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We show how to extend any commutative ring (or semiring) so that division by any element,
including 0, is, in a sense, possible. The resulting structure is called a wheel. Wheels are
similar to rings, but Ox = 0 does not hold in general; the subset {x | Ox = 0} of any wheel is
a commutative ring (or semiring), and any commutative ring (or semiring) with identity can
be described as such a subset of a wheel. The main goal of this paper is to show that the
given axioms for wheels are natural, and to clarify how valid identities for wheels relate to
valid identities for commutative rings and semirings.

1. Introduction
1.1. Why invent the wheel?

The fact that multiplicative inversion of real numbers is a partial function is annoying for
any beginner in mathematics: “Who has forbidden division by zero?. This problem seems
not to be a serious one from a professional point of view, but the situation remains an
unaesthetic fact. We know how to extend the semiring of natural numbers so that we get
solutions to equations like 5+ x = 2, 2x = 3, x> = 2, x> = —1, and so on, we even know
how to get completeness, but not how to divide by 0.

There are also concrete, pragmatic aspects of this problem, especially in connection with
exact computations with real numbers. Since it is not in general decidable whether a real
number is non-zero, one cannot in general tell whether it is invertible. Edalat and Potts
(Edalat and Potts 2000; Potts 1998) suggested that two extra ‘numbers’, co = 1/0 and
1 =0/0, should be adjoined to the real numbers (thus obtaining what in domain theory
is called the ‘lifting’ of the real projective line) in order to make division always possible.
In a seminar, Martin-Lof proposed that one should try to include these ‘numbers’ already
in the construction of the rationals from the integers, by allowing not only non-zero
denominators, but arbitrary denominators, thus ending up not with a field, but with a
field with two extra elements. Such structures were called ‘wheels’ (the term inspired by
the topological picture © of the projective line together with an extra point 0/0) by Setzer,
who showed how to modify the construction of fields of fractions from integral domains
so that wheels are obtained instead of fields (Setzer 1997).

In this paper, we generalise Setzer’s construction, so that it applies not only to integral
domains, but to any commutative semiring. Our construction introduces a ‘reciprocal’ to
every element, the resulting structure being what will be called a ‘wheel of fractions’. We
use the term ‘wheel’ in a more general sense than Setzer, but a wheel in our sense is still
a structure in which addition, multiplication and division can always be performed. A
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wheel in Setzer’s sense can be recognised as what we denote by ‘©g,A4’, where A4 is an
integral domain, Sy the subset 4\ {0}.

In classical mathematics, wheels are found, for instance, as the structure of partial
functions. Let X be a set, k a field. The fact that the functions X — k form a ring
with point-wise definitions of the operations is often used, but it is not true for partial
functions, because if f and g are partial functions, then f + g is defined only where both
f and g are defined, which, in particular, means that f — f is defined only where f is
defined, and hence is equal to the total function 0O only if f is total. Instead, a general
formula is f — f = Of. Every partial function from X to k can be viewed as a partial
function from X to k* (the projective line over k) and the set of all such partial functions
is a wheel, which is isomorphic to the wheel (Oyk)¥ of total functions X — Opk. The
subset {x | Ox = 0} consists of the total k-valued functions, and hence is the ordinary ring
of functions.

In algebraic geometry, one is used to considering ‘rational maps’ as partial functions
from a variety to a field. Alternatively, one may consider total rational functions from
the variety to the wheel extending the field. The set of all such rational functions is a
wheel. When one has an irreducible topology (such as the Zariski topology of a variety)
one may define a congruence relation ‘equal as maps’ to mean that two functions agree
on some non-empty open subset. The quotient structure obtained is then a wheel: the
‘wheel of rational maps’. In the same way, there is a ‘wheel of regular functions’. Every
regular function is equal as a map to some rational function. Also, two of the most
important methods in algebraic geometry are the projection onto a quotient of the ring of
functions considered (the geometric interpretation being restricting attention to a Zariski
closed subset of the variety) and the construction of a ring of fractions (localisation in
the sense that attention is restricted to what happens near some Zariski closed subset).
Usually, these constructions are formally very different, even though their interpretations
are similar. Using wheels instead of rings, both ideas are handled by the same method:
by projection onto a quotient. That suggests possible simplifications.

Finally, there should be applications to the development of constructive mathematics,
in which total functions are preferred to partial functions, since the total reciprocal
operation of wheels is a substitute for the ordinary partial inversion function, and, as
mentioned above, partial functions into a field can be viewed as total functions into a
wheelt.

We will omit some rather direct proofs with the conviction that they can be reproduced
by the reader. In most cases, detailed proofs can be found in Carlstrom (2001).

T The notation Sy will be used for the subset of cancellable elements in a monoid, that is, a € Sy means
that ax = ay = x = y for all x,y. When considering semirings, we use the multiplicative monoid for this
definition. In integral domains, we get Sp = A \ {0}.

 That a function f (think of the inversion of real numbers) is ‘partial’ on a set A means that f(x) is defined
provided a certain predicate holds for x, say, that P(x) is true. In constructive type theory (Martin-Lof 1984;
Nordstrom et al. 1990; Carlstrom 2002), this is interpreted as meaning that f takes pairs (x, p) as arguments,
with x an element of 4 and p a proof of P(x). Since a proof of P(x) is needed as an argument for f, it
is clearly preferable to have f replaced by a total function. That is a reason for asking for a program of
reworking mathematics without partial functions. This paper is in the line with such a program.
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1.2. A sketch

Here we will indicate briefly what the basic ideas are; proofs and technical verifications
are postponed to the following sections.

The natural way of trying to introduce inverses to all elements of a ring, is to modify
the usual construction of rings of fractions. If 4 is a commutative ring with identity and
S is a multiplicative submonoid of it, then the usual construction is as follows. Define the
relation ~g on 4 X S (here the product is taken in the category of sets) as

(x,8) ~s5 (x',s) means 35" €S :5"(xs' —x's)=0.

Then ~g is an equivalence relation and 4 x S/ ~g is a commutative ring with (the class
containing (x, y) is denoted by [x, y])

0 = [0,1]
1 = [L1]
[x,s] + [x,s'] = [xs' + x's,s5]
[x,s][x,s] = [xx,ss].

Clearly, 0 cannot be inverted unless O € S, but if that is the case, then ~g is the improper
relation, so that 4 x S/ ~g is trivial.

The obvious thing to try is to replace 4 X S by A4 x A. Considering the multiplicative
structure only, 4 X S is a product of monoids and ~g a congruence relation on it. Let =g
be the congruence relation that is generated on the monoid 4 x 4 by ~s. Then

/ !

(x,y)=s (x,y) = 35,5 €8 :(sx,sy) = (sX,5y).

We define ©sA (the wheel of fractions with respect to S) as 4 x 4/ =g with the
operations

0 = [0,1]
1 =[L1]
eyl + X,y = [y + Xy, py]
[x, y][X,y'] = [xx', py']
/Ix,y] = [y, x].

This structure is not a ring (unless it is trivial), since Ox = 0 is not valid in general:
with x = [0, 0], we get Ox = [0,0], which is not equal to [0, 1] unless O € S, but then =g is
improper and Qg4 is trivial.

The additive structure, as well as the multiplicative one, is a commutative monoid.
However, the group structure of addition is destroyed, since [0,0] + x = 0 has no solution
in non-trivial cases. Instead, one has the formula x — x = Ox? if x — y is defined as
x + (=1)y, where —1 = [—1,1]. Thus x — x = 0 is true for any x with Ox = 0; and in
many wheels, there are many such x’s.
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The unary operation /is an involution on the multiplicative monoid, that is, //x = x
and /(xy) = /y/x. We call it the ‘reciprocal’ operation, with /x being the ‘reciprocal’ of
x. One does not have x/x = 1 in general, but x/x = 1 4+ 0x/x.

Wheels of fractions are wheels, abstractly defined as follows.

Definition 1.1 (wheel). A wheel is a structure (H,0, 1,4+, -, /) in which the following holds:

(H,0,+) is a commutative monoid. (1)
(H,1,-,/) is a commutative monoid with involution /. 2)
Distributivity:
(x+y)z4+0z = xz+yz 3)
X g0y = XHE )
y y
Rules for zero-terms:
0-0=0 (5)
(x4+0y)z = xz+0y (6)
/(x+0y) = /x+0y (7)
x+0/0 = 0/0. (8)

Here, H is a set (we will use the same symbol for the wheel), 0 and 1 are constants, +
and-are binary operations and /is a unary operation. We often omit the dot for
multiplication and we sometimes write = for x/y. The usual priority rules apply: lower

y

-arity gives higher priority and multiplication is prior to addition.

Notice that the usual rule ‘Ox = 0, which states that ‘zero-terms can be erased’, is
replaced by rules stating that zero-terms can be moved in certain ways in an expression.
Indeed, (6) and (7) state that addition by a zero-term commutes with multiplication and
reciprocal, so that if a zero-term occurs somewhere inside an expression, it can be moved
outside.

Example 1.2. ((x+4+0y)(2+0z) + 0x)(2 4+ 0z) = ((x + 4)2)2 4+ 0x 4+ 0y + 0z + Oz.

As a derived rule (rule (10) in Proposition 4.3), we have Ox 4+ Oy = Oxy, so several
zero-terms can be merged together into one.

Example 1.3. 0x + 0y + 0z + 0z = Oxyz?.

The distributivity rule (3) looks different from the usual one, since we have a zero-term
on the left-hand side. But it reduces to the usual rule when 0z = 0. Since, for example,

T That x/x = 1 is not in general true, is the reason why we avoid the notation x~! for /x. The reciprocal
should be thought of as a unary version of division, like negation is a unary version of subtraction. The
unary negation corresponds to the binary subtraction through x —y = x +(—y) and —y = 0— y. In the same
way, there is a correspondence between the unary reciprocal and the binary division through x/y = x(/y)
and /y =1/y.
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0-2 =0, we have (x 4+ y)2 = x2 + y2, and hence we get from the examples above that
(x +4+0y)(2 +0z) + 0x)(2 + 0z) = 4x + 16 + Oxyz>.
Some examples of wheels of fractions are (we list the underlying sets only):

@Z\{O}Z =QuU{/0, 0/0}.

044 = {0}. This is the trivial wheel.

om(Z/2Z) = {0,1,/0,0/0}.

O Z, the set of fractions of integers where no identifications are made. Hence two
fractions are regarded as equal only if they have the same numerators and the same
denominators.

5 043(Z/47Z) = {0,1,2,3,/0,/2,0/0,0/2,2/0,2/2}. Notice that this wheel extends the
ring Z/4Z with six new elements. Thus, it is possible for such an extension to have
more ‘new’ elements than ‘old’ ones.

EENERUS T (O

6 OsA, where Sy = {x € 4 | xy = xz = y = z}, is the ‘total wheel of fractions’ It
contains the well-known total ring of fractions as the subset {x | Ox = 0}. Moreover,
Os,A4 is what we will call ‘/-invertible’: if xy = 1, then y = /x. Hence / can be used to
compute multiplicative inverses whenever they exist. This was not the case in 4, where
(== =1but1/(-1) #—1.

7 OuA, where U is the subset of units in 4, is /-invertible and the subset {x | Ox = 0}
is an isomorphic copy of A. This shows that 4 can be extended to a /-invertible
wheel in a structure-preserving way (as opposed to the construction of a total wheel
of fractions, which often kills a lot of ideals).

An advantage of wheels as compared to rings is that several rules that are only valid
in special cases for rings will have counterparts that are generally valid for wheels. One
example is the rule

xz2=yzANz#0=>x=y

of integral domains, whose general counterpart for wheels is
xz=yz=>x+0z/z=y+4+0z/z

(derived rule (13) in Proposition 4.3).

Since any ring can be extended to a wheel in a structure-preserving way, you may
always switch to wheel theory if you prefer, even if the problem originates in a context of
rings. Suppose, for instance, that a, b, c are elements of a ring A and we have concluded
that

ac = be.

We may then think of a,b,c as elements of a /-invertible wheel that extends 4, and use
0c = 0 to conclude that

a+0/c=b+0/c
This always make sense. Additional information about ¢ can be used later to go further
in the calculation.

We arrived at wheels of fractions by a modification of a well-known construction, and
it was by no means clear that the chosen construction yields the best result. We will,
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however, show that, in a certain sense, this construction is very natural. We do that in the
following steps.

First, we forget the operations 0 and + of the ring we started with, so that we are
left with the multiplicative monoid. We show that the construction can be carried out in
this setting, and that it solves a universal problem for monoids. This shows that it is very
natural from the point of view of the multiplicative monoid. We then show that there
is a unique way of defining 0 and 4+ such that the construction is functorial from the
category of semirings to the category of ‘weak wheels’, which is a very general category.
This unique way is precisely the one described above.

Convention. Any category with structures as objects is assumed to have algebraic mor-
phisms as arrows, that is, mappings that preserve all operations, including constants that
are to be viewed as nullary operations.

2. Involution-monoids

The construction sketched in the previous section was motivated by a wish to make
certain changes to the multiplicative monoid of a commutative ring. In fact, if one forgets
about the additive structure and treats the multiplicative monoid only, the construction
becomes even more natural. A few subsections will therefore be devoted to a study of
commutative monoids. In this context, the motivation from the previous section amounts
to the following.

Every monoid M comes with a partial inversion function defined on the group of units
in M. M can be extended to a group only when every element of it is cancellable. However,
we will show that if M is commutative, it can always be extended to a commutative monoid
with an involution * such that the partial inversion function of M is the restriction of *.
This will follow as an application of the more general construction given below.

2.1. Definitions and examples

We use the following notion of involution, the canonical example being the inverse of a
group.

Definition 2.1 (involution). An involution on M is a mapping * : M — M such that

ke

X7 =x
(xy)" = y'x".
Note that e* = e for the identity e, since e* = ee” = ¢™*e" = (ee”)" = ¢** = e. Therefore, an

involution is a homomorphism M° — M. If M is commutative, an involution is precisely
an automorphism of order 2.

Definition 2.2 (involution-monoid). An involution-monoid is a pair (M, *) where M is a
monoid and * an involution on it. A morphism of involution-monoids ¢ : (M, *) — (N, *)
is a monoid morphism M — N with ¢(x") = ¢(x)* for every x.
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Example 2.3.

1 A group with x* = x71.

An abelian group (or any commutative monoid) with * being the identity morphism.
3 The multiplicative monoid of a field together with

. JO (x=0)
X _{xl (x #0).

Notice, however, that this definition is constructive only if x = 0 is decidable. This is
not the case in, for example, IR.

4 The monoid of n x n matrices with * being transposition.

5 The monoid of strings from a given alphabet (e being the empty string and the
composition being concatenation) with x* being the string x in reversed order.

As the examples show, involutions can sometimes be used as approximations of
inversion functions. We therefore use the following different notions of inversion.

Definition 2.4. Let (M, *) be an involution-monoid.

1 An element x € M is invertible or a unit if there exists y € M with xy = yx = e.
This is the ordinary notion for monoids, and we use the ordinary notation x~! for the
element with xx™' = x~'x = e. We call x™! the multiplicative inverse of x.

2 Anelement x € M is *-invertible or a *-unit if xx" = x*x = e (hence *-units are units).

3 (M, *) is said to be *-invertible if all units are *-invertible, that is, if x~! = x* whenever
x~ ! is defined.

Example 2.5. ‘Orthogonal’ is a more common term for *-invertible n X n-matrixes.

2.2. The construction of involution-monoids from commutative monoids

From now on, we will assume M to be a commutative monoid and X to be a subset of
it. We will also assume that S is the submonoid generated by X, that is, S consists of all
finite products of elements of X (e being the empty product). Unless we state otherwise,
variables s,5',s”,...,50,51,... are assumed to vary over S.

The ordinary construction of commutative monoids of fractions is precisely like the
one of commutative rings of fractions, except that one needs a minor modification to
take care of the fact that no subtraction is present. Bourbaki (Bourbaki 1973) defines
My as the monoid M x S/ ~g, where (m,s) ~g (n,s') means 3s” : s"ms’ = s"m’s’. That
construction solves the following universal problem.

Problem. Find a monoid My with 1y x) : M — My, having the property that 1, x)(x)
is a unit for every x € X and whenever ¢ : M — N is a monoid-morphism with ¢(x) a
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unit for every x € X, there is a unique ¢ : Mx — N with ¢ = § o ymx).

My

>

lm.x)

M d - N

Informally, one asks that the elements of a subset X should ‘turn into units’ when
mapped into N, and defines My to be universal with that property. Bourbaki does
not assume that N is commutative, but the generality is somewhat illusory, since the
homomorphic image of a commutative monoid is again commutative. Since everything
takes place inside the image of M, one has all the commutativity needed. One could
therefore also require that N be commutative and handle a morphism M — N’ (N’ not
commutative) by letting N be the image, factorising the morphism as M - N — N’.

An analogue for involution-monoids is to ask that the elements x € X should ‘turn
into *-units’ when mapped into an involution-monoid (N,*). Formally, we state this as
follows, with T denoting the forgetful functor taking the monoid out of an involution-
monoid. Motivated by the arguments in the previous paragraph, we assume that N is
commutative’.

Problem. Find an involution-monoid My with s x) : M — T(My), having the property
that 5y x)(x) is a *-unit for every x € X and whenever (N, *) is a commutative involution-
monoid and ¢ : M — N a monoid-morphism with ¢(x) a *-unit for every x € X, then
there is a unique $ : My — (N,*) with ¢ = T(Q) o n.x).

T (M)

N(M.x) T(¢)

M d - N

We show how to find M%. Consider the involution-monoid (M x M, *) where (x,y)" =
(v,x) and define =g on it by

(X, Y) =S (X/: y/) means EI51752 : (Sl,Sl)(X, y) = (529 52)(x/9 y/)

Then =g is reflexive and symmetric, but also transitive, since if

(s1,51)(x, ) = (s2,2)(x, ¥")

 In our situation, this requirement really is essential, since we are no longer working inside the image of M,
but in the generated involution-monoid, which is not automatically commutative.
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and

(53,83)(X,)") = (54, 50)(x",y"),
then
(5153, 5153)(X, ) = (5254, $254)(x", y").
It is easy to see that =g preserves the operations, so it is, in fact, a congruence relation.

The congruence class containing (x, y) will be denoted by [x, y].

Definition 2.6. Let My = (M x M, *) /=g, and let nux) : M — T(My) be defined by
x— [x,e].

Theorem 2.7 (solution to the universal problem). Suppose (N,*) is a commutative
involution-monoid and ¢ : M — N a monoid-morphism with ¢(x) a *-unit for every x €
X. Then ([x,y]) = ¢(x)p(y)" defines a morphism of involution-monoids My — (N,*)
and if p is such a morphism too, then ¢ = T(p) o fx) if and only if p = §.

Proof. See Carlstrom (2001) for a proof. L]

2.3. Insertion of the parent monoid

The mapping #u x) differs from the usual 1y x) only in the choice of codomain, since we
will see in Theorem 2.10 that My is included in M. Hence, many properties of 1 carry
over to . One such is that 5y x) is not in general injective.

Proposition 2.8. 1 x)(a) = nax)(b) iff there is some s € § with sa = sb.
Proof. See Carlstrom (2001) for a proof. L]
Corollary 2.9. n(y x) is injective iff every x € X is cancellable.

Proof. 1If every x € X is cancellable, then every s € S is also, since S is generated by X.
Hence sa = sb = a = b, and the rest follows from the proposition. ]

It is convenient to use the same symbol for an element of a monoid M and its image
under 7(u,x), even when 5 x) is not injective (remembering that lack of injectivity means
that equality in My need not imply equality in M). We will use this notation frequently.
In particular, it allows us to write xy* instead of [x, y].

Theorem 2.10. The homomorphism #,x) : My — T(My), induced by ny x) according
to the universal property of My, is injective.

My
{M.X) Nv.x)

N(M,X)

M T(My)

Proof. This is best shown in a very concrete way by examining how the constructions
of My and M} are related.
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Let ~g be the restriction of =g to M x S. Then
(x,8) ~5 (x,§) <= A" : "xs' =5"Xs,
because on the one hand, if s"xs' = s”x’s, we have

//SS/) — (S//X,S, SHSS/) — (SNS, S”S)(X/, S,),

(s"s',5"s)(x,8) = (s"x5', s
and on the other, if (s, s1)(x, s) = (s2,52)(x/,s'), then
s1xs = s5x's = s1X's.

Since ~g is a restriction of =g, it follows that the mapping M X S/ ~s— M x M/ =g is
injective. This mapping is clearly 7y x).

M xS M x M

We therefore regard My as a submonoid of T(My).

2.4. The role of X in the structure of My

When exploring possible structures of My, we do not have to consider arbitrary subsets
X, but only submonoids S, since My = Mg when S is the submonoid generated by X.
When convenient, we may even restrict our attention to a special class of submonoids:
those ‘closed under division’.

Definition 2.11. A submonoid S of M is closed under division if
sxeS=>x¢eS (seS,xe M).

Definition 2.12. The divisional closure of a submonoid S of M is the smallest submonoid
of M that contains S and is closed under division.

Lemma 2.13. § = {x € M | 3s : sx € S} is the divisional closure of S.

Proof. See Carlstrom (2001) for a proof. U]
Proposition 2.14. My = Mg = M (they are identical as sets and have identical opera-
tions).

Proof. See Carlstrom (2001) for a proof. L]

We now investigate the connection between the involution of Mg and the partial
inversion function on its underlying monoid.

Proposition 2.15. 7 x)(x) is *-invertible if and only if x belongs to the divisional closure
of the submonoid S generated by X.
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Proof. Let x € S, with say sx = s’ € S. Then (s, 5)(x,x) = (5',5')(e, e), 50 xx* = e in Mj.
On the other hand, suppose xx" = e in Mg, with say (s,s)(x,x) = (5',5)(e,e). Then
sx =5 €8S, so that x € S. ]

In particular, we will often (and without explanation) use the fact that ss* = e for any
seSs.

Definition 2.16. A submonoid S = M is saturated if xy € S = x,y € S.
Example 2.17. The group of units is saturated as a subset of M.

Example 2.18. Let Sp = {x € M | xy = xz = y = z}. This is saturated as a subset of M.
We call it ‘the submonoid of cancellable elements’.

Proposition 2.19. M is *-invertible if and only if S is saturated in M.

Proof. By Proposition 2.14, we may assume that S = S.

Suppose that S is saturated and [a,b] is a unit in Mg, say [a,b][d,b'] = e, which is
to say that (s, sy)(ad’,bb’) = (s2,57)(e,e) for some sq,s,. Then sjad’ = s;bb’ = s, € S, so
a,b € S by saturation. Hence ab € S, so [a,b][a,b]" = [ab, ab] = e.

Suppose, on the other hand, that every unit is *-invertible and take xy € S. We shall
prove x € S. Since xy/(xy)" = e, x is a unit, and hence, by assumption, *-invertible, and
hence, by Proposition 2.15, x € § = §. O

The following corollary solves the problem of finding an extension of M together with
an involution extending the partial inversion function of M. The proposition following
it states how the original inversion corresponds to the involution. As one of the referees
remarked, these results could be stated for any saturated monoid of cancellable elements.
The most important example, however, is the group U of units.

Corollary 2.20. Mj; is *-invertible and it contains M as a submonoid.

Proof. Since U is saturated, My, is *-invertible by the previous proposition. By Corol-
lary 2.9, novu,uy is injective, since units are cancellable. UJ

Proposition 2.21. The restriction to M of the involution of Mj; is the partial inversion
function of M.

Proof. The restriction of * to M extends the partial inversion function since M, is
#-invertible. We shall prove that if x,y € M with y = x* in MJ;, then xy = e. Suppose
therefore that x,y € M and that y = x". The latter means that there are units ug,u; € M
with (u1,u;)(y,e) = (u2,uz)(e, x), but then upyx = uy, so x € U. Hence xx" = e, and thus
Xy =e. ]

2.5. The construction as a functor

The construction (M, X) — My is a functor between the following categories.
Let C be the category of pairs (M, X) where M is a commutative monoid and X a
subset of M. A C-arrow (M,X) — (M',X’) is a monoid-morphism ¢ : M — M’ with
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¢(X) < X'. Define F(M, X) to be My and F(¢) to be the mapping [x, y] — [¢(x), p(y)]. It
is now easy to check that F is a functor from C to the category CInvMon of commutative
involution-monoids.

The following proposition is a first version of the more important Theorem 4.8.

Proposition 2.22. F has a right adjoint G, which is defined on objects by (M, #) — (M, X),
with X the subset of #-units in (M, *), and on morphisms by o — T(x). 5 is a natural
transformation from the identity to GF and it is the unit of the adjunction. The counit is
e with e 1 [x,y] = xp™.

Proof. See Carlstrom (2001) or the similar proof of Theorem 4.8. (]

fiim,x) is a transformation from My to T(My), natural in (M, X).

Remark. Involutions on monoids (M, 0,+) will throughout be denoted by —. We write
—x for x* in this case. Furthermore, we write x — y for x 4+ (—y).

Involutions on monoids (M, 1,-) will throughout be denoted by /. We write /x for x”
in this case. Furthermore, we write x/y for x - (/y).

3. Applications to commutative semirings

The consideration of commutative monoids leads naturally to a consideration of semirings
in the sense of, for example, Golan (1999) (we define this notion below, since the word
‘semiring’ has no uniform meaning in the literature), as follows.

When addition has been defined on the natural numbers, turning IN into a commutative
monoid, one finds that IN can be used to add, not only finite collections of elements, but
also finite collections of equally large finite collections of elements. This motivates the
introduction of multiplication on IN.

The argument in the previous paragraph is an elementary way of saying that IN can
be viewed as its own endomorphism monoid with multiplication being composition. The
combination with addition turns IN into a semiring.

In general, suppose that M = (M,0,+) is a commutative monoid. Then its monoid
End(M) of endomorphisms has a natural additive structure inherited from M by

0(x) = 0,
(f +8)(x) = f(x)+g(x).
These definitions make End(M) a semiring.

Definition 3.1. A semiring is a structure (M,0,1,+,-) such that

1 (M,0,+) is a commutative monoid.

(M, 1,-) is a monoid.

(x+y)z=xz+4yz and x(y + z) = xy + xz.
0x =x0=0.

E- VSN S

We do not exclude the trivial case 0 = 1.
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If there is a solution a to the equation 1 + x = 0 in a semiring 4, we may define
—x =ax and get x + (—x) = Ix +ax = (1 + a)x = 0x = 0, so that 4 is a ring in this
case.

Besides the important example End(M), we have many mathematical structures that
are semirings, for instance:

1 Any ring with identity.

2 The (left or right) ideals of a ring, with I 4+ J defined to be {i+j | i€ I, j € J} and
IJ defined to be the (left or right) ideal generated by {ij | i € I, j € J}. 0 is the trivial
ideal and 1 is the improper ideal.

3 Any bounded distributive lattice, for example, Heyting algebras and Boolean algebras.
Here (0,1,+,-) is (L, T,V, A).

We now need some definitions, which are taken from Golan (1999), except that we
use the word ‘module’ for what is called a ‘semimodule’ there. The reason for this
choice is both that ‘module’ is shorter and that we see no point in distinguishing the
notions since if 4 happens to be a ring, then an A-module in the following sense is
automatically an 4-module in the sense of rings because if we define —m = (—1)m, then
m+(—m) = (14 (—=1))m =0m = 0.

Definition 3.2. Let A be a semiring. A left A-module is a commutative monoid (M, 0, +)
with multiplication by A-elements to the left defined (formally, a function A x M — M
written (a,m) — am) such that for any a,d’ € A, m,m’ € M,
(adym = a(a'm)
Im = m
(a+d)ym = am+adm
am+m') = am+ am’
Om =0
a0 =0

where O to the left is in 4, while O to the right or alone is in M.

Every commutative monoid (M, e, ) is an IN-module with the multiplication (n, m) — m".
This is analogous to the fact that every abelian group is a Z-module.

Definition 3.3. A left ideal of A is a left A-module inside A4; that is, it is a submonoid of
the additive monoid of A and is closed under multiplication to the left by any element
from A.

We accept improper ideals, which Golan (1999) does not. This is natural since we accept
trivial semirings.

The notions of right A-module and right ideal are defined analogously.

Our construction can be used to extend a semiring so that an additive involution —
can be defined on the result. The process is similar to the construction of Z from N,
but it does not require all elements to be additively cancellable. The idea is to apply the
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construction to the additive monoid and define multiplication by
(x=y)z—w)=(xz+yw)—(xw+yz).  (x,y,z,weA).

For this to work, one has to generate a right ideal S by X and work with that ideal
(Carlstrom 2001). The structure obtained, together with the constant 1, will be denoted by
Ay Itis clearly a semiring: indeed, it is a quotient of A, which is the ‘convolution algebra’,
or ‘monoid-semiring’, on 4 defined by the monoid {1,—1} (Golan 1999, Example 3.3,
page 29).

Example 34. Z = IN.
The operation — makes Ay a semiring™.

Definition 3.5. A semiring™ is a semiring with an additive involution — such that

A homomorphism of semirings™ is a semiring homomorphism that also preserves —.

A ring is precisely a semiring™ in which 1 —1 =0 holds. Then x—x =(1—1)x =0x =0
for all x.

When an additive involution has been introduced as above, one may, if the semiring
is commutative, continue by applying the construction to the multiplicative monoid, thus
introducing also a multiplicative involution. We now show how this second step is carried
out. It is not necessary for there to be an additive involution present, one may as well start
from a plain semiring. However, if both — and / are wanted, then — should be constructed
first, since the result of the following construction will no longer be a semiring, but a
wheel.

Note. In the following, all monoids and semirings are assumed to be commutative. When
we use notions like units, divisional closures, and so on, we refer to the multiplicative
monoid (when nothing else is stated).

We will sometimes write i for x/y.

A sketch showing how this construction is made was given in Section 1.2. We supposed
there that it was applied to a ring, but semirings work as well. We now show that the
choice of definition of 4+ was not arbitrary, it is the unique choice that yields a functorial
definition (using some very general conditions). More precisely, let M be the multiplicative
monoid of a semiring. Then there is a unique way of defining on My a binary operation
+ with neutral element 0, such that the functor F : (M, X)— M} also acts functorially
with respect to 0 and + and such that #( x) also preserves these operations.

We state this technically in the theorem below, but we need some preliminaries.

Definition 3.6. Let C' be the category with objects (A4, X) where 4 is a (commutative)
semiring and X a subset of it. An arrow (4,X) — (A’,X’) is a semiring morphism
@ A— A with p(X) = X'.
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Note that there is a forgetful functor T} : C' — C (the category C was defined at the
beginning of Section 2.5), forgetting the additive structure.

Definition 3.7 (weak wheel). A weak wheel is a structure (H,0,1,+,-, /) such that (H,1,-,/)
is a commutative involution-monoid and O neutral for +, thatis, 0 +x =x+ 0 = x.

Let T, be the forgetful functor (forgetting 0 and +) from the category WW of weak
wheels to the category CInvMon of commutative involution-monoids.

Theorem 3.8. There is a unique functor F’ : C' — WW such that the diagram

C o - WW
T1 TZ
Ci F » CInvMon

commutes and such that, for each (4, X), there is an operation-preserving function #4 x)
that makes the following diagram commute (here M is the multiplicative monoid of A):

X X X X

(M.X) T

Proof. There is a unique possible definition of #5(4x): by the lower diagram, F'(4, X)
is M} with additional structure (with the notation ‘/’ instead of ‘*’), so we must have
Na.x)(X) = novx)(X).

We therefore define #(4.x) as x — n,x)(x). We then have what is needed to check that
the lower diagram commutes, but it is not clear that 54 x) preserves the operations, since
0 and + have not yet been defined.

Preservation of 0 requires that 0 be defined in F'(4,X) as #(4.x)(0), which has to be
n.x)(0) by the previous paragraph. We therefore make this definition. Note that it is
compatible with our general use of the notation ‘x’ for n x)(x).

It remains to investigate how + must be defined in order for 54 x) to preserve 4+ and
for the upper diagram to commute.

Uniqueness: The requirement that + be preserved by 74 x) means that there should be
no difference between 14, x)(x) + n.x)(¥) and n x)(x + y). Thus, we may safely use the
notation ‘x 4 y’ for both.

We have to know how F’ must act on arrows. Let ¢ be an arrow in C'. How F'(¢p) acts
on elements is given by how it acts after the forgetful functor T, has been applied. We

have for x,y € 4 that (ToF')(9))(x/y) = (FT1)(@))(x/y) = @(x)/¢(y).

https://doi.org/10.1017/5S0960129503004110 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129503004110

J. Carlstréom 158

Consider IN[xy,X2,X3,X4], the semiring of polynomials in {xi,X2,X3,X4} with natural
numbers as coefficients’. Clearly, in F'(IN[X{, X, X3, X4], &), we have

X1 X3 p(X1,X2,X3,X4)

X2 X4 q(X1,X2, X3, X4)
for some pair of polynomials (p,q) with natural numbers as coefficients. For any (4, X) in
C’ and any ay, ay, a3, a4 € A, there is a unique morphism ¢ : (N[x1, X2, X3, X4], &) — (4, X)
with ¢(x;) = a;, hence

a o ex) | e(xs)
a a px2)  P(x4)

~ (Fl(g)) (i—l + z—j)

= (F'(9)) (M)

q(X1,X2, X3, X4)

@(p(X1,X2,X3,X4))

?(q(X1,X2,X3,X4))

play, as, a3, as)

qlar, a, a3, a4)’

So, addition has to be defined by p and ¢ in F'(4,X), for any choice of (4, X). The

polynomials p and ¢ are homogeneous of the same degree, since in F'(N, {2}) we must
have (for x,y,z,w € N)

M_2x+2z

q(2x,2y,2z,2w) 2w

— l\)ll\)l\)

+
y w
p(x,y,z,w)
q(x,y,z,w)

so there exist n,m with
(2", 2")(p(2x, 2y, 22,2w), q(2x, 2y, 2z, 2w)) = (2", 2")(p(x, y, 2, W), q(X, y, 2, W)).

But then p and ¢ must be homogeneous of degree m — n.
We now compute g. Since the #4,x) are required to preserve +, we must have

S
T

y_xty
11

T We use x1, X, X3,x4 as formal symbols, distinguishing them from variables xi, X2, x3, X4.
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so q(x,1,z,1) = 1. Hence ¢(x,y,z,w) = y'w/ for some i, j with i + j = m — n. Since 0 is
required to be neutral for 4+, we must also have

x 0 x 0 =z z

- + T = T + — =,

y 1 vy 1w w
hence ¢(x,y,0,1) = y and ¢(0,1,z,w) = w. Hence i = j = 1 and we conclude that
q(x,y,z,w) = yw.

We now compute p, which has to be homogeneous of degree 2, as ¢ is. Preservation of
+ gives (see above) p(x,1,z,1) = x + z, hence p(x,y,z,w) = xy*w!=* + zy’w!~’ for some
k,/ € {0,1}. The fact that 0 is neutral gives p(x,y,0,1) = x and p(0,1,z,w) = z, hence
k=0and /=1, so p(x,y,z,w) = xw + yz.

Existence: Let F'(4,X) be My (again with the notation /instead of * and with ‘f’
sometimes denoting x/y) with 0 = [0, 1] and + defined as

SLI WAV yzwea)

y w yw
It is well-defined, since if x,)’,z/,w’ € A and x'/y’ = x/y and z’'/w = z/w, there are
51,52, 83, 54 with

(s1,80)(x,¥) = (s2,82)(x, y")

and
(53,53)(z, W) = (s4,54)(2', W),
and hence
x'w +y'z sps4  xX'w +y'Z

Spx'sqW" + 5py'842

52)'SaW’
S1XS3W + 81832
S1ys3w
5183 xw+yz
siss o yw
xw+yz
yw
If ¢ : (A, X4) — (B, X3p) is a C'-arrow, let F'(¢) be x/y+— @(x)/@(y) (for x,y € A). Let
us check that it is well-defined. Let S4 and Sp be the multiplicative monoids generated by
X4 and Xp, respectively. That ¢ is a C'-arrow means that ¢(X4) = X3, hence ¢(s) € Sg
for all s € S4, so every ¢(s) is /-invertible in F'(B, X). Suppose x/y = x'/y’ with X', y’ € A.
This means that there are s,s' € S such that (s,s)(x,y) = (s,5)(x/,y") and hence

e(x) _ os)  ox)
o(y) o(s")  @(y)
(") p(x")

o(s)o(y')
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F’ is now clearly a functor. L]

According to the proof of this theorem, the construction of wheels of fractions, as given
in Section 1.2, is, in a sense, the most well-behaved one can have as a solution to the
problem of making division a total function. We have used the category WW as a tool to
show this, and we will no longer need this category, or the functor F’, as defined in the
proof above. Instead, we use the full subcategory Wheel, with objects being the wheels
(Definition 1.1). We regard © as a functor C' — Wheel, given by (4,X) — OxA4 and
@ (x/y— o(x)/p(y)) (it is easy to verify that wheels of fractions are indeed wheels).
The full subcategory of wheels of fractions will be denoted by WF.

Note that OxA4 is defined for any commutative semiring A, and not only for rings, as
was the case in Section 1.2.

Example 3.9. OxzN is the initial object in Wheel.

Example 3.10. On (o}IN is the wheel obtained from the semiring of non-negative rational
numbers by adjoining two extra elements 1/0 and 0/0.

The next proposition shows that the wheels of fractions are special among the wheels,
and the theorem that follows states that these rules characterise wheels of fractions
completely up to isomorphism.

Proposition 3.11. Any wheel of fractions is a wheel (Definition 1.1) and it satisfies:

1 Vxdydz :x=y/zA0p=0z=0,

2 YxVyVX'VY c(x/y=xX/Y AOx=0y=0x"=0y =0=>3z :x=zxX' Ay =2zy A0z =
0/z =0).

Proof. 1t is straightforward to check that a wheel of fractions is a wheel.

To show Vxdy3z : x = y/z AOy = 0z = 0, we use the fact that every element x € OxA4
is of the form y/z, where y,z € A.

See Theorem 4.16 for the proof of 2. ]

Theorem 3.12 (completeness for wheels of fractions). A wheel is isomorphic to a wheel of
fractions if and only if it has the properties given in the previous proposition.

Proof. See Theorem 4.16. ]
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4. Wheels

Since the class of wheels is defined by a set of equations (it is an ‘equational class’), it
follows that substructures of wheels are wheels (‘subwheels’), that homomorphic images
of wheels are wheels, and that products of wheels are wheels (for formal definitions,
see a textbook on universal algebra, such as Burris and Sankappanavar (1981) or
Gritzer (1979)). It is also complete and cocomplete as a category (Borceux 1994, page 138).

The corresponding statements are, however, not true for wheels of fractions: there are
such wheels that have subwheels or quotients that are not isomorphic to any wheel of
fractions.

Example 4.1. Let 4 be the ring of functions Z x Z — Z, with the operations defined
point-wise. Let x be the element [n, m;] of ©xA, with mj(x,y) = x and my(x,y) = y. Let
H be the subwheel generated by x, that is, the elements of H are those that are given
by terms composed of (zero or more occurrences of) x and the operations. We will show
that Yx3dy3z : x = y/z AOy = 0z = 0 fails to hold in H. We do this by showing that for
any y,z € H with 0y = 0z = 0, we have X # y/z.

Every element [f,g] of ©zA defines a function Z x Z — Z x Z by [f,gl(x,y) =
(f(x,y),g(x,y)). x defines the identity function. Note that

x(0,0) = (0,0)

(x +[f,21)(0,0) = (0,0)
(x- [£,2])(0,0) = (0,0)
(/x)(0,0) = (0,0),

so the elements of H that are given by terms in which x occurs at least once define
functions that take the value (0,0) in at least one point.

Suppose 0y =0z =0 and y,z € H. Take f,g such that y = [f,g]. Then Oy = [0,g] =
[0, 1], but then g = 1, and hence y = [f, 1], so y defines a function that does not take (0, 0)
as value. Hence y is described by a term that does not contain x. The same argument
applies to z. But then y/z is described by a term that does not contain x, so that y/z
defines a constant function. Then x = y/z, since the function defined by x is not constant.

Hence H is not isomorphic to any wheel of fractions.

Example 4.2. Let H = Oy13)(Z/4Z) and define the congruence relation
x=y means x=yVxye{0/0,0/2,2/0,2/2}.

Then the rule Vx, y,x,y : (x/y =xX'/y AOx =0y =0x"=0y =0=3z :x=zxX' ANy =
zy' A0z = 0/z = 0) fails in H/=, since 0/0 = 2/2, but 2 # z0 for every z.
Hence H /= is not isomorphic to any wheel of fractions.

Hence, the class of wheels isomorphic to wheels of fractions is not axiomatisable
by equations. It is therefore not an accident that we needed non-equational rules to
characterise (up to isomorphism) the wheels of fractions among the wheels.

It is not satisfactory to work in a class that is not closed under such operations,
sooner or later one is lead to consider constructions like those given above. Also, it is not
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satisfactory to succeed in making division total, but at the cost of introducing partiality
of important class operations.

That is the reason why we choose to study wheels, instead of wheels of fractions only.
See Section 4.3 for further comments on the choice of axioms.

4.1. Basic properties

We devote some pages to an abstract study of wheels (Definition 1.1). Wheels of fractions
are studied more in Section 4.2.

Remember that the distributivity rule (3) for wheels looks different from the one for
rings (or semirings). However, when 0z = 0 we have (x 4+ y)z = xz + yz. We emphasise
this fact now once and for all, in the following we will apply it freely in computing things
like O(x 4 y) = Ox + Oy.

Proposition 4.3 (derived rules). The following rules hold in wheels:

/1 =1 ©)
Ox 4+ 0y = Oxy (10)
(0/0)x = 0/0 (11)

x/x = 140x/x (12)
xz=yz = x+0z/z=y+4+0z/z. (13)

Proof.

(9) This follows from the fact that /is an involution. To repeat the argument:
M=1/1=//1/1=/(/1-1)=//1 =1

Ox + Oy © (04 0y)x = Oxy.

0/0)x = 0x/0 ‘2 0x + 0,0 £ 0/0.

x/x=0+x" 1)/x(4=)0/x+ 14 0x O + 0x/x.

One should really learn to do without implicational rules like this, but we state it
since it is characteristic of computations in wheel algebra.

(10
(11
(12
(13

—_— — ~— —

Xz = yz
xz/z = yz/z
x(140z/z) = y(14+0z/z) by (12)
x+0z/z = y+0z/z. by (6) O

By (8) and (11), a term is equal to ‘0/0” if it contains ‘0/0’ as a subterm.

A notion of negation can sometimes be introduced. If H is a wheel and a € H
with Oa = 0 and a®> = 1, then — : x — ax is an additive involution since a(x + y) =
(x + y)a+ 0a = xa+ ya = ay + ax and aax = 1x = x. There are at least three natural
ways in which such an a can appear.

1 a=1. This gives the identity (so it is not an interesting involution to use).
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2 If H= 0xA with 4 a semiring, then a = —1 gives an involution that extends the —
of A. If A is a ring, this case coincides with the next one.

3 If ais a solution to the equation 1 +x =0, then0a =1-0+a-0=(14+a)0=0-0=0
and > = 1+a+a*>=1+(1+a)a+0a=1+0a+0a=1+0+0 = 1. With this choice
of a, we have the nice formula

X —x = 0x?,
since x —x = 1x 4+ ax = (1 + a)x + 0x = Ox + Ox = Ox?.
The wheel of fractions ©(Z/27Z) is the (up to isomorphism unique) smallest non-trivial

wheel, since it contains only four elements.

Proposition 4.4. If any two of the elements 0, 1, /0 and 0/0 are equal in a wheel H, then
H is trivial.

Proof. See Carlstrom (2001) for a proof. ]

The two notions of reciprocal and multiplicative inverse are connected by the operations
0, + as follows.
Proposition 4.5. Let x be a unit.
I x'40/x=/x+0x""
2 xl=/x 405
3 /x=x"140%
Proof.

I x'4+0/x=x1/(x14+0/x=/x+0x"1/(xx1) = /x + 0x"L.
2 Add 0/(x71) to each side of 1.
3 Add Ox to each side of 1. Ul

If xy is /-invertible, x and y are units with x~! = y/(xy) = /x +0y/y and y~! =

x/(xy) = /y + 0x/x.
We may construct a right adjoint to the functor © using the following steps.

Definition 4.6. Let H be a wheel. Then define the following subsets:
AH = {x | 0x =0},
SH = {x|0x=0/x=0}.

Proposition 4.7. #H is a semiring under the operations 0, 1, + and -. It is a ring if the
equation 1 + x = 0 has a solution in H. /H is a multiplicative group in ZH.

Proof. See Carlstrom (2001) for a proof. L]
Z#H will be called ‘the semiring of H’ or simply ‘the semiring” when the context is clear.

It is the largest semiring in H since Ox = 0 holds in any semiring.

Remarks. We have shown that every element of H is /-invertible. On the other hand,
SH contains every /-unit that is inside the subset #H, since if x is /-invertible and
0x =0, then 0/x =0x/x=0-1=0.
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An element of ZH is a unit in ZH iff it is a unit in H. To see this, note that if x € ZH
and xy = 1, then y € #ZH also, since 0y =0xy =0-1=0.

The question as to whether x € H is a unit or not is partially answered by whether or
not x € #H and/or /x € #H:

x € #H? /x € RH? X unit? x /-unit?
No No = Maybe Maybe
Yes No = Maybe No
No Yes = Maybe No
Yes Yes = Yes Yes

Let us consider nyx) : x +— [x,1] as a C'-arrow (4,X) — (Z0xA, S OxA), which
we may do since, if x € X, then 0/n4x)(x) = [0,1]/[x,1] = [0,x] = [0,1] = 0, so that
Nux)(X) c SoxA.

Let (%, %) be the functor Wheel — C’ given by (%, ¥)(H) = (2#H, ¥ H) and (%, % )(¢)
being the restriction of ¢ to #ZH. This works, since if Ox = 0, then 0¢(x) = @(0)p(x) =
¢(0x) = @(0) = 0 (thus ¢ actually maps the semiring of the domain into the semiring of
the codomain), and if in addition 0/x = 0, then 0/¢(x) = ¢(0)/@(x) = ¢(0/x) = ¢(0) =0
(thus (2, & )(¢) behaves as it should with respect to %).

Theorem 4.8. The functor ©® : C' — Wheel is left adjoint to (%,.%) : Wheel - C’ with
unit 7 and counit €, given by eg : [x,y] — x/y.

Proof. eg is well-defined since if [x,y] = [X/,)’], then there exist 51,50 € SH such
that (s1,s1)(x,y) = (s2,52)(x’,)"), and hence x/y = (x/y)(1 + Os1/s1) = (s1x)/(s1y) =
(s2x")/(s2y") = (X' /¥ )(140s,/57) = x'/y'. It is easy to see that € is a natural transformation.

By basic category theory, the result follows if we show that for any C-object (4, X) and
any wheel H, we have

(€0)ux)(ON)ax) = Mo, 4
and
(R, L)) (R, SN = Wzn.om)-

(€0)ux) : Oroa®OxA — OxA by [[x,y], [z, w]] — [xw, yz]
(OMax) : OxA > Ogoya®0xA by [x,y] — [[x,1], [y, 1]]
(R, L))y : (ROyuRH, S OyuRH) — (#H,SH) by [x,y] — x/y
(2, SN - (#H,SH) > (ROyuRH, S OguZH) by x— [x,1]
Then
(€0)ax)(ON)ax)([X, ¥]) = (€O)ax)([[x, 1], [y, 1) = [x - 1,y - 1] = [x, )]
and
(R, L)) u( R, SN (x) = (R, S )e)u([x,1]) = x/1 = x. O
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4.2. Applications to wheels of fractions

4.2.1. The semiring in a wheel of fractions. The following fact will be used freely without
reference to the proposition.

Proposition 4.9. If x € A4, then 0/x = 0 in Ox A if and only if x € §, which is the divisional
closure of S, which is the multiplicative monoid generated by X.

Proof. Proposition 2.15 gives us that x/x = 1 is equivalent to x € S. We need to prove
x/x =1 <= 0/x =0 under the condition 0x = 0.

Suppose x/x = 1. Then 0/x =0x/x =0-1=0.

Suppose 0/x = 0. Then x/x =1+ 0x/x = 1. L]

The elements of Z0x A are of a very special form.

Lemma 4.10. x € Z0xA iff x = r/s for some r € A, s € S, with S the multiplicative
monoid generated by X.

Proof. 1If x =r/s, then Ox = Or/s = 0/s = 0. On the other hand, suppose that 0x = 0,
say with x = y/z (y,z € A). Then 0/z = 0x = 0,50 z € §,say s’z € S. Withr = 5'y,s = 5'z,
we get r/s = (s'y)/(s'z) = (s'/s)(y/z) = x. Ul

In commutative algebra and algebraic geometry, one often uses the ring of fractions
S—'4, where S is a multiplicative submonoid of a commutative ring 4 (often the
complement of a prime ideal) (Atiyah and MacDonald 1969). One defines S~'4 as
the monoid Ag together with 0 = [0, 1] and [x, s] + [X/,s'] = [xs’ + X's, ss']. As can be seen,
this construction is similar to ours. In fact, we have factorised it into two parts: as ©
followed by .

Theorem 4.11. If A is a commutative ring with identity and S a multiplicative submonoid,
then S'4 = #0sA by the isomorphism r/s > r/s.

Proof. The mapping fj4s) : As = #OsA,r/s — r/s is an injective morphism of the
multiplicative monoids by Theorem 2.10. It is easy to see that it preserves 0 and + too.
It is surjective by the previous lemma and thus a bijection. S7!4 is a ring, so fj(4s) is an
isomorphism of rings. O

Any wheel of fractions is (according to Proposition 2.14) of the form ©sA4 with S being
closed under division. To show this, we have a stronger version of the previous theorem.

Theorem 4.12. S~'4 and #0sA are identical iff S is closed under division.

Proof. Take [x,y] € #0sA. Then 0/y = 0x/y = 0, so y € S. If S is closed under
division, we get y € S, so that (x,y) € A x S. Hence 2054 = S™'A4 in this case.

Suppose instead that Z0sA4 and S~'4 are identical as sets. Take x € §; we shall prove
x € §. We have (x,x) € [x,x] = x/x, but since x/x € ZOsA by the previous lemma, we
get that (x,x) € 4 x S when 2054 and S~'A are identical as sets. L]

We summarise the results above in the following corollary, which gives one isomorphism
and two identities.
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Corollary 4.13. Let A be a commutative ring with identity, S be a multiplicative monoid
in it, and S be its divisional closure. Then S™'4 = #2054 = ROzA = S—14.

Proof. By Theorem 4.11, S'4 = #0gA. By Proposition 2.14, Z0sA = #03A and by
Theorem 4.12, #034 = S A. O

4.2.2. Obtaining /-invertible wheels of fractions. In the choice between S~!4 and OgA4
in practical computing when A is a ring, it may seem to be a drawback of the latter
that one has to distinguish between reciprocals and multiplicative inverses. One should
then remember that S™'4 and Z#0sA are isomorphic as rings and that the multiplicative
inversion therefore is the same in both structures. The difficulty appears first at the
moment when we start using the involution /. Hence, there is no real drawback, since one
can stick to multiplicative inversion when that is more comfortable.

But that does not explain why we introduced the operation /. If finding inverses is
what we want it for, we would like to have no difference between reciprocals and inverses,
that is, we would like to have a /-invertible wheel, so that x~! = /x whenever x~! is
defined. By Proposition 2.19, we get that if and only if S is saturated as a submonoid of
the multiplicative monoid of A. The question is therefore if a given S can be replaced by
one having saturated divisional closure.

Definition 4.14 (saturated closure). The saturated closure S of a submonoid S of a
commutative monoid M is {x € M | 3y € M : xy € S} (it is the smallest saturated
submonoid of M that contains S).

Since S = S, S is a submonoid with saturated divisional closure. In the following, S
will denote the saturated closure of S in the multiplicative monoid of A.

There is a well-known natural isomorphism S—'4 = S'4 given by r/s +— r/s.
Theorem 4.12 shows that §~' 4 = A0O5A, so the isomorphism is in fact S714 — 20;A.
Since O34 is /-invertible, it is in a sense a better extension of S —14 than og4 is'.

It is well-known that any commutative ring 4 may be extended to its ‘total ring
of fractions’ Sy !4, so every multiplicatively cancellable element in 4 becomes a unit.
However, when doing that, some structure of 4 can be lost. For instance, in extending
Z to Q, one loses all non-trivial proper ideals. Hence, there is a reason for not always
extending rings as much as one can. The construction of wheels of fractions has the
advantage that it need not destroy any structure. The following corollary shows that a
semiring can always be extended to a /-invertible wheel in such a way that it can be
retrieved using the # operator.

Corollary 4.15. Let U be the subset of units in a semiring A. Then OyA is /-invertible
and it extends A in the sense that:

1 Z0yA is isomorphic to A.
2 The operations 0, 1, 4, - of 4 are extended to corresponding operations of Oy A.

It is true that #0544 and A05A are isomorphic as rings by the mapping r/s+ r/s, but not in general that /
is preserved under this isomorphism. Consider, for example, #0153 Z and #O414243.)Z. They are
isomorphic as rings, but /(—1) = —1 is true only in the latter. (—1)~! = —1 is of course true in both of them.
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3 If A is a semiring ™, the involution — of A4 is extended to an involution — of Oy A.
4 The restriction of / to A is the partial function -~!.

Proof. This is just a restatement of Corollary 2.20 and Proposition 2.21, together with
information on how + and — are defined (see the discussion after Proposition 4.3 for the
latter). L]

4.2.3. Axiomatising the class of wheels of fractions. We now restate and prove the com-
pleteness theorem for the axioms of wheels of fractions. The symbols # and & simplify
the notation compared to that used in Proposition 3.11.

Theorem 4.16. A wheel H is isomorphic to some wheel of fractions if and only if it has
the following properties:

Vxdy,z€ #H :x = y/z (14)
Vx,y,X,y € ZH : (x/y =Xx'/y' = Is€ YH :x=sx' Ny =sy'). (15)

Proof. (14) holds in any OxA since every x is of the form y/z for some y,z € A so we
have x = y/z for the corresponding elements in ZOx A.

To show that (15) holds in ©xA, suppose that x/y = x'/y’ AOx =0y =0x' =0y’ =0.
By Lemma 4.10, we may assume that x = a/s;, y = b/sy, X' = ¢/s3, ¥y = d/s4 with
a,b,c,d € A. Then (s2/s1)a/b =x/y = x'/y' = (s4/s3)(c/d), so there exist §',s” such that

(s',8")(s2,51)(a,b) = (5", 5")(s4,83)(c, d).

Taking
53545"

51528
(which is in ¥H), we get

, sss” e 535458 ¢ s38525'a a

SX S c— = S = S = — =X
S1528 S3 5152838 5152838 S1
and
o — 53548" ' i _ s3sgs”d sysas’h E _y
$1528  S4 5152548 5152548 S ’

On the other hand, suppose that (14) and (15) are true in a wheel H. Then ey (defined
in Theorem 4.8) is surjective by (14) and injective by (15). Hence it is an isomorphism
Qyu#AH — H. ]

4.2.4. Cancellation of zero-terms. In computing with (semi-)rings, one does not only use
equational rules, but additional information, for instance, that a certain element a is
‘multiplicatively cancellable’ (--cancellable): ax = ay = x = y.

We have seen that any semiring can be viewed as a part of a wheel; technically, that
any semiring 4 is embedded in ©yA (where U is the subset of units of 4) and that an
isomorphic copy of 4 can be recovered from OyA by the operator £. It is important that
we can transfer information about cancellation to the wheel.
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Consider the equation ax = ay in a semiring A. The information ‘a is --cancellable’
lets us conclude that x = y. When A4 is considered as embedded in a wheel, it is instead
natural to reason as follows (without any use of cancellation):

ax = ay
ax/a = ay/a

x+0a/a = y+0a/a

x+0/a = y+0/a.

The question of cancellation now comes in since we need to know whether 0/a is
additively cancellable (4+-cancellable). In this way, the problem of --cancellation is reduced
to a problem of +-cancellation. One might, however, suspect that there could be situations
in which a is --cancellable in A4, but 0/a is not +-cancellable in ©xA. Fortunately, the
following proposition shows there are no such cases.

Proposition 4.17. If a is --cancellable in A4, then 0/a is +-cancellable in Oy A.

Proof. Suppose that a is --cancellable in A. Suppose also that [x, y]4+0/a = [x/,y']+0/a,
that is, that [ax,ay] = [ax/,ay’]. Then there are s, s’ such that sax = s'ax’ and say = s'ay’,
but since a is --cancellable, we conclude that sx = s'x and sy = s'y/, and hence [x,y] =

[x', y']. O

Assume now that 4 is a non-trivial semiring and that if a #+ 0 in A4, then a is -
cancellable, that is, that Sp = 4\ {0}. We say (following Golan (1999)) that such a semiring
is multiplicatively cancellative. This is a maximality property, since if a = 0, a cannot
be --cancellable. A corresponding maximality property for non-trivial wheels is Ox # x =
(0/x is +-cancellable), since if Ox = x, then 0/x cannot be +-cancellable (y+0/x = z+0/x
holds for any y and z if Ox = x, since then y +0/x = y +0/(0x) = 0/0 = z + 0/(0x) =
z + 0/x). These properties are connected as follows.

Proposition 4.18.

1 If A is multiplicatively cancellative, then Ox # x = (0/x is +-cancellable) holds in
OxA.

2 If Ox # x = (0/x is +-cancellable) holds in a non-trivial wheel H, then ZH is
multiplicatively cancellative.

Proof.

1 We shall prove that 0/x is +-cancellable whenever Ox # x. Let x = [x/, x"] and assume
0x # x. Suppose that x’ = 0. Then x = [0,x"] = [0, 1][0, x"] = Ox, which is refuted,
hence x’ # 0. If A is multiplicatively cancellative, then x’ is --cancellable. Hence 0/x’
is +-cancellable, but 0/x = 0/x, and we are done.

2 Take x € #H with x # 0. Then Ox = 0 # x, so 0/x is +-cancellable. We may then
compute as follows:

Xy = Xz

xy/x = xz/x

https://doi.org/10.1017/5S0960129503004110 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129503004110

Wheels — on division by zero 169

y+0x/x = z+0x/x
y+0/x = z+0/x
y = z.
Note that we did not need to assume that y,z € ZH. O

Example 4.19. Solve the equation 3x = 12.

We have x4+ 0/3 =3x/3=12/3 =3-4/3 =44 0/3. That gives x = 4 whenever 0/3
is +-cancellable, which happens, for instance, if the wheel is ©xZ, for any subset X < Z,
since 3 is --cancellable in Z. In general, we may not conclude more than x+0/3 = 4+40/3,
which is sound since the equation does not have a unique solution in general.

Ring algebra does not allow us to derive anything from 3x = 12 when 3 is not --
cancellable (for example, when the equation has several solutions), but wheel algebra
always lets us develop to x + 0/3 = 4 4+ 0/3, which can be used in further calculations:
if x and 0/3 appear on the left-hand side of an equation, we may use the axioms for
zero-terms to move 0/3 close to x, then replacing x + 0/3 by 4 + 0/3 and finally move
the term 0/3 out using the rules for zero-terms again. If x appears, but not 0/3, then
we may add 0/3 to both sides of the equation, hence introducing 0/3 but eliminating an
occurrence of x. Notice that when such an introduction has been made, one can use the
introduced term over and over again, until all occurrences of x are eliminated. One may
view these 0/3-terms as flags indicating that the result is worthless if, for example, 0 = 3,
since then the rule ‘x +0/0 = 0/0’ can be used to reduce the equation to 0/0 = 0/0.

Suppose we want to compute the value of x> + x, given that 3x = 12. We cannot give
a definite answer, since the value is not uniquely determined unless we specify which
semiring we are thinking of. What we can do is to compute x> + x + 0/3:

X +x40/3 = x> +4+0/3

= x(x+0/3)+4
x(440/3) +4
= (x+0/3)4+4
= (440/3)4+4
= 4-44+4+40/3
= 20+0/3.

If we get information at a later stage, letting us conclude that 0/3 is +-cancellable,
we can get something explicit for x> + x. This might happen if we get more knowledge
about the semiring we started with, but also if we pass to a quotient of that semiring. For
instance, suppose that we conclude that we need the value modulo 16. We then pass to a
quotient defined by 0 = 16. In such a quotient, 3 is a unit, and hence 0/3 is +-cancellable.
We conclude that x> + x = 20 = 4 (mod 16).

We may view the wheel alternative as computing modulo everything at the same time.

fIf x is a unit, then Ox and 0/x are +-cancellable since 0x +0x~! = Oxx~' = 0 and 0/x +0/(x~!) = 0/(xx~!) =
0 in that case.
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4.3. Equational logic for wheels of fractions

One may ask if our definition of ‘wheel’ is ‘the right one’. Are the axioms chosen ad hoc,
or do they axiomatise a class of structures that is in some sense naturally delimited?
There is some evidence that we cannot improve the definition:

1 The wheels of fractions are wheels according to our definition.

2 The axioms are equations. This is, by Birkhoff’s theorem (see Burris and
Sankappanavar (1981, page 75) or Griatzer (1979, page 171)), necessary for the axio-
matised class to be closed under substructures, quotients, products and isomorphisms.
Furthermore, by ‘compactness for equational logic’, if it is finitely axiomatisable in
first order predicate logic, it is finitely axiomatisable by equations. Hence, there is no
need to consider any candidates other than equations as axioms.

3 The axioms are finitely many.

We have empirical experience that the axioms are precisely what we need to make
natural computations.

On the other hand, there is also some counterevidence. There are identities, like
(x4 1)> = x(x+2) + 1, that hold in any wheel of fractions but do not seem to be provable
from our axioms. But (x + 1)> = x(x 4+ 2) + 1 is not a very natural identity and may be
thought of as valid in wheels of fractions ‘by accident’: that it just ‘happens to be’ and
that there is nothing conceptual that suggests that it should be valid in all wheels'.

Anyway, one might wish to include more axioms for wheels, perhaps those needed to
prove every identity that is valid in the class WF of wheels of fractions. By Birkhoff’s
theorem, we should have equational axioms only, so that the class axiomatised is still
closed under products, substructures and quotients. This amounts to axiomatising the
class V(WF), called ‘the variety generated by WEF’, consisting of structures that can be
obtained in finitely many steps from wheels of fractions, taking products, substructures,
quotients and isomorphic copiest.

We will study the class V(WF), but also simultaneously the following. A wheel with
negation is a wheel with an additional constant —1 such that 1 4 (—1) = 0. By the
discussion after Proposition 4.3, such a constant determines an additive involution by
—x = (—1)x and we have x —x = 0x?, hence the semiring in such a wheel is in fact a ring.
A wheel of fractions with negation is obtained, for instance, when the semiring used in the
construction is a ring. We use Wheelneg to denote the class of wheels with negation and
WFneg to denote the class of wheels of fractions with negation. A morphism of wheels
with negation should preserve —1, but that is automatically satisfied by any morphism of
wheels: suppose H and H' are wheels with negation and ¢ : H — H' a wheel morphism.
Then we have in H' that ¢(—1) =1+ (—1)+¢(—1) = -1+ (1 +(—1)) = —1+¢(0) = —1.

We will specifically consider the classes Wheel, WF and V(WF) in the following, but
the treatment of Wheelneg, WFneg and V(WFneg) is precisely analogous, just replace N

T However, by completeness, (14) (see Theorem 4.16) suffices (together with wheel axioms) for the derivation of
any identity that is valid in all wheels of fractions, since every wheel that has this property is a homomorphic
image of a wheel of fractions. This is because ey (defined in Theorem 4.8) is surjective by (14).

¥ See a textbook in universal algebra, such as Burris and Sankappanavar (1981) or Gritzer (1979).
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by Z, N[xi,...,X,] by Z[Xy,...,X,], OgIN by OxZ, ‘wheel axioms’ by ‘wheel axioms and
‘1+(—1) = 0, ‘semirings’ by ‘rings with identity’, and so on. One has to check some
details of negation in the proofs, but that is straightforward and omitted for the sake of
readability (we will include a remark at a crucial point).

Definition 4.20. A term p(x1,...,X,) is a polynomial term if it contains no occurrence of /.
We say that such terms are equivalent if they can be proved to be equal using the axioms
for commutative semirings. This is an equivalence relation and its equivalence classes are
called polynomials.

Example 4.21. The polynomial terms ‘(x 4+ 1)(x 4+ 1)’ and ‘(xx) + ((2x) + 1)’ are not
identical, but equivalent. Hence they define the same polynomial.

When wheels with negation are treated, polynomial terms are equivalent if they can be
proved to be equal using axioms for commutative rings with identity.

Theorem 4.22. The following are equivalent for a wheel H.

H € V(WF).

H e V({ogIN}).

Any identity that is valid in all wheels of fractions is valid in H too.

Any identity that is valid in ©xIN is valid in H too.

H is isomorphic to a quotient of a subwheel of a power of ©zIN.

H is isomorphic to a quotient of a subwheel of ©g(N!), where N’ is the semiring of
functions I — N, for some set I.

AN B W N =

Proof. We first prove | < 2 <= 3 <= 4 byshowing 1 =3=4=2=1. The
step 4 = 2 follows from Birkhoff’s theorem and the other steps are obvious, except for
3 = 4, which needs a proof.

Suppose t(xi,...,X,;) = s(xi,...,X,) is valid in ©xIN. We shall prove that it is valid in
all wheels of fractions. Substitute [x],x]] for every x; in the identity and compute the
values of each side. The result is

[p(x1’~-'axn)’ Q(Xla---axn)] = [p/(x1,...,xn), q/(X1,...,Xn)]

for polynomials p,p’,q,q" with coefficients from N. That t(xi,...,x,) = s(xq,...,X,) is
valid in OxIN means that (p(xi,...,Xxs), q(X1,...,X,)) and (p'(x1,...,x4), ¢’ (x1,...,X,)) take
the same values if we substitute natural numbers for the variables. But then p = p’ and
q = ¢’ as polynomials, so the identity is valid in any wheel of fractions.

A theorem by Tarski gives 2 = 5 (see, for example, Burris and Sankappanavar (1981))
and 5 = 2 is obvious.

To establish 5 <= 6, we need to show (OzN) = ©O4(N!). We get this from the
identity (N x N) = IN! x N! for the multiplicative monoid of N. It is obvious that this
isomorphism also preserves 0 and +. O

One says that ©zIN is generic for V(WF), because of the equivalence 1 < 4. It is,
moreover, the WF-free wheel over ¢J. In general, if K is a class of wheels, the K-free
wheel over a set X is the (up to isomorphism unique) wheel Fx (X) with the property that
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for any function X — H, where H € K, there is a morphism Fg(X) — H that extends it.
It is easily seen from Birkhoff’s construction that Fg(X) = Fyk)(X), and in our case we
have V(WF) = V({0zN}), so Fwr(X) = Fio,N(X) and the latter is (again by Birkhoff’s
construction) a subwheel of some wheel of the form (0xIN)! — which, as we proved in the
theorem, is isomorphic to ©g(IN!). One may consider it as the wheel of wheel-terms with
identification made when two terms yield identical values in ©@xIN. Hence an equation
t(x1,...,Xxy) = 8(x1,...,x,) 18 valid in WF if and only if #(xy,...,X,) = s(Xq,...,Xy) 1s true
in FWF({le ce ,Xn}).

Remark. Note how we use the terms ‘valid’ and ‘true’. We only apply ‘true’ to a closed
formula (which in our case means a formula in which no variable occur, since we consider
quantifier-free formulas only). An open formula is valid if it becomes true after any
substitution with elements from any of the structures considered.

The corresponding theorem for wheels with negation reads as follows.

Theorem 4.23. The following are equivalent for a wheel H with negation (OgzZ is
here considered as a wheel with negation, which means, for instance, that OxzN is
not considered to be a substructure of it).

1 H € V(WFneg).
2 H e V({oglZ}).
3 Any identity that is valid in all wheels of fractions with negation is valid in H too.
4 Any identity that is valid in ©xZ is valid in H too.
5 H is isomorphic to a quotient of a subwheel of a power of ©xZ.
6 H is isomorphic to a quotient of a subwheel of ©y(Z'), where Z' is the ring of
functions I — Z, for some set I.
Proof. The proof is very similar to the previous proof. L]
Since validity in WF is equivalent to truth in Fwg({Xy,...,X,}), we get a completeness
result for WF if we give a complete method for deriving formulas that are true in
Fwr({X1,...,X,}). In this section, we will study such derivations, and similar ones.
We work in a language that is obtained from the language of wheels by adjoining
constant symbols xi,...,x, (and when wheels with negation are considered, the language

has an additional constant symbol ‘—1’). In the following, x; will denote

1 a constant symbol in the language,

2 an element of Fx({xi,...,X,}) for several choices of K,
3 an element of N[xy,...,X,],

4 an element of Ox(IN[xy,...,X,]),

so the reader should be careful to observe which is the case for each occurrence. As a

consequence, when ¢t is a term, t(xy,...,X,) can be interpreted as a closed term in the
language or as an element of Fk({xi,...,X,}) for several choices of K, or as an element
of Ox(INI[x1,...,Xu]).

When we say things like ‘t(xy,...,X,) = s(xi,...,X,) can be proved using the wheel

axioms together with an axiom “Ox; = 0” for each i, we mean that there is a formal
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derivation of the formula #(xy,...,X,) = s(Xy,...,X,) in the system of equational logic with
the axioms indicated. The formula ‘1 4+ (—1) = 0’ is an axiom when we work with wheels
with negation.

Theorem 4.24 (completeness). The equation t(xi,...,x,;) = s(xq,...,Xx,) is valid in WF
(and hence valid in V(WF)) if and only if t(xy,...,X;,) = s(Xy,...,X,) is provable using the
axioms for wheels together with the axioms ‘Ox; is +-cancellable’ (i = 1,...,n).

Proof. Validity of the equation t(xi,...,x,;) = s(x1,...,X,) is equivalent to the truth
of t(Xy,...,Xp) = s(X1,...,X,) in Fwp({X1,...,X,}) (by definition of the latter wheel).
Lemma 4.47 will show that if the latter equation is true, it is provable using the axioms
for wheels together with the axioms ‘0x; is 4-cancellable’.

On the other hand, if it is provable by that technique, it is true by Lemma 4.39. L]

Before we state and prove the required technical lemmas, we state the following
theorems, which show how it is easy to tell whether an equation is valid or not, using the
fact that there are great differences between ‘balanced” and ‘unbalanced’ equations.

Definition 4.25. An equation is balanced if each variable occurs equally many times on
each side. Otherwise, it is unbalanced.

Note that all axioms for wheels except ‘x +0/0 = 0/0’ are balanced. Remember that x
occurs 1 times in ‘x™’, since ‘x" is just a short notation for a product of n x’s. A warning:
the equation ‘Ox; = 0’ is balanced, since x; is not a variable in our formal sense, but
a constant symbol, interpreted as a special element of the structure considered in the
context.

Theorem 4.26. An unbalanced equation t(xi,...,X,) = s(xi,...,X,) is valid in WF (and
hence valid in V(WF)) if and only if #(xy,...,x,) = 0/0 and s(xy,...,Xx,) = 0/0 are true in
Og(N[xi,...,Xu]).

Proof. Use Lemma 4.49 and the equivalence between validity and truth. L]

Example 4.27. The formula 1 + % = x—;“l is valid in @\ {0}. Is it perhaps valid in all
wheels of fractions? The answer is no, since it is not balanced, and one can easily check
that 1 4+ % =+ g in Ox(IN[x]). A balanced analogue is

1 1
14— pox=""1
X X

which is easily proved by the wheel axioms.

Theorem 4.28. A balanced equation #(xy,...,X,) = s(xg,...,X,) is valid in WF (and hence
valid in V(WF)) if and only if t(xy,...,X,) = s(X1,...,X,) is true in Ox(N[xy,...,X,]).

Proof. If t(xy,...,xn) = S(X1,...,X,) is valid, t(xy,...,X,) = s(X1,...,X,) is clearly true.
For the other direction, use Lemma 4.50 and the equivalence between validity and
truth. U

Example 4.29. (th)z = x(’\’+x2)+l is valid in all wheels of fractions since it is balanced (x
. - N 2 . .
occurs three times on each side) and (th) — X +X2)+1 is true in Og(IN[x]).
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Example 4.30. (x + y)(x — y) = x> — »? is valid in all wheels of fractions with negation.
This follows since it is balanced and (x; + X2)(X1 — X2) = X3 — X3 is true in O x(Z[x1, X2]).

These two results give a completeness result for WF together with the following theorem.
Theorem 4.31. The equation
(X1, Xp) = S(X1,. 00, Xn)

is true in the wheel O4(IN[xy,...,x,]) if and only if it is provable by the wheel axioms
together with the rules ‘Ox; = 0’ for each i =1,...,n.

Proof. 0x; = 0 is evidently true in Ox(IN[xy,...,X,]), so provable equations are true.
Suppose, on the other hand, that

(X155 Xn) = S(X15. .., Xp)
is true in Og(IN[xXy,...,X,]). Then
t(Xla”‘aXI’l) ES(Xl)”')XH)

in Fwheel({X1, ..., X,}) (Definition 4.40 and Lemma 4.44), say t(Xy,. .., X,)+2t; = $(X1,...,X,)+
zty is true in Fwheel({X1,...,X,}) for some zero-terms zt; and zt,. Then (by completeness)
it is provable from the wheel axioms. The rules ‘0Ox; = 0’ can finally be used to prove that
zt; = 0 and zt, = 0. L]

The acceptance of the rules ‘Ox; = 0’ lets us count as in rings with polynomial expressions
n xg,...,X,.

Example 4.32. (x + 1)> = x(x + 2) + 1 is provable using wheel axioms and ‘0x = 0’:
(x+17? = (x+1)(x+1)+0x+0-1
= x+Dx+1)+0x+1)
=x(x+1)+1(x+1)
=x(x+1)+x+1
=x(x+14+1)+0x+1
=x(x+2)+ 1L

The theorems above have some corollaries. The first states how identities from semirings
can be transferred to wheels of fractions.

Corollary 4.33. If t(xy,...,x,) and s(xy,...,x,) are polynomial terms, then
X1y es Xp) = S(X1,...,Xy)
is valid in WF if and only if it is balanced and valid in IN.
Proof. Suppose it is valid in WF. Then it is valid in ©»IN and hence in IN. Since
HX1,...,Xp) € N[Xy,...,X,] = Z0gH(N[Xy,..., X)),

we conclude that it cannot be equal to 0/0. So the equation is balanced.
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On the other hand, if the equation is valid in IN, then t(xy,...,X;) = s(X1,...,X;,) in
NI[xi,...,X] = Og(N[xy, ..., X,]).
If it is also balanced, then it is valid in WF. O

Example 4.34. (x + 1)> = x(x + 2) + 1 is balanced and valid in N, hence it is valid in
wheels of fractions.

Example 4.35. (x + y)(x — y) = x> — y? is balanced and valid in Z, hence it is valid in
wheels of fractions with negation.

The next result states how equations that have partial meaning and partial validity in
fields of characteristic zero can be transferred to wheels of fractions.

Corollary 4.36. Assume there is an infinite subset X of @ such that the terms #(xy,..., x,)
and s(xi,...,X,) are meaningful and Q-valued when values from X are substituted for the
variables and / is interpreted as inversion. Suppose also that t and s yield the same values
when such substitutions are made. Then

t(x1,..., %) + 0s(xq,...,x5) = 8(x1,...,%,) + 0t(x1,...,%,)
is valid in WF.

Proof. Since the latter equation is balanced, we use the fact that its validity in WF is
equivalent to the truth of

t(X1,...,X,) + 0s(Xq,...,X,) = 8(X1,...,X,) + 0t(Xq,...,Xy)

in Ogx(N[xy,...,X,]).

If each side is computed, we get [p:(Xi,...,Xn),q:(X1,...,X,)] on the left for some
polynomials py,q;, and [ps(Xy,...,Xn),qs(X1,--.,X,)] on the right for some polynomials
Ps»qs- Clearly, ¢, and ¢, will be equal as polynomials. We shall prove that p, and p; must
also be equal as polynomials.

When xi,..., X, are replaced by values from X, we get values in Q@ = 205,Z. Hence g;
and ¢, are non-zero for such substitutions. Since we also know that the values for ¢ and s
are equal for such substitutions, we conclude that the values for p; and p, are equal. But
since X is infinite, that implies that p, and ps are equal as polynomials. L]

Example 4.37. The equation x/x = 1 is valid in @ \ {0}, hence x/x+0-1 =14 0x/x is
valid in wheels of fractions (this is of course a known rule for wheels, but it is instructive
to see how it is related to validity in @).

Example 4.38. The equation x/x — 1 = 0 is valid in @\ {0}, hence x/x — 1 = Ox/x is
valid in wheels of fractions with negation.

We now prove the lemmas for the theorems.
Lemma 4.39. Ox; is +-cancellable in Fwg({x1,...,X,}), fori=1,...,n.

Proof. We shall prove that if #(xy,...,x,) + 0x; = s(x1,...,x,) + 0x; is valid in OzN,
then t(xy,...,x,) = s(x1,...,X,) is also.

https://doi.org/10.1017/5S0960129503004110 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129503004110

J. Carlstréom 176

Therefore, substitute x)/x for every variable x; and compute the values of the terms,
ending up with the following form, where p, q;, ps, qs are polynomials:

/ / /" /"
Xigeoes Xy X710y X
I(X1,...,Xn) — pt( 1° RS TERAS ) 5 n)

/ i
qi(X, .. X XY, X))
/ / 1" '
_DPs(Xs e X, XY, X))

’ ’ " m°
qs(x|, .. X0, XY, X))

S(XI, AR xn)

The values of t(xy,...,x,) + 0x; and s(x1,...,x,) + Ox; are then

"

/ 1 /"
s X X5y X)X

i
/"
i
1"
i

pe(x], .
t(Xl,...,Xn)+0x1‘ = /1’ / " "
(X)X, X, X)X

/ / 1" 1
ps(X), ..., X, X, ., X)X

S(x1a~~~sxn) +0xi =

/ / 1" AN/
qs(X)s o X0, XY, X)X

Since t(x1,..., X;)+0x; = s(x1,...,x,)+0x; is valid in ©»IN, we have identical values for

any substitution in ©xIN, hence p, = ps and q; = g, as polynomials. But then #(xy,...,x,)
and s(xy,...,Xx,) take the same values for any substitution with elements from ©zIN, and
hence t(x1,...,x,) = s(x1,...,x,) is valid in ©xIN. |

Definition 4.40. Let t(xy,...,X,) = s(Xi,...,X,) mean that there are zero-terms Ox'l11 X
and Ox}" ...x)" such that

n n, m m,
HX1,. ., X0) + 00X LX) = S(Xq, ..., X)) + OXT X

in FWheeI({Xla cees Xn})-
Lemma 4.41. = is a congruence relation.

Proof. 1t is clearly reflexive and symmetric. The transitivity follows from Ox 40y = Oxy
(10). We must prove that it preserves +, - and /. Suppose, therefore, that t = s (we will
suppress the (xi,...,X,) part everywhere). Then there are zero-terms, say zt; and zt, for
short, such that t 4+ zt; = s + zt;. We then have (using (6) and (7) in the second and third
row)

t+u+zt;y = s+u+zty
tu+1zt; = (t 4 zt))u = (s + zty)u = su + zt,
Jt+zty = /(t+2t)) = /(s +zt) = /s + zto. O

Lemma 4.42. If the polynomial terms p(xi,...,x,) and ¢(xi,...,x,) are equivalent,
(X1, Xn) = q(X1,..., Xp).

Proof. We first prove that Op(xy,...,X,) = 0 by induction on the number of occurrences
of operations composing p. It is obvious if p is x; or a constant. If p is t 4+ s, then
Op(x1,...,X,) = 0(t(Xq,...,Xn) + S(X1,...,X,)) = 0t(X1,...,X,) + 0s(X1,...,X,) =04+0=0.
If p is ts, then Op(xy,...,X,) = 0t(Xq,...,X,)s(X1,...,X,) = 0s(X1,...,X,) = 0.

Hence, if ¢ is a polynomial term and z = t(xy,...,X;), we have for every

xay S FWheel({X1a~~~aXn})

https://doi.org/10.1017/5S0960129503004110 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129503004110

Wheels — on division by zero 177

that
x+y)z=x+y)z+0z=xz+yz,
o)
xX+y =y+x
x+(y+z) = Kx+y)+:z
0+x =x
Xy = yx
x(yz) = (xy)z
Ix = x

(x+y)z = xz+yz
0z =0

when counting with polynomial terms. We conclude that every derivation of

P(X1,. s Xn) = q(x1, ., Xn)

that uses the axioms for commutative semirings only, is transformed into an argument
that proves p(xy,...,X,) = q(X1,...,Xy), by changing each ‘=" to ‘=" ]

Remark. The analogous case of wheels with negation is treated by using z—z = 0, which
is true since z — z = 0z°.

On the other hand, if p(xy,...,X,) = ¢q(Xy,...,X,) for polynomial terms p and ¢, then
they are equivalent. Hence = can be thought of as an extension of the equivalence for
polynomial terms?.

Lemma 4.43. For any term t(x, ..., x;,), two polynomial terms p(xy, ..., X,) and q(xy,..., Xx,)
can be found such that
X1,...5X
(X1, .., Xpy) = M
q(Xt,...,Xp,)
Proof. We use induction on the number of occurrences of operations composing t.
0 occurrences: t(Xi,...,X;,) is X;. Then choose p(xi,...,X,) = X; and ¢(xq,...,X,) = 1

and the result is obvious.

N + 1 occurrences, assuming that we have proved the result for N occurrences (let us
suppress the part (xy,...,X,) everywhere): If ¢t is a constant, then choose p =t and q = 1.
Otherwise, we have the following possibilities.

1 tis t; 4 t5. By the induction hypotheses, we have t; = p;/q; and t, = p»/q>. Hence
t=1t+t

Py, P

QIl qtz

T Notice, however, that this statement is informal, since = is not a relation between terms, but between elements
of a certain wheel.
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_ o P

qf] qtg

Py 4y
ptl + qry

qr

Py 4y
P+ 7,

+ 0gy,

+ Oqtz

qt

P+ P2+ 0gs,

dr
PGy + P4y
qr,

ql1
pt1 qtz + ptzqtl
ql] qtz

L=ty = (&> (&> = PuPy
ql] qlz qllqtz

t = /ti=/(py/qn) = qu,/Ps,- O

2 tistity.

3 tis /ty.

Lemma 4.44. Fyhea({X1,....X,})/= = Ox(N[xy,...,X,]).

Proof. The evaluation morphism Fwheel({X1,...,Xs}) = Og(N[Xy,...,X,]) is surjective,
and we shall prove that its kernel is =.

Clearly, if t(xy,...,X,) = s(xi,...,X,), then t(xq,...,X,) = s(Xg,...,X,) is true in
Og(N[xy,...,X,]). We need to prove the other direction.

Suppose that #(xy,...,X,) = s(xi,...,X,) in Ox(N[Xy,...,X,]). By the previous lemma,
there are polynomial terms py, g, ps, ¢s such that

pt(xl,' . ',XH)

HX1,...,Xy,) =
" X, Xn)

and

Ps(X1,...,Xy)
qs(X1,..., %)
Hence, in 0g(IN[xy,...,X,]),

X{,...,X X1,...,X
Pt Xo) ) = sl = DR X)
qt(xla"'axn) qS(X1,~~~,Xn)

Therefore, p; and p; are equivalent, as are ¢, and ¢,;. Hence, by Lemma 4.42, we have
pl(xla e 9Xn) = pS(xla EEE) Xﬁ)
and

ql(xla"'zxn) = qS(Xla‘”aXﬂ)a
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SO

H(X1y. ey Xp) = p(X1,...,X,) _ Ps(X1,...,Xp)
qe(Xt,- 5 Xn)  gs(Xt5-0,Xp)

Lemma 4.45. Suppose p and g are polynomial terms that are not both equivalent to 0. If

S(X1y. 00y Xp). ]

X X,
ny My p( IEEERE) n) m m,
+0xy' . xy = ——— = 4+ 0x Xy

q(xl’ teeo Xn)

p(Xla”‘aXI’l)
q(X1,...,Xp)

is true in Fwg({X1,...,X,}), then it is true in Fwhee({X1,...,X,}) tooO.

Proof. We prove that (ny,...,n,) = (my,...,my).
Choose distinct positive prime numbers ay,...,a,, b1,...,b, such that

p(al/bly"'>al1/bn) — g # 9
Q(al/bla---aan/bn) b 0
in OzIN.
Then
p(al/bls~~~:an/bn) ab’lll L. b
0(ar/b1)" ... (a/by) = 10
q(ai/by,...,a,/by) 0@ /b .. (@n/ba) bby'...by
and

p(al/bl,...,an/b,,) ab’l”‘ ...bfn”

+0(ar /by)™ ... (an/by)™ = ——— ),

q(al/bla-..,an/bn) ( 1/ 1) ( / ) bb11 ...bn”
but by assumption, these should be equal. Since a # 0 or b #* 0, we conclude that
(ng,...,ny) = (my,...,my). O

Lemma 4.46. If ¢(xy,...,X,) = s(X1,...,X,) is true in Fwr({x1,...,X,}), then there is a term
Ox)'...xJ" such that

(X1, s Xn) + OXT' X = 8(Xq, ..., Xp) + OX] L X
is true in Fwheel({X1,- -, Xy})-
Proof. Suppose #(Xi,...,X,) = s(Xi,...,X,) is true in Fwg({Xi,...,X,}). Then it is in
Og(IN[x,...,X,]) too. Hence, there are polynomials p(xi,...,x,) and g(xy,...,x,) with

X1,...,X
t(le"'yxn) = M

q(Xla”‘aXH)
P(X1,...,Xp)
S(X1,...,X,) = —————=
() = )

true in Og(IN[xy,...,X,]).
Since Fwheel({X1,...,Xs})/= = Ogx(N[xy,...,X,]), there are zero-terms, say zt;, zt,, zt3,
zt4 for short, such that

HXq,...,X,) + 2t = M—l—ztz
q(X1,...,Xp)

S(X,...,X,) +2t3 = 17(X1,-—--,Xn)+zt4
q(xly---yxn)
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in Fwheel({X1,...,Xn}). It follows that

t(X1,...,X,) +2t; +2t3 = P(Xt,- o Xn) + zt, + zt3
q(X1,. .-, Xp)

q(X1,...,Xp)

S(X1,...,X,) + Zt; + Zt3 + zt; + zty,

and because zt; + zt; computes to some term of the form 0xj’..

show

.x", we are done if we
P(X1,...,Xp,) bty at; = P(X1,...,Xp)
q(X1,...,Xp) q(Xt,...,Xp)

in Fwheel ({X1, ..., Xn}).

If both p and g are equivalent to ‘0’, this follows directly from axiom (8). Otherwise, it
follows from the previous lemma, since it is true in Fwg({Xy,...,X,}) since by assumption,
t(xy,...,X,) = s(xg,...,Xy,), and hence

+ zt) + 2ty

w+zt2+zt3 = t(Xq,...,X,) + Zt; + zt3
q(X1, .. Xp)
= s(Xq,...,X,) + zt| + zt3
p(Xi,...,Xp)
= 20T gty 2ty
q(Xl)"'aXn) ! E‘

Lemma 4.47. Any equation
(X1, Xp) = S(X15- .0, Xn)

that is true in Fwg({X1,...X,}) can be proved using the wheel axioms together with the
axioms ‘0x; is +-cancellable’ (i = 1,...,n).

Proof. Suppose t(Xi,...,X;) = s(X1,...,Xy) is true in Fwr({xi,...,X,}). By the previous
lemma, we get an equation that is true in Fwhee({X1,...,X,}) by adding a zero-term
Ox)"...xJ" to each side. The resulting equation can be proved using the axioms for wheels.
The term Ox)'...x} can then be cancelled by the use of ‘0x; is +-cancellable’ several times
for different i, since it is provable that

n nj
ny Ny __ .
Oxi'...x" = E E 0x;.

j=1 k=1 O]

Lemma 4.48. Suppose that #(Xy,...,X,) = 0/0 is true in Ox(N[Xy,...,X,]). Then it is true
in FWF({XI, cees Xn}) too.

Proof. Assume the condition. We have t(xy,...,x,) = 0/0 according to Lemma 4.44,
say
t(x1,...,X;) +2t; =0/0+zt, =0/0 =0/0 + zt;

in FWheel({xla cees Xn})~
Hence t(xy,...,X,) + zt; = 0/0 + zt; also in Fwr({xi,...,X,}), but by Lemma 4.39, we
conclude that #(xy,...,x,) = 0/0. |
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Lemma 4.49. Suppose that t(xi,...,x,;) = s(xy,...,X,) is an unbalanced equation. Then
H(X1,. .. Xn) = S(X1,...,X,) I8 true in Fwp({X1,...,X,}) if and only if each side is equal to
0/0 in Og(N[xy,...,X,]) (and so, by the previous lemma, in Fwg({X1,...,X,}) also).

Proof. Suppose that t(xi,...,X,) = S(X1,...,X,) is true in Fwg({X1,...,X,}). By

Lemma (4.46), there is a zero-term Ox)'...X}" such that

HX1,. .o Xn) + 0X]' L X0 = 8(Xy,.. ., X,) + OX]' LX)
in Fwheel({X1,---,Xyn}). By completeness, this equation is provable using the wheel axioms,
but since it is unbalanced, one must use an unbalanced axiom. There is just one, namely
‘x+0/0 = 0/0". This can be used only if ‘0/0’ occurs as a subterm in the derivation; but

if it does, then every term in the derivation can be proved to be equal to 0/0.
Hence

t(Xq,...,X,) +0x]' ... x)" = 0/0
and
S(X1,...,X,) + 0X{' ... x[" =0/0

in Fwheel({X1,...,X,}), and hence also in Og(]N[xl,...,xn]). But in the latter, we have
Ox}'...xp" = 0, hence we conclude that

(X1, Xp) = HXy, ..., X)) +0x]' .. X" =0/0
and
S(X1,. .5 Xp) = S(X1,...,X,) +0x]" .. X" = 0/0

holds in ©x(IN[Xi,...,X,]).
The other direction was proved in the previous lemma. L]

Lemma 4.50. Suppose that t(xi,...,x,) = s(x1,...,X,) is a balanced equation and that
t(X1,...,Xy) = S(Xi,...,X,) is true in Og(N[xy,...,x,]). Then it is true also in
Fwr({X1,....Xy}).

Proof. Assuming the conditions hold, t(xi,...,X,;) = s(Xi,...,X,) by Lemma (4.44),
say t(X1,...,X,) +0X]' .. X" = 5(Xq,...,X,) + OX]" .. X[ in Fwheel({X1,...,X,}), and hence
in pr(lxl,...,xn}) also. If (ng,...,ny) = (ml,...,mn), it follows by Lemma (4.39) that
(X1, .0y Xn) = S(X1,...,X,) is true in Fwp({X1,...,X,}).

If (ny,...,n,) # (my,...,my,), the equation

(X1, xn) +0x] L X0 = 8(xq,..., X)) + OXT LX)
is unbalanced, and hence, by the previous lemma, we have that
1(X1,...,X,) + 0x]' ... X" =0/0
and

S(X1,...,Xp) + OX]" . x)" =0/0
in Og(N[xy,...,x,]). But since 0x|'...x}" =0 in OQ(]N[xl,...,xn]), we have

t(xy,...,x,) =0/0
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and
s(X1,...,%,) = 0/0,
which, by Lemma 4.48, implies that

t(Xl,...,Xn) = S(X1,...,Xn)

is true in Fwp({X1,...,X,}). O

4.3.1. Conclusion. The lemmas we have just proved were needed in the proofs of the
theorems of this section. Together, these theorems show that the axioms for wheels are
almost sufficient to derive all equations that are valid in all wheels of fractions. The ‘almost’
is needed here because it is sometimes necessary to end the derivation by cancelling some
zero-terms from each side (Theorem 4.24).

These theorems also give a picture of how valid identities for wheels relate to
valid identities for commutative rings and semirings (Theorems 4.26 and 4.28, and
Corollary 4.36).

5. Wheel-modules

Since the notion of module is central in the study of rings, and wheels can be used as a
replacement for rings, we should introduce the notion of an H-module over a wheel H.
We indicate briefly how a theory of modules may be developed.

The notion of A-module, where A is an arbitrary semiring, was defined in Section 3
(Definition 3.2), and it was noted that when 4 happens to be a ring, then an 4-module in
the defined sense is an A-module in the usual sense of rings. The following definition is
similar to that definition. Note that the axioms are the wheel axioms that are interpretable
in the given context: the wheel axiom corresponding to each axiom is shown in brackets
at the end of each line.

Definition 5.1. Let H be a wheel. An H-module is a commutative monoid (M, 0, +) with
multiplication by H-elements defined (a function H x M — M written (x, m) — xm) such
that for any x,x' € H, m,m’ € M,

(xx"Yym = x(x'm) (as 2)

Im =m (as 2)
(x+x)Ym+0m = xm+xX'm (as 3)
x(m+m')+x0 = xm+ xm' (as 3)
(/x)ym+m +x0 = (/x)(m+ xm') (as 4)
0-0=0 (as 5)
x(m+0m') = xm+ Om’ (as 6)
m+(/0)0 = (/0)0 (as 8)

where O to the left is in H, while O to the right or alone is in M.
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A morphism of H-modules is, as usual, a monoid-morphism that also preserves the
multiplication. Let Zy M be the subset {m € M | Om = 0}, which is clearly an ZH-module,
and for any H-module-morphism ¢ : M — N, let Zg¢ be the ZH-module-morphism
obtained by restriction to Zy M. #y is clearly a functor from the category of H-modules
to the category of ZH-modules.

The construction of wheels of fractions works also for modules over commutative
semirings, so we may construct ‘O yA-modules’ from 4-modules.

Let A be a commutative semiring, X a subset and S the multiplicative monoid generated
by X. Let M be an A-module and define ~ on M X A4 by

(mya) ~ (m',d) < Tsi,s0 €8 : (sym,s1a) = (som', 52d).

That this is an equivalence relation is seen in the same way as before. Let ©xM be
M x A/~ with the operations ([c,d] € ©OxA)

0 = [0,1]
[m,a] + [m,d] = [ad'm+ am’, ad]
[e,d][m,a] = [em,dd].

These operations are well-defined by the same arguments as before, and the resulting
structure is clearly a © x4-module, denoted ©x M.

If p : M - N is an A-module homomorphism, let Ox¢ be the ©xA-module
homomorphism ©GxM — OxN given by [m,a] — [p(m),a]. So Ox is then a functor
from the category of A-modules to the category of ©xA-modules; with right adjoint
Roya. If A is a ring, then the composition £, 4Oy is the well-known functor S -1,

As an application, we may define ©xA4 in the case when A is a commutative ring
without identity element. Suppose that A is such a ring, and X a subset of it. Let A[1] be
(following Nagata) the additive group Z x A together with the extra operations 1 = (1,0)
and

(n,a)®,d) = (nn',nd’ +n'a+ ad),

which makes A[1] a commutative ring with identity 1, and with A injectively embedded
by the operation-preserving injection x — (0, x). We identify 4 with its image under this
embedding. A is then an ideal of A[1], in particular, an A[1]-module. In this way, ©xA4 is
defined as a ©®xA[1]-module.

Another application is exponentiation with fractions as exponents. Since every com-
mutative monoid (M,e,-) is an IN-module by multiplication m" (m € M,n € N), it is
extended to a ©g,IN-module Os,M consisting of elements [m,n] (m € M,n € N, write \”/ﬁ
for [m,n]). We have /mP/4 = {/mp. In particular, x'/° and x% is defined in this way.
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