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WHAT DO QUANTILE REGRESSIONS
IDENTIFY FOR GENERAL
STRUCTURAL FUNCTIONS?

YUYA SASAKI
Johns Hopkins University

This paper shows what quantile regressions identify for general structural functions.
Under fairly mild conditions, the quantile partial derivative identifies a weighted
average of heterogeneous structural partial effects among the subpopulation of indi-
viduals at the conditional quantile of interest. This result justifies the use of quantile
regressions as means of measuring heterogeneous causal effects for a general class
of structural functions with multiple unobservables.

1. INTRODUCTION

Since the seminal work by Koenker and Bassett (1978), quantile regressions have
been widely used to model unobserved heterogeneity in econometric analyses—
see surveys by Koenker and Hallock (2001) and Koenker (2005). Quantile partial
derivatives (QPDs) are often interpreted as heterogeneous structural partial
effects, e.g., random coefficients under the comonotonicity (Koenker, 2005,
Sect. 2.6). When relevant assumptions fail, however, quantile regressions may
misspecify true structural functions in several ways.

A general class of structural models consists of nonparametric functions g of
the form

Y =g(X,U),

where X is an observed input, U is an M-dimensional vector of unobserved in-
puts, and Y is an observed output or outcome. The quantile regression of ¥ on X
is the nonstructural function Qyx defined by

Oyix(z |x)=infl{y | Fy;x(y | x) > 7}.

While g takes M dimensions of unobserved factors, Qy|x takes only a scalar
latent variable 7. If (i) X is exogenous and (ii) g is monotone with respect to a
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scalar U (i.e., M = 1), then the quantile regression Qy|x can be used to represent
the structural function g.

Several approaches are suggested to relax condition (i).! On the other hand,
condition (ii) is considered to be essential for the representation of g by Qy x.
Without the monotonicity assumption, the (local) slope parameter of quantile re-
gressions fails to coincide with the true structural partial effect because individ-
uals’ ranks 7 can arbitrarily change through a counterfactual (infinitesimal) shift
in x, regardless of whether X is exogenous.

In applications, however, economic models often involve nonscalar unob-
served factors U and/or nonmonotonic dependence of ¥ on U. Unobserved
skills, abilities, or capabilities U are considered to take multiple dimensions, e.g.,
“capability vectors” (Sen, 1985) or cognitive and noncognitive abilities includ-
ing “self-regulation, motivation, time preference, far-sightedness, adventurous-
ness, ...” " (Heckman, 2007). These unobserved factors may not be summarized
by a scalar index in production of labor outcomes. Nonmonotonicity of ¥ on U
is also natural, as is the case for inverted U-shaped structures of behavioral out-
comes that are empirically found in neurology, psychology, and medicine, e.g.,
the Yerkes—Dodson law states that mental arousal enhances performance up to
some point, but its marginal effects are negative thereafter.

Without the monotonicity with respect to a scalar unobserved heterogeneity,
the quantile regression parameters generally fail to coincide with structural par-
tial effects. Given the extensive use of quantile regressions in applications and
the rich set of econometric methods available in the literature, however, we do
not want to give up quantile regressions for presumably nonmonotonic structural
functions. Fortunately, quantile regressions still measure important features of the
underlying structural functions even if the monotonicity assumption fails, which
concerns the main claim of this paper. Hoderlein and Mammen (2007) show that
the QPD coincides with the unweighted average of the structural partial effects
at the locality defined by (Y, X). This paper investigates this problem further by
formally accounting for the expectation taken on a set of measure zero, and shows
that the QPD generally coincides with a weighted average of the structural partial
effects.

Our claim that the QPD identifies a weighted average parallels the well-known
feature of the 2SLS that identifies a weighted average of structural causal effects
under various treatment intensities (Angrist and Imbens, 1995). This paper makes
similar contributions to the literature by warranting the effectiveness of quan-
tile regressions for inference of structural causal effects. Nonmonotonicity is not
the only type of misspecification by quantile regressions. Angrist, Chernozhukov,
and Ferndndez-Val (2006) show that linear quantile regression parameters min-
imize a weighted mean square error at the population level for potentially non-
linear quantile regressions, which handles another way of misspecification. By
showing what nonlinear quantile regressions identify for general structural func-
tions without monotonicity, this paper complements their work so we can under-
stand quantile regressions in a more general structural framework by both results
combined together.
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2. AN INTUITIVE ILLUSTRATION

In this section, we use heuristic arguments to illustrate how the local slope of a
quantile regression can be decomposed into a weighted average of structural par-
tial effects within a specifically characterized subpopulation. It will be followed
up with formal theoretical discussions in the next section. We first define the ob-
jects of interest and fix their notations below.

DEFINITION 1 (Structural Partial Effect). Given a structural function g, the
structural partial effect at (x,u) is defined by p(x,u) := %g(x, u).

DEFINITION 2 (Quantile Partial Derivative). Given a quantile regression
QOy|x, the OPD at x is defined by a%Qyp((r | x) for each quantile © € (0, 1).

These definitions presume differentiability, but we postpone discussions of as-
sumptions until Section 3. The QPD is the local slope parameter of a quan-
tile regression. Hence, the QPD at (z,x) can be cons1stently estimated by the
standard local linear quantile smoothers, such as ﬁ’ in the solution (a, ﬁ) to
ming_ g Zi pe(Yi—a—pBX)HK (Xh_x), where p. is the check function, K is a
kernel function, and / is a bandwidth parameter. Identification and estimation
strategies under endogeneity can be found in the references listed in Footnote 1.

The major source of discrepancy between the structural function g and the
quantile regression Qy x lies in the different dimensions of unobserved factors,
U and 7. Geometry of the set of U constructed by the structural function g plays
an important role in our analysis. We define the lower contour set of U evaluated
by g(x, - ) below a given level of y as follows:

V(y,x)={ueR" | g(x,u) <y}

Its boundary is denoted by oV (y, x).

Quantile regressions describe statistical relationships between y and x while
keeping the probability 7 fixed. Therefore, the key concept we use to understand
quantile regressions is the “law of probability conservation.” For ease of illustra-
tion, consider the case of M = 2 where all of X, U;, and U, are positive factors
of Y in a structural function g.

We can readily see under this setting that V (y,x + Ax) C V(y, x) holds for in-
finitesimal Ax > 0. Figure 1(a) illustrates such a case, where the solid and dotted
curves draw 6V (y,x) and 0V (y, x + Ax), respectively. Integrating the density fu
over the area between the two curves yields the probability loss that results from
this increase Ax in x. The quantity («(u), 7 (u)) fy (1) measures the marginal lo-
cal probability gain at u, where &(u) denotes the rate of change in the boundary
point u € 8V (y, x) and 7(u) denotes the unit outward normal vector of 8V (y, x)
at u. Because (w(u),n(u)) < 0 is graphically the case at each u € 0V (y, x) in
Figure 1(a), the local probability gains are negative, i.e., an increase in x induces
probability losses.
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(a) The boundary 8V (y, x) shifts

southwest as x increases — @

denotes its scaled direction.
n is the outward unit normal
vector of 9V (y, x). The local
probability gain due to the

n shift in 0V (y, x) is measured

by (@), n(w)) fu(u).

V(y,x)

~ uj
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S (b) The boundary 0V (y, x) shifts

outward as y increases — 7

denotes its scaled direction.
. The local probability gain due
V) ) to the volume expansion is

measured by (7(u), n(u)) fu (u).

V(y,x)

FIGURE 1. (a) A shift in the volume V (y,x) in response to a marginal increase in x and
(b) an expansion of the volume V (y, x) in response to a marginal increase in y. The law of
probability conservation requires that the probability loss in (a) must be compensated for
by the probability gain in (b).
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In order to satisfy the law of probability conservation, the probability loss must
be compensated for by appropriately expanding the lower contour set V (y, x).
From its definition, we can see that increasing y expands the volume, and
V(y+ Ay,x) D V(y,x) holds for Ay > 0, as illustrated in Figure 1(b). Inte-
grating the density fy over the area between the two curves yields the probability
gain which results from this increase in y. The marginal local probability gain at
u is measured by (7(u),n(u)) fu (), where 7(u) denotes the rate of change in the
boundary point u € 8V (y, x) through this expansion of the area of V (y, x).

Finally, we decompose these marginal probability changes into structural com-
ponents. For the relation 0 = g(x,u) — y that holds on the boundary oV (y, x)
under regularity conditions, the vectors 7 (u), @(u), and #(u) can be written in
terms of the structure as follows.

i) = (8g(x,u)/8u1 8g(x,u)/8u2)/
U IVug@ )l IVug,w)ll )

CT)(M)_( —ﬂ(x,u) _ﬂ(xau) )/ and
~ \og(x,u)/ouy og(x,u)/ous )’

- 1 1 /
n(u)z(ag(xm)/@m’ ag(x’”)/auz) -

Therefore, the marginal local probability loss and the marginal local probability
gain are expressed in terms of the structure as follows.

Marginal local probability loss:  — (@(u), n(u)) fu(u) = 2M Ju)
Vg (x,u)ll
and
1
Marginal local probability gain: (), n(w)) fu(u) =2———fuu).
Vg (x,u)ll

The QPD is the marginal response of y to x while maintaining the probability
balance between the total loss and the total gain. Therefore, the relation

“Total y-marginal probability gain x Q P D = Total x-marginal probability loss”

must be satisfied under the law of probability conservation, and we thus obtain
the QPD decomposition formula:

Total x-marginal probability loss

0
EQY'X(T 0= Total y-marginal probability gain

(x,
v Tt fu w)du
N 1 .
Jov .0 Tt fu (du

This heuristically derived equality shows that the QPD can be interpreted as a
weighted average of the true structural partial effects S (x, u), where the weights
are proportional to fy(u)/||V,g(x,u)|. Therefore, albeit the unknown weights,
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the local slope parameter of the quantile regression can be used as a sensible
measure of the true structural causal effects, even if the monotonicity assumption
fails.

This informal result has a couple of problems. First, it was not logically derived,
and the assumptions required for its derivation remain vague. Second, the inte-
gral is not precisely defined, and the assumptions for integrability are not stated.
The next section presents a formal derivation of this heuristically discovered char-
acterization of the QPD.

3. THE RESULT

We introduce the algebra on 6V (y, x) defined by B(y,x) :={SNoV(y,x)| S e
B@®RM)}, where B(RY) is the Borel ¢ -algebra. The boundary oV (y, x) itself is a
Borel set, because it is closed regardless of whether g(x, - ) is continuous. This
fact implies that B(y, x) C B(RM) holds, i.e., every element S € B(y, x) is also
a Borel set. Let m™ denote the Lebesgue measure on R and let H¥~! denote
the (M — 1)-dimensional Hausdorff measure restricted to (0V (v, x), B(y, x))—
see Section A.1 in the Appendix for its definition. The velocities of the boundary
oV (y,x) at u with respect to a change in y and a change in x are denoted by
dv(y,x;u)/0y and dv(y, x; u)/dx, respectively.

With ¥ denoting an (M — 1)-dimensional rectangle, the boundary 6V (-, -) can
be represented by amap £ x Y x X — RM je. the (M — 1)-dimensional mani-
fold 0V (y, x) can be parameterized through amap z(, ) : £ = 0V (y, x) for each
(y,x) € Y x X. Furthermore, the velocity dv(y, - ; -)/dx of the boundary with re-
spect to a change in x with y fixed can be represented by a map X — L!(X)
for each y € ), provided that the function dv(y,x ;-)/dx : dV(y,x) —» RM
is absolutely integrable with respect to the parameterization over X for each
(y,x) €Y x X. Similarly, 6v (-, x ; -)/0y can be represented by amap ) — L' (X)
for each x € X provided absolute integrability.

The following assumption establishes conditions on the structure (g, Fy|x) un-
der which the QPD can be decomposed into a weighted average of structural
partial effects f(x, u).

Assumption 1. (i) g is continuously differentiable. (ii) ||V, g(x, -)|| # 0 on
oV (y,x). (iii) The conditional distribution of U given X is absolutely con-
tinuous with respect to m™, and fuix € Cl(x; L'(RM)) holds. (iv) fa\/(y,x)
fuix @ | x)dHM= () > 0. (v) 0V (y,-) € C1(T x X; RM) holds for each y € Y
and 8V (-,x) € C'(Z x Y;RM) holds for each x € X. (vi) dv(y,- ;-)/ox €
Cl(X; L' (X)) holds for each y € Y and dv(-,x ;-)/dy € C1(¥; L' (X)) holds
foreach x e X.

Part (i) requires that the structural function g is smooth. Part (ii) requires
that unobserved heterogeneity U is a nontrivial factor of the production g in
the locality (y,x) of interest. This assumption ensures that the contour set
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{u e RM | g(x,u) = y} does not consist of critical points of g(x,-). Part (iii)
requires that unobserved heterogeneity is continuously distributed. The absolute
continuity essentially rules out point masses, such as discretely supported cate-
gories, of unobservables. This assumption admits the conditional density (which
we denote by fyx), but the conditional density function fyx (- | x) itself need not
be continuous. While part (iii) is stated in terms of the conditional distribution, it
can of course be stated in terms of the marginal distribution when X is exogenous,
which is the case we consider mostly in the rest of the paper. Part (iv) requires
that individuals with unobserved factors U residing on the boundary 6V (y, x) are
substantially present with respect to the measure H~!. Part (v) requires that the
boundary 6V (y, x) is smooth. Furthermore, part (vi) requires that movements of
the boundary with changes in y and x are also smooth.

Under this set of regularity conditions, the following lemma suggests how to
decompose the QPD into heterogeneous structural partial effects S (x, u).

LEMMA 1 (Structural Decomposition of the QPD). If Assumption 1 is true at
(v,x), 7 :=Frix(y | x) € (0,1), and fyx(-|-) is continuously differentiable,
then the QPD % Oy x(t | x) exists and

0
aQYlX(T [ x)

p)  fuix wlx)-MaM=D/2 M1 . N
Jovoo Wastant gy YT @) = Jy g g fox e x)dm™ @)
N 1 fuix (ulx)-Ma M=1/2 1
faV(}’,X) Vg Coou)ll M1 (2T dH (u)

holds, where T" denotes the gamma function. In particular, when X is exogenous,
we have

Bx,u) M1

fOV(y,x) mfu w)dHY = (u)
1 —.
faV(y,x)me(u)dHM (u)

Because quantile regressions describe relationships between x and y while
keeping the probability 7 fixed, the key idea behind this result is “the law of
probability conservation,” as informally discussed in Section 2. The numerator in
the first equation measures the net probability loss induced by the surface outflow
of the probability minus the probability gain within the volume as a result of an
infinitesimal change in x, accounting for endogeneity. The denominator measures
the surface inflow of probability as a result of an infinitesimal change in y. The
ratio thus yields the marginal relation between x and y while compensating for
the two net probability changes in order to conserve probability.

The first equation is apparently complicated since it accounts for endogeneity.
If X is exogenous, then the conditional density f|x—=x reduces to the marginal
density fy, and the second term in the numerator can be eliminated so that the
QPD simplifies to (3.1). The integrals in these equations are well-defined, be-
cause the Hausdorff measure is a metric outer measure and hence every Borel set
S € B(y,x) ¢ B(RM) is (HM~1)-measurable. While the integrals are defined,

0
a—Qy|X(T | x)= 3.0
x
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whether or not they exist (i.e., are finite) may be another issue. Provided that they
exist, this lemma shows that the QPD is decomposed into a weighted average of
the true structural partial effects f(x, u) on the boundary 0V (y, x) of the lower
contour set V (y, x).

In order to make a formal interpretation of the decomposition formula (3.1),
we next discuss conditions for the integrability. Consider the function uy , :
B(y,x) — R defined by

1 f—
Js mfu(u)dHM (u)
1 [
Jov o) Wzemon fu @d HM =1 (u)

Integrability allows this expression to be defined. The following assumption guar-
antees that those integrals exist,” u y,x 1s indeed defined, u, , is a probability
measure in particular, and thus the integrals can be interpreted as moments.

Uy x(S) =

forall S € B(y, x).

Assumption 2. Let y (x,u) := ||V, g(x, u)||~!. There exist values p > 1 and
g > 1 satisfying p~! +¢~! = 1 such that ||y (x, M rr@v(y,x),am-1y < 00 and
”fU”Lq(aV(y,x),HM*l) < oo hold.

This assumption requires that y (x, - ) and fy reside in dual function spaces
of each other. Lower-level assumptions can be stated with common choices of
p and ¢, such as (p,q) = (1,00),(2,2), and (o0, 1). Imposing this assump-
tion with (p, ¢) = (00, 1) is perhaps the most natural because we can then view
fu fBV(y,x) fudHM~1 as a “conditional density” and |V, g(x, - )II_1 as uni-
formly bounded weights.

LEMMA 2 (Weights). If Assumption 2 is true at (y,x), then u, . is defined
and is a probability measure on (6V (v, x), B(y, x)).

By this lemma, Assumption 2 allows us to rewrite the decomposition formula
(3.1) derived in Lemma 1 into the moment expression:

0
Z0nx( 1) = [ By ) =By, [ D)L (3.2)

This equation formalizes our interpretation of it as a weighted average of the
heterogeneous structural partial effects f(x,u). The QPD is the mean of the
true structural partial effects f(x, U) with respect to the probability measure
ty,x on (0V(y,x),B(y,x)). The weights of this measure are proportional to
fu/lIVug(x, - )|, but not in general to the actual density fy of the unobserv-
ables.

Because uy x is restrictively defined, the mean is taken only over the subpopu-
lation of individuals with u € 6V (y, x). Policy makers would perhaps ask which
individuals constitute this subpopulation for which the weighted average struc-
tural partial effects are measured by the QPD. The next lemma characterizes this
subpopulation under the assumption of sufficient smoothness and variability of

g(x’ ' )
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LEMMA 3 (Subpopulation). If Assumption 1 (i) and (ii) are true at (y, x), then
oV(y,x)={ueRM| g(x,u) =y} holds.

In fact, this lemma is used in the proof of Lemma 1, which may appear to
reverse the order of presentation, but they are logically coherent because the as-
sumptions used for Lemma 1 encompass the assumptions used for Lemma 3. This
lemma shows that the subpopulation 6V (y, x) of interest is the set of individuals
residing in the “isoquantile”

{ueRM | g(x,u) =y}

of © = Fy|x(y | x). Summarizing Lemmas 1-3 together, we obtain the following
main result of this paper.

THEOREM 1 (Causal Interpretation of the QPD). Suppose that Assumptions 1
and 2 are true at (y,x) and that X is exogenous. Then the QPD at t =
Fy|x(y | x) € (0, 1) is the mean structural partial effect:

a%an(f | X) =By, (B, U],

where the mean is taken with respect to the probability measure iy whose
weights are proportional to

fu
Vg (x, I’

and the mean is taken over the subpopulation of individuals in the isoquantile
{u e RM | g(x,u) =y} of = Fyjx(y | ).

While the QPD does not exactly coincide with a single structural partial effect
p(x,u) in general, it is still a sensible measure of heterogeneous structural partial
effects. Because the weights are positive on the support of the true underlying
distribution Fyy under Assumption 1, the QPD gives a strict convex combination
of structural partial effects £ (x, u) within the isoquantile.

The weights (3.3) take the form of the ratio of the density of U to the gradient
norm of the structural function with respect to u. In addition to the underlying den-
sity fu, heavier weights are assigned to the locality of u# at which the unobserved
heterogeneity marginally matters less in the structural function g. Although the
weight itself is not identified from data, it can be related to observed data. Under
Assumption 1, similar calculations to the ones produced in the proof of Lemma 1

3.3

yield
fu) ~ M-
[ G i ) = e,
oV (y,x) I Vug(xa M) I
where AM—1 .= Mx""D2 M—1 ¢ o rescaled Hausdorff measure. This equal-
2M71F(M;—1)

ity shows that the weights integrate with respect to H*~! into the observed
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conditional density fy|x—.. This relation is analogous to the fact that weights
of Angrist et al. (2006) can be written as an integral of the observed conditional
density fy|x—y.

In order to emphasize the distinction between weighted and unweighted aver-
ages, consider a simple example of structural functions that entail nonconstant
weights in the structural decomposition of the QPD. Consider the structural func-
tion defined by

1
gl ur,up) = [u) +uf]? - x for all x > 0 and (uy,u2) € supp(U) C R?.

Given the observed factor X fixed, this structure exhibits a constant elasticity
of substitution (CES) between the unobserved factors U; and U,. Some calcula-

1
tions show ||V,g(x,u)| = [u?p_z +u§p_2]2 -xP - y'=P where y = g(x, u1,us).

Consequently, the weight factor 1/ V,g(x,-)|| is generally nonconstant in
o
(ur,u) on oV (y,x) = {u € supp(U) C Ri [”/1) +u’2)]f’ = i—c for fixed (y, x),

and thus the QPD generally fails to be the unweighted average of the structural
partial effects. However, there is a point of p at which the weight factor reduces to
a constant, namely 1/ ||V, g(x,-)|| = +/2-x whenever p = 1. Note that p = 1 has
the unobserved factors U; and U, as perfect substitutes of each other. At any other
value of p, these factors are complementary, and the weight factor 1/ ||V, g(x, u)||
is not constant in u. This inspection suggests that the structural complementarity
among multiple unobservables is the source of nonconstant weights in the QPD
decomposition formula.

The lack of complementarity among unobservables is the case with the linear
random coefficient models:

glx,ur,uz) =uy+uzx. 3.4

It is well known that the random coefficients correspond to the QPDs under the
assumption of “comonotonicity”’—see Koenker (2005, Sect. 2.6). The main theo-
rem of this paper provides a generalization of this random-coefficient interpreta-
tion of quantile regressions for the case in which the comonotonicity assumption
fails. Given that the weight factor 1/|V, g(x, u)| is constant in # under the model
(3.4), Theorem 1 implies that the QPD, % Qy)x (7 | x), identifies the unweighted
conditional mean of the random coefficient, i.e., ]E#},J[Uz], where uy . is the
weight-free measure over the subpopulation at the 7-th isoquantile.

4. SUMMARY

The QPD %QYI x (7 | x) measures a weighted average of structural partial ef-
fects f(x, u) within the subpopulation of individuals in the isoquantile {z € RM |
g(x,u) =y}, where the weights are proportional to fy/||V,g(x, -)l|l. This re-
sult implies that quantile regression parameters are still useful for inference of
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heterogeneous causal effects even if the quantile regression equipped with only a
scalar latent variable misspecifies the true structural function which entails poten-
tially multidimensional unobserved explanatory variables. In particular, the QPD
identifies the unweighted conditional mean of the random coefficient in linear
random coefficient models without the comonotonicity assumption. This paper
contributes to the literature of empirical economics by warranting that quantile
regressions are effective statistical tools to analyze general structural functions
with multiple unobservables. One need not invoke the monotonicity assumption
in order to justify his/her use of quantile regressions if only weighted averages of
structural causal effects are investigated.

NOTES

1. Chernozhukov and Hansen (2005), Chernozhukov, Imbens, and Newey (2007), Imbens and
Newey (2009), d’Haultfoeuille and Février (2011), and Torgovitsky (2011) propose I'V-based ap-
proaches to identify the potential quantile regression Qy|x when X is endogenous in data. Also related
is Chesher (2003), but he explicitly identifies the partial effect for a structural function g with M > 1,
instead of Qy|x, under a recursive model. Furthermore, Schennach (2008) shows identification of
quantile regressions with measurement errors using IVs.

2. Assumption 2 guarantees that the weights fi7/ ||V, g(x, - )| are absolutely integrable on the
boundary 0V (y,x), and hence the integral in the QPD decomposition formula (3.1) exists un-
der Assumptions 1 and 2. Specifically, the weights fy;/ [V, g(x, )| are shown to belong to
L! @V (y,x), HM _1) under Assumption 2 in the proof of Lemma 2, and the structural partial effects
B(x,-) belong to L2 BV (y,x), HM _1) under Assumption 1. Hence, it follows that their product is
integrable on the boundary (0V (y, x), HM=1y,

3. Aset S ¢ RM is (M —1)-rectifiable if there exists a Lipschitz mapping of a bounded measurable
set ' CRM~1 08,
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MATHEMATICAL APPENDIX

A.1. Notes on Differentiation under Integral Sign

This appendix section introduces an auxiliary lemma. Let V (r) ¢ RM denote a volume
which may vary with time ¢ € (0,7) C R, and let 9V (¢) denote its surface. The velocity
of the surface at z € RM is denoted by dv(z,t)/dt, and the unit outward normal vector
of the surface at z is denoted by v(z, 7). If £ denotes an (M — 1)-dimensional rectangle,
then we can represent the moving surface 8V (-) as amap X x (0,T) — RM  i.e., for each
t € (0, T) the (M — 1)-dimensional manifold &V (¢) can be parameterized through z; : £ —
oV (t) by elements in the rectangle £ C RM=1_ Furthermore, the velocity ov /ot of the
moving surface can be represented by a map (0,7) — L! (), provided that the function

ov(-,1)/ot 1 aV (1) » RM s absolutely integrable with respect to the parameterization

Sv(-.1)/0 .
over X for each r € (0,T), i.e., the composition X it av(t) Ov(—t)>/ IRM is LI(Z) for

each r € (0, T). With these representations, Padula (2011, p. 12, Lem. 1.3.2) provides the
following statement.

LEMMA 4. Suppose that dV € CH(Z x (0, T); RM) and ov /ot € C1((0, T); L1 (2)).
Ifh e CL((0, T); LY(RM)), then we have

d oh(z,1)
- h(z,t) dV(z) = av
dt V() (Z f (Z) /V(t) ot (Z)
ov(z,t)
+]€V(Oh(z,t>< o ,v(z,t)> dS(2). (A.1)

The formula involves two different integral symbols, [ and §. They are defined with
respect to distinct measures, } and S. Since this distinctness is one of the most impor-
tant aspects of this paper, we make it and the definitions of these measures more ex-
plicit. The first integral [ is usually understood as the Riemann integral on RM | but is
more generally defined with respect to the Lebesgue measure m™ on RM. Hence, we
treat V as m™ . On the other hand, the second integral § is the surface integral, and is
defined with respect to an (M — 1)-dimensional measure on RM through parameteriza-

tion. An (M — 1)-dimensional measure on RM need not be unique in general, but all
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(M —1)- dimensional measures on R™ coincide on the o -algebra generated by (M — 1)-
rectifiable sets.3 Among many unweighted (M — 1)-dimensional measures, there exist ones
that are defined on all Borel subsets of RM. One of them is the (M — 1)-dimensional
Hausdorff measure obtained by the restriction of the function H M—1. oRY — R defined
by HM=1(5) = sup5>oinf[z;’gl(diamU,-)M—l | U, U; 5 S, diamU; < (5] to the col-
lection of Carathéodory-measurable sets. Since the (M — 1)-dimensional Hausdorff mea-
sure does not evaluate the (M — 1)-dimensional unit square to be one, we usually normalize

M-1
it by the constant HM-1 ([0, M-1x {oh = (i) °r (1 + %) to obtain the normal-

Y
ized (M — 1)-dimensional Hausdorff measure. Hence, we treat S as % M1
(Let us remark that this particular choice of S is not crucial for our result, but we2 make such
a concrete choice in order to avoid mathematical ambiguity in our arguments.) See Rogers
and Falconer (1998) and Lukes and Maly (2005) for comprehensive reviews of these con-
cepts. With these technical auxiliaries, we informatively write the standard formula (A.1)

to our goal as follows:

h(z,t) dm™ (z) =/ oh(z,1)
® V() Ot

ov(z, 1) >h(Z,f)'7f(M_l)/2 M—1
+ V(z, 1)) —————— dH )
/ava)< P z,1) 2M=1 (ML) (2)

= dm™ (2
ar )y m™ (z)

A.2. Proof of Lemma 1

Proof. By Assumption 1(iii), we can write

T, x):=Fy;x(yv|x)=Pyix=x(V(y,x)) = /V : fuix=xdm™ ).
y,x

Let dv(y,x;u)/0x be the velocity of the boundary 6V (y,x) with respect to a change
in x at u, and let v(y,x;u) be the unit outward normal of the surface oV (y,x) at u.
By the definition of V (y, x) satisfying the relation 0 = g(x,u) — y on its boundary fol-
lowing Lemma 3, these two vectors are explicitly written under Assumption 1(i) and (ii)

as follows:
60()’,)(;14) _( —,B(x,u) —ﬂ(x,u) ),
ox T \og(x,u)/ou;” 7 og(x,u)/ouy
V( X'M)_ Vug(x,u)
PO Vgl

We adapt the current setting to Lemma 4 by letting x and u play the roles of ¢ and z,
respectively, for a fixed y. Our notations oV (y, ), dv(y,;-)/0x, and fyx (- | -) respec-
tively correspond to oV (-), ov(-,-)/0t, and h(-,-) in terms of the notations of Lemma 4.
With these notational translations, Assumption 1(iii), (v), and (vi) directly satisfies the
conditions of Lemma 4, and hence we obtain
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0 0
;T(y,x) =/ — fuix(u | X)dm™ (u)
x V(y,x) 0X
: o (M=1)/2
+/ <M, v(y,x;u) Jupx (1) LH dHM = ()
vV (y,x) ox M-I (M5
0
= / — fux (| x)dm™ (u)
V(y.x) 0%
3 / Br,u)  fuix|x) Mz M=D/2 S ),
oV (y.x) IVugle,u)ll 2M—1r(@)

Also, since

ou(y,x;u) 1 1 !
oy \oglx,u)/ou;’ og(x,u)/duy

holds under Assumption 1(i) and (ii) by the definition of V (y, x) satisfying the relation
0 = g(x,u) — y on its boundary by Lemma 3,

<60(y,x;~)

M
6)} > V(y,x,')>

Vg (e, )l
We now adapt the current setting to Lemma 4 by letting y and u play the roles of ¢ and z,
respectively, for a fixed x. Our notations 6V (-,x) and dv(-,x;-)/dy respectively corre-
spond to 0V (-) and dv(-,-)/dt in terms of the notations of Lemma 4. Furthermore, since
Sfu|x does not depend on y, & in the notations of Lemma 4 is constant and thus 64/0t = 0.
With these notational translations, Assumption 1 (iii), (v), and (vi) directly satisfies the
conditions of Lemma 4, and hence we obtain

0 ov(y,x;u) fuix@|x)y-zM=02

—T (v, x =/ <7, v( ,x;u> dH (u

oy ) oV (y,x) oy s %3 1) oM—1p(MAEL) )
oV (y,x) IVugx,u)ll 2M—1F(%)

With this expression, observe that Assumption 1(iv) implies that
0

—T(y,x)>0.

oy

Because the derivative of the quantile regression is the derivative dy/dx along the fixed
quantile 7 (y, x) = 7 by definition, we can use Assumption 1, the continuous differentia-
bility of fy|x (u | -) assumed in the lemma, and the fact that %T(y, x) # 0 claimed above
to deduce

LT (y,x)

0
L Qyx(en = .
ox 1 2T

Therefore, by substituting the structural expressions for %T(y,x) and %T(y,x)
obtained above, we can write the QPD as
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%QYlX(T [ x)

Blra)  fupx(ulx)-MaM=D2 g 5 "
fr?V(y,x) HVng(xM.u)II M1 (2 dH (“)—fv(y,x)éjfmx(ulx)dm (u)

f 1 fuix (ulx)-Ma M=1/2
OV (y.x) IVuglra)ll - 2M-1r (MEL)

dHM=1(u)

Finally, in the case of X LL U, set fy|x=x to fy so we obtain the simplified QPD
decomposition formula

Jovin %fﬂmﬂ ()
1 pa—
Jov,x) Tog G fu @dHM =1 )

%an(f [ x) =

as claimed. |

A.3. Proof of Lemma 2

Proof. Under Assumption 2, the Holder’s inequality yields
1

/6V(y,x) IVug(x, u)ll

dHM_l(M) <y (xa“)”Lp(av(y,x),HM—l) : ||fU||Lq(av(y,x),HM—l) < 00,

Sfu )

showing that sy y is defined. The null equality uy y(#) = O holds by the fact that
HM-1 (#) =0 for HM -1 being a measure. The sigma additivity of xy x also follows

from that of HM 1, i.e., for any countable sequence S, 5>, ... € B(y, x) of disjoint sets,
we have

Jors, Tgte Fo d HY =1 w)
Jov (y.x) TV fu @ d HM =1 ()

_ Zils g @0
_ 1 — = y,x i)
Jov v Tz fu @dHY " 6 5

Hy,x UiS) =

Therefore, gy x is a signed measure on (6V(y,x),B(y,x)). Because fy > 0 is true
as a density function and H M=1 s a positive measure as a metric outer measure, we
have g1y x(S) > 0 for all S € B(y,x). This shows that xy x is a positive measure on
©V(y,x),B(y,x)). Lastly, uy x(0V (y,x)) = 1 clearly holds by the definition of sy x.
Therefore, uy,x is a probability measure on (0V (y, x), B(y, x)). u

A.4. Proof of Lemma 3

Proof. Because Assumption 1(i) implies that g(x, - ) is continuous, we have V (y,x) =

V(y,x). But then, 8V (y,x) = V(y,x)\ \3 (y,x) = V(y,x)\ \c} (y,x) C {u e RM |
g(x,u) = y} follows. Conversely, let u’ € {u € RM | g(x,u) = y}. For any € > 0, there
exist u” and u”” such that g(x,u”) <y, g(x,u”) >y, |u’ —u"| <€, and |u' —u"| <€
by Assumption 1(ii). Therefore, u’ € 0V (y, x). |
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