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Abstract. In a previous paper (Presentations of subshifts and their topological conjugacy
invariants. Doc. Math. 4 (1999), 285-340), the notion of A-graph system has been
introduced. The A-graph systems are generalizations of finite directed labeled graphs.
In this paper, we study periodic points of A-graph systems. We introduce some invariants
for a A-graph system £ to count the cardinal number of p-periodic points of £. They are
invariant under strong shift equivalence of A-graph systems. We then consider the zeta
functions of A-graph systems, which are also invariant under strong shift equivalence of
A-graph systems. Some examples are also presented.

1. Introduction

Let ¥ be a finite set with discrete topology, called an alphabet. Let £% be the set of all
bi-infinite sequences of X. It is a compact Hausdorff space by the product topology
and it has a natural homeomorphism o defined by left-shift: o ((x;);cz) = (Xi+1);cz
(xi)iez € ¥Z. Let A be a closed o-invariant subset, i.e. 0 (A) = A of ©%. The restriction
of o to A is denoted by o5 . The topological dynamical system (A, o) is called a subshift
and for reasons of brevity we denote it by A. Throughout this paper we denote by Z4
and N the set of all non-negative integers and the set of all positive integers, respectively.
In [Ma1], the notion of a A-graph system has been introduced as a generalization of finite
directed labeled graphs. A A-graph system £ = (V, E, A, t) over X is a labeled directed
Bratteli diagram [Br] with an additional structure. Both the vertex set V and the edge set E

of £ are disjoint unions
V= U Vi, E= U Ep 41

nEZ+ ZEZ+

of sequences of finite sets V; and Ej ;41,! € Z4, respectively. All edges in Ej ;41 start at
some vertex of V; and end at some vertex of V1, ! € Z, which are labeled by the map
A : E — ¥. Here it is required that every vertex has out-going edges and that every
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vertex except the vertices in Vp has in-coming edges. The additional structure that turns
the labeled directed Bratteli diagram into a A-graph system is a map

L U Vi—>V
leN
such that

Vi) =V, leZy.

The map [ is compatible with the labeling, in the sense that if u is the initial vertex of an
edge with label o and final vertex v, then ¢(u) is the initial vertex of an edge with label «
and final vertex ((v).

A symbolic matrix system over X consists of two sequences of rectangular matrices
(Mi.141, I1141), | € Z4. The matrices M ;41 have their entries in formal sums of ¥ and
the matrices /; ;41 have their entries in {0, 1}. They satisfy the commutation relations

LiyiMigri = Mycilivriy2, 1 eZy.

The matrices /; ;+1,! € Z4+ have one 1 in each column and at least one 1 in each row.
We denote by (M, I) the symbolic matrix system (M 41, I1141),! € Z4+. A A-graph
system naturally arises from a symbolic matrix system (M, ). The edges from a vertex
5*1 € Vi1 to a vertex vf. € V; are given by the (i, j)-component M; ;41(i, j) of M; j41.
The matrix [; ;4 defines a surjection ¢ from V;1 to V; for each ! € Z,. This sets up a
one-to-one correspondence between A-graph systems and symbolic matrix systems.

Every A-graph system £ gives rise to a subshift A ¢ by gathering the all label sequences
appearing in the labeled Bratteli diagram. Conversely there is a canonical method to
construct a A-graph system from an arbitrary subshift. The constructed A-graph system
is called the canonical A-graph system for the subshift. Strong shift equivalence between
two symbolic matrix systems has been formulated in [Mal] as a generalization of
strong shift equivalence for non-negative matrices [Wi] and strong shift equivalence for
symbolic matrices [N]. Two A-graph systems are said to be strong shift equivalent if the
corresponding symbolic matrix systems are strong shift equivalent. Strong shift equivalent
A-graph systems give rise to conjugate subshifts. In [Mal], it was proved that two subshifts
are topologically conjugate if and only if their canonical A-graph systems are strong shift
equivalent. Hence the strong shift equivalence of A-graph systems is a crucial equivalence
relation for studying the topological conjugacy of subshifts. We note that strong shift
equivalence A-graph systems give rise to outer conjugate gauge actions on the associated
C*-algebras [Ma3].

The sequence of numbers of periodic points of a subshift is a crucial topological
conjugacy invariant. They have a large amount of information with regards to the
conjugacy classes of subshifts rather than the topological entropy. In this paper, we study
periodic points of A-graph systems. We will first construct a topological dynamical system
(Zg,0¢) of a compact Hausdorff space Z¢ with a homeomorphism o¢ from a A-graph
system £. It comes from a topological Markov chain of the Shannon graph associated
with £ (cf. [KM1]), and is regarded as a cover of the presented subshift (Ag, opg).
We then introduce two directed sequences Ag(p), A e(p),p € N of abelian groups.
The former Ag(p), p € N are the Ko-groups of the space of the p-periodic points of the

v
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dynamical system (Zg, o¢), and the latter A ¢(p), p € N are the quotient groups of the
former by the Ko-groups of the space of the p-periodic points of the presented subshift
(Ag,on.). The pair Ag(p), Ag(p), p € N with the natural homomorphisms LqA’p :

Ae(q) — Ag(p) and Lﬁp : Zg(q) — Zg(p) for g|p are called the periodic dimension
group for £ and is written as B ¢. We will then prove that it is invariant under strong shift
equivalence of A-graph systems. The periodic dimension groups for A-graph systems give
us information for the cardinal numbers of periodic points both for the A-graph systems and
the presented subshifts. We will next consider two kinds of zeta functions {¢(z) and ¢ g" (2)
for the A-graph system £. One is the zeta function {g(z) of Artin—-Mazur—Ruelle-type
defined by the cardinal numbers of finite periodic points of the dynamical system (Z¢, o¢)
(cf. [AM, Ru]). The other one is the zeta function ¢ g" (z) defined by the cardinal
numbers of periodic words with infinite periodic points of the dynamical system (Zg¢, o¢).
The former zeta function ¢¢(z) is a natural generalization of the ordinary zeta function
of the topological Markov shift. The latter one {&°(z) is an obstruction such that the
A-graph system £ has the same periodic structure as the presented subshift. Both of the zeta
functions are invariant under strong shift equivalence of A-graph systems. The invariants
presented in this paper for a A-graph system £, the periodic dimension group B¢ and the
zeta functions ¢¢(z), ¢ go (z) are easier to compute than the invariants defined in [Mal], the
dimension triple, the K-groups and the Bowen—Franks groups. In §6 some examples will
be presented. In particular, we see that for the Cantor horizon A-graph system £¢*(P2) of
the Dyck shift D5, the product formula

¢D, (z) = §2Ch(02) (2) - {g%h(r)z) (2)

holds, where ¢p, (z) means the ordinary zeta function of the Dyck shift.

2.  Dynamical systems constructed from A-graph systems

We say that a A-graph system is left-resolving if for every symbol « € ¥ every vertex has
at most one in-coming edge labeled «. In what follows, we assume that a A-graph system is
left-resolving. In [Ma2], Deaconu’s continuous graphs [Del, De2] have been constructed
from A-graph systems. We will briefly review the construction. Let £ = (V, E, A, ) be a
A-graph system over . Foru € V;_1 and v € V|41, we put

E'(u,v) ={e € Ejj+1 | t(e) = v, (s(e)) = u},
E(u,v) ={ee€ Ej—11]|s(e) =u,t(e) =1(v)}.

Then there exists a bijective correspondence between E‘(u, v) and E,(u, v) that preserves
labels for each pair u, v of vertices. We call this property the local property of £. Let Q¢
be the projective limit of the system ; ;11(= t|v;,,) : Vi+1 — Vi, 1 € Z, which is defined
by

1+1 !
Ll,l+1(v+ y=v,l € Z+}.

Qe = {(v’»% e [[v

IEZ+

We endow Q¢ with the projective limit topology so that it is a compact Hausdorff space.
An element v in Q¢ is called an ¢-orbit or also a vertex. Let E¢ be the set of all triplets
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(u, o, v) € Qg x X x Qg such that for each ! € Z, there exists ¢; ;11 € Ej 141 satisfying

i I+1
u =s(erir1), vV =tleir1), o= renit),

where u = (ul)l€Z+, v = (vl)lez;+ € Qg. Thentheset E¢ C Qg x X X Q¢ is a topological
Markov chain [Kr4] and also [Ma2, Proposition 2.1] called a continuous graph in the sense
of Deaconu [Del, De2]. It is also a left-resolving Shannon graph [KM1].

Consider the set Z¢ of all two-sided sequences of paths of E¢,

Zeo = {(ai, uiiez € [ [(Z x Qo) | (wiz1, 0i,u;) € Eg foralli e Z}.
i€Z
The set Zg has the relative topology from the infinite product topology of [ [;.7 (X x Q¢)
and is a zero-dimensional compact Hausdorff space. The shift map o¢ : (o, u;)icz €
Zgo — (0it1,Ui+1)icz, € Zg is a homeomorphism and hence we have a topological
dynamical system (Z ¢, o¢). We note that it is not generally expansive for a metric defining
the topology of Zg. Let A g be the subshift presented by £ and o the left-shift on Ag.
For k € N, we denote by B (A ¢) the set of admissible words of length k in A ¢.
We will now provide some basic lemmas on A-graph systems.

LEMMA 2.1. For an t-orbit v = (a)l)lez+ € Qg

(i)  there exist a symbol « € ¥ and an t-orbit u = (ul)lez+ € Qg such that
(w,a,u) € Eg, and

(i) there exist a symbol B € X and an t-orbit v = (vl)l€Z+ € Qg such that
(v, B, w) € Eg¢.

Proof. (i) For an (-orbit w = (a)l)lez+ € Qg, put
Se(@)={ecE|ANeZi;se) =0 1) =a}, acZ.

As the cardinality of the set [ J,cx S« () is infinite, we may find a symbol «, € X such
that the cardinality of S, (w) is infinite. For n € N put

Fu(o,00) = {u € Q¢ | Jen € En_1.: Men) = oo, s(en) = "' 1(en) = u"}.
By the local property of £, a vertex u € Qg belongs to F, (w, «,) if and only if, for every
k=1,2,...,n, there exists ey € Ex_1 x such that A(ex) = oo, s(ex) = "L 1 (ep) = uk.
Since F,(w, ®,) is closed in Q¢ for n € N and the family F;,(w, @), n € N has finite
intersection property, we may find u € (), Fu (@, o) so that (w, o, u) € Eg.
(i) We similarly set
SP(w)={ec E |3 €l te) =o, Me)=B)}, Bex
so that the cardinality of S (w) is infinite for some B, € ¥. For n € N put
Fo(Bo, @) = {v € Qg | Fey € En—1.03 Men) = Bo, 1(en) = 0, 5(e) ="'},
Similarly to (i), we may find v € (),,cry Fu(Bo, @) so that (v, o, w) € Eg. O
LEMMA 2.2. For a symbol o € Bi(Ag) and an t-orbit u = (ul)l€Z+ e Qg with
t(eo) = ui, rMeo) = o for some ey € Ep,| there exist an t-orbit = (a)l)lez+ € Qg
and a sequence of edges e; € Ej 41,1 € N, such that s(e;) = o', t(e) = ultl, Aey) = a.
Hence (w,a,u) € Eg.
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Proof. By the local property of £, we may find a vertex '

€ Viandanedgee; € E1
such that ((w!) = a)o,s(el) = wl, t(e) = uz,k(el) = «. By induction, the assertion

holds. O

LEMMA 2.3. For u = (U1, ..., k) € Br(Ag), there exist t-orbits u; = (ué)lez+,
i=0,1,...,k suchthat (uj—1, ui,u;) € Eg,i=1,...,k.

Proof. For (u1,...,ux) € Bk(Ag), take e; € E;i—1;,i = 1,...,k, such that t(¢;) =
s(eir1), Me;)) = u;. Take upy = (ui)le%r € Qg such that t(e) = uﬁ By the
preceding lemma, for the edge e; and the (-orbit uy, we may take uy_1 € Qg such that
(ug—1, i, ur) € Eg. One sees the assertion by repeating this procedure. O

LEMMA 2.4. The map g : Zg —> Ag defined by mo((oi, ui)icy) = (¢i)iecz is
continuous and surjective.

Proof. It suffices to show its surjectivity. For («;);cz € Ag and n € N, put
Zo((a)i—_,) ={(Bi,ui)iez € Zg | i = ;i =0, %1, ..., £n}.

By Lemmas 2.1 and 2.3 the above set is not empty. As it is closed and the family
Zg((a)?__,),n € Nhas finite intersection property, we may find x € ();oy Zg((i)?__,)

that satisfies g (x) = (o) ;7. a

Let (M, ) and (M’,I’) be two symbolic matrix systems over the alphabets &
and ¥, respectively. Let m(l) and m’(l) be the sequences for which M ;41, I; ;4] are
m(l) x m(l + 1) matrices and M;,l+1’ II’JJrl are m'(l) x m'(l + 1) matrices, respectively.
Recall that (M, I) and (M’, I’) are said to be strong shift equivalent in 1-step [Mal] if
there exist alphabets C, D and specificationsx : ¥ — C - D, ¥’ : &' — D - C such that,
for each ! € N, there exist an m(l — 1) x m’ (/) matrix H; over C and anm’(I — 1) x m(l)

matrix K; over D satisfying the following equations:

K K’
Lo Mg = i, I My = K (2.1

and
Hilj oy = h-viHiv, Kiliagr = 1y Kiga. (2.2)

Here a specification x : X1 — X, between finite alphabets ¥j, ¥, means a bijection

from a subset of X onto a subset of ¥, and the notation M ~ My for symbolic
matrices M over X; and Mj over ¥ and a specification x : ¥; — X, means
the equality « (M (i, j)) = Ma(i, j) for each component. We write this situation as
M, D l%t (M, I’). Two symbolic matrix systems (M, I) and (M’, I') are said to

be strong shift equivalent if there exists a finite sequence of symbolic matrix systems
(MWD 1Dy i =1,2,..., N — 1, such that

M, ) ~ MDD 1Dy ~ oox (MVD VDY~ (M ).
1—st 1 st 1—st

—st 1—

Two A-graph systems £ and £ are said to be strong shift equivalent if their respective
symbolic matrix systems (M, I) and (M’, I") are strong shift equivalent.
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THEOREM 2.5. Let £ and &' be A-graph systems. If they are strong shift equivalent, there
exist homeomorphisms ® : Zo — Zorand ¢ : Ag —> A g such that

Poog=0g 0P, ¢ooprs =0r,0¢, ¢omg=mgod.
Hence the conjugacy class of the factor map
e (Zg,08) —> (Ag,0n,)
is invariant under the strong shift equivalence of ,-graph systems.

Proof. Let £ = (V,E, A, 1) and £ = (V', E’, ), (') be A-graph systems over ¥ and X',
respectively. We may assume that their respect symbolic matrix systems (M, I) and
(M, I') are strong shift equivalent in 1-step. For («;, u;);c7 € Zg, letu; = (”§)16Z+ €
Qge, i € 7Z. We arbitrarily fix i € Z and ! € Z;. Take e;)lH € Ejj4+1 such that
s, ) =ul_j.1(e), ) =ult' A(el ) = a;. By the first equality of (2.1), the edge
ef’l“ and the vertex ufj = t(uffl) determine two edges ]‘lijll)l, g;’Hl such that

i1 -1 i1 " i1
sUIS) =uwisy 1G5 ) =i M(fi5) = ca;s

+1

. : . ) .
s(81141) = Uiy, t(g;,lJrl) = )‘K(g;,lJrl) = dy,

for some vertex u;l_ | € V’; and symbols co; € C,dy; € D, where Ay, Axc denote the

labelings in the symbolic matrices H;, K41, respectively. As [ € Z is arbitrary, we have

a sequence u:.l_l € V';,1 € Z; of vertices in £'. By the second equality of (2.2), one sees

that

-1
Yl ) =uiZ, leN.

This implies that u;lfl € V'1,1 € Z, defines an t-orbit u’;_; of V' for all i € Z. We note
that the edges 8571,1 and fli,l+1 satisfy

1(g_1,) = s(f141) = uj,

by the second equality of (2.1). There uniquely exists an edge ¢’ ; 141 € E'1141 such that

] I+1 ' -1 -1
s ) = ul 1)) = uiT V(€] ) = KT (deca)- Put oy = k' (dosca;)

€ Y. Since ! € Z is arbitrary, one obtains
/7 / !/
(u;_q, 05, u;) € Eg.

Therefore, ((xlf, u;)i <z defines an element of Z¢/. It is straightforward to see that the
correspondences

(i uiiez € Ze — (¥, u});cz € Zg,
¢ (@)icz € Ag —> (@));c7 € Ag
give rise to homeomorphisms and satisfy

Pooge =00 0, ¢OGA£=GA/£0¢, pome =m0 . O
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3. Periodic points of A-graph systems
In this section, we study periodic points of the dynamical system (Z¢, o¢). We will now
provide some notation. For p € N, we set

Af ={(@i)iez € Ag | i = apyi, i € Z},
the set of all p-periodic points of A g under o4, and
Zg ={(ai ui)jez, € Zg | 0i = Qpyis i = Upyi, i € Z},

the set of all p-periodic points of Zg under og. We denote by 7% : ZE — A{ the

restriction of g : Zg — Ag to Zf:’. For w = (u1,...,up) € Bp(Ag) we put
Mnpi = Wiy € Z,i = 1,2,...,p, and u™ = (Wi)iez. If u°° € Ag, it belongs
to Ag. Put

W(AL) ={u e By(Ag) | ™ € Ag}).
We call a word of W (A¢) a periodic word. For u € W(Af), we set
QRIul = {(u')iez, € Q¢ | Fapath y, of £ of length p;
s(yn) =" 1 (y) = u"* P Myn) = pon € 2y},
Zglul = {x € Zg | me(x) = p>),

where, for a path y, = (er,...,ep) of £, A(y,) denotes (A(e1),...,A(ep)). Hence
we have a disjoint union

ze= 1z
HeW(AQ)

LEMMA 3.1. For u € W(Af:), the correspondence ﬂgp[,u,] : Zg[p,] — Qg[p,] defined
by ngp []((ai, ui)iez) = uo gives rise to a homeomorphism.

Proof. 1t suffices to show that nsp [w] is surjective. For ug = (ué)le%r € Qg[u] there

exists a path y, of £ of length p such that s(y,) = ug’, 1(ys) = u(()"+1)p, Ayn) = u =
(M1, ..., up),n € Zy. Lety, = (eg,e’f,...,egfl) where ¢] € Epyxntk+1. We put
uZ‘H‘ = s(e)forl <k < p-1,n € Zy and ulli_i = Li(ui) fori = 1,2,...,k.

As £ is left-resolving, by the local property of £, one has L(ui‘“) = ui for0 < k <

p—1,1 € Z,. Hence ux = (u@lEZ+ €Qe,0<k <p—1.Fori € Zy,let p(i) satisfy
i=np+p@i),0=<p@i <p-—1,forsomen € Z;. Puta; = pp) and u; = u p(;) for all
i € Z4. Then the sequence (¢;, u;);cz belongs to Zﬁ and yields a point of Zﬁ[u]. It goes
to ug by 7g[ul. O

For € W(AR) with po = puipa -+ jup we set o (i) = popu3 -« pppii.
LEMMA 3.2.

(i) o(u) e WAR.
(i) QR[ul is homeomorphic 1o Q[0 (1)].

Proof. (i) The assertion is clear.

(i) By the preceding lemma, for ug € Qg[u] there exists (o, u;);c7, € Zg[u].
Asu; € Qg[a(u)], the correspondence s : ug € Qg[u] —> uy € Qg[a(u)] gives
rise to a homeomorphism. O
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Let £ and £ be A-graph systems. If they are strong shift equivalent, there exist shift-
commuting homeomorphisms ® : Z¢ — Zg and ¢ : Ag —> Ag by Theorem 2.5.
One can then make the following observation.

PROPOSITION 3.3. For p € N, the respective restrictions of ® and ¢ to Zg and Ag,

D : z”—>z”

& AL — AL,

are homeomorphic. In particular,
WA = WAL,
where |W(A )1, |W(A ,)| denote the cardinality of W(A ), W(A” /) respectively.
For p € N, let n :C (A )— C (Z ) be the homomorphism from the commutative
C*-algebra C (A ) of all complex -valued continuous functions on A to the commutative

C*-algebra C (Z ) of all complex-valued continuous functions on Z 1nduced by the map
”2 Zg yq— AP Define l'[p by the homomorphism

ng* Ko(C(AQ) — Ko(C(ZY))
on the Kp- groups induced from the homomorphism 712” : C(A ) — C(Z ). The

algebras C(A ) and C(Z ) are naturally decomposed as the direct sums
CA)= @@ C ad czp)= P c@lub.
new(AR) HEW(AY)
For p, g € N with ¢g|p, one has W(A ) C W(A ) and the set Zq is a clopen subset of
Z g so that there exist natural embeddmgs
C(AL) — C(AR) and C(Z%) — C(Zh)

denoted by i ;\) and i 7.p respectively. They are compatible to the homomorphisms
. C(AL) — C(Z}) and ngp* : C(A}) —> C(ZY). This means the diagram

q*

C(A )—>C(Z )

C(A )—>C(Z )

is commutative. Hence the K-theory

‘1

KO(C(A ))—>K0(C(Z )
q»p*l 1-[1’ lq»p*
KO(C(A ))—>K0(C(Z )

is also commutative. The K-theory diagram is denoted by &, ,(£) for p, g € N with g|p.
The system G(£) = (G, p(L)}y,p is called the periodic dimension diagrams for £.
We denote

Ag(p) = Ko(C(ZR) and Ag(p) = Ko(C(ZR)/TIa(Ko(C(AD)))
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for p € N. As the homomorphism iqZJ,* : KO(C(Z%)) — KO(C(Zg)) for g|p is

compatible with the homomorphisms HZ: : KO(C(AqE)) — KO(C(ZZ:)) and l'[g :

KO(C(Ag)) — KO(C(Z)’:’))), the map iqZJ,* denoted by L(ﬁp induces a homomorphism

A olq) = A ¢(p) that is denoted by 15) p- We put the directed sequences of the groups
Ag ={i5,: Aelg) = Ae(p) for p,g € Nwithg < p, gqlp},
Ag = {2, Aelg) > De(p) for p.g € Nwithg < p, qlp}.

The pair Pe = (Ag, A ¢) is called the periodic dimension group of a A-graph system £.
Let vll, o U;ln(z) be the vertex set V; of £ atlevel l. For k € Nand i € By (Ag), define
m(l) x m(l 4 k) matrices A; j+x[p] and I; ;4 with entries in {0, 1} by setting

1 ifJapathy; s(y) = v, t(y) = U§+k, Ay) =w,

Api+i[u]G, j) =
* 0 otherwise,
e koo Ik 1
1 ify (vj ) =,
0 otherwise,

Lk, j) = {

fori =1,2,...,m(), j =1,2,...,m( + k). We denote by A?Hk[u] and Il”l+k the
transposed matrices of A; j4x[] and I; j4, respectively.

LEMMA 3.4. Foru € W(Af:), we have
p — 1 . +1
Ko(C(QglpD) = Him (A oyl * Ly, gy 0 2007 — ZOHDPY

where

Ailp,(n-i—l)p[u] * I,tlp,(,H_l)p(j’ i) = Ailp,(n_;,_l)p[ﬂ](j’ i)I,t,p,(n_;,_l)p(ja i)
fori=1,2,...,.mnp),j=1,2,....,m((n+ 1)p).
Proof. The vertex set Qg is written as the projective limit

Q¢ =lim{y 412 Vigr — Vi

An element (vl)lez+ € Qg belongs to Qe[u] for u € W(Ag) if and only if there
exists a sequence y; 4, of paths from vl to v'*P labeled u for I € Z,. By the local
property of a A-graph system the latter condition is equivalent to the condition that
there exists a sequence yyp, (n+1)p of paths from v’ to v +DP Jabeled p forn € Z.
Hence (vl)lez+ € Qg belongs to Qg¢[u] if and only if it belongs to the following set:

(Wiez, € Miez, Vi [P @"FDP) = v and T apath vy (u41)p;
S(Vnp,(nJrl)p) =", t()/np,(nJrl)p) = U(H—H)p’ )\(Vnp,(nJrl)p) = pu}.

Hence the algebra C (Qg[u]) is isomorphic to the algebra of the inductive limit
p T . +1
C(QelnD) = lim (AL, ol % Loy 1) cmow) s cminthp)y

so that we have the desired K-theory formula. a
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For u € W(Ag) we put

o~ -~ -1 -~
Vo = Vo, Vip = {v;’p € Vyp | 3 a vertex vl.(n p € Viu—1)p and a path v, 1) p np;
—1 -1
Lp(v;lp) = Ul-(n )p’ S(V(nfl)p,np) = U,'(n )pa t()/(nfl)p,np) = U;lpa )&(V(nfl)p,np) = pu}

for n € N. We denote by m(np) the cardinal number |x7,,,,|. Then the restriction of the

. t t . . . =
matrix Anp,(n+1)p['u‘] * Inp,(n+1)p to the corresponding coordinates for the vertices V,,,

naturally defines a homomorphism from Z"P) to Z™((*+Dp) The restricted matrix is

also denoted by A;p,(n+1)p[“] * Ilip,(n+1)p‘ The inductive limit

: 1 t . i n((n+1
nlir&{Anp,(n+l)p[M] * Inp,(n+l)p : Zm(np) — Zm((n )p)}

is still isomorphic to the group Ko(C (Qg[u])). Consider the quotient group 7/ p) /7 of
the group Z™"P) by the image of the map k € Z — (k, ..., k) € Z"")_ As the quotient
maps are compatible to the homomorphisms

A . giop) Z';'((”H)p), nezy,

t t
. D) pl T L 1y p

we may consider the induced homomorphism Z"") /7, — 7/"(+Dp) ;7. that is also
denoted by A;p,(n+1)p[“] * Iflp’(nH)p. It is easy to see that the direct sum of the inductive
limits
: 1 t . i n((n+1
Jim (AL Gy p L] * L gy 7o) j7, —s 7 DP) 73

over i € W(Ag) is isomorphic to the group A ¢(p). We then reach the following results.

THEOREM 3.5. The periodic dimension diagram Sg¢ is invariant under the strong shift
equivalence of a A-graph system. In particular, the periodic dimension group Be =
(Ag, Ag) is invariant under the strong shift equivalence of a A-graph system. They are
calculated as

Ag(p) = EB lim (AL o L% Iy iy 2 2707 — 2D,

n—o00
neW(AQ)

R (o) = _— ' i) ((n+1)p)
Aoy = B Jim AL, oyl * by oy - 2772 — 2 /73,
HeW(AY)

h denotes the direct beli AR).
where @ueW(Afg) enotes the direct sum of abelian groups over W (A'g)

The matrices A, .1,
The above formulae of Ag(p) and Ag(p) are regarded as trace formulae for the groups.
In §6 we will compute the groups Ag(p), zg(p), p € N for some examples of A-graph
systems.

We will next study the least periodic points of the dynamical system (Zg, og).

For p € N, we set

[] * Iég)(n +)p pick up the p-periodic diagonal elements.

AP = {(@)iez € AR | @iz & A% forall k with 0 < k < p},

ZW = (@i ui)icz € Z8 | (@i ui)icz & Z) forall k with 0 < k < p}.
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They are called the p-least periodic points of (Ag,oa.) and (Zg, og), respectively.
The p-least periodic words W(A[p ) are defined by the set of all words ,u e W(A ) such
that ¢ does not belong to W(A ) for all k w1th 0 < k < p. Denote by n ! the restriction

of ns to the subset Zg LY of Zg P The map rr VA NN Ag L) induces a homomorphism
g’] : C(Ag’ ) — C(Zg]). Similarly to the preceding discussions, define Hg’] by the
homomorphism

2P Kol — Ko(c(Z¥h)
on the Ko-groups. For p, g € N with g < p, g|p there exist canonical embeddings
calfy — c@lthy and cZiY) - czh
denoted by i [/(\1] (] and i é]’[ ol respectively. We have a commutative diagram:

H[q]
Ko(C(A{h) —= Ko(C(Zi{h)

s iZ
[q).[p}* [q].[p]*
l—[[p]

Ko(C(AYh) —= Ko(c(z¥h)

that is denoted by &4, (£) for p, g € N with g|p. The system S([£]) = {Sg1,1p1}g.p
is called the least periodic dimension diagrams for £. We denote

As(pD) = Ko(C(Z¥Y) and  Ag(lp)) = Ko(C(ZEh) /0¥ (Ko(c(ah))

for p € N. The map l[q] [pls denoted by 2 a1ip] induces a homomorphism ZQ([ D —
A e([p)) for g|p, which is denoted by L[ 2y Slrmlarly we put the directed sequences of
the groups

Argy) = {‘[Aq],[p] : Ag(lg]) — Ag([p]) for g|p},
Ay = {‘[Aq],[p] : Ae(Ig]) = Ag([p)) for g|p).

The pair Pre) = (Arg)s 2[ g1) is called the least periodic dimension group of a A-graph
system £. The least periodic dimension group ‘B¢ also is invariant under the strong shift
equivalence of A-graph systems.

PROPOSITION 3.6. The least periodic dimension group Big) determines the periodic
dimension group P o. Conversely, the periodic dimension group P ¢ determines the least
periodic dimension group B g).

Proof. Since the set W(A ) is decomposed into the disjoint union | | alp W(A[q]) one has
Ae(p) = @qlp Ae([g]D. This decomposmon of Ag(p) is compatible to the map I'IL. SO
that one sees the decomposition A e(p)=6P alp A e([g]). Hence ‘,B determines L.

Conversely, the set W(A[p ) is written as W(A N L q1p W(A ). We have a natural
q<p
exact sequence
0— Pcdh — cizh) — cz¥h —o.

qlp
q<p
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Therefore, we have

Ko(C(Z) = Ko(C(25)) / P koczgh

qlp
q<p

As Ko(C(ZR") = Ko(C(Z})), by induction, Ag([p]) is determined by e The maps
tgp : Ae(g) > Ag(p) for g|p induce the maps 1}, 1 : Ae(lg]) = Ag([p]). Similarly,
zg([p]) is determined by ‘B¢ and the maps L(ﬁp : /A\g(q) — zg(p) for g|p induce the

maps l[Aq])[p] : Zg([q]) — ZQ([[J]). Hence the periodic dimension group 3¢ determines
the least periodic dimension group Pre;. O

4. Zeta functions of A-graph systems
In what follows, we denote by |S] the cardinality of a set S.

We say that a word u € W(A ) has finite periodic t-orbits it |S2p [w]] is finite, otherwise
n e W(A ) has infinite perlodzct orbits. For yu € W(A ), we put

|§2 [1]]  if @ has finite periodic ¢-orbits,
Nelpl = .
0 otherwise.

We set

Ne(p)= Y Nelul,
neW(AR)
N&(p) = Il € W(AQ) | 1Q4[1]] = o0}
Both of the numbers Ne(p), Ng°(p), p € N are always finite, and Ne(p) counts the
number of finite periodic ¢-orbits, and Ng”(p) counts the number of periodic words with

infinite periodic ¢-orbits. We define two kinds of zeta functions for a A-graph system that
give us complete information for the sequences Ng(p), Ngo( p),p €N

Definition. Let £ be a A-graph system. We define the zeta function {g(z) of £ by setting

Le(z) = eXp[Z Nsn(n)z"}, zeC,
n=1

which counts the cardinal numbers of finite periodic ¢-orbits, and the zeta function £ °(2)
of £ by setting

£ (z)-exp[z NE® } zeC,

which counts the cardinal numbers of periodic words with infinite periodic ¢-orbits.
They are considered as formal power series of z.

THEOREM 4.1. Iftwo A-graph systems have the same periodic dimension diagrams, they
have the same zeta functions.
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Proof. Suppose that two A-graph systems £ and £ have the same periodic dimension
diagrams. As the homomorphisms Hg : KO(C(Ag)) — KO(C(Zg)) and T1%,
KO(C(AS)) — KO(C(ZQ)) are conjugate for p € N, we may take a bijection

P W(AD) — W(AR)

such that
Ko(C(QaluD) = Ko(C(QR[EP(w)]), 1 e W(AR).

Hence the set Qg[u] has finite cardinality if and only if Qg[é P ()] does so. In this case,
one sees that

1411l = 1Q41E” (0]

so that Ne(p) = Ng/(p) and ¢e(z) = e/(z). Furthermore, one also obtains that
(@) =P . .

Either by Theorem 3.5 or by direct inspection we can make the following corollary.

COROLLARY 4.2. Let £ and £ be A-graph systems. Suppose that £ is strong shift
equivalent to £'. Then we have

2@ =¢(2), (@) =¢3 ().
Hence the zeta functions of a A-graph system are invariant under strong shift equivalence.

Let A be a subshift. We denote by Nj(p) the cardinal number of the set of
p-periodic points of A. We say that £ is periodically faithful for A if A¢ = A and
Ne(p) = Na(p), N&¥(p) =0, p € N.

PROPOSITION 4.3. Let A be a subshift presented by a A-graph system L. Then the
following four conditions are equivalent to each other:

(i) L is periodically faithful for the subshift A,

(i) A(p)=O0forall peNand Ag = A,

(iii) A([p]) =O0forall p e Nand Ag = A,

(iv) ¢e(2) =¢a(z) and (P (2) = 1,

where {p(2) is the zeta function of the subshift A defined by

O N
ia(z) = CXP[Z #z”}

n=1

Proof. 1t is clear that condition (i) is equivalent to condition (iv), and (ii) is equivalent
to (iii). The condition z(p) = 0 is equivalent to the condition that the map Hg :
Ko(Ag) — Ko(Zg) is an isomorphism because Ko(Ag) is isomorphic to the direct sum
7®- - -®Z of |W(A§) |-copies of Z and Hg is always injective. This condition is equivalent
to the condition that

|QA[u]l =1 forall u € W(AR). (%)

It is immediate that both conditions (i) and (ii) are equivalent to the above condition (). O
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It is easy to see that, if A is a topological Markov shift, the canonical A-graph system
£A for A is periodically faithful for A.

The zeta function ¢¢(z) is a natural generalization of the ordinary zeta function of the
topological Markov shift, whereas the zeta function {g°(z) is an obstruction such that the
A-graph system £ has the same periodic structure as the presented subshift A g.

PROPOSITION 4.4. Suppose that £ is strong shift equivalent to £'. Then £ is periodically
faithful for A ¢ if and only if £ is periodically faithful for Ag.

Proof. As £ is strong shift equivalent to £/, the subshifts A¢ and A ¢ are topologically
conjugate so that Na ¢ (p) = N, (p), p € N. Since the zeta functions are invariant under
strong shift equivalence, one sees that the assertion holds. o

5. Zeta functions of A-graph systems associated with labeled graphs

The formula £,4(z) = 1/det(1 — zA) for the zeta function {,4(z) of an edge shift A4
defined by a non-negative matrix A can be found in the work of Bowen and Lanford
[BL1, BL2]. The formula has been generalized to sofic shifts by Manning [Man] and
Bowen [Bo]. In this section we will study our zeta functions for A-graph systems coming
from labeled graphs.

Let G = (G, ) be a left-resolving labeled graph over X. Its underlying directed
graph G = (V, E) has the vertex set V and the edge set E. We will construct a labeled
graph Gp21 = (Gp2], Az)) over X from G, called the complete in-split labeled graph of G
(cf. [LM]). We set V[3] = {(e,v) € E x V | t(e) = v}. For two vertices (f, u), (e, v)
in V7], define a labeled edge from ( f, u) to (e, v) with label A(e) if s(e) = u. Denote by
E[7) and A7) the labeled edges and its labeling map defined in this way. Then we have
a labeled graph Gpo) = (Gz), A[2)) with vertex set V|2) and edge set E[). We may also
construct a A-graph system £¢ associated with G by setting V; = V, Ej ;41 = E for all
[ € Z4, and ¢ = id. The labeled map A on £g is the same as the map A on G. As the
set of all t-orbits of £ is identified with the vertex set V of G, the set Qgg [1] is finite

for every u € W(Ag ). Hence there is no word having infinite periodic t-orbits, so that
NE‘;(p) =0 and {?;(z) =1.
For a left-resolving A-graph system £, we put

Ve={(a,u) € ¥ x Qe |Iv € QLg; (v,a,u) € Eg}.

For («,u), (B,v) € Vg, define a labeled edge from (B, v) to («,u) with label « if
(v,a,u) € Eg. Let us denote by Ag the labeling map. Then we have a left-resolving
labeled graph (Vg, Eg, Lo) over X. We denote it by Ga. Put

Zgo = (i, ui)iez | (@i u;) € Ve, (wi—1,a;,u;) € Eg,i € Z},

the sequences of vertices concatenating in the graph G¢. We denote the left-shift on Zg,,
by 0g,. One may naturally identify the topological dynamical systems (Zg,og) and
(Zg,, 0g,). Hence the space Zg is identified with the p-periodic points of (Zg,, 0g,).

LEMMA 5.1. Let G = (G, )) be a left-resolving finite labeled graph and £g be the
associated A-graph system for G. Then we have Ve, = Vip) and E¢; = Ep) in a natural
way. Hence we have ggg =Gp)
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The zeta function {g(z) for a finite directed graph G is the zeta function of the edge
shift associated with G (cf. [LM, §6.4]). As the graph G2 is strong shift equivalent to G
as the vertex shifts (cf. [LM, Ch. 2]), one has (g, (z) = {G(z). By the preceding lemma,
one sees that Ne, (p) = Ngp,, (p), p € N, and hence (¢ (2) = (g, (2) for aleft-resolving
finite labeled graph G = (G, A). Therefore, we make the following proposition.

PROPOSITION 5.2. Let G = (G, A) be a left-resolving finite labeled graph with underlying
directed graph G. Let £g be the associated \-graph system for G. Then we have

Ngs(p) =Ng(p), peEN,
where Ng(p) denotes the cardinal number of the p-periodic points of the vertices of the
directed graph G. Hence we have

{eg(@) =t6(2) = dotl —240)" o, =1,

where Ag denotes the adjacency matrix of the graph G.

The proposition means that the pair of the zeta functions ¢ (z) and {g°(z) for a A-graph
system naturally generalizes the ordinary zeta function ¢ (z) of the labeled graphs.

6. Examples of zeta functions of A-graph systems
6.1. A-graph systems presenting the full 2-shift Ay over ¥ = {a, B}.

6.1.1. Let Ga, be the labeled graph with one vertex and two self-loops labeled « and S.
Let £y be the associated A-graph system £g A defined in the preceding section, which is

the canonical A-graph system £22 of Ay. As the set ng[v] is one point for every word v
of X, their p-periodic dimension groups and the p-least periodic dimension groups are
2
Ae,(pD=Z&---®Z, Ag,(Ip]) =0,
Xqip H(P/9)2
forall p € N, where wu(n), n € N is the Mobius function, so that £ is periodically faithful

for Az. As Ng,[v] = 1 for every word v, one has Ng,(p) = 27, NE?) (p) = 0 so that the

zeta functions are
o0 2n 1
n o0
{EO(Z) = eXpI:nE:1 _n z } = exp[—log(l —22)] = —1 gy = €A2(Z)7 é’so(z) =1,

where ¢, (z) is the zeta function of the full 2-shift (cf. [LM, Example 6.4.3]).

6.1.2. Let £; be the A-graph system whose symbolic matrix system (Mlll+1’ IllH_l),
| € Z+ is defined by

My, =la+Bl. Iy, =01,
M, =la+Ba+pl I,=[11]

Ml,l+1 = [ 0 a +ﬁ} ) I[’[+] = [O 1l 2 < leN.
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There exist two t-orbits each of which is the same as the preceding canonical A-graph
system £9. Hence we have

Ae,(p)=7& - ®ZL, DLg (p) =7,
2p+1
Ae(ph=Z&--®Z, Ag(p) =2,

S H(p/27T!

for all p € N, so that £; is not periodically faithful for A>. As Ng [v] = 2 for every
word v, one has Ng, (p) = 2prtL Ng‘f (p) = 0 so that the zeta functions are

o0 2n+1

te, (2) = exp[Z

n=1

2 B 1
Z :| =exp[—2log(1 —27)] = 7(1 EEWOR

(@ =1.

6.1.3. Let £, be the A-graph system whose symbolic matrix system (Ml21+1, Il2l+1),
| € Z is defined by

MGy =le+Ba+pl I3, =[1.1]
and

a+pB forj=2i—1,2i,

0 elsewhere,

MGG ) = {

1 forj=2i—1,2i,

0 elsewhere,

P0Gy ) = {

fori =1,2,...,2", j = 1,2,...,2""1 [ € N. Hence the vertex set V,1 € Z, of £,
has 2/ vertices. Each of the vertices of V; has two out-going edges labeled o, two out-going
edges labeled 8, one in-coming edge labeled « and one in-coming edge labeled 8. Put a
27 % 27" matrix
1 feri=(—2r, - 12P 1, j2P,
B0, j) =
0 elsewhere,
fori=1,2,..., 2”’“, j=12,..., 2”1. Then by Theorem 3.5 we have
! I+1
Doy(p) = lim (B 1 227 — 77"},

Hence Ag,(p) is isomorphic to the abelian group C(C, Z) of all Z-valued continuous
functions on a Cantor discontinuum C. Similarly, the groups A o, (p), Ag,([p]) and
A g, ([p]) are all isomorphic to C(C, Z). As every word v of X does not have finite periodic
t-orbits, we have Ng,[v] = 0 and Ng‘; (p) = 27 so that

o 1
i, =1, (g (2)= T2~ $A,(2).
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6.1.4. Let £3 be the A-graph system whose symbolic matrix system (M?H_l, Il3l+1)’
| € Z+ is defined by

M =la+Ba+pl. I, =I[1.1]
and

a+p fori=j,andi=I1+1, j=I1+2

0 elsewhere,

M7 131G ) = {

3 L. {1 fori=j,andi=1+1, j=1+2
I G ) =

’ 0 elsewhere,
fori =1,2,...,14+1, j=1,2,...,1+2,l e N. Hencethevertexsetvl3 of £3has/+1
vertices for [ € Z. Each of the vertices of V; except vf 1 has one out-going edge labeled
« and one out-going edge labeled 8. The vertex vf 41 has two out-going edges labeled «
and two out-going edges labeled 8. Each of the vertices of V; has one in-coming edge
labeled « and one in-coming edge labeled 8. By Theorem 3.5 one sees that the groups
Ag,(p), Z£3 (p), Ag,([p]) and Z£3([p]) are all isomorphic to the group P Z = Z* of
the direct sums of the countably infinite copies of Z. As every word v of X does not have
finite periodic t-orbits, we have Ng,[v] = 0 and Ngj(p) = 2P so that

. 1
423 () =1, {23 (2) = 1——2Z = §A3 (2).
We therefore conclude that these four A-graph systems £o, £1, £, £3 are not strong
shift equivalent to each other.

6.2. A-graph systems presenting the even shift A over ¥ = {«, B}.

6.2.1.  Let £§" be the A-graph system associated with its left-Krieger cover of the even
shift A°’ [Kr2, Kr3], which is the canonical A-graph system of A°’. It is the A-graph
system associated with the symbolic matrix

a B 0
B 0 «
0 0 B

By Proposition 5.2 the zeta functions of £§" are

-1

g“ggv(z): det|1—z

0
1 =ll--z-A"", BE@=1
1

1 1
1 0
0 0
6.2.2. Let £{" be the A-graph system associated with the left-Fischer cover of A, [Fi].
It is the A-graph system associated with the symbolic matrix

!
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By Proposition 5.2 the zeta functions of £{" are

—1
é’Siv(Z)I [det <1—Z|:i (1)})} :[1—Z—Z2]71, ;g?v(z): 1.

Both the zeta functions Ceer (z) and ggev (z) are different from the ordinary zeta function
Caer(z) = (1 +2)/(1 — z — z?) of the even shift (cf. [Man, Bo]).

6.3. A-graph systems presenting the Dyck shift D, with four brackets. The Dyck shift
can be defined by the Dyck inverse monoid ([Krl, Kr5], cf. [ChS]). The Dyck inverse
monoid is the inverse monoid (with zero) with generators a1, o2, B1, B2 and relations

apr=wpfr=1, aifp=ap =0.

The Dyck shift D; is defined as the subshift D, C {«1, a2, B1, ,BZ}Z, whose admissible
words (yi)o<i<y» ¥i € {a1, a2, B1, B2} satisfy the condition

[T »#o.

o<i<I

6.3.1. The Cantor horizon A-graph system £¢#(P2) for the Dyck shift D, is defined
in [KMZ2]. Its vertices at level [ are the words of {81, B2} of length [. Hence the cardinal
number of the vertex set at level [ is 2. The mapping ¢ deletes the rightmost symbol of a
word. There is an edge labeled «; from the vertex (B;())2<n<i, 10 the vertex (B;(n))1<n<!
precisely if i(1) = j. There is an edge labeled 8; from the vertex (B;(:))1<n<i—2 to the
vertex (Bim))2<n<i precisely if i(1) = j. It is straightforward to see that for a word
n e W(AgCh(Dz)) the set Qgcmz)z) [] is homeomorphic to a Cantor discontinuum C if and
only if p is even and the reduced form red(u) of u is of the form g;, - - - B;, o, - - - &, for

some m < p/2; otherwise Qgcmz)z) [1e] is one point. Hence we have

Aacnwy(p) =2Z@---OLOCEC,Z)D---® C(C,17Z),

Ncn(py) (P) Nzoch(nz) (p)

Agcnvy(p) =C(C,2)&---®CC, 7).

N;och([)z) (p)

By [HI] (and also [I]), the cardinal number of the words in W(A’;:Ch( Dz)) whose reduced

form is of the form B;, - - - B;, @i, - - - @, for some m < n/2 is calculated to be (HI}Z)Z"/Z.
Also [HI] shows that

(n=1)/2 ;N
213" — Z <,)2'} for n odd,
" l

i=0
|W(Agc;,(uz))| = n/2 ; - ;
2{3” — <,>2’} + ( /2)2"/2 for n even.
: i n
i=0
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Hence we have

(n—1)/2 n
243" — 20l £ dd,
"5 () e

n/2
2{3" — Z <n)2’} for n even,
4 i

Nacnwy) (n) =

and

)

for n odd,

Ngeniny (n) =
acny (1) ( " )2”/2 for n even.

n/2
In [HI] (and also [I]), the following equalities have been shown:

O\ 1 3484+ V/1-822
Z_ Z i 2=

— log , (6.1)
—n = 4 T3-8z++1-822
00 Zn n/2 n ) 1
DI ()2 = —>log(1 + /1 - 822)
n 4 I 2
neven i=0
1
—2 log(3 + 8z ++/1 —8z2)
1 3
— 2 log3 —8z++v'1 —8z%) + > log 2, (6.2)
o~ 2" [ n
Z . ( )2"/2 = —log(l + /1 — 8z2) + log2. (6.3)
neven n n/z
As Z;’lozl 3" /nz" = —log(l — 3z), as a result of the above equalities, we have
(1 =221 —8z2+1—27 — 277
Sacnmy (2) = 3 ;
2(1 —3z2) (6.4)
~ 1 —+/1—8z2
{Fonny (D) = ——
The ordinary zeta function ¢p, (z) for the Dyck shift is proved to be
© = 3—8z++1—8z2
¢ = T 3y
by [Ke]. Hence we know that the product formula
¢D, (z) = §2Ch(02) (2) - {g%h(r)z) (2) (6.5)

holds.

6.3.2. The canonical A-graph system £¢(P2) for the Dyck shift D, has been studied
in [Mad4]. Its vertices at level [ are the words of {8, 82} of length less than or equal
to [. Hence the cardinal number of the vertex set at level [ is 2/*1 — 1. The mapping ¢
deletes the rightmost symbol of a word. There is an edge labeled «; from the vertex
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(Bi(n))2<n<k, k =< [ to the vertex (Bin))1<n<k precisely if i(1) = j. There is an edge
labeled B; from the vertex (Bin))1<n<k—2,k < [ to the vertex (B;(n))2<n<k precisely if
i(1) = j. The A-graph system £€(P2) includes the Cantor horizon A-graph system £¢/(P2)
as a A-graph subsystem. It is straightforward to see that for a word © € W(A ga D))

1 ifred(n) = B;, - - - Bi,, for some m,
|Qgc<02> [ull =12 ifred(un) = o, - - - o, for some m,
oo ifred(un) = Bi, - - Bi, i, - - - &, for some m.
Let J; ;41 be a2/ x 2/*! matrix for [ € Z defined by
1 ifj=i i=12...2,
1, ) =11 ifj=2i—1,2i, i=2"1+1,...,2,
0 otherwise.

Let S; denote the discrete set consisting of 2/-points. Let C be a zero-dimensional compact
Hausdorff space defined by the projective limit

C= Hm{Jy 41 2 i1 — St}
I

The set Qgc( p, 1] is homeomorphic to C if and only if p is even and the reduced form
of u is of the form B;, - - - B;, @i, - - - @, for some m < p/2; otherwise Qgcwz) [] is one
point or two points. Hence we have

Agcoy(p) =28 ©L&CC. D) ®---&CC, 7).

Nc(Dy) (P) N;oC(Dz) (p)

We notice that the space C is not perfect, so that it is not homeomorphic to the Cantor
discontinuum. By Theorem 3.5, we know that

Aecioy(p) =CC, L) &---®CC, 7).

N;oc(uz) (02]
By [HI] (and also [I]), the cardinal number of the set of words in W(AEC(Dﬁ) whose
reduced form is of the form B;, - - - B;,, for some m is calculated to be
(n—1)/2 n
3" — 2! fi
Z (l> or n odd,
i=0
n/2 n ) n
3 Z (,)2’ — ( >2”/2 for n even,
= \i n/2
that is, the same as the cardinal number of the set of words in W(AZC( 02)) whose reduced
form is of the form «;, - - - @;,, for some m < n/2. Hence one sees
n=D/2 /N
313" — 2! for n odd,

Nacwy (n) =

i=
WL n

3{3” — <,>2’ — < /2>2”/2} for n even,
< i n
i=0
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and
0 for n odd,

Ngew, () = Ngewwy (n) = < n >2n/2 for n even.
n/2
Therefore, one obtains by (6.1)—(6.4),
{(1 =22)3/1 — 822 + 1 — 27 — 27%}3/2
29/2(1 — 3z)3 '
1—+/1-822

422

Laciny (2) =

¢ g%(uz) (z) =
Since the equalities

Locny (2) = 4Lacwn (7, Loy () = Loty (2),
hold, the equality (6.5) implies the formula

£, (2) = 44 acn (D) - £ 32y (2)-

The zeta function acp,) (2) of L£C(D2) g different from the zeta function Lacnoy (z) of
£CMD)  This implies that £€(P2) is not strong shift equivalent to £¢#(P2)

6.4. A A-graph system presenting a subsystem of the Dyck shift D;. Let Z; be the
subsystem of the Dyck shift D, consisting of all bi-infinite sequences in D, that do not
include the symbol «. It is the intersection between D, and the full 3-shift with the
symbols {a2, 81, B2}. The periodic points of the subshift Z, and its ordinary zeta function
have been studied by Hamachi and Inoue [HI] (cf. [I]). Let £%2 be the A-graph system
over {2, 81, B2} whose vertex set with (-map is the same as that of £ChD2) and whose
edge set is the subset of the edge set of £¢"(P2) obtained by deleting the edges labeled
. It is evident to see that the A-graph system £7%2 presents the subshift Z,. Since £%2
is a subsystem of £¢(P2) the preceding discussions for £¢#(P2) are useful for studying
the periodic points of £72. We then see that for a word u € W(AgZZ) the set QgZZ [i] is
homeomorphic to a Cantor discontinuum C if and only if p is even and the reduced form
red(w) of w is of the form

BrBroy--an

—_———— — ——

m m

for some m < p/2; otherwise QgZZ [w] is one point. Hence we have
Doz, (D) =Z& - ®LBCC, L) ®---®C(C, 1),
Noz,(p) ijzz (»)
Rer,(P)=CC.0) & ®CC, 7).

o0
N3, ()

By [HI], the periodic points of the subshift Z, are calculated as

(n-b/2 . (n-D/2 . )
) <)+ 3 <,)2"—2' for n odd,
1 1

n _ i=0 i=0
IW(Aaz,)l = sl st - .
Z (>+ Z <‘)2"_2’+( ) for n even.
i=0 \! i=0 \ n/2
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Since the cardinal number of the words in W(A’EZ2) whose reduced form is of the form
Bo---Baoy---ap forsomem < n/2is (nl}z) we have
—_—— ——

m m

(n—=1)/2 n (n—=1)/2 n )
Z ()—i— Z (,)2”2’ for n odd,

l l

i=0 i=0
Nez, (n) = 2=l N on2=l _
Z <)+ Z (,)2”2’ for n even
" l " l
i=0 i=0
and
0 for n odd,
N (n) =
ez () < " ) for n even.
n/2

In [HI] (and also [I]), the following equalities have been shown:

4 %% T 0

“Z"‘"‘“/2<n) Lo, 12
noaa ' Do
s z"("i):/2<n)2n_2[:110g2+5z I, 3= 8e+ 3T 42

og )
2 °2-5z 4 T548;4+3V1—42

noad "t iZo N
izn%:(”) L -2 Dogl —422) + Liog2
= ) =zlog————— — —log(1 — 4z°) + = log2,
n even noao N\ 2 1++/1—-472 4 2

[ee) n 11/2 2
. 1 25z —4
)3 Z—ZC)ZH’ _ g BTt
n —\i 2 T 1+ —-422

1
+7 log{(5 — 8z +3v1—4z2)(5+ 8z + 3V 1 —4z?)}.

o0 n
Z n 2
52 (1) e
neven n/2 14+ 4/1 —422

n>2
as a result of the above equalities, we have
—6z4+3+ V1 —4z2 Oo()_1—«/1—412
20—so—2) @ W= T
The ordinary zeta function ¢z, (z) for the subshift Z; is proved to be

272 —3z+ 14+ Bz — V1 — 422
2722 —52)(1 — 22)

Lz, (z) =

§22 (Z) =
by [HI]. Hence the product formula

$2,(2) = ez, (2) - £37,(2)

holds.
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