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Fan and Yao (1998) proposed an efficient method to estimate the conditional vari-
ance of heteroskedastic regression models. Chen, Cheng, and Peng (2009) applied
variance reduction techniques to the estimator of Fan and Yao (1998) and proposed
a new estimator for conditional variance to account for the skewness of financial
data. In this paper, we apply empirical likelihood methods to construct confidence
intervals for the conditional variance based on the estimator of Fan and Yao (1998)
and the reduced variance modification of Chen et al. (2009). Simulation studies and
data analysis demonstrate the advantage of the empirical likelihood method over the
normal approximation method.

1. INTRODUCTION

Let {(Yi , Xi )} be a strictly stationary process with the same marginal distribu-
tion as (Y, X), where Y ∈ R and X ∈ Rd . Let m(x) = E[Y |X = x] and σ 2(x) =
Var(Y |X = x) �= 0 be the regression function and the conditional variance, respec-
tively. Consider the nonparametric regression model

Yi = m(Xi )+σ(Xi )εi . (1.1)
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Here, E[εi |Xi ] = 0 and Var(εi |Xi ) = 1. There is extensive literature on estimating
the nonparametric regression function m(x) and nonparametrically estimating the
conditional variance σ 2(x); see Fan and Yao (2003, Ch. 8) and the references
therein.

One of the motivations to study model (1.1) is that it encompasses interesting
models of volatility. For example, by taking Xi = (Yi−1, . . . ,Yi−d)T, model (1.1)
can be construed as an autoregressive conditional heteroskedasticity (ARCH)
model when

m(Xi ) = 0, σ (Xi ) =
√√√√1+

d

∑
j=1

bi Y 2
i− j . (1.2)

When

m(Xi ) =
q

∑
j=1

aj Yi− j , σ (Xi ) =
√√√√1+

d

∑
j=1

bi Y 2
i− j , (1.3)

model (1.1) becomes an autoregressive (AR) process with ARCH errors, as termed
by Borkovec (2001) and Borkovec and Klüppelberg (2001). It was also referred to
as a double autoregressive model by Ling (2004, 2007). For model (1.3), Borkovec
(2001) and Borkovec and Klüppelberg (2001) discuss its probabilistic properties;
Ling (2004) and Chan and Peng (2005) discuss its statistical properties with q = 1
and d = 1; and Klüppelberg and Pergamenchtchikov (2004) and Ling (2007)
study its general properties. Although many traditional models are parametric
in nature, by putting them under the nonparametric context of model (1.1), we
can make use of developed nonparametric techniques to estimate m(x) and σ(x).
Nonparametric estimators of m(x) and σ(x) can be used to construct goodness-
of-fit test statistics for a given parametric model. There is extensive literature in
statistics and econometrics on testing specific parametric forms against nonpara-
metric forms; see, for example, Härdle and Mammen (1993), Andrews (1997),
Fan and Huang (2001), Fan, Zhang, and Zhang (2001), Horowitz and Spokoiny
(2001), Chen and Gao (2007), and Wang and Van Keilegom (2007).

Another equally important reason to study model (1.1) is that many commonly
used continuous-time stochastic models in financial econometrics satisfy the fol-
lowing generalized diffusion process:

d Xt = μ(Xt , t)dt +σ(Xt , t)dWt , (1.4)

where Wt is a standard Brownian motion; see, for example, Vasicek (1977), Cox,
Ingersoll, and Ross (1985), and Kloeden and Platen (1999). Diffusion process (1.4)
is often discretized and approximated by model (1.1) through the Euler scheme,
that is,

Xt+� − Xt = μ(Xt , t)�+σ(Xt , t)�1/2εt , (1.5)
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where {εt } is a sequence of independent and identically distributed (i.i.d.) standard
normal random variables. By taking Yt = Xt+� − Xt , μ(Xt , t)� = m(Xt ), and
σ(Xt , t)�1/2 = σ(Xt ), model (1.5) can be viewed as a special case of model (1.1).
Although in practice one often assumes certain parametric forms for model (1.4),
many situations in finance and economics constitute proper set-ups to estimate
σ(x) nonparametrically, as argued by Aı̈t-Sahalia (1996). One of the reasons is
that in practice, it is virtually impossible to identify a parametric functional form
of the diffusion function σ(x) in (1.4) a priori because the volatility of financial
series is unobservable; see Aı̈t-Sahalia for further articulations on this issue. As a
result, it is desirable to obtain a nonparametric estimator for σ(x). Aı̈t-Sahalia and
Fan, Jiang, Zhang, and Zhou (2003) studied nonparametric estimates of μ(x) and
σ(x). Fan (2005) gave a succinct and comprehensive review of the nonparamet-
ric estimation and statistical inference for model (1.4) and its discretized version
(1.5).

For model (1.1) with d = 1, Fan and Yao (1998) proposed to estimate m(x) by
local linear techniques, i.e., m̂(x) = â, where

(â, b̂) = argmin(a,b)

n

∑
i=1

{Yi −a −b(Xi − x)}2 K

(
Xi − x

h2

)
, (1.6)

K is a density function, and h2 > 0 is a bandwidth. They then proposed to estimate
σ 2(x) by σ̂ 2(x) = α̂, where

(α̂, β̂) = argmin(α,β)

n

∑
i=1

{r̂i −α −β(Xi − x)}2W

(
Xi − x

h1

)
, (1.7)

r̂i = {Yi − m̂(Xi )}2, W is a density function, and h1 > 0 is a bandwidth. One
drawback of this approach is that the resulting estimate is not always positive.
Instead of σ 2(x), Yu and Jones (2004) recently studied local likelihood expansion
for logσ 2(x), and the resulting conditional variance estimate is always positive.
However, Yu and Jones (2004) derived the asymptotic limit of this local likelihood
estimator under restrictive conditions such as independence between (Xi ,Yi )’s
and εi ∼ N(0,1). This assumption of independence precludes many useful time
series models that are subsumed under (1.1).

In this paper, we explore the feasibility of constructing an empirical-likelihood-
based interval of σ 2(x) for serially correlated data such as those exhibited by
model (1.1). Note that conditional variance is pivotal for statistical analysis. It
can be used to construct confidence intervals and conduct statistical inference.
In finance, conditional variance is also referred to as volatility, which is directly
related to option pricing and risk measure quantification such as the notion of
value at risk in risk management. Since Owen (1988, 1990) introduced empiri-
cal likelihood methods for constructing a confidence interval for the mean of a
random variable, empirical likelihood methods have been extended in many di-
rections. This is due to the attractiveness of empirical likelihood methods, i.e.,

https://doi.org/10.1017/S0266466610000150 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466610000150


EMPIRICAL-LIKELIHOOD-BASED CONFIDENCE INTERVALS 157

Bartlett-correctable and automatic-shape-determined confidence regions. Empir-
ical likelihood methods were first studied by Kitamura (1997) to analyze depen-
dent data. Other developments of empirical likelihood methods include Kitamura
(2001), Imbens (2002), Chen, Härdle, and Li (2003), Donald, Imbens, and Newey
(2003), Kitamura, Tripathi, and Ahn (2004), Newey and Smith (2004), and Chen
and Cui (2007) and the references therein. Recently, Chen and Qin (2000) ap-
plied the empirical likelihood method to construct confidence intervals for m(x)
with i.i.d. observations and showed that the resulting confidence intervals have no
boundary effect in terms of coverage accuracy, whereas the confidence intervals
based on normal approximation suffer from serious boundary effects. Based on
the conditional variance estimator of Fan and Yao (1998) and its variance reduc-
tion version by Chen, Cheng, and Peng (2009), we generalize the idea of Chen and
Qin (2000) to construct confidence intervals for σ 2(x) for stationary time series.
For further details on empirical likelihood methods, see Owen (2001).

The remainder of this paper is organized as follows: In Section 2 methodologies
and main results are presented. Simulation studies and data analysis are reported
in Section 3. Proofs are relegated to Section 4.

2. MAIN RESULTS

Throughout, we consider model (1.1) with d = 1. To evaluate â in (1.6), we solve
equations for a and b,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂

∂a

n

∑
i=1

{Yi −a −b(Xi − x)}2 K

(
x − Xi

h2

)
= 0,

∂

∂b

n

∑
i=1

{Yi −a −b(Xi − x)}2 K

(
x − Xi

h2

)
= 0,

and obtain the solution â for a that has the expression

m̂(x) = â =
n

∑
i=1

�∗
i (x)Yi

/ n

∑
i=1

�∗
i (x),

where

�∗
i (x) = K

(
x − Xi

h2

){
s∗

n,2(x)− (x − Xi )s∗
n,1(x)

h2

}
,

s∗
n,l(x) = (nh2)

−1
n

∑
i=1

K

(
x − Xi

h2

)(
x − Xi

h2

)l

, l = 0,1,2.

Similarly, to evaluate α̂ in (1.7), we solve equations for α and β,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂

∂α

n

∑
i=1

{r̂i −α −β(Xi − x)}2W

(
x − Xi

h1

)
= 0,

∂

∂β

n

∑
i=1

{r̂i −α −β(Xi − x)}2W

(
x − Xi

h1

)
= 0,
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and obtain the solution α̂ for α that has the explicit expression

σ̂ 2(x) = α̂ =
n

∑
i=1

�i (x)r̂i

/
n

∑
i=1

�i (x),

where r̂i = (Yi − m̂(Xi ))
2,

�i (x) = W

(
x − Xi

h1

){
sn,2(x)− (x − Xi )sn,1(x)

h1

}
,

sn,l(x) = (nh1)
−1

n

∑
i=1

W

(
x − Xi

h1

)(
x − Xi

h1

)l

, l = 0,1,2.

For fixed x , let θ = σ 2(x). As E[�i (x)(r̂i − θ)] → 0 according to the proof
of Theorem 1 in Section 4, by letting E[�i (x)(r̂i − θ)] = 0 we can apply the
empirical likelihood method to obtain a confidence interval for θ as follows: Let
p1, . . . , pn be nonnegative numbers summing to 1. Then, the empirical likelihood
for θ is

L(θ) = sup
∑ pi �i (x)(r̂i −θ)=0

n

∏
i=1

pi .

Using the Lagrange multiplier method to obtain the optimal pi ’s, the log empirical
likelihood ratio becomes

	(θ) = −2log{L(θ)nn} = 2
n

∑
i=1

log{1+λ(θ)�i (x)(r̂i − θ)},

where λ(θ) satisfies

n

∑
i=1

�i (x)(r̂i − θ){1+λ(θ)�i (x)(r̂i − θ)}−1 = 0. (2.1)

To derive the asymptotic limit of l(θ), the regularity conditions below are
assumed. Let p(·) be the marginal density function of X .

Condition (C1). For a given point x , the functions E[Y 3|X = x], E[Y 4|X = x],

and p(x) are continuous at the point x , and m̈(z) = d2

dz2 m(z) and σ̈ 2(z) = d2

dz2 σ 2(z)
are uniformly continuous on an open set containing the point x . Further, assume
that p(x) > 0.

Condition (C2). Let E[Y 4(1+δ)] < ∞ for some δ ∈ (0,1).

Condition (C3). The kernel functions W and K are symmetric density func-
tions, each having a bounded support in (−∞,∞). Furthermore, there exists
M > 0 such that |W (x1) − W (x2)| ≤ M |x1 − x2| for all x1 and x2 in the sup-
port of W , and |K (x1) − K (x2)| ≤ M |x1 − x2| for all x1 and x2 in the support
of K .
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Condition (C4). The strictly stationary process {(Yi , Xi )} is absolutely regular,
i.e.,

β( j) := sup
i≥1

E

[
sup

A∈F∞
i+ j

|P(A|F i
1)− P(A)|

]
→ 0, as j → ∞,

where F j
i is the σ -field generated by {(Yk, Xk) : k = i, . . . , j}, ( j ≥ i). Further, for

the δ given in Condition (C2), ∑∞
j=1 j2β

δ
1+δ ( j) < ∞.

Condition (C5). As n → ∞, 0 < liminfnh3
1 ≤ limsupnh3

1 < ∞, and 0 <

liminfnh3
2 ≤ limsupnh3

2 < ∞.

THEOREM 1. Under the regularity conditions (C1) to (C5), we have 	(σ 2(x))
d→ χ2(1). A level α confidence interval for σ 2(x) is

Iα = {θ : 	(θ) ≤ uα},
where uα is the level α critical point of χ2(1).

Remark. The preceding regularity conditions, except Condition (C5), were
employed by Fan and Yao (1998). As the empirical likelihood method is designed
for θ = E[σ̂ 2(x)] rather than σ 2(x), Condition (C5) is required to ensure that the
bias term is asymptotically negligible. It is similar to the construction of normal-
approximation-based confidence intervals for a density function, whereby statis-
ticians often prefer to first under-smooth so that the bias is asymptotically negli-
gible; see Hall (1992) for detailed descriptions and comparisons. To choose the
bandwidths in terms of coverage accuracy, we have to expand the coverage prob-
ability, which can be difficult and tricky. Herein we simply choose h1 = c1n−1/3

and h2 = c2n−1/3. Note that the order h1 = n−1/3 is the optimal rate in nonpara-
metric smoothing estimation in terms of coverage accuracy; see Hall (1992) and
Chen and Qin (2000).

Recently, Chen et al. (2009) applied variance reduction techniques to the con-
ditional variance estimator σ̂ 2(x). The idea of the variance reduction strategy
is to construct a linear combination of σ̂ 2(z) at three points around x such that
the asymptotic bias remains unchanged. Specifically, for any given point x , let{
βx,0,βx,1,βx,2

}
be three equally spaced grid points with bandwidth δh1 = βx,1 −

βx,0, such that x = βx,1 + rδh1 for some r ∈ [−1,1]. Chen et al. (2009) defined
the variance reduction estimator of σ 2(x) as

σ̃ 2(x,r) = r(r −1)

2
σ̂ 2(βx,0)+ (1− r2) σ̂ 2(βx,1)+ r(r +1)

2
σ̂ 2(βx,2). (2.2)

Moreover, they showed that the estimator σ̃ 2(x,r) has a smaller asymptotic vari-
ance and mean squared error than σ̂ 2(x). By choosing r = ±2−1/2, they showed
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that maximum variance reduction can be achieved irrespective of the values of h1,
δ, and W .

Let r0 = 2−1/2. As both σ̃ 2(x,r0) and σ̃ 2(x,−r0) use more data from one side
of x than the other, Chen et al. (2009) proposed an alternate estimator, i.e.,

σ̃ 2(x) =
{

σ̃ 2(x,r0)+ σ̃ 2(x,−r0)
}/

2,

to balance the finite sample bias effect. When the support of X is [0,1], we choose
δ = δ(x) = min

{
δ0, x/((1+2−1/2)h1), (1− x)/((1+2−1/2)h1)

}
with a positive

constant δ0 to keep the points
{
βx,0,βx,1,βx,2

}
(with r = ±2−1/2) within the data

range [0,1]. Under this consideration, we apply the empirical likelihood method
to assess the alternate variance reduction estimator σ̃ 2(x). As before, the log em-
pirical likelihood ratio is given by

	̃(θ) = 2
n

∑
i=1

log{1+ λ̃(θ)�̃i (x)(r̂i − θ)},

where

�̃i (x) = 1

2

{
1−21/2

4
�i (x − (1+2−1/2)δh1)+ 1

2
�i (x −2−1/2δh1)

+ 1+21/2

4
�i (x−(2−1/2 −1)δh1)+ 1+21/2

4
�i (x + (2−1/2 −1)δh1)

+ 1

2
�i (x +2−1/2δh1)+ 1−21/2

4
�i (x + (2−1/2 +1)δh1)

}
,

and λ̃(θ) satisfies

n

∑
i=1

�̃i (x)(r̂i − θ){1+ λ̃(θ)�̃i (x)(r̂i − θ)}−1 = 0.

THEOREM 2. Under the conditions of Theorem 1, 	̃(σ 2(x))
d→ χ2(1). Hence

a level α confidence interval for σ 2(x) is

Ĩα = {θ : 	̃(θ) ≤ uα},
where uα is the level α critical point of χ2(1).

3. SIMULATIONS AND DATA ANALYSIS

3.1. Simulations

This simulation study is designed to investigate the performance of the empirical-
likelihood-based confidence intervals Iα and Ĩα and compare them with the
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normal-approximation-based confidence intervals I ∗
α , which are constructed with

σ̂ 2(x), and Ĩ ∗
α , which are constructed with σ̃ 2(x), i.e.,

I ∗
α =

(
1− zα√

nh1
Â(x)

∫
W 2(s)ds, 1+ zα√

nh1
Â(x)

∫
W 2(s)ds

)
× σ̂ 2(x)

and

Ĩ ∗
α =

(
1− zα√

nh1
Â(x)

{∫
W 2(s)ds − C(δ)

4
− D(δ)

2

}
,

1+ zα√
nh1

Â(x)

{∫
W 2(s)ds − C(δ)

4
− D(δ)

2

})
× σ̃ 2(x),

where C(δ) and D(δ) are defined in the proof of Theorem 2 (see Section 4), zα

denotes the αth quantile of a standard normal random variable, and Â(x) is an
estimator of {p−1(x)E[(ε2

1 −1)2|X1 = x]}1/2 that is constructed from estimating
p(x) by a kernel smoother and E[(ε2

1 − 1)2|X1 = x] by a local linear estimator.
The kernel smoother of p(x) uses a fixed bandwidth h = 0.6n−1/5, and the local
linear estimator for E[(ε2

1 − 1)2|X1 = x] uses the bandwidth h1 in (1.7). In each
of the following cases, we generate 10,000 data sets, and for each data set we
calculate the four different confidence intervals using the Epanechnikov kernel
and setting δ = 1.

In line with Chen and Qin (2000), we first consider model (1.1) with⎧⎨
⎩

m(x) = 0.3exp{−4(4x −1)2}+0.7exp{−16(4x −3)2},

σ 2(x) = 0.15exp(−x),

(3.1)

and simulate Xi and εi independently from the uniform distribution on [0,1]
and the standard normal distribution, respectively. In this example, (X1,Y1), . . . ,
(Xn,Yn) are i.i.d. random vectors, which satisfy regularity conditions (C1)–(C4).
We consider the point x = 0.1, which is near the boundary. For each simulated
sample, 31 equally spaced levels of bandwidths h1 = h2, ranging from 0.45n−1/3

to 1.35n−1/3, are used to construct the four confidence intervals with the nominal
level at 95%. The simulation results with sample sizes n = 200 and n = 500 are
reported in Figure 1, which plots the average coverage probabilities and median
lengths of the four confidence intervals against the bandwidth h1.

As shown in Figure 1, the two empirical-likelihood-based confidence intervals
Iα and Ĩα have better coverage accuracy than the normal-approximation-based
confidence intervals I ∗

α and Ĩ ∗
α . The uses of variance reduction clearly improve

the coverage accuracy of the confidence intervals. Although for both empirical-
likelihood-based and normal-approximation-based confidence intervals the uses
of variance reduction lengthen the corresponding confidence intervals, the con-
fidence interval constructed by applying variance reduction and the empirical
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FIGURE 1. Model (3.1). The coverage probabilities and interval lengths of I∗
α (solid lines),

Ĩ∗
α (dash-dotted lines), Iα (dashed lines), and Ĩα (dotted lines) at x = 0.1, plotted against

bandwidth h1.

likelihood method is clearly superior. We also observe that by increasing the sam-
ple sizes, the average accuracy of all four confidence intervals improves and their
lengths shorten. It is interesting to observe that the coverage probability of all con-
fidence intervals except Ĩα lies beneath the nominal 95% level, which cannot be
attained by varying the bandwidths h1 and h2. The coverage probabilities of the
two empirical-likelihood-based confidence intervals Iα and Ĩα are much closer
to the nominal 95% level for all chosen bandwidths h1 and h2, which suggests
that the normal-approximation-based confidence intervals may have a higher or-
der of coverage probability error than the empirical-likelihood-based ones when
x is near the boundary.

As a second example, consider model (1.1) with m(x) = 0, σ(x) =√
1+ x2/4,

and Yi = Xi+1. The errors {εt } are assumed to be i.i.d. standard normal. We con-
sider the confidence intervals for σ(0). Four confidence intervals with nominal
level at 95% are constructed with the bandwidths h1 = h2 ranging from 1.35n−1/3

to 2.25n−1/3. The simulation results with sample sizes n = 200 and n = 500 are
reported in Figure 2. Similar to the first example, both empirical-likelihood-based
confidence intervals Iα and Ĩα have better coverage accuracy than the normal-
approximation-based confidence intervals I ∗

α and Ĩ ∗
α (see Figure 2). The confi-

dence interval constructed by applying both variance reduction and the empirical
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FIGURE 2. ARCH(1) Model. The coverage probabilities and interval lengths of I∗
α (solid

lines), Ĩ∗
α (dash-dotted lines), Iα (dashed lines), and Ĩα (dotted lines) at x = 0, plotted

against bandwidth h1.

likelihood method has better coverage accuracy than the other three and is shorter
than the others except Ĩ ∗

α .
We also consider the model (1.3),

Yt = m(Yt−1)+σ(Yt−1)εt ,

where m(x) = 0.5x , σ(x) = √
1+0.5x2, and {εt } is a sequence of i.i.d. standard

normal random variables. Using the same bandwidths as in the second example,
we constructed four confidence intervals for σ(0) with the nominal level at 95%.
The simulation results with sample sizes n = 200 and n = 500 are reported in
Figure 3, and the results are similar to those reported in Figure 2. The confidence
interval that is constructed by applying both variance reduction and the empiri-
cal likelihood method is overwhelmingly better than the other three in terms of
coverage accuracy.

3.2. Data Analysis

As an illustration, we examine the conditional variance of a financial data set.
Consider the weekly interest rates of five-year U.S. Treasury notes from January

https://doi.org/10.1017/S0266466610000150 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466610000150


164 NGAI HANG CHAN ET AL.

FIGURE 3. AR(1) Process with ARCH(1) Errors. The coverage probabilities and interval
lengths of I∗

α (solid lines), Ĩ∗
α (dash-dotted lines), Iα (dashed lines), and Ĩα (dotted lines)

at x = 0, plotted against bandwidth h1.

5, 1976, to March 26, 2004. Denote the weekly interest rates by Xi , i = 1, . . . ,n,
and denote the weekly yields by Yi = Xi+1 − Xi . We fit model (1.1) to the data
set (Xi ,Yi ), see Figure 4(a), and construct confidence intervals for the conditional
variance. Let xL and xU , respectively, denote the minimum and maximum values
of the weekly interest rates in this data set. We use the same kernel and confi-
dence level as in the simulation study and choose h1 = h2 = 1.8(xU − xL)n−1/3

and δ(x) = min{1
2 , x−xL

(1+2−1/2)h1
, xU −x

(1+2−1/2)h1
}. In Figure 4 we plot, against differ-

ent values of x , σ̂ 2(x) with its normal-approximation-based confidence inter-
val I ∗

0.95, σ̃ 2(x) with its normal-approximation-based confidence interval Ĩ ∗
0.95,

σ̂ 2(x) with its empirical-likelihood-based confidence interval I0.95, and σ̃ 2(x)
with its empirical-likelihood-based confidence interval Ĩ0.95. When calculating
the normal-approximation-based confidence intervals, we fix the bandwidth for
the kernel smoother of p(x) at h = 0.6(xL − xU )n−1/5. We observe that both
empirical-likelihood-based confidence intervals, i.e., I0.95 and Ĩ0.95, are skewed
to the right, which is consistent with the empirical finding that interest rates
have an asymmetric distribution. In addition, both estimate and confidence in-
tervals based on the variance reduction are smoother than those based on other
methods.
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FIGURE 4. Five-year U.S. Treasury notes from January 5, 1976, to March 26, 2004, with
the estimate (solid lines) and confidence interval (dotted lines) of the conditional variance
of weekly yield.

4. PROOFS

Before proving the theorems, we need the following lemma, which is a modifica-
tion of Theorem 1 of Fan and Yao (1998).

LEMMA 1. Under the regularity conditions (C1) to (C5), we have

1

nh1

n

∑
i=1

W

(
x − Xi

h1

)
{m(Xi )− m̂(Xi )}2
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= op

(
1

n3/2h1h2
2

+ h2

nh1
+ 1

nh2
2

)
+ Op

(
h3

2√
n

+h4
2

)
(4.1)

= op(h1 +h2),
√

nh1{σ̂ 2(x)−σ 2(x)}

= 1

p(x)
√

nh1

n

∑
i=1

W

(
x − Xi

h1

)
σ 2(Xi )(ε

2
i −1)+op(1), (4.2)

and√
nh1{σ̂ 2(x)−σ 2(x)}

d→ Z ∼ N

(
0, p−1(x)σ 4(x)

{∫
W 2(s)ds

}
E[(ε2

1 −1)2|X1 = x]

)
. (4.3)

Proof. This lemma follows from the proof of Theorem 1 of Fan and Yao (1998)
by using (C5) instead of liminfnh4

1 > 0 and liminfnh4
2 > 0. n

Proof of Theorem 1. Without loss of generality, assume that the supports of K
and W are [−1,1]. It follows from Conditions (C1)–(C4) and the ergodic theorem
that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

sn,0(x) = E

[
h−1

1 W

(
x − Xi

h1

)]
+op(1) = p(x)+op(1)

sn,1(x) = Op(h1)

sn,2(x) = E

[
h−3

1 W

(
x − Xi

h1

)
(x − Xi )

2
]
+op(1)

= p(x)

∫
s2W (s)ds +op(1).

(4.4)

Note that

r̂i = σ 2(Xi )ε
2
i +2σ(Xi )εi{m(Xi )− m̂(Xi )}+{m(Xi )− m̂(Xi )}2

≤ 2σ 2(Xi )ε
2
i +2{m(Xi )− m̂(Xi )}2. (4.5)

Put Zi = �i (x){r̂i −σ 2(x)}. By (4.5) we have

|Zi | ≤ 2|�i (x)σ 2(Xi )ε
2
i |+2|�i (x)(m(Xi )− m̂(Xi ))

2|+ |�i (x)σ 2(x)|

≤ 2

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)σ 2(Xi )ε

2
i

∣∣∣∣
+2

∣∣∣∣W
(

x − Xi

h1

)
x − Xi

h1
sn,1(x)σ 2(Xi )ε

2
i

∣∣∣∣
+2

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣
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+2

∣∣∣∣W
(

x − Xi

h1

)
x − Xi

h1
sn,1(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣

+
∣∣∣∣W

(
x − Xi

h1

)
sn,2(x)σ 2(x)

∣∣∣∣+
∣∣∣∣W

(
x − Xi

h1

)
x − Xi

h1
sn,1(x)σ 2(x)

∣∣∣∣
≤ 2

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)σ 2(Xi )ε

2
i

∣∣∣∣+2

∣∣∣∣W
(

x − Xi

h1

)
sn,1(x)σ 2(Xi )ε

2
i

∣∣∣∣
+2

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣

+2

∣∣∣∣W
(

x − Xi

h1

)
sn,1(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣

+
∣∣∣∣W

(
x − Xi

h1

)
sn,2(x)σ 2(x)

∣∣∣∣+
∣∣∣∣W

(
x − Xi

h1

)
sn,1(x)σ 2(x)

∣∣∣∣ . (4.6)

Using Condition (C2), we have, for any b > 0,

P

(
max

1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
σ 2(Xi )ε

2
i

∣∣∣∣≥ b
√

nh1

)

≤
n

∑
i=1

P

(∣∣∣∣W
(

x − Xi

h1

)
σ 2(Xi )ε

2
i

∣∣∣∣≥ b
√

nh1

)

≤
n

∑
i=1

E

[
E

[∣∣∣∣W
(

x − Xi

h1

)
σ 2(Xi )ε

2
i

∣∣∣∣
2(1+δ) ∣∣∣∣Xi

]](
b
√

nh1

)−2(1+δ)

= O
(

nh1/(nh1)
1+δ

)
= o(1). (4.7)

It follows from (4.4) and (4.7) that

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)σ 2(Xi )ε

2
i

∣∣∣∣= op

(√
nh1

)
. (4.8)

Similarly,

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
sn,1(x)σ 2(Xi )ε

2
i

∣∣∣∣= op

(√
nh1

)

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)σ 2(x)

∣∣∣∣= op

(√
nh1

)

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
sn,1(x)σ 2(x)

∣∣∣∣= op

(√
nh1

)
.

(4.9)
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It follows from Lemma 1 that

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
(m(Xi )− m̂(Xi ))

2
∣∣∣∣≤ n

∑
i=1

W

(
x − Xi

h1

)
(m(Xi )− m̂(Xi ))

2

= op (nh1(h1 +h2)) . (4.10)

By (4.4), (4.10), and Condition (C5), we have

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
sn,2(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣= op

(√
nh1

)
. (4.11)

Similarly

max
1≤i≤n

∣∣∣∣W
(

x − Xi

h1

)
x − Xi

h1
sn,1(x)(m(Xi )− m̂(Xi ))

2
∣∣∣∣= op

(√
nh1

)
. (4.12)

Therefore, by (4.6), (4.8), (4.9), (4.11), and (4.12), we have

max
1≤i≤n

|Zi | = op

(√
nh1

)
. (4.13)

As 1+λ(θ)Zi in 	(θ) is nonnegative, we have

|1+λ(θ)Zi |−1 ≥
{

1+|λ(θ)| max
1≤i≤n

|Zi |
}−1

.

By the definition of λ(θ) we have

0 = 1

nh1

∣∣∣∣∣
n

∑
i=1

{
λ(θ)Z2

i

1+λ(θ)Zi
− Zi

}∣∣∣∣∣
≥ 1

nh1

n

∑
i=1

|λ(θ)|Z2
i

|1+λ(θ)Zi | −
∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣
≥ 1

nh1

n

∑
i=1

|λ(θ)|Z2
i

1+|λ(θ)|max1≤i≤n |Zi | −
∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣ ,
which implies that

|λ(θ)| 1

nh1

n

∑
i=1

Z2
i ≤

∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣+|λ(θ)| max
1≤i≤n

|Zi |
∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣ ,
i.e.,

|λ(θ)|
{

1

nh1

n

∑
i=1

Z2
i − max

1≤i≤n
|Zi |

∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣
}

≤
∣∣∣∣∣ 1

nh1

n

∑
i=1

Zi

∣∣∣∣∣ . (4.14)
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It follows from Lemma 1 and (4.4) that

1√
nh1

n

∑
i=1

Zi = ∑n
j=1 �j (x)√

nh1

{
σ̂ 2(x)−σ 2(x)

}

= {sn,0(x)sn,2(x)− s2
n,1(x)}√nh1

{
σ̂ 2(x)−σ 2(x)

}
d→ p2(x)

{∫
s2W (s)ds

}
Z , (4.15)

where Z is defined in Lemma 1. Write

1

nh1

n

∑
i=1

Z2
i = 1

nh1

n

∑
i=1

�2
i (x){σ 2(Xi )ε

2
i −σ 2(x)

+2σ(Xi )εi (m(Xi )− m̂(Xi ))+ (m(Xi )− m̂(Xi ))
2}2

= 1

nh1

n

∑
i=1

�2
i (x){σ 2(Xi )ε

2
i −σ 2(x)}2

+ 2

nh1

n

∑
i=1

�2
i (x){σ 2(Xi )ε

2
i −σ 2(x)}{2σ(Xi )εi (m(Xi )− m̂(Xi ))

+(m(Xi )− m̂(Xi ))
2}

+ 1

nh1

n

∑
i=1

�2
i (x){2σ(Xi )εi (m(Xi )− m̂(Xi ))+ (m(Xi )− m̂(Xi ))

2}2

= I1 + I2 + I3

and

I1 = s2
n,2(x)

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
{σ 2(Xi )ε

2
i −σ 2(x)}2

− 2sn,1(x)sn,2(x)

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
x − Xi

h1
{σ 2(Xi )ε

2
i −σ 2(x)}2

+ s2
n,1(x)

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(x − Xi )

2

h2
1

{σ 2(Xi )ε
2
i −σ 2(x)}2

= I I1 + I I2 + I I3.
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By Conditions (C1)–(C4) and the ergodic theorem, we have

1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
{σ 2(Xi )ε

2
i −σ 2(x)}2

= h−1
1 E[W 2

(
x − Xi

h1

)
(σ 2(Xi )ε

2
i −σ 2(x))2]+op(1)

=
{∫

W 2(s)ds

}
p(x)σ 4(x)E[(ε2

1 −1)2|X1 = x]+op(1). (4.16)

Hence, by (4.4) and (4.16),

I I1
p→ p2(x)

{∫
s2W (s)ds

}2{∫
W 2(s)ds

}
p(x)σ 4(x)E[(ε2

1 −1)2|X1 = x].

Similarly, we can show that

I I2 = op(1) and I I3 = op(1)

by noting sn,1(x) = Op(h1) from (4.4). Hence,

I1
p→ p2(x)

{∫
s2W (s)ds

}2{∫
W 2(s)ds

}
p(x)σ 4(x)E[(ε2

1 −1)2|X1 = x].

(4.17)

By the boundedness of W and (4.1), we have

1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(m(Xi )− m̂(Xi ))

2 = op(h1 +h2). (4.18)

By Condition (C5), (4.4), (4.1), and (4.18), we have

I3 ≤ 8

nh1

n

∑
i=1

�2
i (x)σ 2(Xi )ε

2
i (m(Xi )− m̂(Xi ))

2

+ 2

nh1

n

∑
i=1

�2
i (x)(m(Xi )− m̂(Xi ))

4

≤ 16

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
s2

n,2(x)σ 2(Xi )ε
2
i (m(Xi )− m̂(Xi ))

2

+ 16

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(x − Xi )

2

h2
1

s2
n,1(x)σ 2(Xi )ε

2
i (m(Xi )− m̂(Xi ))

2

+ 2

nh1

{
n

∑
i=1

|�i (x)|(m(Xi )− m̂(Xi ))
2

}2
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≤ 16

{
1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
s4

n,2(x)σ 4(Xi )ε
4
i

}1/2

×
{

1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(m(Xi )− m̂(Xi ))

2

}1/2

+16

{
1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(x − Xi )

4

h4
1

s4
n,1(x)σ 4(Xi )ε

4
i

}1/2

×

×
{

1

nh1

n

∑
i=1

W 2
(

x − Xi

h1

)
(m(Xi )− m̂(Xi ))

2

}1/2

+ 2

nh1

{
n

∑
i=1

W

(
x − Xi

h1

)
sn,2(x)(m(Xi )− m̂(Xi ))

2

+
n

∑
i=1

W

(
x − Xi

h1

) |x − Xi |
h1

|sn,1(x)|(m(Xi )− m̂(Xi ))
2

}2

= 32{Op(1)}1/2{op(h1 +h2)}1/2 + 2

nh1
{(nh1)op(h1 +h2)}2

= op(1). (4.19)

By (4.17) and (4.19), we have

|I2| ≤ 2I 1/2
1 I 1/2

3 = op(1). (4.20)

Thus, by (4.17), (4.19), and (4.20),

1

nh1

n

∑
i=1

Z2
i

p→ p2(x)

{∫
s2W (s)ds

}2{∫
W 2(s)ds

}
p(x)σ 4(x)

×E[(ε2
1 −1)2|X1 = x]. (4.21)

It follows from (4.13), (4.14), (4.15), and (4.21) that

|λ(θ)| = Op

(
(nh1)

−1/2
)

. (4.22)

Hence, by (4.13) and (4.22),

max
1≤i≤n

|λ(θ)Zi | = op(1). (4.23)

Because of (4.23), expanding (2.1) and using (4.22) and (4.23) result in

λ(θ) =
(

1

nh1

n

∑
i=1

Zi

)/(
1

nh1

n

∑
i=1

Z2
i

)
+op

(
(nh1)

−1/2
)

. (4.24)
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By (4.23) we can expand

log(1+λ(θ)Zi ) = λ(θ)Zi − 1

2
λ2(θ)Z2

i +ηi ,

where for some finite B > 0

P{|ηi | ≤ B|λ(θ)Zi |3,1 ≤ i ≤ n} → 1 (4.25)

as n → ∞. Hence, by (4.24), (4.25), (4.15), and (4.21),

	(θ) = 2
n

∑
i=1

λ(θ)Zi −
n

∑
i=1

λ2
i (θ)Z2

i +2
n

∑
i=1

ηi

= 1

nh1

(
n

∑
i=1

Zi

)2{
1

nh1

n

∑
i=1

Z2
i

}−1

+op(1)

d→ χ2(1).

n

Proof of Theorem 2. Put Z̃i = �̃i (x){r̂i −σ 2(x)}. Using the exact arguments
in proving (4.13), we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max1≤i≤n

∣∣∣�i

(
x −

(
1+2−1/2

)
δh1

)
{r̂i −σ 2

(
x −

(
1+2−1/2

)
δh1

)
}
∣∣∣= op

(√
nh1

)
max1≤i≤n

∣∣∣�i

(
x −2−1/2δh1

)
{r̂i −σ 2

(
x −2−1/2δh1

)
}
∣∣∣= op

(√
nh1

)
max1≤i≤n

∣∣∣�i

(
x −

(
2−1/2 −1

)
δh1

)
{r̂i −σ 2

(
x −

(
2−1/2 −1

)
δh1

)
}
∣∣∣= op

(√
nh1

)
max1≤i≤n

∣∣∣�i

(
x +

(
2−1/2 −1

)
δh1

)
{r̂i −σ 2

(
x +

(
2−1/2 −1

)
δh1

)
}
∣∣∣= op

(√
nh1

)
max1≤i≤n

∣∣∣�i

(
x +2−1/2δh1

)
{r̂i −σ 2

(
x +2−1/2δh1

)
}
∣∣∣= op

(√
nh1

)
max1≤i≤n

∣∣∣�i

(
x +

(
1+2−1/2

)
δh1

)
{r̂i −σ 2

(
x +

(
1+2−1/2

)
δh1

)
}
∣∣∣= op

(√
nh1

)
.

(4.26)

Hence, it follows from Condition (C4), (4.4), and (4.26) that

max
1≤i≤n

|Z̃i | = op

(√
nh1

)
. (4.27)

Like the proof of (4.14), we have

∣∣∣λ̃(θ)
∣∣∣
{

1

nh1

n

∑
i=1

Z̃2
i − max

1≤i≤n

∣∣∣Z̃i

∣∣∣
∣∣∣∣∣ 1

nh1

n

∑
i=1

Z̃i

∣∣∣∣∣
}

≤
∣∣∣∣∣ 1

nh1

n

∑
i=1

Z̃i

∣∣∣∣∣ . (4.28)

By (4.4) we have

1

nh1

n

∑
i=1

�i (x) = p2(x)

∫
s2W (s)ds + Op(h1). (4.29)
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It follows from (4.2) and (4.29) that

p−2(x)
{∫

s2W (s)ds
}−1

√
nh1

n

∑
i=1

�i (x)
(

r̂i −σ 2(x)
)

= 1√
nh1

n

∑
i=1

W

(
x − Xi

h1

)
σ 2(Xi )(ε

2
i −1)+op(1). (4.30)

Put αx, j = x − (2−1/2 + 1 − j)δh1, βx, j = x − (−2−1/2 + 1 − j)δh1 for j =
0,1,2. Denote γ0(r) = r(r −1)/2, γ1(r) = (1−r2), γ2(r) = r(r +1)/2, Ai (x) =
W ( x−Xi

h1
)σ 2(Xi )(ε

2
i − 1), C∗(a,b) = ∫

W (s + a)W (s + b)ds, C(s, t) = ∫∞
−∞ W

(u − st)W (u + st)du, νi, j = ∫∞
−∞ zi W j (z)dz, C(s) = 3

2 C(0,s) − 2C( 1
2 ,s) +

1
2 C(1,s), and

D(δ) = ν0,2 − C(δ)

4

− 1

16

{
4
(

1+√
2
)

C

(√
2−1,

δ

2

)
+
(

3+2
√

2
)

C

(
2−√

2,
δ

2

)

+2C

(√
2,

δ

2

)
+4

(
1−√

2
)

C

(√
2+1,

δ

2

)

+
(

3−2
√

2
)

C

(√
2+2,

δ

2

)}
.

Then

E

[
1

2

2

∑
j=0

(γj (2
−1/2)Ai (αx, j )+γj (−2−1/2)Ai (βx, j ))

]2

= 1

4

2

∑
j=0

E
[
γ 2

j (2−1/2)A2
i (αx, j )+γ 2

j (−2−1/2)A2
i (βx, j )

+ 2γj (2
−1/2)γj (−2−1/2)Ai (αx, j )Ai (βx, j )

]

+ 1

4

2

∑
j1, j2=0

∑
j1 �= j2

E{γj1(2
−1/2)γj2(2

−1/2)Ai (αx, j1)Ai (αx, j2)

+γj1(2
−1/2)γj2(−2−1/2)Ai (αx, j1)Ai (βx, j2)

+γj1(−2−1/2)γj2(2
−1/2)Ai (βx, j1)Ai (αx, j2)

+γj1(−2−1/2)γj2(−2−1/2)Ai (βx, j1)Ai (βx, j2) (4.31)
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It is straightforward to check that

E
[

Ai (αx, j1)Ai (αx, j2)
]

= h1σ
4(x)E

[
(ε2

i −1)2|Xi = x
]

×p(x)C∗((2−1/2 +1− j1)δ,(2
−1/2 +1− j2)δ)+o(h)

= h1σ
4(x)E

[
(ε2

i −1)2|Xi = x
]

p(x)C∗(− j1δ,− j2δ)+o(h), (4.32)

E
[

Ai (βx, j1)Ai (βx, j2)
]

= h1σ
4(x)E

[
(ε2

i −1)2|Xi = x
]

×p(x)C∗((−2−1/2 +1− j1)δ,(−2−1/2 +1− j2)δ)+o(h)

= h1σ
4(x)E

[
(ε2

i −1)2|Xi = x
]

p(x)C∗(− j1δ,− j2δ)+o(h), (4.33)

E
[

Ai (αx, j1)Ai (βx, j2)
]

= h1σ
4(x)E{(ε2

i −1)2|Xi = x}
×p(x)C∗((2−1/2 +1− j1)δ,(−2−1/2 +1− j2)δ)+o(h)

= h1σ
4(x)E{(ε2

i −1)2|Xi = x}
×p(x)C∗((2−1/2 − j1)δ,(−2−1/2 − j2)δ)+o(h). (4.34)

We further have

C∗(− j1δ,− j2δ) =

⎧⎪⎪⎨
⎪⎪⎩

C(0,δ) = ν0,2 if | j1 − j2| = 0

C( 1
2 ,δ) if | j1 − j2| = 1

C(1,δ) if | j1 − j2| = 2,

(4.35)

and

C∗((2−1/2 − j1)δ,(−2−1/2 − j2)δ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

C(
√

2,δ/2) if j1 − j2 = 0

C(
√

2−1,δ/2) if j1 − j2 = 1

C(2−√
2,δ/2) if j1 − j2 = 2

C(
√

2+1,δ/2) if j1 − j2 = −1

C(
√

2+2,δ/2) if j1 − j2 = −2.

(4.36)
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Hence, by (4.30)–(4.36),

p−2(x){∫ s2W (s)ds}−1
√

nh1

n

∑
i=1

2

∑
j=0

1

2

{
γj (2

−1/2)�i (αx, j )(r̂i −σ 2(αx, j ))

+ γj (−2−1/2)�i (βx, j )(r̂i −σ 2(βx, j ))
}

= 1√
nh1

n

∑
i=1

2

∑
j=0

1

2

{
γj (2

−1/2)Ai (αx, j )+γj (−2−1/2)Ai (βx, j )
}

+op(1)

d→ N

(
0,

{
ν0,2 − C(δ)

4
− D(δ)

2

}
p−1(x)σ 4(x)E

[
(ε2

1 −1)2|X1 = x
])

.

(4.37)

It follows from (4.29) that

1

nh1

2

∑
j=0

n

∑
i=1

γj

(
2−1/2

)
�i (αx, j )

(
σ 2(αx, j )−σ 2(x)

)

=
2

∑
j=0

γj (2
−1/2)p2(x)

{∫
s2W (s)ds

}
(1+ Op(h))(αx, j − x)

×
{

d

dx
σ 2(x)

}
{1+o(1)}

=
2

∑
j=0

γj (2
−1/2)(αx, j − x)(1+ Op(h1)). (4.38)

Note that

2

∑
j=0

γj (2
−1/2) = 1 and

2

∑
j=0

γj (2
−1/2)(αx, j − x) = 0. (4.39)

By (4.38) and (4.39), we have

1

nh1

2

∑
j=0

n

∑
i=1

γj (2
−1/2)�i (αx, j )(σ

2(αx, j )−σ 2(x)) = Op(h
2
1). (4.40)

Similarly,

1

nh1

2

∑
j=0

n

∑
i=1

γj (−2−1/2)�i (βx, j )(σ
2(βx, j )−σ 2(x)) = Op(h

2
1). (4.41)
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Hence, it follows from (4.37), (4.39)–(4.41), and Condition (C4) that

p−2(x){∫ s2W (s)ds}−1
√

nh1

n

∑
i=1

Z̃i

d→ N

(
0,

{
ν0,2 − C(δ)

4
− D(δ)

2

}
p−1(x)σ 4(x)E[(ε2

1 −1)2|X1 = x]

)
.

(4.42)

Using the same arguments in proving (4.21) and (4.42), we can show that

1

nh1

n

∑
i=1

Z̃2
i

p→ p2(x)

{∫
s2W (s)ds

}2{
ν0,2 − C(δ)

4
− D(δ)

2

}
p(x)σ 4(x)

×E[E((ε2
1 −1)2|X1 = x]. (4.43)

The rest of proof is the same as that of Theorem 1 by using (4.27), (4.28), (4.42),
and (4.43). n
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