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SUMMARY
This paper suggests an efficient approach to collision
avoidance of a practical two-robot system. The approach is
based on the C-space of one robot, and we consider only
two and three dimensional C-space in which nearly all
industrial manipulators can be reasonably represented for
collision avoidance problems. The C-space of one robot is
discretized with the concentric circles or spheres centered at
the goal configuration. We then introduce the concept of free
arc which is a set of the candidate configuration points on
the concentric circle or sphere at each sampling time to
avoid collisions. It is represented simply with respect to the
coordinate frame attached to the goal configuration. The
free arc is used as a tool for collision avoidance of a two-
robot system and sub-optimality can be considered in
determining a collision-free path. The main contribution of
this paper is that it provides a method to construct C-
obstacles in a time-varying environment more efficiently
than the existing methods (e.g. slice projection method1) by
restricting the search space at the expense of sacrificing
completeness. Thus, it enables us to implement a practical
collision avoidance algorithm for a two-robot system with
decreased computational cost. Simulation results for two
2-d.o.f. manipulators and two PUMA robots are presented to
show the efficacy of the proposed method.

KEYWORDS: Two-robot system: Collision avoidance; C-space;
Free arc.

1. INTRODUCTION
The collision-free motion planning problem for a robot has
been studied extensively for almost three decades. Many
researchers in various fields tackled the problem and
proposed several approaches to cope with it. Most of the
approaches may be categorized into several groups accord-
ing to the type of a robot and its environment. As to a robot
– point, polygon, mobile robot and a manipulator with low
d.o.f.– in a stationary environment, it is conservative to say
that the problem has been solved completely. A variety of
complete and efficient algorithms have been reported and
computational complexity of them has been analyzed in the
literature.2,3 Thus, finding a practical algorithm in a dynamic
environment where only partial information is available
about the obstacles4–6 or dealing with a high d.o.f.

manipulator7–10 becomes an issue of principal concern
nowadays.

Unfortunately, the problem in a time-varying environ-
ment has been much less researched, and the majority of the
approaches to the problem adopted and modified the
methods for stationary obstacle avoidance. In the configura-
tion-time space (CT-space), the time-varying obstacle is
converted to a stationary obstacle. Thus, motion planning
for time-varying obstacle avoidance is reduced to path
planning for stationary obstacle avoidance in the CT-space
based methods.11–13 Ko et al.14 proposed an approach to the
time-varying obstacle avoidance problem using the view-
time concept. Although they formulated the problem
mathematically in the C-space, they used an existing
stationary obstacle avoidance scheme to construct C-
obstacles and search for a collision-free path. Another
powerful methodology is based on an artificial potential
field.15–18 However, only a few results have been reported in
a time-varying environment due to the existence of local
minima and its intractability to deal with arbitrarily shaped
obstacles.

Especially, the case of a two-robot system is much more
difficult to handle than the general time-varying obstacle
avoidance, since we should consider the motion of two
robots simultaneously and the obstacle composed of a
manipulator changes not only its position but its shape with
time. To overcome this difficulty, several approaches have
been suggested under some assumptions or simplifications
for the last decade. Freund and Hoyer19 introduced the
concept of hierarchical coordinator based on the nonlinear
control approach and suggested a real-time collision-free
motion planning method for multi-robot system. Although
they provided a practical and systematic approach, the
construction of the hierarchical coordinator is not so easy
and optimality was not considered.

Lee and Lee20 studied the collision avoidance problem of
the dual robot. They modeled the robots as spheres and
assumed that each robot should move along prespecified
straight-line paths. By constructing a collision-map using
the path and trajectory information of two robots, they
proposed a time scheduling algorithm to modify the velocity
profile of the secondary robot. This study provides an easy-
to-use method for the collision-free motion planning of a
multi-robot system. However, no collision-free trajectory
may exist on the given path and there is no analytical
method to construct a collision map. Chang et al.21

improved the above results by constructing a more accurate
geometric model of a robot and presenting a method to
obtain the minimum delay time of one robot heuristically.
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Although they still needed prespecified paths of two robots
to avoid stationary obstacles, they relieved the computa-
tional burden of constructing a complete collision map.

Shin and Bien22 developed the concept of coordination
space which is constructed with the scalar variables defining
the positions along prescribed paths. They also defined
collision regions in the space. Bien and Lee23 and Lee24

proposed an analytic collision-free and time-optimal trajec-
tory planning method for two robot manipulators in the
coordination space. The robots are assumed to move along
prescribed paths with limited actuator torques and veloci-
ties. These approaches in the coordination space are based
on the path-velocity decomposition technique suggested by
Kant and Zucker.25 They planned the paths of two robots
independently by taking only stationary obstacles into
consideration at first, and then modified the velocity profile
of two robots to avoid collision between them. In other
words, they needed a stationary obstacle avoidance scheme
in the path planning step, and they didn’t consider moving
obstacles except for the other robot.

As an alternative, we may consider the collision avoid-
ance problem of a two-robot system in the C-space
introduced by Lozano-Perez and Wesley.26 C-space facilities
handling of robot motion since the robot manipulator in the
Cartesian space is reduced to a point in the C-space. Even
though with this advantage, the global methods in the C-
space have inherent shortcomings: (a) the computational
complexity increases exponentially with the number of
d.o.f. (the curse of dimensionality), and (b) it requires an
expensive precomputation step to compute the C-obstacles
(much more expensive in a time-varying environment).

To remedy the problems of the C-space based methods in
a time-varying environment, we intend to present an
efficient method to construct time-varying C-obstacles in
this paper. Instead, we consider only two and three
dimensional C-space in which nearly all industrial manip-
ulators can be reasonably represented for a collision
avoidance problem, in order to avoid the curse of dimen-
sionality of C-space based methods. First, we discretize the
C-space of one robot with the concentric circles or spheres
centered at the goal configuration. We then introduce the
concept of free arc which is a set of the candidate
configuration points on the concentric circle or sphere at
each sampling time to avoid collisions. It is represented
simply with respect to the coordinate frame attached to the
goal configuration. The free arc is used as a tool for
collision avoidance of a two-robot system and sub-
optimality can be considered in determining a collision-free
path. The main contribution of this paper is that it provides
a method to construct C-obstacles in a time-varying
environment more efficiently than the existing methods (e.g.
slice projection method1) by restricting the search space at
the expense of sacrificing completeness. Thus, it enables us
to implement a practical collision avoidance algorithm for a
two-robot system with decreased computational cost.

This paper is organized as follows: In Section 2, we
present a method to describe a time-varying environment of
a robot manipulator in its C-space in the case of 2-dimen-
sional C-space. Section 3 describes a method for
transforming the collision avoidance problem of a robot into

the SOCAP (Sub-Optimal Collision Avoidance Problem) to
search for a collision-free path, and discusses the complete-
ness of the proposed method. Computation time of the
method is compared with that of an existing method - slice
projection, and the result is discussed in Section 4.
Subsequently, extensions to 3-dimensional C-space is
outlined briefly in Section 5. In Section 6, the proposed
method is applied to the collision-free motion planning of
two 2-d.o.f. manipulators and two PUMA robots respec-
tively, and the simulation results for the application are
given. Finally, the characteristics of the proposed method
and the future research direction are stated in Section 7.

2. C-OBSTACLE REPRESENTATION IN A
TIME-VARYING ENVIRONMENT
The collision avoidance problem of a two-robot system is
formulated as follows:

PROBLEM: Suppose that two robots have a task that they
should move from their corresponding initial points to final
points. Then, plan the collision-free path of one robot while
the other moves along its prescribed trajectory. j

To solve the problem, we build the C-space of one robot
which should avoid collisions with the other. In the C-space,
the other robot moving along its prescribed trajectory
becomes a time-varying obstacle since its position and
shape varies with time. The time-varying C-obstacle cannot
be represented completely only in the C-space, instead CT-
space should be built by adding an extra time dimension to
the C-space. However, it increases the dimension of the
problem and we should compute C-obstacles at every
instance of time in the CT-space. To save computation time
required to represent time-varying C-obstacles, we intend to
present a simple and heuristic method in the C-space. For
explanation use, the 2-dimensional C-space case is
explained in this section and extensions to 3-dimensional C-
space is presented in Section 5.

First, we discretize the C-space of the robot uniformly
with N concentric circles centered at the goal configuration,
qN, where N is the number of sampling during total travel
time, so that the initial configuration, q0, may be located on
the largest circle. In this discretized C-space, we assume
that the robot configuration at each sampling time should lie
on each concentric circle. This discretization of the C-space,
where the number of sampling is 10, may be depicted as
Fig. 1. Here, the equation of the concentric circle at k-th
sampling time is described as

iqk 2qN i= iqO 2qN i
N2k

N
(1)

where ix i is norm or length of the vector x, defined as

ix i ; (x ·x)
1

2 =FO2

i=1

x 2
iG1

2
, (2)

and iq0 2qN i
N2k

N
is the radius of the circle.
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We now attach the polar coordinate frame to the goal
configuration in order to describe the circles effectively.
Then, the configuration points, qk =(q1, k, q2, k), on the k-th
concentric circle is described as follows:

q1, k =rk cos uk +q1, N,
(3)

q2, k =rk sin uk +q2, N

where

rk = iq0 2qN i
N2k

N

and

ukP[0, 2p).

Figure 2 shows a configuration point represented with
respect to the polar coordinate frame attached to the goal
configuration. In this figure, it is notable that only uk

determines the robot configuration since rk is a fixed
constant according to each sampling time. Therefore, a set
of the candidate configuration points on each concentric
circle to avoid collisions – we would call it as free arc – can
be represented by the range of uk. In the subsequent
subsections, we derive the procedure to obtain the closed
form of free arc.

2.1 Initial arc included in the workspace
In most cases, a practical robot manipulator has its own
workspace which restricts its joint motion to some region.

Since a robot configuration outside its workspace is
unrealizable, we should find initial arc included in the
workspace, which is a pre-stage to construct the free arc.

If we denote the k-th concentric circle as Ck, Ck can be
described as the following set of configuration points.

Ck ={qk =(rk cos uk +q1, N, rk sin uk +q2, N) u

rk = iq0 2qN i
N2k

N
and 0≤uk <2p }. (4)

From now on, we abbreviate (4) to the following form as

Ck ={qk u0≤uk <2p} (5)

since qk is determined from the corresponding rk and uk,
where rk is a fixed constant. This circle should be cut off
with the boundary of the workspace given as

CS={q uqi, min ≤ qi ≤ qi, max, i=1, 2}. (6)

Combining (4) and (6), the initial arc included in the
workspace, IAk, is derived as

IAk =CS>Ck

={qk uu min
CS (k)≤uk ≤u max

CS (k)}.
(7)

Here, u min
CS (k) and u max

CS (k) are calculated by finding the range
of uk that satisfies the following inequalities at the same
time.

q1, min ≤ rk cos uk +q1, N ≤ q1, max, (8)
q2, min ≤ rk sin uk +q2, N ≤ q2, max.

The concept of the initial arc is depicted in Fig. 3.

2.2 Free arc avoiding collision with C-obstacles
By restricting the robot configuration at each sampling time
to IAk derived in the previous section, we can represent time-
varying C-obstacles only through checking the collision of
the robot along IAk. If we select an appropriate resolution
level of uk, we can find the set of configuration points
occupying the C-obstacles at each sampling time as
follows:

OSk ={qkuu min
OS (k, i) ≤ uk ≤ u max

OS (k, i), i=1, 2, . . . , P(k)} (9)

Fig. 1. Discretization of C-space (N=10).

Fig. 2. The polar coordinate frame attached to the goal config-
uration. Fig. 3. Initial arc IAk included in the workspace.
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where P(k) denotes the number of collision regions at k-th
sampling time. Then, the free arc avoiding collision with C-
obstacles is derived as

FAC, k ={qk uqkPIAk 2OSk}. (10)

Combining (7) and (9), FAC, k is arranged as

FAC, k ={qk u u min
CS (k)≤uk <u min

OS (k,1),u max
OS (k,1)≤uk <u min

OS (k, 2),

. . . , u max
OS (k, P(k))<uk ≤ u max

CS (k)}. (11)

Note that the following equations are always satisfied since
OSk , IAk for ;k.

u min
CS (k)≤u min

OS (k,i), for i=1, 2, . . . , P(k)
and k=0, 1, . . . , N21,

(12)
u max

OS (k,i)≤u max
CS (k), for i=1, 2, . . . , P(k)

and k=0, 1, . . . , N21,

To guarantee a safe motion of the robot more completely,
we reduce the range of free arcs by introducing marginal
degree, umargin. Then, (11) is rearranged into the following
form.

FAC, k ={qkuu min
CAC (k, i)<uk <u max

CAC (k, i), i=1, 2, . . . , P(k)+1}
(13)

where

u min
CAC (k, 1)=u min

CS (k),

u min
CAC (k, i)=u max

OS (k, i21)+umargin for i=2, 3, . . . , P(k)+1,

and

u max
CAC (k, P(k)+1)=u max

CS (k),

u max
CAC (k, i)=u min

OS (k, i)2umargin for i=1, 2, . . . , P(k).

When there are two collision regions at tk, the free arc FAC, k

with umargin =0 is depicted as Fig. 4.

2.3 Consideration of reachable constraint
Because a robot has its velocity constraint, its motion during
each sampling period is restricted physically. In our method,
it is difficult to consider the velocity constraint in the entire
path since the robot configuration is restricted to free arc at
each sampling time. Instead, we impose the reachable
constraint from a reference point on robot motion at each

sampling time and so it is possible to satisfy the velocity
constraint only if the velocity bound is assigned to an
acceptably low value.

Let us denote the velocity bound of each joint as q̇max,
then the robot manipulator can travel from qk within the
following range in the C-space during each sampling period,
Dt.

uqi, k 2qi, k+1 u ≤ q̇max Dt, i=1, 2. (14)

The reachable region is drawn as a rectangle that has the
center point at qk, and of which edge length is 2q̇max Dt. This
rectangle can be approximated by a circle determined from
(15) and Fig. 5 shows this approximation.

iqk 2qk+1 i ≤ q̇max Dt. (15)

From the above inequality, the reachable region that the
robot manipulator can reach at t= tk from qk21 is the inner-
circle of radius of q̇max Dt, centered at qk21. The region is
described as the following set, Rreach, k.

Rreach, k ={qk u iqk21 2qk i ≤ q̇max Dt}. (16)

Thus, RAk denoting the arc satisfying the reachable
constraint is derived as

RAk =Ck >Rreach, k . (17)

If we analyze RAk geometrically in the C-space as Fig. 6, we

Fig. 4. Free arc FAC, k avoiding collision with C-obstacles.

Fig. 5. The region in which the robot can move during Dt:
Reachable region.

Fig. 6. Reachable arc RAk satisfying reachable constraint.
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find that it is transformed to the linear constraint on uk21 and
uk as follows.

RAk ={qk iuk21 2uk u ≤usafe(k)}. (18)

Here, usafe(k) is calculated using the law of cosines. If we
denote the radius of the reachable region as rvel, then

r 2
vel =r 2

k21 +r 2
k 22rk21rk cos usafe(k). (19)

So,

usafe(k)= cos 21Sr 2
k21 +r 2

k 2r 2
vel

2rk21rk
D (20)

where

rvel = q̇max Dt. (21)

3. CONSTRUCTION OF SOCAP AND
COMPLETENESS ANALYSIS
The composite free arc FAk at k-th sampling time is derived
from the results in the previous section as follows.

FAk =FAC, k >RAk

={qk uu min
CAC (k, i)<uk <u max

CAC (k, i), i=1, 2, . . . , P(k)+1

and uuk21 2uk u ≤usafe(k)}. (22)

Since the free arc is a set of candidate configuration points
to avoid collisions, the motion planning problem for
obstacle avoidance is reduced to finding the sequence of
points on the free arcs {FA0, . . . , FAk, . . . , FAN}. If only
the sequence of free arcs is obtained, the sequence of
{u0, . . . , uk, . . . , uN} can be determined appropriately from
it. Subsequently, the collision-free path
{q0, . . . , qk, . . . , qN} in the C-space is easily formed from
the sequence {u0, . . . , uk, . . . , uN}.

By the proper choice of performance index as a function
of u0, . . . , uk, . . . , uN, sub-optimality is considered when
the sequence {u0, . . . , uk, . . . , uN} is determined from the
sequence of free arcs {FA0, . . . , FAk, . . . , FAN}. Thus, the
Sub-Optimal Collision Avoidance Problem (SOCAP) is
constructed as follows.

Find {u0, . . . , uk, . . . , uN} s.t.

minimize G(u0, . . . , uk, . . . , uN)

subject to u min
CAC(k, i)<u k <u max

CAC(K, i)
uuk21 2uk u ≤ usafe(k) for i=1,2, . . . , P(k)+1.

The index i on linear inequality constraint suggests the
possibility of splitting the above optimal problem into
several independent problems. With this aim, we define path
tree, PTi, as a sequence of free arcs having only one arc
segment at each sampling time as follows:

PTi ={FAC,0(i0), . . . , FAC, k(ik), . . . , FAC, N21(iN21)}(23)

where

FAC, k(i)={qk uu min
CAC (k, i)<uk <u max

CAC (k, i)} (24)

and satisfying (1) q0PFAC,0(i0), and (2) common range of
uj21 in FAC,j21(ij21) and uj in FAC, j(ij) should exist for

j=1, . . . , N21. The first condition means that only the free
arc segment of FAC,0 including the initial configuration is
valid, and the second condition keeps a robot from moving
between adjacent free arc segments of which common range
of uk is null, since transition between such free arc segments
may result in collision. Then, SOCAP is formulated for each
PTi as an optimal problem with linear inequality constraint
on state variable uk. We compare the solutions from the
SOCAPs for each PTi with one another and select the final
solution {u0, . . . ,uk, . . . , uN} with the minimal performance
index among them. The collision-free path {q0, . . . , qk, . . . ,
qN} is calculated from the final solution {u0, . . . , uk, . . . ,
uN}.

Unfortunately, a question arises when the solution of the
SOCAPs does not exist. Can we say definitely that there is
no collision-free path only if we cannot find the solution of
the SOCAPs? This is a serious problem about the complete-
ness of the proposed approach. Indeed, our approach cannot
guarantee completeness since discretization of the C-space
is involved and furthermore it restricts the search space to
the free arcs instead of the whole C-space. The former
reason forms a general problem that other algorithms
involving any discretization of the C-space cannot avoid.
Like in the other algorithms, we can say that our approach
is complete up to the resolution of discretization, i.e.
resolution-complete in theory, if the search space is not
restricted. However, restriction of search space may cause a
very serious bottleneck to the completeness of our
approach, i.e. our approach may not find a collision-free
path even if such a path exists. To address this problem as
much as possible, we introduce backward motion of a robot
(backward indicates the direction of becoming far from the
goal configuration in the C-space) through examining
several cases in detail.

Figure 7(a) shows a situation that we cannot find a
solution of SOCAP, even if path tree does exist, because the
reachable constraint cannot be satisfied. This situation may
happen when a large obstacle exists in the vicinity of initial
or goal configuration. Without the reachable constraint, a
collision-free path is obtained by solving the SOCAP.
However, consideration of the reachable constraint forces us
to miss a legal collision-free path. To correct this type of
misjudgement, we allow the robot to move backward from
the initial configuration. Adding a new free arc, of which
radius is larger than the initial free arc, enables this
backward motion. A new free arc is added repeatedly until
we can find a solution of SOCAP, i.e. the robot retreats
enough to go around the large obstacle. Inevitably, adding
one free arc results in increasing the travel time of the robot
by two sampling periods. One may argue that this backward
motion is inefficient since it is possible to move along a
shorter path only if the robot motion along the same free arc
is allowed. We should remind him of the major assumption
of our approach – the robot configuration at each sampling
time should lie on each free arc – to represent time-varying
C-obstacles efficiently.

The second case in Fig. 7(b) indicates that there exists a
trap surrounding the initial configuration. The difference
with the first case is that even the initial path tree does not
exist. This trap can be escaped by backward motion – the
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same procedure as the first case. Searching algorithm for
valid path tree is repeated at each step until the path tree is
built successfully. If the SOCAP for the found path tree is
not solvable, additional backward motion continues again.
The final situation we should consider is that a large
obstacle barrier is located between the initial and the goal
configuration. This situation is depicted in Fig. 7(c). In this
case, we can know that no collision-free path exists, by
applying the backward motion repeatedly until there
remains no more free arc to add in the workspace. The result
returns failure of the approach since legal path tree cannot
be built to the end, which means that there is no collision-
free path. Generally, the backward motion algorithm to
search for a collision-free path to the end is described as
follows:

Procedure: This procedure addresses the iterative steps in
checking the success of the proposed approach.

Given travel time Tf, sampling period Dt;
Determine the number of sampling N=Tf /Dt.
Discretize the C-space with N concentric circles.

repeat: Construct the free arcs {FAk, k=0, 1, . . . , N21}.
Build the path tree set {PTi};

if {PTi}=Ø, goto backward.
else solve the SOCAPs for each PTi;

if any feasible solution does not exist, goto
backward.
else return success.

backward: if there remains no more free arc to add in the
workspace,
then return failure.
else one-step backward motion by adding one free arc,

which results in increasing the travel time by 2Dt,
i.e. N←N+2. Goto repeat.

Of course, this backward motion cannot enable us to say
that our approach is complete since (1) the shape of time-
varying C-obstacles varies at each backward motion, and (2)
traversing along the same free arc is not allowed. However,
we can check the success of our approach to the end with
the aid of backward motion. We believe that the case where
our approach misses legal paths even with backward motion
seldom happens in most ordinary situations, except for the
very difficult problem such as bottleneck.

4. COMPARISON OF COMPUTATION TIME WITH
SLICE PROJECTION METHOD
In this section, we compare computation time of our
approach to represent time-varying C-obstacles with that of
an existing method – slice projection – in widespread use.
Lozano-Perez1 presented slice projection – the idea of
quantizing joint angles to describe the collision-free space.
He approximated the C-obstacles for an m-d.o.f. manip-
ulator by sets of m21 dimensional slices, recursively built
up from one-dimensional slices. This method can approx-
imate the collision-free space efficiently, however, the
completeness is not guaranteed like most of other algo-
rithms involving any discretization of the C-space.

First, we derive computation time of each method to
represent C-obstacles in a time-varying environment analyt-
ically. Let us consider a 2-d.o.f. manipulator for simplicity.
To use the slice projection method, it is required to
determine the resolution level of each joint. Let Dq1 and Dq2

be the resolution level of the first and the second joint,
respectively. If the number of sampling is N during total
travel time and the average run time of a collision checking
routine is Tc, then the required time to compute time-varying
C-obstacles is bounded as

Q1

Dq1

· (N21) · Tc ≤ t ≤
Q1

Dq1

· (1+
Q2

Dq2

) · (N21) · Tc (25)

where Qi means the interval of workspace, that is,
Qi =qi, max 2qi, min. It takes the minimum time to compute C-
obstacles when there is no collision-free space (unrealistic
case). If the first link does not collide with any obstacle, the
maximum time is required. Moreover, an additional approx-
imation of the computed C-obstacle by a convex polygon
may be necessary according to the algorithm to search for a
collision-free path.

On the other hand, only the resolution level of free arc
should be determined in our approach. If we denote this
resolution level as Du, computation time required to
represent time-varying C-obstacles is bounded as

90°
Du

· (N21) · Tc ≤ t ≤
360°
Du

· (N21) · Tc (26)

The minimum time case happens when the goal configura-
tion is located at the corner of the workspace, so that it is
sufficient to examine only the quarter portion of all the

Fig. 7. Example cases for introducing backward motion.
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concentric circles. On the contrary, the maximum time case
indicates that all the concentric circles centered at the goal
configuration are included completely in the workspace.
Figure 8 shows an example of two cases.

Comparing (25) and (26), it is obvious that computation
time of our approach is much shorter than that of slice
projection in most cases only if the workspace and the
resolution level of free arc are not extremely small. To
ascertain this analysis, four different cases of a two-robot
system composed of two 2-d.o.f. planar robots are exam-
ined. Figure 9 shows the example cases. In these examples,
robot1 should avoid collisions with robot2. The two robots
have the same link lengths, l1 = l2 =350(mm). In Case I and
Case II, the distance between two robots is 1,200(mm), so
that the first link of robot1 does not collide with robot2 at
all. In Case III and Case IV, even the first link of robot1 may
fall into potential collisions with robot2 since the distance
between two robots is reduced to 900(mm), and therefore it
must be difficult to avoid collision with each other. The
initial and goal configurations of robot2 are fixed as (290°,
60°) and (60°, 230°), respectively, while those of robot1
are changed at each case in order to produce the similar
cases to those shown in Fig. 8. The resolution level of each
joint in slice projection and the resolution level of free arc
are set to the same value as 0.5°. The common data for the

example system is outlined in Table I.
The C-obstacles constructed by the proposed method are

depicted for each case in Fig. 10 and Table II shows the
comparison result between the two methods. Here, TFA is the
time required to compute the C-obstacles using our
approach and TSP is the time using slice projection. From the
result, we can confirm that the proposed method saves much
more computation time than slice projection for most cases.
As expected, computation time of our approach does not
depend on the distance between two robots, i.e. the size of
potential collision region. Instead, it depends on the location
of initial and goal configuration. It is faster to compute the
C-obstacles of Case I and III – similar cases to the minimum
time case in Fig. 8(a) – than Case II and IV. On the other
hand, more time is needed in the slice projection method
when the size of potential collision region is smaller. TFA can
be reduced if more powerful hardware and efficient coding
are adopted. In conclusion, our approach provides a much
more efficient method to represent time-varying C-obstacles
than slice projection.

Fig. 8. (a) The minimum time case and (b) the maximum time
case to represent time-varying C-obstacles in the proposed method
(N=20).

Table I. Data for the example system

Value

Symbol Description robot1 robot2

q0 Initial configuration Case I-IV (290, 60)[deg.]
qN Goal configuration Case I-IV (60, 230)[deg.]
[q1, min, q1, max] Workspace of joint 1 [2120, 120][deg.]
[q2, min, q2, max] Workspace of joint 2 [2150, 150][deg.]
q̇max Joint velocity bound 120[deg./sec.]
l1 The length of link 1 350[mm]
l2 The length of link 2 350[mm]
D Distance between two robots Case I-IV
Du Resolution level of free arc 0.5[deg.]
Dqi Resolution level of each joint 0.5[deg.]
umargin Marginal degree for safe motion 5.0[deg.]
N Total number of sampling 40
Dt Sampling period 0.1[sec.]

Fig. 9. Four example cases.
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5. EXTENSIONS TO 3-D C-SPACE
Extensions of the proposed approach to the case of
3-dimensional C-space is outlined in this section. The
method to find the free arc in 3-dimensional C-space is
similar to that in the case of 2-dimensional C-space except
that the spherical coordinate frame is attached to the goal
configuration, instead of the polar coordinate frame. In the
case of 3-dimensional C-space, we discretize the C-space of
one robot uniformly with N concentric spheres centered at
the goal configuration. In this discretized C-space, we
assume that the robot configuration at each sampling time
should lie on each concentric sphere.

In order to describe the spheres effectively, the spherical
coordinate frame is attached to the goal configuration. Then,
the configuration points, qk =(q1, k, q2, k, q3, k), on the k-th
concentric sphere is described as follows:

q1, k =rk cos uk sin wk +q1, N,

q2, k =rk sin uk sin wk +q2, N, (27)

q3, k =rk cos wk +q3, N,

where

rk = iq0 2qN i
N2k

N

and

ukP[0, 2p), wkP[0, p).

Figure 11 shows a configuration point represented with
respect to the spherical coordinate frame attached to the
goal configuration.

In the same way as 2.1, the initial arc included in the
workspace is derived as

IAk =CS>Ck (28)

where

CS={q uqi, min ≤ qi ≤ qi, max, i=1, 2, 3} (29)

and

Ck ={qk u0 ≤ uk < 2p, 0 ≤ wk < p}. (30)

CS is the workspace of the robot and Ck is the concentric
sphere on which the configuration points at k-th sampling
time should lie. IAk is constructed by finding the range of [uk

wk] that satisfies the following inequalities at the same
time.

q1, min ≤ rk cos uk sin wk +q1,N ≤ q1,max,

q2, min ≤ rk sin uk sin wk +q2, N ≤ q2, max, (31)

q3, min ≤ rk cos wk +q3, N ≤ q3,max.

Here, we find the range of wk at first, and sample the range
of wk at a specified resolution, Dw. For each sampled value
of wk, we find the range of uk satisfying the above
inequalities. Then, we can build the free arc avoiding
collision with C-obstacles by checking the collision of the
robot for each sampled value of uk at a specified resolution,
Du.

In 3-dimensional C-space, the reachable region of a robot
is described as a sphere of radius of q̇maxDt, instead of a
circle. However, if the reachable region and the two
concentric spheres, Ck21 and Ck, are projected onto q1q2 and
q2q3 plane respectively, we can transform the reachable
constraint into two linear constraints on (uk21, uk) and (wk21,
wk) in the same way as 2.3. Therefore,

RAk ={qk iuk21 2uk u ≤ usafe (k) and uwk21 2wk u ≤ wsafe(k)} (32)

where

usafe(k)= cos 21S r 2
k21 + r 2

k 2r 2
vel

2rk21rk
D (33)

Fig. 10. C-obstacles constructed by the proposed method.

Table II. Comparison of computation time between the proposed
method and the slice projection

Case q0[deg.] qN[deg.] D[mm] TFA[sec.] TSP[sec.]

I (230, 230) (90, 120) 1,200 0.97 284
II (260, 230) (30, 0) 1,200 2.37 285
III (230, 230) (90, 120) 900 0.95 249
IV (260, 230) (30, 0) 900 2.34 248

Note: Times are in seconds on a Pentium-PC (133MHz).

Fig. 11. The spherical coordinate frame attached to the goal
configuration.
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and

wsafe(k)= cos21S r 2
k21 +r 2

k 2r 2
vel

2rk21rk
D. (34)

Here, rk21 and rk are radii of the concentric spheres, Ck21

and Ck, respectively, and rvel is the radius of the reachable
region.

6. SIMULATION RESULTS
To show the efficacy of our approach, we simulated four
situations treated in Section 4 and a two-robot system
composed of two PUMA robots. In Case I and II, two path
trees are organized and two SOCAPs are formulated for
each path tree. We should decide the performance index
G(u0, . . . , uk, . . . , uN) which we want to minimize while
robot1 moves to its goal configuration avoiding collision
with robot2. Here, we adopted two performance measures –
the measure of manipulability (MOM) suggested by Yoshi-
kawa27 and minimum moving distance. MOM is the
quantitative measure of manipulating ability of robot arms
in positioning and orienting the end-effectors. For a 2-d.o.f.
planar robot manipulator, MOM is computed as

MOM=l1l2 u sin q2 u (35)

where l1, l2 are link lengths and q2 is the position of the
second joint. See the reference27 for a detailed derivation.
Since l1, l2 are constants and we intend to maximize the
summation of MOM at each sampling time, the SOCAP has
the following form:

Find {u0, . . . , uk, . . ., uN} s.t.

minimize 2 oN
k=1 u sin{rk sin uk +q2, N} u

subject to u min
CAC (k)<uk <u max

CAC (k)

uuk21 2uk u ≤ usafe(k)  for  k=1, . . . , N.

To minimize moving distance of robot1, G(u0, . . ., uk, . . . ,
uN) should be replaced with SN

k=1(uk21 2uk)
2 in the above

SOCAP.
We solved the formulated SOCAPs using Sequential

Quadratic Programming (SQP) method28 and the results are
shown in Figs. 12 and 13. Comparing two performance

indices from each SOCAP, the solution path from PT1 in
Case I and from PT2 in Case II is selected as the final result
path respectively when MOM is used as a performance
index. On the other hand, the solution path from PT2 in Case
I and from PT1 in Case II is selected as the final result path
respectively when minimum moving distance is used as a
performance index. It can be noted that the shape of solution
paths is changed according to the performance index. In Fig.
12, the robot moves along the longer path than the path
minimizing moving distance in Fig. 13 in order to maximize
the summation of MOM. Of course, the above solution paths
are not real optimal but only sub-optimal since the robot
configuration is restricted to free arcs at each sampling time.
However, it may be useful for some situations, e.g. the most
important objective is to avoid collision with time-varying
obstacles efficiently, and optimizing certain criteria is
desired simultaneously.

In Case III and IV, two path trees and the SOCAPs for
each path tree are constructed successfully. But, any feasible
solution does not exist in the SOCAPs since the reachable
constraint is not satisfied. This means that the two cases are
very difficult situations to avoid collision because the
distance between two robots is relatively short compared
with link length. Thus, initial departure delay should be
given to robot1 if robot1 path is prespecified. In our
approach, backward motion explained in Section 3 allows
us to find a collision-free path in these situations. After 13
step backward motion in Case III and 19 step in Case IV, we
can find a feasible solution for each SOCAP. The solution
paths are depicted in Fig. 14 and Fig. 15. In these figures,
note that backward motion of the robot is collision-free even
though the C-obstacles during backward and forward
motion are overlapped simultaneously. These results show
that the proposed approach can solve an easy problem for
collision avoidance of a two-robot system efficiently, and in
addition can cope with a very difficult problem with the aid
of backward motion, although total travel time increases.

Finally, the proposed approach is applied to a two-robot
system composed of two PUMA robots to generalize its
efficacy to a 6-d.o.f. industrial robot. Although a PUMA
robot has 6-d.o.f., it can be reasonably approximated as a
3-d.o.f. robot for collision avoidance problem since the last
three links composing end-effector can be modeled as a part
of link 3. In this simulation, real link size and workspace

Fig. 12. Sub-optimal collision-free path maximizing MOM for
Case I and II.

Fig. 13. Sub-optimal collision-free path minimizing moving dis-
tance for Case I and II.
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area are used in modeling the robot, and distance between
two PUMA robots is set to 1,500(mm). As explained in the
previous section, we constructed C-obstacle and solved two
SOCAPs in order to minimize the moving distance of
robot1. Two solution paths are depicted in Fig. 16 and the
solution path from PT2 is selected as the final result path.
Computation time to represent the time-varying C-obstacles
is 165(sec.) when 3° is used as the resolution level of free

arc. This computation time is even shorter than the case of
2-dimensional C-space using slice projection.

7. CONCLUDING REMARKS
This paper presents an efficient approach to the collision
avoidance problem of a two-robot system. Unlike most
algorithms reported so far, it is not required to decompose
the problem into a path planning problem for stationary
obstacle avoidance and a velocity planning problem for
time-varying obstacle avoidance. Thus, we can find a
collision-free path to avoid both the stationary and the time-
varying obstacles (including the other robot) in the same
stage. Instead of sacrificing completeness, our approach
gains more efficiency than an existing method by providing
an effective way to represent time-varying C-obstacles
without building CT-space. Moreover, it has an advantage
that computation time to represent obstacles and search for
a collision-free path is not affected by the complexity of an
obstacle model. To cope with the completeness problem, we
introduced backward motion and verified its ability to check
the success of our approach to the end.

Although our approach is primarily developed for a two-
robot system, it is applicable to various collision-free
motion planning problems of a single robot manipulator,
point robots, and mobile robots with stationary and time-
varying obstacles. However, there remains a few subjects
that require further investigation. Generally, efficiency of a
path planning algorithm depends on both the representation
of C-space and the path searching strategy. Even though we
provided an efficient way to represent time-varying C-
obstacles by decreasing the number of collision detection
computations, we should use an existing method – Sequen-
tial Quadratic Programming – to search for a collision-free
path. We believe that a less time-consuming search
algorithm can be devised if sub-optimality is not needed.
Another problem to be mentioned is the curse of dimension-
ality. In this paper, we considered only two and three
dimensional C-space, maintaining that nearly all industrial
manipulators can be approximated in two or three dimen-
sional C-space for a collision avoidance problem, and we
verified our assertion through a simulation for a two-PUMA
robot system. But, our approach should be refined and
generalized in order to apply it to the high dimensional C-
space, since 3-dimensional C-space is not enough to cover
various robot types. Indeed, it is certainly not an easy task
to construct free arc in high dimensional C-space, since the
geometrical coordinate frame attached to the goal configura-
tion does not exist. Hence, our future research is mainly
directed to the generalization of our approach to the high
dimensional C-space.
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