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Abstract. This paper concerns the problem of embedding, in the flow of an autonomous
vector field, a local diffeomorphism near a hyperbolic fixed point in a Banach space. To
solve the problem, we first extend Floquet theory to Banach spaces, and then prove that
two C* hyperbolic diffeomorphisms are formally equivalent if and only if they are C°°-

equivalent. The latter result is a version, in the Banach space context, of a classical theorem
by Chen.

1. Introduction and statement of the main results
Let X be a real Banach space with norm || - ||. Assume that F(x) has a hyperbolic fixed
point; without loss of generality, we suppose this fixed point is at x = 0 and write

F(x)=Lx + f(x), (1.1)

where f(0)=0, Df(0)=0 and L, L~! e £(X), the linear space of bounded linear
operators on X.
We say that F'(x) can be embedded in the flow ¢; of the differentiable equations

x=Tx+ g(x)

if F(x)=¢1(x), with T € L(X) and g(x) =o(||x|]). We also say that F(x) admits an
embedding vector field Tx + g(x).

We know that if F(x) and G(x) are two conjugate diffeomorphisms (i.e. there exists
a diffeomorphism H such that H o G = F o H) and G admits an embedding vector
field V, then F admits the embedding vector field H,V, where H, denotes the tangent
operator of H. So, to solve the embedding problem, one approach is to find a conjugate
diffeomorphism which has an embedding flow.

In one-dimensional spaces, the embedding problem has been intensively studied;
see, for instance, [1, 11-13]. In higher-dimensional spaces, Palis [18] proved that
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diffeomorphisms which can be embedded in flows are rare in the sense of Baire. In [15]
some sufficient conditions were provided for a given local diffeomorphism to admit an
embedding flow, and in [20] it was proved that any analytic integrable volume-preserving
diffeomorphism can be embedded in an analytic differential vector field. In 1992, Kuksin
and Poschel [10] solved the problem of embedding a local analytic symplectic map in
analytic Hamiltonian flow which depends periodically on time.

The embedding problems mentioned above are all posed in finite-dimensional spaces.
A natural question that arises is: what kinds of local diffeomorphisms can be embedded in
a flow in a Banach space? The present paper will deal with this problem, and will give a
class of local diffeomorphisms which can be embedded in flows in Banach spaces.

We say that the spectrum of the operator 7', denoted by o (T), is

° weakly non-resonant if
m
Z An — Ag £ 2m/—1forallm e N\ {1}, seN, [ € Z\ {0} and A,, As € o(T);
n=1
° non-resonant if

m
an — Ay #2n/—1 forallm e N\ {1}, seN, [ e€Z andX,, A; €0 (T);

n=1

° non-resonant of order k if
m
an —As 2w~/ —1 forallme{2,...,k}, seN, le€eZ andAr,, A; €0 (T).
n=1

The operator L is said to be hyperbolic if Re o 7~ O for all « € o (T'). An operator A € L(X)
is a logarithm of the operator L if e® = L. As usual, we denote by (X, 0) a suitable small
neighborhood of X around 0.

Our main results are stated in the following theorem.

THEOREM 1.1. For the C* local diffeomorphism F(x) = Lx + f(x) in (X, 0), assume
that:

(a)  the bounded linear operator L is hyperbolic and has a bounded inverse;

(b) L has alogarithm T € L(X);

©)  fx)=0(lx||?) is C*®-smooth.

Ifthe spectrum o (T') of the operator T is weakly non-resonant, then F (x) can be embedded
in the flow of a C*° autonomous system in (X, 0).

We remark that conditions (b) and (c) are necessary for a local C*° diffeomorphism
to admit an embedding flow. Theorem 1.1 is an extension to Banach spaces of
[15, Theorem 4] for finite-dimensional spaces; if we restrict the Banach space X to a finite-
dimensional space, then our theorem is exactly [15, Theorem 4]. To prove our theorem,
we need to establish, in Banach space, generalizations of Floquet theory for nonlinear
periodic systems and Chen’s conjugate theorem for C*° diffeomorphisms. The proof of
[15, Theorem 4] depends heavily on the structure for finite-dimensional spaces. As we
shall see, certain parts of the proof of [15, Theorem 4] cannot be applied to Banach spaces,
so we need new approaches.

First, let us recall some results which will be useful later on.
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THEOREM A. For T € L(X), assume that the spectrum can be expressed as o(T)
= U{F:l oi, where k e Nand o; C{§ € C: a; < |&| < b;}, with a; > 0 and b; < ajy for

i=1,...,k— 1. Then X can be written in the form X = X| x - - - x Xy, with coordinates
x =(x1, ..., xr), such that T =blockdiag(T1, ..., Ty) and the map F(x) =Tx + f(x)
on X can be expressed as F(x) = (T1x1 + fi(x), ..., Txxr + fi(x)), where o (T;) = o;
fori =1, ..., k. Withthis notation, we write T =T; ® - - - ® T.

This result follows from the spectral decomposition theorem, which can be found
in[7,p. 111].

THEOREM B. Let T € L(X). We denote by F(T) the family of all functions which are
analytic on some neighborhood of o (T). Then f(o(T)) =o(f(T)) forany f € F(T).

This result is called the spectral mapping theorem; it can be found in, e.g.,
[6, Theorem 1.20].

THEOREM C. If T, T» € L(X) and T\ T, = T» T, then
o(T)+T) Co(T)) +0(Tr) and o(T\Tz) Co(T))o(Tr).

This result is a special case of [19, Theorem 11.23], where the argument was presented
for Banach algebras. We note that £(X) is a Banach algebra under the norm of bounded
linear operators on X.

2.  The embedding flows of a linear map
In this section we obtain some sufficient conditions for a linear map on a Banach space to
have an embedding flow.

THEOREM 2.1. Let A € L(X). The following properties hold.

(1) If A is an isomorphism on X, then it has a logarithm B; the logarithm may be
complex.

(ii) Assume that o (A) C {c € C | c € R_}, where R_ denotes the set of non-positive real
numbers; then the operator A has a real logarithm.

(iil) Let A= M? with M € LX), if o (M) =01 U oy, where oy CR and clop "R =0,
then the operator A has a real logarithm. Here ‘cl’ denotes the closure of a set.

This theorem extends [15, Theorem 2] to Banach spaces. The main tools in the proof
of [15, Theorem 2] are from matrix theory, and the proof is quite long. Clearly, the method
used in [15] is not applicable to Theorem 2.1. Here we shall use the functional calculus of
operators to prove Theorem 2.1; our proof is much shorter than that of [15, Theorem 2].

Proof of Theorem 2.1. Recall from [6, pp. 10-15] that if T € £L(X) and f € F(T), the
space of analytic functions in some neighborhood U of o (T') whose boundary I" comprises
a finite number of rectifiable Jordan curves, then the operator f(7") defined by

FT) = — ?g FOVRI =T dx.,
27‘[1 r

where i = +/—1 and [ is the identity operator on X, is analytic.
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(i) Since A, A~! € £(X), we have 0 € 5 (A). By [6, Theorem 1.6], the spectrum o (A)
is a bounded closed set, so there is an open subset U of C such that 6 (A) C U, 0¢&cl U,
and I" := 9U has at most two rectifiable Jordan curves. Then log z is analytic on U U T".
We fix a branch of the complex logarithm on I', and define

1
B:=logA=— % log z(zI — A~ lar. 2.1
2mwi Jr

Then B is a logarithm of A. We note that the operator B may be complex.
(ii) Choose I' to be a contour which is symmetric with respect to the real axis in C and
intersects the positive axis only. Then

_ 1 _
B=logA =—— f logz(zl — A)~'dz
2wi Jr
1
= f log z(zI — A)~' dz = B,
2mi r

where an overbar denotes the conjugate of a complex number. To establish the second
equality above, we have used the symmetry of I with respect to the real axis as well as the
change of orientation of I'. This proves that B is a real logarithm of A.

(iii)) By Theorem A, we can set M := Mpgr @ Mc such that oc(Mg) =01 and
o (M¢) = 03. From the proof of statement (ii), there exist R, C € £(X) such that M 12e =R
and M¢ = €€. So we have

A=M2:M%®Mg:eR®ezc=eR@2c'
This means that R @ 2C is a real logarithm of A.
Thus the proof of the theorem is complete. m|

The following result, which shows the existence of an embedding flow of a linear
isomorphism, is an easy consequence of Theorem 2.1.

COROLLARY 2.2. Ifthe operator A € L(X) satisfies condition (ii) or (iii) of Theorem 2.1,
then the isomorphism P(x):= Ax can be embedded in the flow of the linear system
X = Bx, where B is the real logarithm of A.

3.  Embedding local diffeomorphisms in periodic differential systems

The next result shows that a local diffeomorphism in a Banach space can be embedded in
the flow of a periodic differential system. The key idea used in the proof comes from the
paper [15].

THEOREM 3.1. Consider the C* local diffeomorphism F(x)=Lx + f(x) in (X, 0),
where k € {1,2, ..., 00}. If L has a real logarithm T € L(X), then F(x) is the Poincaré
map of a periodic system

x=Tx+v(x, 1), xeXD0), 3.1

where v(x, t) = 0(||x||2) is C¥ in its variables and periodic of period 1 in t.
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Proof. Choose 0 < § < 1/4 such that
le'™ — 1) <4 forallte[—26,25].
Define ¢ (¢) : [—1/2, 1/2] — [0, 1]to be a C* function satisfying

1 ifre[-6, 6],

o) = {o if28 <] < 1.

Set E(t) = {t + 1/2} — 1/2, where {-} denotes the decimal-part function. Then ¥ (t) = ¢
(E(t))isa C¥ periodic function of period 1, with ¥ (¢) = 1 for |7]| < §.
Define a C¥ map
G: XxR — XxR
(x, 1) = (g, 1),1),
where
g, 1) =1 =Y ()x + p(r)e EOx,

It is easy to show that g(x, ) is periodic of period 1 in ¢ and is equal to e? £ x for |¢| < §.
Clearly, g|;=0 = gls=1 is the identity operator. Moreover, we have

IDxg — 1l <y @I —e O < sup [T —e""|| < %
[1]<26
where || - || is the usual norm of a bounded linear operator on X. This proves that the
fibre of the map G is a C* bounded linear operator in x, with a bounded inverse, which is
periodic of period 1 in ¢. Recall that the map G on X induces a map on the tangent bundle
TX, and the fibre of G at x is a tangential map from 7, X to T (x)X. Furthermore, G takes
the line segment {x = constant, ¢ € [—§, §]} to the solution of the autonomous system

x=Tx, i=1. 3.2)

Now define
Wk, 1) = wix, ), D)= G (Tx, 1),
where G ! denotes the tangent operator of G~!. Then W (x, ) is periodic of period 1 in f,
and w(x, t) = 0 for |¢| < 8. Moreover, G~! takes the flow e””x of * = Tx to the flow

eTt

(L= (DI + ¥l E0"

of ¥ = w(x, t). The latter has e x as its time-1 map.
Set H := L~ 'F(x) =x + h(x); then h(x) = O(||x||?). Define o : R — [0, 1] to be a
C**1 periodic function of period 1 that satisfies

8
0 forte|0, |,
wieo]

1 forte 20 8
or —, 8.
3
We construct a family of smooth curves {y, (¢)} in (X, 0) x [0, §] by taking

Yx(@) :={(x +a(@)h(x), 1) |1 €[0, 51},

a(t) =
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which connects the points (x, 0) and (L' F(x), 8). In fact, this defines a homotopy of
curves in (X, 0). We can check that any two curves yy, (t) and yy, (#) which pass through
two different points x; and x» in (X, 0) will never intersect.

The maps H; : x — x + «(t)h(x) form a family of C* bounded operators, with inverses
being C* bounded operators in (X, 0). The tangent vector to the curve y; at (x, 7) is

@' (Oh(x), 1).

Thus, we get a C*-smooth vector field in (X, 0) x [0, 8] which has the integral curves
yx (). Define the vector field

w(x, t) for ¢t ¢ [0, 6] (mod Z),

O, 1) = {o{/(l‘)h(Ht_l(x)) for ¢ € [0, 8] (mod Z).

Then Q is periodic of period 1 in ¢, and Q(0, ) = 0. Therefore, the Poincaré map of the
system

x=0(x,1)

is F(x), because it is the composition of the map x — x + a(8)h(x) = L~ F(x) with the
map x — Lx.

Set V(x,1) = (v(x, 1), 1) :=G«(Q(x, t), 1). Since g|;=0 = gl;=1 is the identity map,
F(x) is also the Poincaré map of the system

x=v(x,1t).

Moreover, we have
Dyv|y—o=T.

Indeed, since H,_l (0) =0 and h(0) = 0, we have

000. 1) = w(0, 1) for t € [0, ] (mod Z),
T & (Oh(HN0))  for 7 €0, 8] (mod Z)
=0
and
.0 _ [ Diwli=o for ¢ [0, 8] (modZ),
rle=0 = o (1)Deh(H, ' (x))|x=0 fort € [0, 8] (modZ)
= wa|x=0,

where we have used the fact that w(x, r) =0 for |¢| < 4.

From (Tx, 1) = G, (w(x, 1), 1), (v(x,1), 1) =G.(Q(x, t), 1) and the fact that G is a
linear operator in x, we get that the linear part of v(x, r) is Tx. This shows that F(x) is
the Poincaré map of the C* periodic system

x=v(x,1),

and completes the proof of the theorem. a
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4.  Formal normal forms of periodic systems
Consider a C*-smooth (k € {1, 2, . . ., oo}) periodic system of period 1 in 7,

x=Tx+g(x,1), 4.1

where g(x, t) = O(||x||2) e CK((X, 0) x R, (X, 0) is a periodic operator of period 1 in ¢.
We say that two systems are formally equivalent if there exists a formal change of variables
y = x + ¢ (x) that transforms one system to another. A system is in formal normal form if
its nonlinear terms are all resonant.

THEOREM 4.1. Ifthe linear operator T is weakly non-resonant and g(x, t) = O(||x 12) is
C°, then system (4.1) is formally equivalent to an autonomous system in (X, 0).

To prove this theorem, we need the following result.

LEMMA 4.2. Denote by F (X", X) the Banach space of symmetric n-multilinear bounded
operators from X" to X. Define a linear operator P on F (X", X) by
P: FX" X)) — FX", X),
k
Pu)(x1, ..., xx) = Zu(xl, oy ITxgy oo xk) — Tu(xy, ..., Xp).

s=1
Theno(P)Clo1+--4+ax—a|a,0jec(T) fori=1,...,k}.

In some sense, this lemma is an extension of Bibikov’s result [2, Lemma 1.1], which
presented the spectrum of a linear partial differential operator on a space of homogeneous
polynomials in finite-dimensional spaces. In [15, 16, 20], we used Bibikov’s lemma
to study normal forms of differential vector fields. We note, however, that Bibikov’s

original proof cannot be applied to Lemma 4.2; our idea for the proof is motivated, instead,
by [7, Lemma 8.2].

Proof of Lemma 4.2. Clearly, P is well defined. Set
(Pyul(x1, ..., xx) =ulxy, ..., Txg, ..., x¢) fors=1,...,k,
Lru(xy, ..., xx)=Tu(xy, ..., Xr).
We claim that
o(Lt) Co(T), o(Py)Co(T).

Indeed, if T — aIx is invertible, where I is the identity operator on X, then

[Ly — (xlf(xn’x)]_l =[Ly — OlL[X]_1 = L[T—alx]*l ,

[P} —alreo ol =[Py —aPi 1 =P

This means that p(T) C p(L7) and p(T) C p(P}), and the claim follows.
It is now easy to check that P = Zf: , P3 — Ly and that P}, Py and L7 commute
pairwise. Hence, it follows from Theorem C that

k
o(P)CY o(Py)—o(Llr)Clar+ - +ax —a|ai, aeT).

s=1

This proves the lemma. O
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Proof of Theorem 4.1. Assume that system (4.1) can be transformed to the formal periodic
system of period 1 in ¢,
y=Ty+h(y,n, yeXD0), (4.2)

by the formal periodic transformation of period 1 in z,
x=y+i¢(y, 0, yeX0), (4.3)

where & and ¢ are formal series in y, starting from the second-order terms, with coefficients
being bounded symmetric multilinear operators that are periodic of period 1 in¢. Let g, h
and ¢ have the Taylor expansions

o0

g, =) a®x", h(y, 0= h@®y*, =Y a@®y,
k=2

k=2 k=2

where vi(¢) for v € {g, h, ¢} are periodic symmetric k-multilinear bounded operators of
period 1: that is, vi(¥) € F (X*, X) for each ¢, and vy (t)xk is understood in the sense of
ve(@®)(xy, ..., xp) withx;=---=x; =x € X.

After some calculation, it can be shown that () satisfies the homological equation

d
Efk(l)‘}"]){k(t):Gk(t)—hk(t), (4.4)

where P is the linear operator

k
[PoOIG -y =D GO Tyss oo 30 = TGO - %)
s=1

and Gy (1) is the coefficient of y* in the Taylor expansion of
J
> g;(t)(y +> a(r)ﬂ) =Y ¢,
Jj=2 1>2 j=2
with
C](t)(y) = {](t)(h(y’ t)’ Vsooos y) + é‘](t)(yv h(y’ t)’ E) }’)
++g_](t)(ys Y, 1h(y1 t))

The operator G (¢) is found inductively, and Gy and h; are symmetric periodic bounded
operators of period 1.
Solving the linear equation (4.4) gives (see, for instance, [4, pp. 13 and 14])

t
G =e" [é“k(O) +/O e”* (Gi(s) — hi(s)) dS} . (4.5)

For a periodic operator A (¢) of period 1, the operator ¢ (¢) is periodic of period 1 if and
only if

1
e’ — D5(0) = f ¢S (Gi(s) — hi(s)) ds. (4.6)
0
From Lemma 4.2 and Theorem B, we have

o(eP)=e"P clexplai + - +ax —a) | a, a; €o(T), k> 2}.
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If T is non-resonant, then 1 &€ o (eP) and e” — I is invertible. Thus equation (4.5) has
a unique periodic solution of period 1.

If T is weakly non-resonant, we can choose a constant operator Cy such that for
hi(t) = Cy, the equation (4.4) has a solution (¢). To achieve this, set A = fol ePs ds;
then A is a bounded linear operator which satisfies eP — I =PA=AP. Furthermore,
since 0 € o (P), Theorem C implies that

a(A) C{e* —Da" ' |aea(P)},

and consequently A is invertible.
For the linear operator P : F Xk, X) — F(X*, X), we write the decomposition

FXE X)) =PFXK, X)@C.

Since each element in PF (Xk, X) is symmetric, all elements in C must be symmetric
multilinear bounded operators. Because A is a bounded linear operator which is invertible,
so is A~! by the inverse mapping theorem. Set

1
A—1/ eP3SGr(s)ds = Ry @ Gy,
0

with
R, e PFXK, X) and C eC.

We can therefore choose 4y (s) such that equation (4.6) is simplified to

1
P 0)=A"" f ePSGi(s) ds — Cx = Ry.
0

This last equation always has a solution ¢;(0). Consequently, the homological
equation (4.4) has a periodic solution for a suitable choice of the symmetric operator /.
This completes the proof of the theorem. O

From Theorem 4.1 and its proof, we easily obtain the following.

COROLLARY 4.3. The following statements hold.

(1)  If the linear operator T is non-resonant, then system (4.1) is formally equivalent to
its linear part in (X, 0).

(i)  Ifthe linear operator T is weakly non-resonant of order k (k < 00), then system (4.1)
is formally equivalent to

x=Tx+g1(x)+gkx, 1), xeXD0),
where g1 is a polynomial of degree at most k and g» = O(||x|[**Y) is a periodic

operator of period 1 in t.

5. Smooth equivalence of hyperbolic diffeomorphisms

For diffeomorphisms in Banach spaces, ElBialy [7] proved the existence of finitely smooth
normal forms of local contractions; Rodrigues and Sola-Morales [17] proved the existence
of C'-smooth normal forms of a saddle. In this section we shall prove the following.
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THEOREM 5.1. In the Banach space X, two real C* hyperbolic diffeomorphisms in
(X, 0) are formally conjugate if and only if they are C*°-conjugate in (X, 0).

This theorem is an extension of Chen’s classical theorem (see [3]) to Banach spaces. If
X is finite-dimensional, then Theorem 5.1 is exactly Chen’s theorem. In my opinion, the
proof in [3] is difficult to apply in the context of Banach spaces. Therefore our approach
differs from that used by Chen, and mainly employs the stable manifold theorem in Banach
spaces and the homotopy method which appeared in [14].

Before proving this theorem, we need some preparatory work. The first preliminary
result concerns the existence of a C*° function whose Taylor expansion is equal to the
given formal series.

LEMMA 5.2. Assume that, for each t €[0,1], A,(t) e FX", X) is a C®-smooth
periodic m-multilinear bounded operator of period 1. Then there exists a C* Fréchet-
differentiable periodic operator of period 1 in t such that its Taylor expansion in (X, 0)
has the A, (t) as its coefficients.

Proof. Define a C™ function ¢ (r) : Rt — [0, 1] by

1 if0o<r<

¢m=h

1
2’
ifr >1,

where R denotes the set of non-negative real numbers. Set

Fe,0)i= Y fulx,0),

meN+

where N* denotes the set of non-negative integers and

& (Ml x|)
S, 1) = =22 A (DX
m!
with
M, = sup |D* A, ()] + m!.
t€l0,1],0<s<m
Recall that A, ()x™ denotes A,,(t)(xy1, ..., xy) for x; =---=x,;, =x € X, and D* the

sth derivative of A,, with respect to ¢.

Since ¢ = 0 for ||x|| > M, ', F(x, t) is a finite summation for each given x. The series
F(x, t) and all its Fréchet derivatives are uniformly convergent. So F is a C* periodic
function of period 1 in . Moreover, the coefficients of its Taylor expansion are given
by An (1). |

The following result, due to Rodrigues and Sola-Morales [17], is about bounding the
norms of a linear operator.

LEMMA 5.3. Let Y be a Banach space. Suppose that A, A~V e L(Y) and that lo(A)|
C (¢, d) with ¢ >0, where |0(A)| denotes the set of absolute values of the elements
of 0(A). Then there exists an equivalent norm | -| on X such that ||Al <d and
A=Y <™l

From this lemma it is straightforward to obtain the following.
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COROLLARY 5.4. Let Y be a Banach space, and suppose that A, A~" € L(Y).
° Iflo(A)| C (c, d) withc > 0 and d < 1, then there exist a norm on X and a number
0 <o < 1 such that

|A"v|| < &"||v|| foralln € Nandv e X.

° If o (A)| C (c, d) with ¢ > 1, then there exist a norm on X and a number B > 1 such
that
|A"v]| < B"||v]| forall —n € Nand v € X.

The next lemma gives the existence and smoothness of stable and unstable manifolds of
a local hyperbolic diffeomorphism (see, e.g., [8, p. 262] or [S, Theorem 2.1]).

LEMMA 5.5. Let L € L(X). Assume that |o(L)| C (a, b)U (c,d), where 0 <a <b
<1<c<d, and that F(x) = Lx + f(x) is a local C* diffeomorphism in (X, 0) with
kefl,2,...,00}, f(0O)=0and Df(0)=0. Let E; and E, be, respectively, the stable
and unstable linear subspaces of L. Then the local diffeomorphism F(x) has local C*
stable and unstable manifolds given, respectively, by

Wiee ={x=E nIn=h&), §€ E}, Wy :={x=(En|§=h"(), neE,}

where
. E,— E, h:E,— E;

are in class C* and satisfy h* (0) = 0, Dh*(0) = 0, h*(0) = 0 and Dh*(0) = 0.

By Theorem A, the diffeomorphism F(x) can be written as

Fo = () + P

where Lg and L, are linear operators on the stable and unstable manifolds, respectively.
Moreover, using the above expressions for the local stable and unstable manifolds, we can
make the change of variables

u=n—nh'E), v=§&—h"();
then the diffeomorphsim F (x) is locally C¥-conjugate to

Lsu + Fi(u, U))

Lyv+ F,(u, v) -1

f(x):f(u, V) = (
where F;(0, 0) =0and DF;(0, 0) =0forz € {s, u}, and F;(0, v) =0, F,(u, 0) = 0. Here
we have used the fact that the transformation is a local C* diffeomorphism. In the
coordinates (u, v), the new diffeomorphism F has u =0 and v =0 as, respectively, the
stable and unstable manifolds.
Let G(x) be a local C* diffeomorphism in (X, 0) with the same linear part as F(x).
Then, using a similar argument to that in the last paragraph, we can rewrite G (x) as
Lgu + Gy (u, v))

Lyv+ G,(u, v) 62

where G;(0, 0) =0 and DG,(0, 0) =0 fort € {s, u}, and G4(0, v) =0, G, (u, 0) =0.

Gx)=G(u, v) ::(
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Set
H()C) = H(u, v) = <HS(M’ U)) _ (Gx(u, U) — FS(M, U)) .

H,u,v))  \G,u,v)— F,(u, v)
Then Hy (0, v) =0 and H,(u, 0) =0.

If G(x) — F(x) = O(||x||"™), then the difference between their stable manifolds and
the difference between their unstable manifolds are both O(]|x||"*). Consequently, we
have H(x) = G(x) — F(x) = O(|x|™). If G(x) — F(x) is C°°-flat, then H (x) = G (x)
— F(x) is C*°-flat.

In what follows, we shall denote by IT and I1, the projections of a vector in X to the
stable and unstable manifolds, respectively. We also denote by jeth:OH the sum of the
terms of degree less than or equal to k in the Taylor expansion of H at x = 0.

LEMMA 5.6. Assume that H is as described above. Then there exists a neighborhood U
of the origin in which H can be rewritten as H = H| + H», where Hy and Hj satisfy

HSHI (M, O) = Os HuHZ(O, U) = O’
and are such that:
() ifHis C* and jet _ H =0, then the H; (i = 1, 2) are C*/2, with
LI < Collol™/2, | Hal| < Collul|™/?;
(i) if H is C* and jet32 H =0, then the H; (i =1, 2) are C*, with
IHill < Cullvl™,  |Hall < Cullull™  forallm e N,
where the C,, are constants.

Proof. (i) Expanding H to order [k/2] in u gives

[k/2]
H(u,v) = Z Ti(u, v) + Riky21(u, v),
i=0
where T;(u, v) is a symmetric i-multilinear map in u, with coefficients being C*~
functions in v, and Rx/2) = o(ul*/21). Set

[k/2]
Hy =) Ti(u,v), Hy= Ry, v).
=0

Then H; and H, are C'¥/2] and satisfy the stated estimates.
(ii) Let

1 ifo<r=<i,

0 ifr>1

be the C* cut-off function from R to [0, 1]. Set

¢>(r)={

o0
1
Hi@) =) — Dy HO, vu"$Mylul) and Hy=H — H,,
m!
m=0
where D] H (0, v) is the mth Fréchet derivative of H(u, v) with respect to u at u =0

(which is a symmetric m-multilinear operator on u) and My, = SUp,c/ o<i<m DI H )|
+ m!. Then H; and H, are C* and satisfy the claimed estimates. O
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Choose a C cut-off function v (s) from R to [0, 1] such that

(1 sl =1,
‘”(s)_{o if 5| > 2

and sup,cp |¥'(s)| < 2. Define

P =y x|/r)px),
with p € {Hy, H, F5, Gs(6 = s, u)}, where r is a positive number to be determined. Set

Lsu +Fs('47 v)

F(x)=F(u,v):= (L ot oy, v)

) , G(x)=Gu,v):= (LS” + G (u, U)) .

L,v +6M(uv v)

It is obvious that F and G are in class CX, while H and H are in class C*/?! (respectively,
C®), provided that F and G are in class ck (respectively, C*°). Furthermore, depending
on whether the class is C* or C®, the functions H| and H satisfy one of the following

estimates:
. IH || < CollvlI*/ 2y ([lvll/r) and [ Holl < Collull®/ 2y (|lull/r), subject to jet*_,
H=0;

o HlI <Culvl™y(lvl/r) and [Ha|| < Cpllul|™ ¥ (llu]l/r) for all m € N, subject
to jety2  H = 0.
To prove the conjugacy between F and G, we will use the so-called homotopy method
which was introduced in [9] (see also [13]) to obtain finitely smooth normal forms for
dynamical systems in finite-dimensional spaces. Set

&, =F(x)+tH), Y.=F(x)+H;+1tH, fortel0,1]. (5.3)

We shall prove that &y and &, and ¥y and ¥}, are C*° conjugate. As a consequence,
F(x) and G (x) will be C*° conjugate.

The next lemma is a version, for diffeomorphims in Banach spaces, of the fundamental
result [9, Lemma 5], which was formulated for vector fields in finite-dimensional spaces
(see also [13, p. 128] for the case of diffeomorphisms in finite-dimensional space).

LEMMA 5.7. Let
F.x)=Fx)+tH(x), t€l0,1],

be a family of diffeomorphisms in (X, 0) with fixed point x = 0. If there exists a C*
bounded map R : (X, 0) x [0, 1] — (X, 0) that satisfies the homological equation

DF.(x)R(x,t) — Ro (F;,t)=—H(x), 5.4)
then the diffeomorphisms F (x) and F(x) + H (x) are C*°-conjugate in (X, 0).

Proof. The proof is the same as that in [9]. Because it is short, we shall reproduce it here.
By assumption, the map

¢: (x, 1) (Fr(x), 1)

is a diffeormorphism in (X, 0) x [0, 1]. Consider the differential system

¥=R(x, 1), t=1.
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Denote by g’ its local flow; then it is well-defined in (X, 0) for € [0, r) with r > 1 and,
moreover, it is a C* diffeomorphism in (X, 0).
From the homological equation (5.4), we have

DF, H)\ (R R
= (e} ¢’
0 1 1 1
i.e. Dpv = v o ¢ where v = (R, 1)T. This implies that ¢ and g’ commute, that is,
pog =g 0. (5.5)
Write g] (x, 0) = (g(x), 1). From (5.5) and the computations
gl od(x,0)=g'(Fo(x), 0) =g'(F(x),0) = (g0 F(x), 1)
and ¢og'(x,00=¢(g(x), 1)=(Fogx),1),
we know that F(x) and F(x)+ H(x) are conjugate via the C*° diffeomorphism g
in (X, 0). O
LEMMA 5.8. The linear functional equation (5.4) has a formal series solution

R(x, 7)== (F;™.H(),
m=1

where H(x) = H o F.'(x) and (F,™),H = (DF; " H) o F™.

Proof. The homological equation (5.4) can be written as
(F.):R=R—H.

Simple calculations show that

(F)xR ==Y (F)u(F; ™) H

m=1

0 A A
= - > (FhA=—A+R,

m=1

where we have used the fact that f,(g.h) = (f o g)+h. O

Now we will prove convergence of the series solution and its derivatives of arbitrary
order in Lemma 5.8, with the F; in Lemma 5.7 replaced by @, and ¥, from (5.3).

LEMMA 5.9. With the same notation as in (5.3), set
Hi(x)=H o ® ' (x), Hy(x)=HyoW¥ '(x).
If jet> o H =0, then

Ri(x, 7)== ) (®;")uHi(x)

m=1

and

Ry(x, 1) ==Y (¥;7™).Ha(x)

m=1

are C* and bounded in (X, 0).
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Proof. First, note that
(@75 Hi(x) = (DO7FH ) 0 @E71

From the discussion preceding Lemma 5.7 and from Corollary 5.4, we obtain that for any
m € N there exists an o (0 < o < 1) such that

IH) o @571 < Cp 1T, @5 1™y (1T, @511 /0 1| < @ v ID™.

By the chain rule and induction, we can prove that there exist C, y > 0 such that in the ball
of radius 2 centered at the origin of X, upon choosing r sufficiently small we have

IDO7K ()Y (-/r) o @K < Myyk.

Selecting m large enough so that ya™ < 1, we get

IRI(x, DI < D0 I Hi ()l
k=1

o

<Y MG (@™ v
k=1

- M\ Cpa ™ M\ Cpa ™

oll™ <

o m
=S T I

This proves that the series R (x, t) is convergent and bounded in (X, 0).
As for proving that R} is C* in the Fréchet sense, it is sufficient to prove that the series

> DY) Hy (x))
m=1

is convergent for any s € N. This follows from the estimates
IH 1] < Cullol™ g (lvll/r),
for arbitrary m € N, and
1D O (/) o @77 M| < My,

for a suitable choice of positive numbers My and y;.

By working in a similar way to the proof for R|, we can also show that R, is C* and
bounded. The only difference is that, for R, one needs to use the projection IT,, to the
unstable manifold. O

Summarizing Lemmas 5.7, 5.8 and 5.9, we obtain the following.

COROLLARY 5.10. If F(x) and G(x) are two C* local hyperbolic diffeomorphisms in
(X, 0) and their difference is flat, i.e. jet}2 \(F — G) =0, then they are C*°-conjugate
in (X, 0).

Proof of Theorem 5.1. We need only prove the ‘only if” direction. Assume that F'(x) and

G (x) are two formally conjugate C* local hyperbolic diffeomorphisms in (X, 0). Then
there exists a formal transformation, denoted by R, such that

et G =jet® R~ o Fo R.
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By Lemma 5.2, there exists a local C* diffeomorphism R such that jet7> ;R = R. Set
H(x)=R "o FoR(x).

Then jet?? ;G = jet}2 yH. By Corollary 5.10, G and H are C*°-conjugate because they
are hyperbolic. Consequently, G and F are C°°-conjugate in (X, 0). This completes the
proof of Theorem 5.1. a

6. Equivalence of vector fields and conjugacy of the Poincaré maps
THEOREM 6.1. In the Banach space X, two real C* periodic vector fields of period 1 are
Ck-equivalent if and only if their Poincaré maps are C*-conjugate.

Proof. Let V(x,t) and W(x, t) be two ck periodic vector fields of period 1 in #, and
let ¢; and ¥, be the corresponding flows. Define two maps on X by ®(x) := ¢;(x) and

W(x) =1 (x).

Necessity (the ‘only if” statement). By assumption there exists a C¥ periodic smooth
bounded operator H (x, t) of period 1 in ¢, with a C* bounded inverse, which sends the
orbits of the flow ¢, to those of y, i.e. for arbitrary xo € X, we have yg = Hy(x¢) and

H; o ¢y (x0) = Y1 (yo) = ¥ (Ho(x0)),

where we are using H;(x) to denote H (x, t). Then Hy is the conjugacy between ® and W,
because for any xg € X,

Hy o ®(x0) = Hp o ¢1(x0) = Hi o ¢1(x0) = ¥1(yo) = ¥ (yo) =¥ o Hy(xp).

Sufficiency (the ‘if” statement). Assume there exists a C¥-smooth bounded operator H (x)
such that
Hod=VoH.

To obtain the time-dependent mapping between the flows ¢, and y/;, we set
H =y, 0Hog "

Then H; is C¥-smooth, bounded and invertible in (X, 0). It is also periodic of period 1
because

Hii=vYioHog \=y0WoHod 'og =y 0Hog, ' = H,

where we have used the facts that ¢;11 =¢; 0P, Yrr1 =Y, oW and Hod =V o H.
Hence, H; is the conjugacy between the two flows ¢; and ;. O

7. Extension of Floquet theory to Banach spaces and the proof of Theorem 1.1
7.1.  Linear periodic systems. Consider the following linear periodic system of period 1
in¢:

X =A()x, (7.1)

where A(t) € L(X) for each ¢ and A is continuous and periodic of period 1 inz. Let ®(¢, s5)
be the solution of the initial value problem in £(X), namely U =AU, U(s) = I, where
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I is the identity operator on X. Then ®(t, s) = ® (¢, )P (7, s) for any ¢, 7, s € R, and
x = ®(t, s)xg is the solution of (7.1) satisfying initial condition x(s) = xg. Moreover,
®(z, s) is a homeomorphism of X onto X, and ®(f, s) and ®(r, s)~' = & (s, 1) are
continuous in 7 and s (for more details, see the book of Deimling [4, p. 13]). For simplicity,
sets =0and ®(r) = & (z, 0).

The following results provide an extension of classical Floquet theory to linear periodic
systems in Banach spaces.

THEOREM 7.1. For the periodic system (7.1), with ®(t) as defined above, set M .=
®(0)~ ' d(1). If the spectrum of M satisfies condition (iii) of Theorem 2.1, then the periodic
system (7.1) can be transformed into an autonomous system.

Proof. First, observe that ®(r 4+ 1) = & (1)@ (0)~ ! d(1), because both sides are solutions
of (7.1) and satisfy the same initial condition.

By assumption, there exists an operator R € £(X) such that e>X = M?. Set Q(1) :=
®(t)e 'R, Then the change of variables x = Q(t)y transforms the periodic system (7.1) to
the autonomous system y = RYy. O

7.2.  Nonlinear periodic systems. Following on from the previous subsection, we now
consider the nonlinear periodic system

x=Tx 4+ v(x,t), (7.2)
where v(x, t) = 0(||x||2) is a C® function in (X, 0) which is periodic of period 1 in z.

THEOREM 7.2. If T € L(X) and the spectrum o(T) is weakly non-resonant, then the
periodic system (7.2) is C*°-equivalent to an autonomous system in (X, 0).

Proof. From Theorem 4.1, the periodic system (7.2) is formally equivalent to an
autonomous system

y=Ty+h(y)
via a formal transformation
x=y+&¢(y, 1),

where E(y, t) starts from the terms of order 2 in y and is periodic of period 1 in t. By
Lemma 5.2, there exist C*° functions 4 (y) and ¢ (y, t) such that

() =h(y).  jetot(y. ) =2(y. 1.
Then system (7.2) is C*°-equivalent to the system
y=Ty+w(y, 1) (1.3)

via the change of variables
x=y+&0y, 0.

Obviously, we havejet;"zow(y, 1) = E(y).
Consider the C* autonomous system

y=Ty+ h(y). (7.4)
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Denote by P, (y) and Pp(y) the Poincaré maps of systems (7.3) and (7.4), respectively.
Since jet;"zoh(y) = E(y) =jet§’,°:0w(y, t), we have jetg’f’:OPh(y) :jetgozon(y). This
means that P, and P, are formally conjugate; therefore, they are C* conjugate
by Theorem 5.1. Moreover, Theorem 6.1 gives that systems (7.3) and (7.4) are
C*-equivalent. This implies that the periodic system (7.2) is C*°-equivalent to the
autonomous system (7.4), as claimed. O

Proof of Theorem 1.1. By Theorem 3.1, the C*° diffeomorphism F(x) = Lx + f(x) can
be embedded in the C*° periodic system (7.2) in (X, 0). Theorem 7.2 says that system (7.2)
is C*-equivalent to the autonomous system (7.4) in (X, 0). Since F(x) and Py, (y) are the
Poincaré maps of systems (7.2) and (7.4), respectively, it follows from Theorem 6.1 that
F(x) and Py (y) are C*-conjugate in (X, 0). Consequently, F(x) can be embedded in a
C®° autonomous system, because Py has this property. The proof of our main theorem is
thus complete. O

Acknowledgements. The author thanks the referee for useful suggestions that helped to
improve the expression of this paper.

This work was partially supported by the NNSF of China, grant nos. 10671123 and
10831003, and by the NCET of China, grant no. 050391.

REFERENCES

[1] ~ W. A. Beyer and P. J. Channell. A Functional Equation for the Embedding of a Homeomorphism of the
Interval into a Flow (Lecture Notes in Mathematics, 1163). Springer, New York, 1985, pp. 1-13.

2] Yu. N. Bibikov. Local Theory of Nonlinear Analytic Ordinary Differential Equations (Lecture Notes in
Mathematics, 702). Springer, Berlin, 1979.

[3] K. T. Chen. Equivalence and decomposition of vector fields about an elementary critical point. Amer. J.
Math. 85 (1963), 693-722.

[4] K. Deimling. Ordinary Differential Equations in Banach Spaces (Lecture Notes in Mathematics, 596).
Springer, Berlin, 1977.

[5] R. de la Llave. Invariant manifolds associated to nonresonant spectral subspaces. J. Stat. Phys. 87 (1997),
211-249.

[6] H. R. Dowson. Spectral Theory of Linear Operators. Academic Press, London, 1978.

[7] M. S. ElBialy. Local contractions of Banach spaces and spectral gap conditions. J. Funct. Anal. 182
(2001), 108-150.

[8] D. Henry. Geometric Theory of Parablic Equations (Lecture Notes in Mathematics, 840). Springer,
New York, 1981.

[9] Yu. S. Ilyashenko and S. Yu. Yakovenko. Finitely smooth normal forms of local families of
diffeomorphisms and vector fields. Russian Math. Surveys 46(1) (1991), 1-43.

[10]  S. Kuksin and J. Poschel. On the inclusion of analytic symplectic maps in analytic Hamiltonian flows and
its applications. Seminar on Dynamical Systems. Eds. S. Kuksin, V. Lazutkin and J. Poschel. Birkh&user,
Basel, 1978, pp. 96-116.

[11] P. F. Lam. Embedding a differential homeomorphism in a flow. J. Differential Equations 30 (1978), 31—
40.

[12]  P. F. Lam. Embedding homeomorphisms in C!-flows. Ann. Math. Pura Appl. 123 (1980), 11-25.

[13]  W. Li. Normal Form Theory and its Applications. Science Press, Beijing, 2000.

[14]  W.Liand K. Lu. Sternberg theorems for random dynamical systems. Comm. Pure Appl. Math. 58 (2005),
941-988.

https://doi.org/10.1017/50143385708000734 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000734

[15]
[16]
[17]
(18]

[19]
[20]

Embedding diffeomorphisms in flows in Banach spaces 1367

W. Li, J. Llibre and X. Zhang. Extension of Floquet’s theory to nonlinear periodic differential systems
and embedding diffeomorphisms in differential flows. Amer. J. Math. 124 (2002), 107-127.

W. Lij, J. Llibre and X. Zhang. Local first integrals of differential systems and diffeomorphisms. Z. Angew.
Math. Phys. 54 (2003), 235-255.

H. M. Rodrigues and J. Sola-Morales. Smooth linearization for a saddle on Banach spaces. J. Dynam.
Differential Equations 16 (2004), 767-793.

J. Palis. Vector fields generate few diffeomorphisms. Bull. Amer. Math. Soc. 80 (1974), 503-505.

W. Rudin. Functional Analysis, 2nd edn. McGraw-Hill, New York, 1991.

X. Zhang. Analytic normalization of analytic integrable systems and the embedding flows. J. Differential
Equations 244 (2008), 1080-1092.

https://doi.org/10.1017/50143385708000734 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000734

