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Abstract. We extend the Chebyshev-Legendre spectral method to multi-domain case
for solving the two-dimensional vorticity equations. The schemes are formulated in
Legendre-Galerkin method while the nonlinear term is collocated at Chebyshev-Gauss
collocation points. We introduce proper basis functions in order that the matrix of al-
gebraic system is sparse. The algorithm can be implemented efficiently and in parallel
way. The numerical analysis results in the case of one-dimensional multi-domain are
generalized to two-dimensional case. The stability and convergence of the method are
proved. Numerical results are given.
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1 Introduction

Spectral method has so called “infinity order” convergence rate but there are also some
limits in applications. One main obstacle of spectral method is of treating discontinuous
problems. The other is of treating complex domain problems. Therefore, how to over-
come these obstacles has become the focus and hotspot in the research of the spectral
method in recent years. Some progress has been achieved so far. For example, to the
discontinuous problems, appropriate filter and reconstruction method is already used to
restore the spectral approximation accuracy [1]. For the complex domain problems, if the
whole domain is mapped into a regular area, it may increase the complexity of the prob-
lem and bring more errors. Then the domain decomposition skills were introduced. The
basic idea of the domain decomposition method is to divide the original domain into sev-
eral sub areas. If necessary, the sub-domain is mapped into regular area. And then using
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the spectral method in every sub-domain. Domain decomposition methods have been
extensively used for numerical simulations involving spectral methods, as they can offer
more flexibility in treating complicated domains as well as computational savings. Even
for simple domain there are some good reasons to employ the domain decomposition
spectral methods. Firstly, the spectral collocation points can be distributed a little more
freedom so that the resolution on each subinterval can be chosen suitably. Secondly, the
corresponding algebraic systems are better-conditioned because of using polynomials of
smaller degrees. In addition, the algorithms allow for the best use of parallel computers
which makes domain decomposition (multi-domain methods more and more popular.

The spectral domain decomposition method was first proposed in [2] in 1980, which
it is also one of pioneer work of the spectral element method. Ref. [2] considered the
Poisson equation with L-shaped domain. The L-shaped domain was decomposed into
three non-overlapping sub-domains. In every sub-domain, the unknown functions were
solved by expanding them into Chebyshev series and giving some connection conditions
of interface. Such kind of spectral domain decomposition method is also referred to as
the spectral element method or multi-domain spectral method. In [2] and [3] two kinds
of spectral domain decomposition methods are studied. In the first kind, the domain
is divided into several un-overlapped sub-domains and solution is connected through
neighbouring interface conditions. This kind includes two cases. One is called spec-
tral element method which is based on Galerkin projection methods. The other is the
matching method which is based on collocation points and also called pseudo-spectral
element method. In the second kind, they divided the domain into several overlapped
sub-domains and solve the equations in stagger in every sub-domain. This kind of do-
main decomposition method is also known as the Schwarz method.

So far, the study of multi-domain spectral methods is very active and some progress
has been achieved in algorithms and error estimates [4, 5] and Quarteroni [6]. Now
the multi-domain spectral has been successfully applied into many practical fields such
as fluid mechanics, oceanography and aerodynamics [7-9]. The study of spectral do-
main decomposition method and extending applications have great significance. This
might eventually lead to overcoming of the biggest obstacle in the application of spectral
method into complex domain problem.

In this paper, we consider the Chebyshev-Legendre spectral domain decomposition
method for solving the following two-dimensional vorticity equations

0iC+](&p)—vV2E=f, xe€Q, te(0,T),
—V2p=C+f, x€Q, te(0,T], (1.1)
¢(x,0)=2Co(x), xeQoQ),
where [=(—1,1),Q=Ix1,and x=(x1,x2)€Q), and {=¢(x,t) and p=1)(x,t) are the vorticity
function and stream function respectively, f; = fi(x,t) (i=1,2) and {o(x) are given func-

tions, v >0 is the kinematic viscosity, and J(&,1) =0d2901{ — 9190, with 9;:=0y, (i=1,2).
Suppose that the boundary is non-slip and |3 =0. In addition, similar to the treatment
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in [10], we assume |3 =0 for simplicity in analysis, although the meaningful boundary
conditions for the equations are on the stream function and its normal derivative.The
problem is mathematically well posed [11, 12].Vorticity equation is one of the typical
equations of incompressible flow problems. The vorticity equation is one of important
model equations in weather forecast. Nowadays, using dynamic feature of atmosphere
motion to forecast weather has become the main direction of numerical weather forecast.
There are many developments on solving vorticity equations with numerical methods.
The early work was based on difference methods. With regard to the spectral method,
Guo and his collaborators did a lot of work [13-19]. In [20], the authors presented an effi-
cient, direct, and highly parallel spectral-element algorithm for elliptic equations in sep-
arable domains. The direct solver is based on a matrix decomposition approach which
reduces multi-dimensional separable problems to a sequence of one dimensional prob-
lems. In [21], a spectral-element direction splitting scheme for the incompressible Navier-
Stokes equations is developed. And it can be presented an efficient parallel implemen-
tation. The unconditional stability of the full discrete scheme is rigorously proved for
the two-dimensional case. The Chebyshev-Legendre(C-L) spectral method is a mixed
method combined with Chebyshev method and Legendre method. That is, the whole
scheme is in the Legendre Galerkin form while the nonlinear term is interpolated by
Chebyshev method. The C-L spectral method can combine the advantages of Chebyshev
and Legendre spectral method on computing and numerical analysis [10,22-27]. In [28],
the authors applied the multi-domain C-L method into solving the convection-diffusion
equation. In [10], the authors used the C-L method to two-dimensional vorticity equa-
tions and constructed the frame of numerical analysis of two-dimensional C-L method
and made the convergence and stability analysis for the schemes.

In this paper, we consider the multi-domain C-L method for solving two-dimensional
vorticity equations. This equation is the two-dimensional Navier-Stokes equation in
vorticity-stream formation. The vorticity equation is also the important model equation
for describing the dynamics features of atmosphere motion. The rest of the paper is or-
ganized as follows. In Section 2, we give some notations and the discrete schemes of the
C-L method for the two-dimensional vorticity equations. In Section 3, we describe our
algorithm implementing in parallel way in detail. Then in Section 4, we introduce some
preliminaries which will be used in the Section 5 for analyzing the stability and conver-
gence of the schemes. In Section 6, we give some numerical tests of our method. Finally,
we will summarize our results and make some conclusions.

2 Notations and schemes

Let J;=I=(—1,1),(i=1,2) be partitioned into K non-overlap subintervals

K
I=JI IL=(ax1m), ho=ar—ag_q,
k=0
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where —1=ag<ay <---<ag=1.Set N =(Ny,---,Ni), with N; (i=0,--+,K) being positive
integers. For simplicity, we do the same partition for J; and J,. Let vk= v 1, 1<k<K, and
Py, (I) be the space of polynomials of degree at most Ny on interval I. Let

]PN(I)Z{UZUhk GlPNk(Ik), 1§k§K}

and define
Pp(Q) =P p (1) @Ppr(I).

We then set the following relation

v(x)=7(x), x==(X+ar_1+ar), x€Il, XL (2.1)

N =

Denote N'=(Njy,Ny,--+,Ng, -+, Nk). Define Hj(\:/’i :C(J;) = Par(J;) be the Chebyshev-Gauss
interpolation operator generated by H%k :C(J;) — Py, (Ji), 1<k<K, 1<i<d and satisfied
with _
(TT5y ju)k = ITg, 7"
Set H/(if = H/(i/,l OHJC\/’ZO e oHﬁ/ &
Define the approximation space

Vv =Py (Q)NH(Q),

where H}(Q)) = {v e HY(Q) : v|3n =0}. Denote two-dimensional multi-domain interpo-
lation operator based on Chebyshev-Gauss points by I1§;. For discretization of time, we
adopt the 2-order Crank-Nicolson/leapfrog (CNLF) scheme.

Let T be the time step and Sy ={mt: m=1,2,---,n;,t =n;7}. Denote

_u(t+T1)—v(t—T1)
N 2T ’

0(t) = 2[o(t+7) +v(t—1)).

v (t) 5

For simplicity, we do the same partition in different space direction. Set K =K, =K,,,
where Ky, and K,, are the numbers of the subinterval in x; and x, directions. Then the
semi-discrete scheme of (1.1) is to find #,¢ € Vs such that for any ¢ € (0,T]

(01m,0)+ (Je(1,9),0)+v(Vy, Vo) = (1 f1,0), VYveVy, te(0,T], 22)
—(V2,w) = (1+115 f,0), weVy, te(0,T], '
where J¢ (u,0) = 01115 (920u) — 9,115 (91 vu). The fully discrete scheme is
(m3,0)+v(V, V) = (115 f1,0) = (Je(n,¢),0), vEVy, tEST,
_(qu)/w):(n—‘rn_(/iffZ/w)/ WEVN/ tEST/ (2 3)

n(T) =T15(Zo+70:£(0)),
1(0) =TI§,Co.
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In order to make the matrix of the algebraic equations be sparse, the proper base functions
are adopted which are similar to those in [22,29,30]. Let L; be the I-th order Legendre
polynomial. Fori=1,2,---,Kand I=0,1,---,N; —2, define

o (x) = Li(%) = Lip2(2), x0=ix=3(hit+ai1+a;)€lai1,a,
0, otherwise.

Then {(pl(i)| Ii}f\iaz is the base function on the subinterval S((E\,i =Py, (I;)NH(L;). For
i=1,2,---, K—1,let

' 3(Lo(R)+L1(8), x=3(h%+a; 1+a;)€[ai1,ai],
¢ (x)={ L(Lo(R) L1 (%)), x=2X(hi1®+ai+ai1) € (ai,a:11),
0, otherwise,

and ¢(% (x) = ¢ (x) =0. These functions ¢ (x) are called support function and (])l(i) (x)
are the inner base functions. Next we describe how to solve the equations (2.3). We first
arrange the base function according to the subinterval as the following

00 (x),5" (x), 01" (x), 95 (), )5 (1), D (x),
o5 (), (), 81 (x), 0@ (x), - pl Y, (x),68) ().

It is easy to see that there are totally ¥, N;—1 base functions. We number them from 0,1
up to KN and denote these renumbered base functions as the following

¢1(x) = (¢o(x),P1(x), -, Prn(x)).

We introduce matrixes A=(a;x)knx kN, B=(bjx)knxkn, Where a]-,k:(<p}(x),<p;<(x)), bjx=
(¢j(x),¢j(x)). The matrix B= (bjx)o<jr<kn is pentadiagonal symmetric matrix. We also

set
Pjx(x):=dj(x1)Pr(x2), 0<jk<KN,
Uxt)= Y, 2x(t)gjr(x),
0<jk<KN
Vixt)= Y 0j.(t)pix(x).
0<jk<KN
Then noting that
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=
Z

(1) (97 (x1),@p(x1) ) (Pr(x2), 9 (x2))

j.k=0
=[(¢pP0), -+, (P, px) U (P, P0), -+ (pg, k)],

and making use of matrix B, we can get

-
I

e 8) = (X a9
]
=BUB,

where

(o, p0)  (do.P1) -+ (o, PkN)

B (¢1,40) (4’1/4’1) (<l>1,4>1<N)

(PN, $o) (4>I<N ¢1) - (<PI<N/<P1<N)

and U is the coefficient matrix of the unknown function U (x,t) at time ¢.

Meanwhile,
(0xU,0x¢pp,q(x Zujk 9xjk(x), x‘l’prq(x)>
jk=0
KN

= ) Bjk(t) (9xjk(x),0x¢p,q(x))

j k=0

I
M§

x¢] (x1), X¢p(x1)) (¢k(x2)/¢q(x2))

jik

[( x¢p x‘PO) (ax¢p/aX¢KN)] a[(¢q/¢0)/' T (‘Pq/‘l’KN)] L.

Let p,q take all values. We arrive at

=
Z

@t 2) =

=A

,k(t)ax¢j,k(x)/ax¢>

-
I

k=0

<
o3

7

where
(0x¢0,0x¢P0)  (9x0,0xp1) -+ (OxPo,9xPrN)
(0x¢1,0xP0)  (0xP1,0xp1) -+ (OxP1,9xPrN)

(ax(,bKI\‘hax(PO) (ax(PKI\.hax(Pl) (ax(PKN;ax(PKN)
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It turns out that for the every time level the algebraic equations of (2.3) we need to
solve the following equations

BU(t+1)B+1vAU(t+71)B+TvBU(t+1)A=G(t), (2.4)
AV (t+1)B+BV(t+1)A=H(t), (2.5)

where U= (k) V= (0jx), G=(gjk), H=(h;x). The matrixes A and B are the stiff matrix
and mass matrix respectively.
Set

gk =(U(t=7),¢;%) —Tv(VUE—1),Vir) —2T(Jc(U(t),V(t)),¢;x) +2T (15 f1 (1), Pjx)
hi:=(U(t+T)+TI L2 (B4 T), k)
Then (2.4) and (2.5) can be written as the following form
vBXB+aAXB+BBXA=F. (2.6)
Eq. (2.6) can be written as the tensor product form
(YB®B+aA®@B+BBRA)i=f, (2.7)

where i and f are the column vector form of X and F. Denote the matrix tensor product

by ®. Then AQB= (Ab,-]-)fjfgl.

We use the matrix diagonalization technique to solve Eq. (2.6). We adopt the method
similar as in Section 6.2 of [31]. Consider the generalized eigenvalue problem:
Bx=AAx. (2.8)

According to the definition of matrix A and B, the two matrices are both symmetric pos-
itive definite matrices. So all the eigenvalues are real, positive and distinct. Let A be the
diagonal matrix. The diagonal entries A, of A are the eigenvalues of (2.8). Let E be the
matrix whose columns are the eigenvectors of (2.8). Then it can lead to

BE=AEA. (2.9)
Let X=EY. Then due to (2.9), Eq. (2.6) becomes
YAEAYB+aAEYB+BAEAYA=F. (2.10)
Multiplying E-1A~! to (2.10), we arrive at
YAYB+aYB+BAYA=E 'A"'F=G. (2.11)

Let vy = (Ypo,Yp1, - Yp,kN), §p=(8p0,8p1,+,8p, kN ),P=0,1,---,KN. Then the p-th column
of (2.11) can be written as

{(vAp+a)B+BA,Atyy=8p, p=0,1,2,--- ,KN. (2.12)
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3 Implementing in parallel way

In this section, we describe how to implement the scheme in parallel way. Firstly, for the
first equation of (2.3), the equation for each time level can be written as

An(n(t+7),0)=gn(v), VEVY,
where

Vy(t+1),Vv),
Vi(t—1),Vv)

—27(Jc(y(£),9(t)),0) + 2T (15 f1 (1), 0).

The unknown function w(x) :=#(x,t+7T) can be expressed as

K N;—2Nj—2

Z Z Z Ckl x2 + 2771]47 1)V (xz)

j=1k=0 =0 i,j=0
K Nj—2 K Nj—2

+ Z 1147 (x1 ‘Pl (x2)+ Z Z %]‘P (x2 ‘Pk ( 1), (3.1)
ij=1 1=0 i,j=1 k=0

where 17;; =w(a;,a;) = n(al,a],t—l—r) cg‘),pl],qij are unknowns.
Let v/ (x): Ek 021 Ockl gbk ( )¢, )(xz).Then the following equations hold

An(0 D006 =g (9 ¢) — 111,11 An (91 VU 0 )
111 An (¢, ) iy AN (DD, 91
—ijAn (99 A0 i1 An @V 69
1 ANV o o) 11 An(pU Vg 9 g1
— ;AN (@0 o 97 (32)

For U,(,ij) (x):= Z,Ij;ozl 2o mkl(,bk (xl)q)l(j)(xz),m =0,1,2,3,4,5,6,7,8, Eq. (3.2) can be decom-
posed into the following equations

An(vy” 9" 0") = an (9" o), (332)
An07 pDp0) = — Ay (=Dl ol p), (3.3b)
A oDy = — Ay (el gl ey, (3.30)
An07, D0y = — Ay (D) D)y, (3.3d)
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An7,979)) = —An(p91),979)), (33¢)
An(l ¢ ¢)) = ~ A 14>l ,4>k”4>,<’ ), (336)
An(vy 9 9)) = —An(g! sbl ,4>k sbl o, (3.3g)
An(i?, 9090 = — An(9U Vel 9 9, (3:3h)
An(og” 9 ¢") = — An(Y sbk 4>k o). (3.31)

Therefore the solutions of (3.2) can be expressed as

(i) (if)

(Z])_U(()l])+171 1j— 1U§ )+’71] 1(02 +U7 (

)+ 1J(U§ ) +U5l])) "”711(“4(11]) —H’él]) +Us(sl])).

It is easy to know that the equations (3.3a) can be solved on the sub-domain I; X I; re-
spectively. Therefore it can be implemented in parallel way. The coefficient matrix of the
equation set can be decoupled into two tri-diagonal submatrices (that is two tri-diagonal
subsystems for the odd and even components). Especially, for the four equations (3.3b),
(3.3¢), (3.3d) and (3.3g), since they are time independent we only need to solve them once.
With the above discussion, (3.1) can be expressed as

K y y g
w(¥) =1 (4 o8 () 111,104 (1) 47551 (057 () 07 () 711,105 () 037 ()
L]

411,087 () + 0l () + 0l (x)) + pr 1)V (x2)
ij=1

K i (i+1 +1 (i,j—1) (i+1,) (if) (i+1,)
=Y v (x Z( d +02] (x)4vy 7 (x)+v,” (x)+vs (%)
i,j=0 i,j=1

0 ()40 ()40 (1) 4919 (1) x2) )

At last, the unknowns 7;; can be solved through the following equation

Z Ax 1+l]+l _}_Ugi,jfl)_’_véwl,j)+U‘(}ij)_,_yéi+l,j)_}_Uéij)_’_vgi,jJrl)_’_vgq /‘P 4) )171]
i,j=1

=8n(¢ ZA n(vy”,90p). (3.4)
i,j=0

Thus we can solve the fist equation of (2.3). For the second equation of (2.3), we have
similar parallel schemes. Let

BN: (V(P,VCU),
hy = ((t+7) +T05 o (H4T),w).
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Then we can determine ¢;; through the following equation

Z By 1+l J+1) +U§i,jfl)+véi+l,j)+vz(lij)+Uéi+l,j)+véij)_'_U;i,jJrl)_'_Uf(;ij),(l)(i)(l)(]‘))q)ij
i,j=1

=hn (¢ ZB N e, (3.5)
i,j=0

where the coefficient matrix is trj-diagonal since for i,j=1,2,--- K, supp UZ C (aj_1,ai),
m=0,1,2,3,4,5,6,7,8 and supp ¢V) C (a;_1,a;11).

4 The stability and convergence of the full discrete scheme

In the following we consider the stability and convergence of the full discrete schemes
(2.3).
4.1 Preliminary

Set

hi= max N, 41
15kk. K ®1)

Hereafter by ||- ||, and ||, we respectively denote the usual Sobolev space H? ((}) norm
and semi-norm. Particularly ||-|| stands for ||-||,—o, i.e. the usual L?>-norm. We have the
following lemmas whose proofs are similar to that of Lemma 4.5, Lemma 4.6 in [10].

Lemma4.1. Ifuc H(Q), o >1, then

|| =TTl | < Ch[ul|o (4.2)
Set
. M
h*= 1ré1kanK{ Ne } . 4.3)

Then it arrives at the following lemma.

Lemma4.2. If u P (Q), then
[T ul| < C(1+R*)?||ul|. (4.4)
Set the two-dimensional Legendre polynomials as

Lkm(x) = Lk(-xl)Lm(-x2>'
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Expand u € Py (Q)) into Legendre series

N; N - ‘ ‘

Z Z 2L (2), x=x0(2):=(x(2)),x0) (%,)) € x T, 1<i,j<K,

where x()(t):=1(h;t+a;_1+a;). It is known that |Li(x;)| <1, x; € I, k>0, where K is the
number of the subintervals partitioned on every direction.
Denote N =maxj <x<g \I/\’—hﬁk Then it exists positive constant Cjj such that

N; N; 2\ 2
o= s | E e, < e (21 'ﬁié?l)

B k=0m=0
-1 1\ 1hihy N N4 m+ L
< 1 j 4(k+3)(m+3)
<o (LT () "(on) R )
(Ni+1)2(Nj+1)? o
< max Il < (GNP P

Therefore we have the following lemma.

Lemma 4.3. Ifu Py (Q), then
[l2ll o) < CoNZ[ul 2 (4.5)

Let Py, : L2(I) — Py, (I) be the Legendre project operator which is satisfied (Py,u—
u,v) =0. For 1 <s <2, define the projection operators P, , : H*(I) — Py, (I) such that

N

x A
Psnu(x)=v(-1) +[1Ps,1,Nk,1ayﬁ(y)dy,
where PO,Nk = ka' Therefore we have ps,Nku —u € Hj(I) and
(95,8 N, 1,050) = (P, —s93u,050) = (5u,05v), vePy,(I).

Now define the multi-domain projection P; xr: H*(I) — P (1) such that

(Ps )k (%) = ps,Nkﬂk(f), s=1,2.
It is readily checked that 135, vueH(I) and

(as By ju,850) = (351,050), vePy(I)NH(I),

Z (05,5 11, 030) 1 = (35u,050), vEPN(I).

For such ps,Nk we have the following lemma.
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Lemma 4.4. (§9.7.2 in [32]) For u€ H’(I), 0 > s, we have

||u—155,Nu||l§CN1_‘7HuHU, 0<Ii<s<g, (4.6)
[u—Popruell <CHTfull,,  0<I<s<0. (4.7)

Define the multi-domain projection Py »: H} () — Var(Q) such that
(VP pyu—Vu,Vo)=0, veVy.

Then according to Lemma 4.4 and by using the same way as that of proof in Lemma 4.5
or 4.6 in [10], we can get the following results.

Lemma 4.5. For u€ H(Q)NHY(Q), 0>1,
[|u— Py yull; <CR"Jully, 1=0,1. (4.8)
Define the multi-domain projection Py y : H} (Q)) — V) (Q)) such that
(V2(u—Pyptt),V?0) + (u— Py pru,0) =0,0 € H*(Q) NP (Q).
Lemma 4.6. Forany ue H(Q), 0>2
||uu— Py prul| <CHullp, 1=0,1,2. (4.9)

Next we give the definition of the two-dimensional negative norm

full = sup L2l
vEH}(Q),0£0 [[v]l1

(4.10)

Set P be the one dimensional multi-domain Legendre project operator produced by Py,
thatis (Pyu(x))|, =Py, (%), 1<k<K.Let P\r= 13/(\}) opj(\%) be the two-dimensional multi-
domain project which is produced by doing the one-dimensional project both in x; and
xp directions. It can be verified easily that Pyru €Py(Q)) and (1 —Pau,v)=0,Yo P (Q).
Then we have the following approximation results.

Lemma4.7. Ifuc H7(Q)),0 >0, then
= Pycul| < C7fu,. @11)
Lemma 4.8. Set u € V), € L2(Q) be satisfied with
(Vu,Vv)=(g,v), YveVy. (4.12)

Then
|u|1,00 <C(CEN?*H+1)| g]I- (4.13)

https://doi.org/10.4208/cicp.scpde14.18s Published online by Cambridge University Press


https://doi.org/10.4208/cicp.scpde14.18s

H. Wu, J. Pan and H. Zheng / Commun. Comput. Phys., 19 (2016), pp. 1221-1241 1233

Proof. Assume U be satisfied with the Poisson equation AU = g,Uyn = 0. Then ||U]|2 <
Cl|gll, and u = Py »yU. According to Lemmas 4.3, 4.5 and 4.6, we can get the following

results.
|1]1,00 = | P, AU |[1,00 < | PLAU = Po AU || 1,00+ [ PoAr U] 1,00
<CiN?|| Pyl —PynUl1+Cl|PoaUll2
SCON? ([P AU —=U|y+ [P U—Ul[1)+C U2
<CCoN*(n||Ul2+1[|Ul2)+Cl[Ul2=C(CsN*h+1)||g]-
This gives the proof. O

Lemma 4.9. Let u € Py (Q), v€P(Q), w € HY(Q), then we have

|Je(uv),w)| <Cllul] [vh,elwh, (4.14a)
|Je(u,v),w)| < Cl[ulfoelv]i|wh. (4.14b)
Proof. It can be proved by using the integration by parts method and Lemma 4.2. O

Lemma 4.10 ([33]). If the following is satisfied,
(i) Set E(t) is the non-negative function defined on St,
(ii) p, My and M, are nonnegative constant,
(iii) For all t € S,
E(t) <p+Mit ¥ {E(s)+MaEX(s)},

seES_¢
(iv) E(0) <p and
1
2Mqt <
pe — MZ/
then for any t € St, we have
E(t) < pe*Mif,

4.2 The stability

Instead of the usual strong stability, what we consider in this paper is the generalized
stability in a weak sense (see [34,35], also see [36, pp. 96-99]). We assume that all functions
below are valued at time s unless specified. Denote the errors of the right hand side of the
first two equations of (2.3) by f1 and f, respectively. The solutions of (2.3) corresponding
to I1§, f1+ f1 and I1I§;fo+ f> are #* and ¢*. That means 1* and ¢* satisfy the following
equations

(7, 0)+v(Vi*, Vo) = (H,Cvffrﬁ,v) —(Je(y*,9*),v), vEVy, tEST, (4.15)

—(V2¢*,w) = (1* +11 fa+ fo,0), w€eVy, teST,
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The errors of 77 and ¢ induced by f; and f, are denoted by 7 and ¢ respectively, that is

=n*—1,§=¢*—¢. Then the error equations of (2.3) are

(,0) +0(V3,0) = (Fo0) = (e (1) e ) +Ielndho), YoeVie, o
(V§,Vw) =+ fa,w), Vw € V.
In (4.16), taking v=1j we have
1 B A 3
5 =(fil) = L F (417)
i=1
where
B=c@.9)m), F=c@.9)m), F=c(,)7) (4.18)
Therefore
()l < V!ﬂ!z —||f1||2
Next we estimate F; (i=1,2,3). Takmg w=¢ in (4.16) yields
(V$,VP)=(7+f2,f).
According to the Poincare inequality we get
@l <Clli+ LIl gl <Cll7+£Il §h-
Consequently, we have )
@l <ClI+I[12[)- (4.19)

From the above discussion, the first equation of Lemma 4.9 and Lemma 4.8 we can

obtain

1 20, Cliins
Rl < gvliff+ 1171 16) e

1 ., C(CIN2R+1)% . .
< VIl + === ——=117I1’I#lx
1 .n C(CIN2R+1)2 oo -~
< vl + ==l + 1 [1*)
1 ., C(C}N?h+1)? C(C}N?h+1)?
< vl + ===l + —=————=1l7Ill 2"

Similarly, from Lemma 4.9 we can get
errs§v|ﬁ|%+guﬁuzr¢r%w
Bl < V|77|1+ gl ool
g vlijli+ —!!77!!000(!!77!!2+!!le!)

1 i i
<gvlili+ !!11!!o,ool|f7||2+;H?7Ho,oo||fz||2-
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All the above estimations for F; (i=1,2,3) together with (4.17), yield

B+ 3R < S AR Bl A1P)
+ SN+l P+ 0P 1)l 1+ LI s
(4.20)
Summing up the above equation with respect to s € S;_. yields
E) <o fu)+{ O T B0+ CEmSR). @21)
where
B0 =10+ ve 5 I,
000 o) =IHOIEHITEIE e T {SAEIR+ 6 Bl (o)1
where C;,C, are constant that satisfied with
1= max SRR 0P+ 9O Rt 9 ), €2 SN )

Based on the above discussion and in light of Lemma 4.10 we can come to the follow-
ing stability theorem.

Theorem 4.1. Assume the (4.22) is satisfied and for any T the following

p(ﬁ/flle/T)EZCIT S 9
@)

holds, then there is

E(7i,t) <p(7f, f1, fa,t)e*1, VteST. (4.23)

4.3 The Convergence

Next we investigate the convergence. Set ¢* = P A€, ¢* =Py np, E=1n—CF, P =¢p—1¢*.
From (1.1) and (2.3), we can obtain the following equations.

(&0)+v(VE Vo) =T, 4i(0)— (e G H)+ e (E9") +Ie(§ §)v), FoeVy,
(V§,Vw) = (Ew)+45(w), VOEVN, (4o
(1) =115, (Go+ T:(0)) — P& (v),

£(0)=TIS&0— PLyE(0),
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where A;(v) =A;(v,t) and

v) =(3:G,0)—(67,v),  A2v)=(J (G, 9),v)—(c(C"¥")v),
v)=—v(VZE0)+v(V?E ), Ay(v)=—(fr,v)+ (15 f,0),
As(w) = (3" =&+ fa— fa+ V' = VP,0) = (fi,w0).

Similar to the discussion of the stability theorem, we have the following theorem for
convergence.

Theorem 4.2. Suppose that ¢, and 11,¢ are the solutions of (1.1) and (2.3) respectively. If

c>2, €HY0,T;H ™ (Q)NH}(Q))NH?(0,T;H (Q))NH3(0,T;L*(Q))),
peC(0,T;H T (Q)NHI(Q)), & € H(Q),

there exists a positive constant C which depends on v~ and the reqularity of ¢ and  such that if
T and h are small enough, then

[&—n|| <C(T>+1). (4.25)

Proof. Compare (2.3) with (4.24). Similar to the analysis of stability, take v :5 in the
first equation and w =1 in the second equation of (4.24). Then by summing up the first
equation of (4.24) with respect to s € S;_ we can obtain the following equation

IS

3 : 5,
IEON+HIEE=D)P+vT Y ER=ICOIP+IS@ 1P+ ) ZA ¢)—7 ). Y F(©).

sESi_ ¢ sES;— T] seSt_szl

According to Taylor expansion, Cauchy-Schwartz inequality and Lemma 4.5, we have
the following estimation.

© Y A=t Y (06 -8,8)+ (&0

SESt ¢ SESt_¢

1 2
< CT1¢l3n (0 m12(0) +CTY L 116 3+3—2VT Y. 1€

SES; ¢ SESt_¢

1 2
< CTHIE 2 0,200y +CT 1G] [ 0,1;H7(Q) T 35V T Y I2h.
Rewrite A;(v) as the following form

Az (v)

TEw)=JE 9 ),0)+((T-]c) (& ¢")v) =) _Bi,
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and we make estimation for By and B,. For By, by using partial integral, we can obtain
the following results.

B1=(02401¢,v) — (014928,v) — (9247018, v) + (9197028, v) |
=(02(p—9*)018),v) + (928" (01§ —01G"),v)
+ (1Y (" —¢),0)+ (91 (" —9)928,0),
|Bi| <[ =9 21018115 00 + 1157 15,00 101 (E— &) I

' . ) 1
9" 5 l02 (" =) 112+ 19 —1/J||2||6’2<?|I5ooﬂL@v!vI2

< 212 o +CHP 2RI+ B 1P+ gvIof,

where the constant C depends on v~ !. Next we make the estimation of B. From Lemma
4.1 and using partial integral, and similar treatment as B;, we can get following estima-
tion
|Ba| SC(|ITLR (7 018") — 018" [+ |TI5 (9°928™) — 9" 028 ™ |1*) + VIU!2
<CR|[lZIE1 oo 1 191151817
20 2 20 2 1
+CI |6, 1115 +17 (&I +[199281%) + vlof.

Next, from Lemma 4.5 and using Taylor expansion, we find

T Y A<t Y W(VAE )6 +u(VA(E —¢).0)]

SES; ¢ SES; ¢

<CT||%7 (g C)HLZ (0,T;HY(Q )—|—CT5||B CHU 0,T;HY(Q))

+Cr L IVE Vel T 18R

SES ¢ SES; ¢
<CTOFE 720 701100y HCTH ) H6H0+1+ vt ) el
32
seSt T Sest_-(
S C 1 S
¥ la@l<r ¥ SInGAe - AP+ e T 16
seSt_T seSt_T seSt_T
1 s
<Ct Y, W[fiGs)|[3+ +35vT ) 1Eh
sESi 1 sESi_ ¢

In the light of Lemma 4.5 and Lemma 4.1, it yields

1< Cr(IElle+ 1 llo+1 f2]l0)-
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For the initial error, according to Lemma 4.1 and Taylor formula we have

[16(0)I1=1117(0) =" (0) ]| =] |T1K 8o — ol [+]IGo —&* (0) || < CA[Zo] |,
1S =111(7) =" (D)= |15 (S0 +70:Z0) — & (7
<1580 — ol |+ 1115 70e80 — 7deol | + 1120 +70:£ (0) = () |+ (7) =& (7)]|
<CH|&lle+Cth][0:Z(0) o+ CT2[197E e 0,2 (00)-

Then similar to the discussion as Theorem 4.1, making use of Lemma 4.10, Lemma 4.5
and triangle inequality, we can read the conclusion of the theorem. O

5 The numerical results

In this section, we give the numerical results of multi-domain Chebyshev-Legendre
method of the scheme (2.3). We also make a comparison with the results of the case
of single domain Chebyshev-Legendre method [10]. Let time step be small sufficiently
so that the errors in space discrete are the main errors. It shows that at the same N, com-
pared with the case of the single domain method on the case of the achieving the same
precision, the multi-domain methods converge more rapidly.

We take the following testing functions as

W(x,x0,t) = A(x2—1)(x3—5)sin(rtxa)e P, fo(x1,%0,t) =0,
E(xq,x0,t) = —V21(x1,%0,1).

Let U(x) be the analytic solution of (1.1). And u(x) is the numerical solution. Define
the maximum error on the points (; = —1+ %, 1<i<N) distributed uniform on [—1,1]
as

e= max |U(&;)—u(Gi)].

In computing, we take A=0.5, B=0.4. For convenient of notation, we do the same
partition on x; and x, direction respectively. We separate the interval [—1,1] into two
subintervals as [—1,0] and [0,1]. The results of single domain see from [10].

In the following five cases, we make the comparison of precision with single-domain
method and multi-domain method.

Table 1: The maximum error when t=2: 7=0.01, v=0.0001.

single domain ¢ P multi-domain ¢ P
(8,8) 1.3575e-3 | 2.0111e-3 (4,4/4,4) 1.2765e-3 | 3.3157e-5
(16,16) 1.7787e-5 | 3.6557e-6 (8,8,8,8) 1.0657e-5 | 2.1892e-6
(32,32) 1.7797e-5 | 3.6557e-6 | (16,16,16,16) | 1.0658e-5 | 2.1892e-6
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Table 2: The maximum error when t=2: 7=0.005, v=0.0001.

single domain ¢ P multi-domain ¢ P
(8,8) 1.3594e-3 | 1.8790e-5 (4/4,44) 1.3399e-3 | 3.3824e-5
(16,16) 4.4493e-6 | 9.139%e-7 (8,8,8,8) 1.0658e-7 | 2.1892e-8
(32,32) 4.4492e-6 | 9.1392e-7 | (16,16,16,16) | 1.0658e-7 | 2.1892e-8
Table 3: The maximum error whent =2: 7=0.0005, v=0.0001.
single domain ¢ P multi-domain ¢ P
(8,8) 1.3584e-3 | 1.8302e-5 (44,44) 1.3437e-3 | 3.3893e-5
(16,16) 4.4494e-8 | 9.1396e-9 (8,8,8,8) 2.6645e-8 | 5.4730e-9
(32,32) 4.4500e-8 | 9.1412e-9 | (16,16,16,16) | 2.6644e-8 | 5.4729e-9
Table 4: The maximum error when t=2: 7=0.00005, v=0.0001.
single domain ¢ P multi-domain ¢ P
(8,8) 1.3581e-3 | 1.8288e-5 (44,44) 1.3472e-3 | 3.3959e-5
(16,16) 4.4214e-9 | 9.0500e-11 (8,8,8,8) 2.7993e-10 | 5.5041e-11
(32,32) 5.5196e-10 | 1.1852e-11 | (16,16,16,16) | 2.7993e-10 | 5.5041e-11
Table 5: The maximum error when t=0.5: 7=0.0005, v=0.001.
single domain ¢ P multi-domain ¢ P
(8,8) 9.2462e-4 | 1.1972e-5 (44,44) 1.5564e-3 | 1.6362e-5
(16,16) 1.4177e-8 | 2.9073e-9 (8,8,8,8) 6.3736e-9 | 6.5923e-10
(32,32) 1.4175e-8 | 2.9077e-9 | (16,16,16,16) | 6.5527e-9 | 6.5913e-10
(64,64) 1.4179e-8 | 2.9084e-9 | (32,32,32,32) | 6.5526e-9 | 6.5964e-10

1239

6 The conclusion

In this paper we have extended the Chebyshev-Legendre spectral method to multi-
domain case and solved the two-dimensional vorticity equations (1.1). The schemes
were formulated in Legendre-Galerkin method while the nonlinear term was collocated
at Chebyshev-Gauss collocation points. This scheme can be implemented in parallel way.
We also proved the convergence and stability of the scheme.The numerical examples of
the method are given. By comparing with single-domain method, our multi-domain
method converge more rapidly. Our approach can be extended to the case of discontinu-
ous Galerkin spectral multi-domain method, and will be considered elsewhere.
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