 let

n
Ln = Ln,e = llogk WJ,
€

and let r, =r, ¢ be such that
Kgl”)(ra”x) <n< Kzr’:l+1)(ro”x) < Kzr’:’+2)(a”x).
It follows that
SKg:)(TO'nx)(12X1)(x’ O) S SI‘L(IEXI)(-xv O) S SKE‘:?+2)(O"1X)(12X1)('X:’ O)
By Lemma 5.2,

(rn+2) (on MLy +6r) - 3 Ln o, n nry
n<k o"x) < e M"nTm)p At E(c) < e’ E() < —,
<K (o) < W) S s E@) < 5
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whence, for large n, r, > re and

L, (x))

Y% Ln
fr,®
ZSK(Lr:)(thx)(lExl)(xvO)IB(R)( N
oy, (za bl IM~Uf, )l fr,0)
< pp  SXp|— L(r)
L,P/ 2L, Ly

L M_1U— 2 —
> (1 — )|l D”/2 Xp[_II zleLn(X)” }1B(R)(an(x))

Sn(lzx ) (x, 0)1B(R)<

5

and, similarly,

fL (x))
Sn(lzxr)(x, 0)1pr (*
S O\ VL.
?Ln(x)
=< SKg?n)(g,lx)(lle)(x, 0)1B(R)< VL
_ hrga(@lrals IMUF @l fr,®)
ST pp S| I
L,P/ 2L, Ly,

A M-'Uf 2 7
<(1+ o)l Dr/z Xp[_” S, i|lB(R)<an(x)).

2L,

A

Now:

e L,~/{,=log, nforall € >0, and since r, > r,

1
n> K" (xo"x) = et 3 E(e) > — raAFE(e),
n €
n< Ky (1o"x) S (1 + e)rpbe WAL E (o),
whence .
AEnr, 5 n
R T i —
L,P? P2 E )

This proves ().

719

d

Proof that (%) implies the theorem. LetI' be asin §4 and write ' = VV! where V :=U'M

with U unitary and M > 0 diagonal.

Let £ = (&1, ..., &), where &1, ..., &; are independent and identically distributed
Gaussian random variables with E(&;) =0, E(Ef) =1; then Z:=U'ME§=VE is

Gaussian with correlation matrix
E(ZiZj) = E(Z Vi.sks vj,,st) =Y VisVjs=Ti.
S,[ N

By (CLT),
n 2 U ME =: Z.

i
Jn
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Now suppose that (%) holds. We will show that for some a(n) xn /6,? /2 and for g€
C([0, oal), f € L' (m)4,

( o Sn<f>> — E(g(e™ 0 -m(f))  weak x in L% (m).

By the asymptotic variance theorem, IE(||7" l2) = O(/n) and foralle >0 there
exists R so that my/(C,,(R)) > 1 — € for all n > 1, where

o, i|
Cn(R) := “ € B(R)|.
n(R) [ N (R)
Thus, for n € N and R > 0 both large enough and x € C,,(R) we have
D/2 1777 2
14 1] IM=U [,
g<n_Sn(lE’><I)(xs 0)) =g<— 'CXP[—4D te.
n V@)D det T 2n

Next, by (CLT),

/ g( 1] .exp[_”M lUfnndem
o'xI \y/(2m)P detT 2n

— E

1] IM~'UZ|?
o (g(/m"”‘p[‘ 2 ]))
~#(s( s [ 2])
V@m)P detT 2

Thus, there exists a(n) ocn/ ED/ 2

1
/ < Sn(lz’xl)) dm —> E(g(mg() - 2D/2,- 2XD))
1 a(n)
Using [A1, Corollary 3.6.2], we obtain that, for all F € L!(m), g € C([0, 00)),

(% Sn(F)) jo>OIE(g(m(F).2’)/2e—%><?>)) weak * in L% (m),

where m(F) := [y, o F dm. O

6. Application to exchangeability
Let S={0,1,...,d — 1} and let £ C SN be a mixing TMS. Define F: ¥ — Z¢~! by
FA0)k 1= 8xy k-

As shown in [ADSZ], F?: £ — Z4~! is o -aperiodic if and only if ¥ is almost onto in
the sense that, for all b, ¢ € S, there existn > 1, b =ay, ay, . . ., a, = ¢ € S such that

olag]Nolag+11#0 O <k=<n-—1).
Definegp: ¥ - Nand R: ¥ — X by
@(x) :==min{n > 1: t"(x); = x4(; for some finite permutation o of N}

and
R(x) := %9 (x).
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COROLLARY 6.1. Suppose that ¥ is almost onto, then (X, B(X), R, m) is an ergodic,
probability-preserving transformation and there exists b(n) o n/(log n)“@=Y/2 such that
1 n—1

— Y g0 RN ki,
b (=

Proof. The random walk adic
(= x 247 B(E x 247 Y, m x mya-1, T)

over (X, FY, 1) is conservative and ergodic. Calculation shows that Tsxj0)(x, 0) =
(Rx, 0), whence (X, B(X), R, m) is an ergodic, probability-preserving transformation.
By the theorem,
1 _1.,p2 1
—— S (f) — e 2Xa-1u(f) forall feL,,
a(n)
where a(n) ocn/(log n)@=D/2 (we absorbed the factor in a(n)).
In particular,

0 102
—— S (Isxqoy) —> e 2%d-1,

a(n)
whence, by inversion ([A2, Proposition 1]),
1 nii Rk 0 %Xdz 1
—_— o — -1,
b (= ’ ‘

where b(n) = a~!(n) ocn/(log n)@=/2, 0

7. Chi-squared laws for horocycle flows
Let My be a compact, connected, orientable, smooth, Riemannian surface with negative
sectional curvature, and let TlMo denote the set of unit tangent vectors to My. The
geodesic flow on T' My is the flow which moves a vector v € T'M at unit speed along
its geodesic.

Margulis [Mrg] and Marcus [Mre] constructed a continuous flow A’ : T'M > T'M
such that:
(a) the h-orbit of v € T! My equals

wo @)= i dise @, @) > 0l

(b)  there exists ;1 such that g~ o h o g* = h*'!.
In the special case when My is a hyperbolic surface, h is the stable horocycle flow.
Properties (a) and (b) should be compared with the relation between the odometer and
the left shift.

A ZP-cover of My is a surface M together with a continuous map p : M — M such
that p is a local isometry at every point, the group of deck transformations

G:={A:M — M| A anisometry s.t. po A = p}

is isomorphic to ZP and, for every x € My, p~'(x) is a G-orbit of some point in M.
The flows g, h : T' My — T My liftto flows g, h : T'M — T' M which commute with
the elements of G, and which satisfy (a) and (b). Now (a) and (b) could be compared with
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the relation between the HIK transformation and a Z? skew product over the left shift
map [Po].

The locally finite ergodic invariant measures for /4 are described in [BL, S]. There are
infinitely many, but only one up to normalization is non-squashable [LS]. This measure,
which we call my, is rationally ergodic, and it is invariant under the action of the geodesic
flow and the deck transformations.

We choose a normalization for mg as follows. Let My be a connected pre-compact
subset of M such that p : Mvo — M is one-to-one and onto. Then we normalize m so that
molT' Mol = 1.

The following can be extracted from [LS].

THEOREM 7.1. There exists a(T) < T/(In T)P/2 such that, for every f € L'(mq) with
positive integral,

ey f S @) ds —— @PP2e= Dby ).
Proof sketch. Enumerate G = {Ag : £ € ZP} such that Ag o Ag = Ag 4 . Then M =
eezp Ae[Mol.  The ZP-coordinate of 5 € T'M is the unique £(¥) € ZP such that
¥ € T'[Ag(Mo)].
It is known that (1/+/T)& o g’ %) N, where N is a D-dimensional Gaussian
- — 00

random variable with positive-definite covariance matrix Cov(/N') (see Ratner [R] and
Katsuda and Sunada [KS]).

Let || - || g denote the norm on R? given by ||v|| g := /v'Cov(N)~!v. The following is
proved in [LS, Theorem 5]: suppose that f € L!(my), then for every € > 0, for mg-almost
every v € T' M, for all T large enough,

é(glogﬂ T=

Jog, T

1
2(D/D=€ exp(—z(l + e)‘

> a(T)/f[hs(v)]dS

log, Tz
DD+ exp<_%(1 _ 6)‘ se™ v

Jlog, T

where a(T) = const T/(In T)P/2 (the value of the constant is known, see [LS]).
This is the version of (%) needed to deduce the theorem as above.
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