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This paper proposes a new Bayesian approach for estimating, nonparametrically,
functional parameters in econometric models that are characterized as the solu-
tion of a linear inverse problem. By using a Gaussian process prior we propose
the posterior mean as an estimator and prove frequentist consistency of the posterior
distribution. The latter provides the frequentist validation of our Bayesian proce-
dure. We show that the minimax rate of contraction of the posterior distribution can
be obtained provided that either the regularity of the prior matches the regularity of
the true parameter or the prior is scaled at an appropriate rate. The scaling parameter
of the prior distribution plays the role of a regularization parameter. We propose a
new data-driven method for optimally selecting in practice this regularization pa-
rameter. We also provide sufficient conditions such that the posterior mean, in a
conjugate-Gaussian setting, is equal to a Tikhonov-type estimator in a frequentist
setting. Under these conditions our data-driven method is valid for selecting the reg-
ularization parameter of the Tikhonov estimator as well. Finally, we apply our gen-
eral methodology to two leading examples in econometrics: instrumental regression
and functional regression estimation.

1. INTRODUCTION

In the last decade, econometric theory has shown an increasing interest in the
theory of stochastic inverse problems (IPs) as a fundamental tool for functional
estimation of structural as well as reduced form models. This paper develops an
encompassing Bayesian approach for nonparametric estimation of econometric
models based on stochastic linear IPs.
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We construct a Gaussian process prior for the (functional) parameter of interest
and establish sufficient conditions for frequentist consistency of the corresponding
posterior mean estimator. We prove that under these conditions the posterior mean
estimator numerically equals a Tikhonov-type estimator in the frequentist setting.
We propose a novel data-driven method for selecting the regularization parameter
which enters as hyperparameter of the prior. The value selected by our data-driven
method is shown to be optimal in a minimax sense if the prior distribution is
sufficiently smooth. Due to the equivalence between Bayes- and Tikhonov-type
estimator, our data-driven method has broad applicability and allows to select the
regularization parameter necessary for implementing Tikhonov-type estimators.

Stochastic linear IP theory has been used to construct new estimation methods
in many subfields of econometrics. Just to mention some of them, it has been
shown to be fundamental in nonparametric estimation of an instrumental re-
gression function, see e.g., Florens (2003), Newey and Powell (2003), Hall and
Horowitz (2005), Darolles, Fan, Florens, and Renault (2011), and Florens and
Simoni (2012a). It has also been used in semiparametric estimation under mo-
ment restrictions (see e.g., Carrasco and Florens, 2000; Ai and Chen, 2003; Chen
and Pouzo, 2012). In addition, it has been exploited for inference: in economet-
ric models with heterogeneity—e.g., Hoderlein, Nesheim, and Simoni (2013), in
stochastic volatility models—e.g., Linton and Mammen (2005), and for frontier
estimation for productivity analysis—e.g., Daouia, Florens, and Simar (2009).
Finally, IP theory has been used for functional regression estimation (see e.g.,
Hall and Horowitz, 2007). We refer to Carrasco, Florens, and Renault (2005) and
references therein for a general overview of IPs in econometrics.

The general framework considered in this paper—which accommodates many
functional estimation problems in econometrics just as mentioned above—is the
following. Let X and Y be infinite dimensional separable Hilbert spaces over
R and denote by x ∈ X the functional parameter that we want to estimate. For
instance, x can be an Engel curve or the probability density function of the unob-
served heterogeneity. The estimating equation characterizes x as the solution of
the functional equation

yδ = K x +U δ, x ∈ X , yδ ∈ Y, δ > 0 (1)

where yδ is an observable function, K :X →Y is a known, bounded, linear oper-
ator, and U δ is a (functional) error term with values in Y and covariance operator
proportional to a positive scalar δ. Model (1) is the standard formulation of a linear
IP. It is motivated by many applications across fields, e.g., econometrics, tomog-
raphy, signal and image processing and has received a great deal of attention in
the mathematical and statistical literature. We refer to Engl, Hanke, and Neubauer
(2000), Cavalier and Tsybakov (2002), and Kaipio and Somersalo (2004) for an
illustration of possible applications. A large class of econometric models writes
under the form of equation (1)—like consumption based asset pricing models,
density estimation of the heterogeneity parameter in structural models, decon-
volution in structural models with measurement errors. In econometrics, yδ is
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usually a transformation of an n-sample of finite dimensional objects and the
parameter δ−1 > 0 represents the “level of information” of the sample, so that
δ → 0 as n → ∞. For instance, equation (1) may arise from a set of moment
equations with yδ an empirical conditional moment and δ = 1

n . For δ = 0
(i.e., perfect information) we have y0 = K x and U 0 = 0. We illustrate two leading
examples in econometrics that can be estimated with our Bayesian method.

Example 1 (Instrumental Variable (IV) Regression Estimation)
Let (Y, Z ,W ) be an observable real random vector and x(Z) be the IV regres-
sion defined through the moment condition E(Y |W ) = E(x |W ). Suppose that the
distribution of (Z ,W ) is confined to the unit square [0,1]2, admits a density fZ W

with respect to the Lebesgue measure, and x ∈X ≡ L2[0,1]. The moment restric-
tion implies that x is a solution to

EW [E(Y |w)a(w,v)](v) =
∫ 1

0

∫ 1

0
x(z)a(w,v) fZ W (z,w)dwdz,

where a(w,v) ∈ L2[0,1]2 is a known function, EW denotes the expectation with
respect to the marginal density fW of W , and L2[0,1]2 denotes the space of
square integrable functions on [0,1]2. This transformation of the original mo-
ment condition is appealing because its empirical counterpart is asymptotically
Gaussian (as required by our Bayesian approach). Suppose we have independent
and identically distributed (i.i.d.) data (Yi , Zi ,Wi ), i = 1, . . . ,n, then the true dis-
tribution of (Y, Z ,W ) can be replaced with a nonparametric estimator and we
obtain a problem of the form (1) with δ = 1

n ,

yδ = ÊW

[
Ê(Y |w)a(w,v)

]
and K x =

∫ 1

0

∫ 1

0
x(z)a(w,v) f̂ Z W (z,w)dwdz.

(2)
Example 2 (Functional Linear Regression Estimation)
The model is the following:

ξ =
∫ 1

0
x(s)Z(s)ds + ε, E

(
εZ(s)

)= 0, Z , x ∈ X = L2[0,1], E
〈
Z , Z

〉
< ∞,

(3)

and ε|Z ,τ ∼N (0,τ 2), with 〈·, ·〉 the inner product in L2[0,1]. We want to recover
the functional regression x . Assuming that Z is a centered random function with
covariance operator of trace-class, the most popular approach consists in mul-
tiplying both sides of the first equation in (3) by Z and then taking the expec-
tation: E(ξ Z(t)) = ∫ 1

0 x(s)Cov(Z(s), Z(t))ds, for t ∈ [0,1]. If we dispose of
i.i.d. data (ξ1, Z1), . . . , (ξn, Zn) we can estimate the unknown moments in the
previous equation. Hence, x is a solution of an equation of the form of equa-
tion (1) with yδ = 1

n

∑
i ξi Zi (t), U δ = 1

n

∑
i εi Zi (t), δ = 1

n and ∀ϕ ∈ L2[0,1],
Kϕ := 1

n

∑
i 〈Zi ,ϕ〉Zi (t).
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A Bayesian approach to stochastic IPs combines the prior and sampling infor-
mation and proposes the posterior distribution as a solution. It allows to deal with
two important issues. First, it allows to incorporate in the estimation procedure
the prior information about the functional parameter provided by the economic
theory or the beliefs of experts. This prior information may be particularly valu-
able in functional estimation since often the data available are concentrated only
in a region of the graph of the functional parameter so that some parts of the
function cannot be recovered from the data.

Second, since the quality of the estimation of the solution of the IP (1) relies on
the value of a regularization parameter, it is particularly important to choose such
a parameter in an accurate way. This can be done with our Bayesian approach.

Previous literature on Bayesian IP. The majority of the Bayesian approaches to
stochastic IPs proposed so far consider a finite dimensional projection of (1) and
recover x only on a finite grid of points (see e.g., Kaipio and Somersalo, 2004,
Chap. 5; Hofinger and Pikkarainen, 2007, 2009; Helin, 2009). So, they cannot be
used for functional estimation of econometric models that consider functional ob-
servations and parameters. Knapik, Van der Vaart, and Van Zanten (2011) study
Bayesian IPs with functional observations and parameter. However, their frame-
work does not allow to accommodate the econometric models of interest because
of the different definition of the error term U δ . Indeed, the analysis of Knapik
et al. (2011) works under the assumption that U δ is an isonormal Gaussian pro-
cess, which implies that U δ , and by consequence yδ , is not realizable as a random
element in Y . This assumption greatly simplifies the analysis but unfortunately
does not hold, in general, in econometric models because real (functional) data
cannot be generated by an isonormal Gaussian process. On the contrary, our pa-
per works in the more realistic situation where U δ , and therefore yδ , are random
elements with realizations in Y , which is the relevant case in econometrics.

For the special case where model (1) results from conditional moment restric-
tions, Liao and Jiang (2011) propose a quasi-Bayesian procedure. Their approach,
which works also in the nonlinear case, is based on limited-information-likelihood
and a sieve approximation technique. It is essentially different from our approach
since we work with Gaussian process priors and do not use a finite-dimensional
approximation.

Working with Gaussian process priors is computationally convenient since in
many cases the sampling distribution is (asymptotically) Gaussian and thus the
posterior is also Gaussian (conjugate-Gaussian setting). The current paper gives
sufficient conditions under which the posterior mean of x , in a conjugate-Gaussian
setting, exists in a closed-form and thus can be used to estimate x . Existence of
such a closed-form is not verified in general, as we explain in the next paragraph
and after Theorem 1. Agapiou, Larsson, and Stuart (2013) propose an alternative
approach to deal with this problem. Florens and Simoni (2012b) overcome this
problem by constructing a regularized posterior distribution which works well in
practice but the regularization of the posterior distribution is ad hoc and cannot
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be justified by any prior-to-posterior transformation. In comparison to Florens
and Simoni (2012b) and Agapiou et al. (2013), the current paper also provides an
adaptive method for choosing the regularization parameter as we explain in the
next section.

This paper is also related to the literature on Bayesian adaptation where many
important contributions have been made for models different than ours. Some ex-
amples of papers on adaptive Bayesian nonparametric estimation include Belitser
and Ghosal (2003), Van der Vaart and Van Zanten (2009), Johannes, Schenk, and
Simoni (2014) and references therein.

Our contribution. Our estimation procedure is based on a conjugate-Gaussian
setting which is suggested by the linearity of problem (1). On one hand, such a
setting is appealing because the corresponding posterior distribution can be com-
puted analytically without using any Markov Chain Monte Carlo algorithm which,
even if very powerful, slows down the estimate computation. On the other hand,
a conjugate-Gaussian Bayesian IP has the drawback that the posterior mean is, in
general, not defined as a linear estimator but as a measurable linear transforma-
tion (mlt, hereafter) which is a weaker notion (see Mandelbaum, 1984). In partic-
ular, there is no explicit form for the mlt estimator and so it is unclear how the
posterior mean estimator of x can be computed in practice. Moreover, whether
consistency of the mlt estimator holds or not is still an open question.

The first contribution of our paper is to provide a sufficient condition under
which the posterior mean, in a conjugate-Gaussian setting, is defined as a linear
estimator and has a closed-form so that it can be easily computed and imple-
mented. We assume a Gaussian process prior distribution for x , with mean func-
tion x0 ∈ X and covariance operator �0 : X → X . In the case where X and Y
are finite-dimensional and (x, yδ) are jointly Gaussian, the posterior mean of x is
the linear estimator [x0 +�0 K ∗V ar(yδ)−1(yδ − K x0)] provided V ar(yδ) is in-
vertible, where V ar(yδ) denotes the marginal covariance operator of yδ and K ∗
denotes the adjoint of K (see Section 3.1). Unfortunately, when the dimension of
X and Y is infinite, the linear operator �0 K ∗V ar(yδ)−1 is no longer defined on
Y but only on a dense subspace of Y of measure zero and is typically noncontinu-
ous (i.e., unbounded). This paper: gives a sufficient condition that guarantees that
�0 K ∗V ar(yδ)−1 is defined and continuous on the whole Y , shows that this con-
dition is in general satisfied in many econometric models, derives a closed form
for the posterior mean of x , and proves that it is a continuous and linear (thus
consistent) estimator defined on Y . Under this condition, the prior-to-posterior
transformation can be interpreted as a regularization scheme so that no ad hoc
regularization scheme is required as, e.g., in Florens and Simoni (2012b).

Our second contribution consists in the study of frequentist asymptotic prop-
erties of our Bayesian procedure. For that, we admit the existence of a true x ,
say x∗, that generates the data. We establish that the posterior mean estimator and
posterior distribution of the solution x of the IP have good frequentist asymp-
totic properties for δ → 0. More precisely, we show that the posterior distribution
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converges toward a Dirac mass at x∗ in probability with respect to the sampling
distribution. This is known as frequentist posterior consistency (see e.g., Le Cam,
1986; Diaconis and Freedman, 1986) and provides the frequentist validation of
our Bayesian procedure.

We also recover the rate of contraction of the risk associated with the posterior
mean and of the posterior distribution. This rate depends on the smoothness and
scale of the prior as well as on the smoothness of x∗. Depending on the specifi-
cation of the prior this rate may be minimax. In particular, (i) when the regularity
of the prior matches the regularity of x∗, the minimax rate of convergence is ob-
tained with a fixed prior covariance; (ii) when the prior is rougher or smoother at
any degree than x∗, the minimax rate can still be obtained if the prior is scaled at
an appropriate rate depending on the unknown regularity of x∗.

The scaling of the prior is tuned by a hyperparameter α which plays the role of
regularization parameter. Our third contribution consists in proposing an adaptive
data-driven method for optimally selecting α. Our method is based on an Empiri-
cal Bayes (EB) approach. Because the posterior mean is, under our assumptions,
equal to a Tikhonov-type estimator for problem (1), our EB approach for select-
ing the regularization parameter is valid, and can be used, also for computing
frequentist estimators based on Tikhonov regularization.1 Finally, the EB-selected
regularization parameter is plugged into the prior distribution of x and for the cor-
responding EB-posterior distribution we prove frequentist posterior consistency.

The paper is organized as follows. In Section 2 we give an overview of our
estimator in the framework of the IV regression (Example 1) in order to explain
the key idea of our procedure. In Section 3 we formalize our approach by setting
the Bayesian experiment associated with (1) and the main assumptions. In Sec-
tion 4 the posterior distribution of x is computed and its frequentist asymptotic
properties are analyzed. Section 5 focuses on the mildly ill-posed case while the
severely ill-posed case is treated in the Supplementary Appendix. The EB method
is developed in Section 6. Examples 1 and 2 are analyzed in Section 7. Section 8
shows numerical implementations and Section 9 concludes. All the proofs are in
the Appendix and in the Supplementary Appendix.

2. IV REGRESSION ESTIMATION: AN OVERVIEW OF OUR
ESTIMATOR

In this section we describe our estimator for the IV regression of Example 1.
The detailed probabilistic setting is described in Section 3 and the asymptotic
frequentist justification of the estimator is provided in Sections 4 and 5. The reader
interested in the choice of the regularization parameter can skip Sections 3–5 and
go to Section 6. The IV regression x is characterized by the integral equation (1)
with yδ and K defined as in (2), that is

ÊW

[
Ê(Y |w)a(w,v)

]
=
∫ 1

0

∫ 1

0
x(z)a(w,v) f̂ Z W (z,w)dwdz +U δ,

https://doi.org/10.1017/S0266466614000796 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000796


REGULARIZING PRIORS FOR LINEAR INVERSE PROBLEMS 77

where a(w,v) is some known function chosen by the econometrician such that∫ 1
0

∫ 1
0 a2(w,v)dwdv < ∞ and U δ := yδ − K x . Denote by fY W , fZ W , and fW

the densities with respect to the Lebesgue measure of the distributions of (Y,W ),
(Z ,W ), and W . Under mild assumptions on a(w,v), U δ ⇒ N (0,δ	), where
‘⇒’ means weak convergence in distribution,N denotes a Gaussian process, and
	 : L2[0,1] → L2[0,1] is the operator 	ϕ = σ 2

∫ 1
0

∫ 1
0 a(w,v1)a(w,v2) fW (w)

dwϕ(v2) fW (v2)dv2, ∀ϕ ∈ L2[0,1] (under the assumption E[(Y − x(Z))2|W ] =
σ 2 < ∞).

We specify a prior distribution of the type x ∼N (0, 1
nα �0) where α > 0, α → 0

as n → ∞ and �0 is a covariance operator. In practice, examples of how to specify

�0 are: (1) ∀ϕ ∈ L2[0,1], (�0ϕ)(z2) = b1E
(

e{−b2(Z−z2)
2}ϕ(z2)

)
for some b1 > 0

and b2 > 0 and where the expectation is taken with respect to Z ; (2) ∀ϕ ∈ L2[0,1],
(�0ϕ)(z2) = ∑∞

j=1 lj 〈ϕ,ej 〉ej (z2) for a decreasing sequence of strictly positive

weights {lj }j≥1 that are summable and for an orthonormal basis {ej } in L2[0,1]
with respect to the distribution of Z .

The estimator for the IV regression x(·) that we propose is the posterior mean

x̂α(·) =
((

α�−1
0 +E

(
E(·|W )|Z

))−1
E
(

Ê(Y |W )|Z
))

(·) (4)

which corresponds to the Bayes estimator under a quadratic loss function. Im-
plementation of x̂α can be done by: (I) either discretizing the operators in (4), so
that �0 and E(E(·|W )|Z) become matrices, or (II) computing the singular sys-
tem {λj ,eZ , j ,eW, j } of the (estimated) operator E(�0 · |W ). In the second case x̂α

writes:

x̂α(·) =
∑
j≥1

λj

α +λ2
j

〈
Ê(Y |W ),eW, j

〉(
�

1/2
0 eZ , j

)
(·), (5)

where Ê(Y |W ) is any consistent nonparametric estimator of E(Y |W ) and the in-
finite sum has to be truncated. We show that this estimator is consistent in a fre-
quentist sense and attains the minimax optimal convergence rate. The parameter
α can be data dependent. In practice, it can be “optimally” chosen by using the
procedure described in Section 6. A more detailed and involved analysis of the IV
regression estimation is presented in Section 7.1.

3. THE MODEL

Let X and Y be infinite dimensional separable Hilbert spaces over R with norm
|| · || induced by the inner product 〈·, ·〉. Let B(X ) and B(Y) be the Borel
σ -fields generated by the open sets of X and Y , respectively. We consider the
IP of estimating the function x ∈ X which is linked to the data yδ through the
linear relation

yδ = K x +U δ, x ∈ X , yδ ∈ Y, δ > 0 (6)
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where yδ is an observable function and K : X → Y is a known, bounded, linear
operator (we refer to Carrasco et al., 2005 for definitions and terminology from
functional analysis). The elements yδ and U δ are Hilbert space-valued random
variables (H-r.v.), that is, for a complete probability space (S,S,P), U δ (respec-
tively yδ) defines a measurable map U δ : (S,S,P) → (Y,B(Y)) (see e.g., Kuo,
1975). Typically, in econometrics, realizations of yδ are functional transforma-
tions of the observed data and U δ is an error term. In the following, we simply
write U , instead of U δ , in order to lighten the notation. The true value of x that
generates the data is denoted by x∗.

We assume a mean-zero Gaussian distribution onB(Y) for U : U ∼N (0,δ	)
where δ > 0 is the noise level and 	 :Y→Y is a covariance operator, that is, 	 is
such that 〈δ	φ1,φ2〉 = E(〈U,φ1〉〈U,φ2〉) for all φ1,φ2 ∈Y . By definition, 	 is a
one-to-one, linear, positive definite, self-adjoint and trace-class operator. Because
	 is one-to-one, the support of U is all Y (see e.g., Kuo, 1975). A trace-class
operator is a compact operator with eigenvalues that are summable. This property
rules out a covariance 	 proportional to the identity operator I and this is a key
difference between our model and the model used in a large part of the statistical
IP literature including Cavalier and Tsybakov (2002), Bissantz, Hohage, Munk,
and Ruymgaart (2007), and Knapik et al. (2011). The reason why we focus on
a covariance 	 different from I is that most of the functional estimation prob-
lems in econometrics that writes as equation (6) does not allow for an identity
(or proportional to identity) covariance operator (see Examples 1 and 2).

Remark 3.1. We stress that 	 �= I is not an assumption but a feature of the
econometric models we want to treat and many difficulties arise because 	 �= I .
One of the main contributions of our paper is to deal with the important case
where 	 is trace-class, i.e., 	 �= I . In addition, the identity operator cannot be the
covariance operator of a well-defined Gaussian process in a Hilbert space because
a Gaussian process with an identity covariance operator cannot generate trajecto-
ries that are proper elements in infinite dimensional Hilbert spaces and is only
defined in a weaker sense as a weak distribution (see e.g., Kuo, 1975). In general,
real (functional) data cannot be generated by a Gaussian process with an identity
covariance operator. Thus, the model considered by Knapik et al. (2011) is not
appropriate for many econometric models of interest like IV and functional linear
regression estimation.

Under model (6) with U ∼ N (0,δ	), the sampling distribution Px , i.e., the
conditional distribution of yδ given x , is a Gaussian distribution onB(Y):

yδ|x ∼ Px =N (K x,δ	
)
. (7)

The parameter δ > 0 is assumed to converge to 0 when the information from the
observed data increases. Hereafter, Ex (·) will denote the expectation taken with
respect to Px .
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Remark 3.2. The assumption of Gaussianity of the error term U in the econo-
metric model (6) is not necessary and only made in order to construct (and give a
Bayesian interpretation to) the estimator. The proofs of our results of frequentist
consistency do not rely on the normality of U . In particular, asymptotic normality
of yδ|x , which is verified, e.g., in Example 1, is enough for our estimation pro-
cedure and also for our EB data-driven method for choosing the regularization
parameter.

Remark 3.3. All the results in the paper are given for the general case where K
and 	 do not depend on δ. This choice is made in order to keep our presentation
as simple as possible. We discuss how our results apply to the case with unknown
K and 	 through Examples 1 and 2.

3.1. Notation

We set up some notational convention used in the paper. We simply write U to de-
note the error term U δ . For positive quantities Mδ and Nδ depending on a discrete
or continuous index δ, we write Mδ � Nδ to mean that the ratio Mδ/Nδ is bounded
away from zero and infinity. We write Mδ =O(Nδ) if Mδ is at most of the same
order as Nδ . For an H-r.v. W we write W ∼ N to denote that W is a Gaussian
process. We denote by R(·) the range of an operator and by D(·) its domain. For
an operator B : X → Y , R(B) denotes the closure in Y of the range of B. For a
bounded operator A : Y → X , we denote by A∗ its adjoint, i.e., A∗ : X → Y is
such that 〈Aψ,ϕ〉 = 〈ψ, A∗ϕ〉, ∀ϕ ∈ X , ψ ∈ Y . The operator norm is defined as
||A|| := sup||φ||=1 ||Aφ|| = min{C ≥ 0 ; ||Aφ|| ≤ C ||φ|| for all φ ∈ Y}. The oper-
ator I denotes the identity operator on both spaces X and Y , i.e., ∀ψ ∈X , ϕ ∈ Y ,
Iψ = ψ , and Iϕ = ϕ.

Let {ϕj }j denote an orthonormal basis of Y . The trace of a bounded linear

operator A : Y→ X is defined as tr(A) :=∑∞
j=1〈(A∗ A)

1
2 ϕj ,ϕj 〉 independently

of the basis {ϕj }j . If A is compact, then its trace writes tr(A) =∑∞
j=1 λj , where

{λj } are the singular values of A. The Hilbert–Schmidt norm of a bounded linear
operator A : Y → X is denoted by ||A||H S and defined as ||A||2H S = tr(A∗ A)
(see Kato, 1995).

3.2. Prior Distribution and Main Assumptions

We start by constructing the prior distribution of x . Let L be an unbounded, self-
adjoint, densely defined operator in the Hilbert space X for which ∃η > 0 such
that 〈Lψ,ψ〉 ≥ η||ψ ||2, ∀ψ ∈ D(L), and L−2s is trace-class for some s ∈ R+.
We assume a Gaussian prior distribution μ onB(X ):

x |α,s ∼ μ =N
(

x0,
δ

α
�0

)
, x0 ∈ X , �0 := L−2s (8)

with α > 0 such that α → 0 as δ → 0. The parameter α describes a class of
prior distributions and it may be viewed as a hyperparameter. Section 6 provides
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an EB approach for selecting it. By definition of L , the operator �0 : X → X is
linear, bounded, positive-definite, self-adjoint, compact, and trace-class. Thus, �0
cannot be proportional to I .

Next, we introduce two sets of assumptions. (i) The first set is formed by two
assumptions (A.1 and A.2) that are new in the literature and guarantee continu-
ity of the posterior mean of x as a linear operator on Y . The detection of these
assumptions is an important contribution because, as remarked in Mandelbaum
(1984) and Luschgy (1995), in the Gaussian infinite-dimensional model the pos-
terior mean is in general only defined as a mlt which is a notion weaker than that
of continuous linear operator. Therefore, in general the posterior mean has not an
explicit form and may be an inconsistent estimator in the frequentist sense while
our Assumptions A.1 and A.2 ensure closed-form (and then easiness of computa-
tion) and consistency for the posterior mean. (ii) The assumptions in the second
set (Assumptions A.3 and B) will be used for establishing the rate of contraction
of the posterior distribution and concern the smoothness of the operator 	−1/2 K
and of the true value x∗.

Assumption A.1. R(K ) ⊂D(	−1/2
)
.

Since K and 	 are integral operators, 	−1/2 is a differential operator and
Assumption A.1 demands that the functions in R(K ) are at least as smooth as
the functions in R(	1/2). A.1 ensures that 	−1/2 is defined on R(K ) so that
	−1/2 K , which is used in Assumption A.3, exists.

Hereafter, we denote B = 	−1/2 K�
1
2
0 . Assumption A.2 guarantees that B and

	−1/2 B exist.

Assumption A.2. R
(

K�
1
2
0

)
⊂D

(
	−1

)
.

Finally, we introduce Assumption A.3 which requires that 	−1/2 K regularizes
exactly as L−a for some a > 0, where L is the operator defined above and used to
construct the prior.

Assumption A.3. Let L be the unbounded, self-adjoint, densely defined oper-
ator in X for which ∃η > 0 such that 〈Lψ,ψ〉 ≥ η||ψ ||2, ∀ψ ∈ D(L), that has
been used to construct the prior (8). We assume that there exist three real constants
a > 0 and 0 < m ≤ m < ∞ such that

m||L−a x || ≤ ||	−1/2 K x || ≤ m||L−a x || (9)

on X .

Notice that because 	−1/2 K must satisfy (9) it is necessarily an injective oper-
ator. We refer to the parameter a in (9) as the “degree of ill-posedness” of the
estimation problem under study and a is determined by the rate of decreasing of
the spectrum of 	−1/2 K (and not only by that one of K as it would be in a classi-
cal IP framework for (1)) with respect to the prior covariance operator. Since the
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spectrum of 	−1/2 K is decreasing slower than the spectrum of K we have to con-
trol for less ill-posedness than if we used the classical approach. Assumption A.3
is used to determine the rate of contraction of the posterior distribution. Indeed,
if this assumption is satisfied, the rate may be expressed in terms of the degree of
ill-posedness a and the regularity of the prior s. Assumption A.3 makes a link be-
tween the smoothness of the prior—which depends on the operator L−1 – and the
smoothness of the sampling model—which depends on the operator 	−1/2 K .2

However, it is important to stress that in order to construct the prior distribution
we do not need to know the sampling model and Assumption A.3 is only used in
order to derive (minimax) rates of convergence.

For t > 0 and x ∈ D(Lt ) ⊂ X define a norm ||x ||t := ||Lt x ||, where L is
the operator defined above. Let Xt be the completion of D(Lt ) under the norm
|| · ||t . Thus, for t > 0, Xt =D(Lt ). The family of Hilbert spaces (Xt )t>0 is called
a Hilbert scale and L is called a generating operator of the Hilbert scale (see Defi-
nition 8.18 in Engl et al., 2000 for its detailed properties; Krein and Petunin, 1966,
p. 142; Chen and Reiss, 2011, p. 5). Typical examples of Xt are Sobolev spaces
of various kinds.

In IP literature it is standard to link the smoothness of the true value x∗ to
the smoothness of 	−1/2 K . To this purpose we introduce Assumption B which
quantifies the smoothness of x∗ in terms of the operator L−1 and of the Hilbert
scale Xt generated by it.

Assumption B. For some 0 ≤ β, (x∗ − x0) ∈ Xβ , that is, there exists a ρ∗ ∈ X
such that (x∗ − x0) = L−βρ∗

(
≡ �

β
2s
0 ρ∗

)
.

The parameter β characterizes the “regularity” of the centered true function
(x∗ − x0) and is generally unknown. Assumption B is satisfied by regular func-
tions x∗. For instance, when Xβ is the scale of Sobolev spaces, Assumption B is
equivalent to assume that (x∗ − x0) has at least β square integrable derivatives.3

Assumption B is classical in IP literature (see e.g., Chen and Reiss, 2011) and
is closely related to the so-called source condition which expresses the regularity
of x∗ according to the spectral representation of the operator K ∗K defining the
IP (see Engl et al., 2000; Carrasco et al., 2005). In our case, the regularity of
(x∗ − x0) is expressed according to the spectral representation of L and is linked
to the smoothness of the operator 	−1/2 K through Assumption A.3. This way to
link the regularity of x∗ to the regularity of the operator 	−1/2K that characterizes
the IP is natural in IP theory. We refer to Chen and Reiss (2011) for an explanation
of the relationship between Hilbert scale and regularity conditions.

Remark 3.4. Assumption A.3 covers not only the mildly ill-posed but also
the severely ill-posed case if (x∗ − x0) in Assumption B is infinitely smooth.
In the mildly ill-posed case the singular values of 	−1/2 K decay slowly to zero
(typically at a geometric rate) which means that the kernel of 	−1/2 K is finitely
smooth. In this case the operator L is generally some differential operator so
that L−1 is finitely smooth. In the severely ill-posed case the singular values of
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	−1/2 K decay very rapidly (typically at an exponential rate). Assumption A.3
covers also this case if (x∗ − x0) is very smooth. This is because when the sin-
gular values of 	−1/2 K decay exponentially, Assumption A.3 is satisfied if L−1

has an exponentially decreasing spectrum too. On the other hand, L−1 is used to
describe the regularity of (x∗ −x0), so that in the severely ill-posed case, Assump-
tion B can be satisfied only if (x∗ − x0) is infinitely smooth.

To treat the case where the singular values of 	−1/2 K decay exponentially fast
and (x∗ − x0) is finitely smooth, we should replace (9) in Assumption A.3 by

m||exp(−aL)x || ≤ ||	−1/2 K x || ≤ m||exp(−aL)x ||

as, e.g., in Cavalier (2011). In this case the minimax rate would be logarithmic.
We discuss this case in the Supplementary Appendix.

Remark 3.5. The specification of the prior covariance operator can be gen-
eralized as δ

α �0 = δ
α QL−2s Q∗, for some bounded operator Q not necessarily

compact. Then, our case is a particular case of this one for Q = I . In this gener-
alized setting, Assumptions A.1 and A.2 are replaced by the weaker assumptions
R(K Q) ⊂ D(	−1/2

)
and R

(
K QL−s

) ⊂ D(	−1
)
, respectively. In Assumption

A.3 the operator 	−1/2 K must be replaced by 	−1/2 K Q and Assumption B be-
comes: there exists ρ̃∗ ∈ X such that (x∗ − x0) = QL−βρ̃∗.

3.2.1. Covariance Operators Proportional to K . A particular situation often
encountered in applications is the case where the sampling covariance operator
has the form 	 = (K K ∗)r , for some r ∈R+, and is related to the classical example
of g-priors given in Zellner (1986). In this situation it is convenient to choose

L = (K ∗K )− 1
2 so that �0 = (K ∗K )s , for s ∈ R+. Because (K K ∗)r and (K ∗K )s

are proper covariance operators only if they are trace-class then K is necessarily
compact. Assumptions A.1 and A.3 hold for r ≤ 1 and a = 1 − r , respectively.
Assumption A.2 holds for s ≥ 2r −1.

4. MAIN RESULTS

4.1. Posterior Distribution and Point Estimator

The posterior distribution of x , denoted by μY
δ , is the Bayesian solution of the IP

(6) and is characterized in the next theorem together with the joint distribution
of (x, yδ). Because a separable Hilbert space is Polish,4 there exists a regular
version of the posterior distribution μY

δ . This means that μY
δ can be characterized

by a conditional probability. The notationB(X )⊗B(Y) means the Borel σ -field
generated by the product topology.

THEOREM 1. Consider two separable infinite dimensional Hilbert spaces X
and Y . Let x |α,s and yδ|x be two Gaussian H-r.v. on X and Y as in (8) and (7),
respectively. Then,
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(i) (x, yδ) is a measurable map from (S,S,P) to (X ×Y,B(X ) ⊗B(Y))
and has a Gaussian distribution: (x, yδ)|α,s ∼ N ((x0, K x0),ϒ),
where ϒ is a trace-class covariance operator defined as ϒ(ϕ,ψ) =(

δ
α �0ϕ + δ

α �0 K ∗ψ, δ
α K�0ϕ + (δ	 + δ

α K�0 K ∗)ψ
)

for all (ϕ,ψ) ∈
X ×Y . The marginal sampling distribution of yδ|α,s is Pα ∼ N (K x0,
(δ	 + δ

α K�0 K ∗)).

Moreover, let A : Y → X be a Pα-measurable linear transformation (Pα-mlt),
that is, ∀φ ∈ Y , Aφ is a Pα-almost sure limit, in the norm topology, of Akφ
as k → ∞, where Ak : Y → X is a sequence of continuous linear operators.
Then,

(ii) the conditional distribution μY
δ of x given yδ exists, is regular and

almost surely unique. It is Gaussian with mean E(x |yδ,α,s) = A(yδ −
K x0)+x0 and trace-class covariance operator V ar(x |yδ,α,s) = δ

α [�0 −
AK�0] : X → X . Furthermore, A = �0 K ∗(α	 + K�0K ∗)−1 on

R((δ	 + δ
α K�0 K ∗) 1

2 ).

(iii) Under Assumptions A.1 and A.2, the operator A characterizing μY
δ is a

continuous linear operator on Y and can be written as

A = �
1
2
0 (α I + B∗ B)−1(	−1/2 B)∗ : Y→ X (10)

with B = 	−1/2 K�
1
2
0 .

Point (ii) in the theorem is an immediate application of the results of Mandel-
baum (1984) and we refer to this paper for the proof and for a rigorous definition
of Pα-mlt. As stated above, the quantity Ayδ is defined as a Pα-mlt, which is
a weaker notion than that of a linear and continuous operator and A is in gen-
eral not continuous. In fact, since Ayδ is a Pα-almost sure limit of Ak yδ , for
k → ∞, the null set where this convergence is not satisfied depends on yδ and
we do not have an almost sure convergence of Ak to A. Moreover, in general,
A takes the form A = �0 K ∗(α	 + K�0 K ∗)−1 only on a dense subspace of Y
of Pα-probability measure zero. Outside this subspace, A is defined as the unique
extension of �0 K ∗(α	 + K�0 K ∗)−1 to Y for which we do not have an explicit
expression. This means that in general it is not possible to construct a feasible
estimator for x .

On the contrary, point (iii) of the theorem shows that, under Assumptions A.1
and A.2, A is defined as a continuous linear operator on Y for which a closed
form is provided. Hence, the posterior mean estimator for x can be implemented
in practice and our result (iii) makes operational the Bayesian approach for lin-
ear statistical IPs in econometrics. When Assumptions A.1 and A.2 do not hold
then we can use a quasi-Bayesian approach as proposed in Florens and Simoni
(2012a, 2012b).
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Summarizing, under a quadratic loss function, the Bayes estimator for a func-
tional parameter x characterized by (6) is the posterior mean

x̂α = �
1
2
0 (α I + B∗ B)−1(	−1/2 B)∗(yδ − K x0)+ x0, with B = 	−1/2 K�

1/2
0 .

(11)

We point out that because the posterior distribution is available in closed-form,
then inference may be easily conducted. In particular, Bayesian credible sets for
x∗ evaluated at a point, as well as for other linear functionals of x∗, are imme-
diately available in closed-form. Bayesian credible sets for nonlinear functionals
of x may be constructed by computing the quantiles of the posterior distribution
through draws from the posterior.

4.1.1. Bayes and Tikhonov-type Estimators. As stressed before, the distri-
bution μ (respectively Px ) is realizable as a proper random element in X (re-
spectively Y) if and only if �0 (respectively 	) is trace-class. Thus, neither
	 nor �0 can be proportional to I and so, in general, in infinite-dimensional
IPs, the posterior mean cannot be equal to the Tikhonov regularized estimator
xT
α := (α I + K ∗K )−1 K ∗yδ .
However, under Assumptions A.1 and A.2, we show the existence of a close

relationship between Bayesian and frequentist approach to statistical IPs. In
fact, the posterior mean x̂α is equal to the Tikhonov regularized solution in the
Hilbert scale (Xt )t>0 of the equation 	−1/2 yδ = 	−1/2 K x +	−1/2U . The ex-
istence of 	−1/2 K is guaranteed by A.1; the stochastic processes 	−1/2 yδ and
	−1/2U have to be interpreted in the sense of weak distributions (see Kuo, 1975;
Bissantz et al., 2007). Since E(x |yδ,α,s) = A(yδ − K x0) + x0, we have, under
A.1 and A.2:

E(x |yδ,α,s) = L−s(α I + L−s K ∗	−1 K L−s)−1L−s K ∗	−1/2	−1/2(yδ − K x0)+ x0

= (αL2s + T ∗T )−1T ∗(ỹδ − T x0)+ x0,

where T = 	−1/2 K , ỹδ = 	−1/2 yδ

and it is equal to the minimizer, with respect to x , of the Tikhonov functional

||ỹδ − T x ||2 +α||x − x0||2s .

4.2. Asymptotic Analysis

In this section we analyze frequentist asymptotic properties of the posterior distri-
bution μY

δ of x . The asymptotic analysis is for δ → 0. Let Px∗ denote the sampling
distribution (7) with x = x∗. We remind the definition of posterior consistency
(see Le Cam, 1986; Diaconis and Freedman, 1986; or Ghosh and Ramamoorthi,
2003):
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DEFINITION 1. The posterior distribution of x is consistent at x∗ with respect
to Px∗ if it weakly converges toward the Dirac measure δx∗ at the point x∗, i.e., if,
for every neighborhood U of x∗, μY

δ (U |yδ,α,s) → 1 in Px∗ -probability or Px∗ -
a.s. as δ → 0.

Posterior consistency provides the basic frequentist validation of our Bayesian
procedure because it ensures that with a sufficiently large amount of data, it is
almost possible to recover the truth accurately. Lack of consistency is extremely
undesirable, and one should not use a Bayesian procedure if the corresponding
posterior distribution is inconsistent.

Our asymptotic analysis is organized as follows. First, we consider the posterior
mean x̂α as an estimator for the solution of (6) and study the rate of convergence
of the associated risk. Second, we state posterior consistency and recover the rate
of contraction of the posterior distribution. We take the mean integrated square er-
ror (MISE) as the risk associated with x̂α and denote it by Ex∗ ||x̂α − x∗||2 where
Ex∗ denotes the expectation taken with respect to Px∗ . The use of a MISE repre-
sentation of the risk is common in IP literature and in addition, in our framework,
it matches the quadratic loss function used to determine the Bayes estimator. We
denote by Xβ(�) the ellipsoid of the type

Xβ(�) := {ϕ ∈ X ; ||ϕ||2β ≤ �}, 0 < � < ∞ (12)

where ||ϕ||β := ||Lβϕ||. Our asymptotic results will be valid uniformly onXβ(�).
The following theorem gives the asymptotic behavior of x̂α .

THEOREM 2. Let us consider the observational model (6) with x∗ being
the true value of x that generates the data and let γ ∈ [0,1] be such that
tr(L−2γ (a+s)) < ∞. Under Assumptions A.1–A.3 and B, we have

sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2 =O
(

α
β̃

a+s + δα− a+γ (a+s)
a+s

)
,

where β̃ = min(β,a +2s).

The theorem provides a uniform rate over the ellipsoid Xβ(�). It follows
from this result that if (x∗ − x0) satisfies Assumption B, then Ex∗ ||x̂α − x∗||2 =
O
(
α

β̃
a+s + δα− a+γ (a+s)

a+s

)
.

The value a +2s in the theorem plays the role of the qualification in a classical
regularization scheme, that is, a + 2s is the maximum degree of regularity of x∗
that can be exploited in order to improve the rate. It is equal to the qualification of
a Tikhonov regularization in the Hilbert scale (Xs)s∈R (see e.g., Engl et al., 2000,
Sect. 8.5).

The value of the prior parameter α that minimizes the rate given in Theorem 2

is: αmin
γ := κδ

a+s
β̃+a+γ (a+s) , for some constant κ > 0. When α is set equal to αmin

γ ,
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then sup(x∗−x0)∈Xβ(�) Ex∗ ||x̂αmin
γ

− x∗||2 =O
(
δ

β̃

β̃+a+γ (a+s)

)
. The minimax rate can

be obtained as the infimum of δ
β̃

β̃+a+γ (a+s) over the set G of the possible values for
γ and is attained at γ ∗ := infG when β ≤ a +2s. The values of γ and γ ∗ and the
lower bound of G depend on the definition of L−1, the smoothness of (x∗ − x0),
and the degree of ill-posedness of the problem. Since β and a depend in turn on
the definition of L−1 (due to Assumptions A.3 and B), in order to define G we
have to “normalize” L as we now explain. In particular, we consider two cases
(see also Remark 3.4):

I. Mildly ill-posed problem and (x∗ − x0) belongs to a Sobolev class. In this
case L−1 is finitely smooth so that, typically, its eigenvalues decrease at a
geometric rate. Assume that the operator L is such that tr(L−(1+ε)) < ∞,
∀ε > 0 and tr(L−(1+ε))≮∞, ∀ε ≤ 0. Then, G := {γ ∈ R; 1

2(a+s) < γ < 1}

and γ ∗ = 1
2(a+s) . The minimum rate of our procedure is δ

β̃

β̃+a+ 1
2 and coin-

cides with the minimax rate for this case if β ≤ a +2s.

II. Severely ill-posed problem and (x∗ − x0) belongs to the class of analytic
functions. In this case L−1 is infinitely smooth so that, typically, its eigen-
values decrease at an exponential rate. Assume that the operator L is such
that tr(L−ε) < ∞, ∀ε > 0 and tr(L−ε) ≮∞, ∀ε ≤ 0. Then, G := {γ ∈ R;
0 < γ < 1} and γ ∗ = 0. The minimum rate of our procedure is δ

β̃

β̃+a and
coincides with the minimax rate for this case if β ≤ a +2s.

We refer to Cavalier (2011) for a definition of mildly/severely ill posedness and
for a review of rates in cases I and II. The value α = αmin

γ ∗ , which allows to obtain
the minimax rate, corresponds to three different behaviors of the prior depending
on the values of β and s:

(NS) nonscaling prior if s = β + 1
2 (case I) or s = β (case II), i.e., the regularity

of the prior matches the regularity of x∗;

(SO) spreading out prior if s > β + 1
2 (case I) or s > β (case II);

(S) shrinking prior if s < β + 1
2 (case I) or s < β (case II).

This means that when s �= β + 1
2 (case I) or s �= β (case II), in order to achieve the

minimax rate of convergence, the prior must either spread out to become rougher
(case (SO)) or shrink to become smoother (case (S)).

When α �= αmin
γ ∗ or γ �= γ ∗, the rate is slower than the minimax rate but we

still have consistency provided that we set α � δε for 0 < ε < a+s
a+γ (a+s) . In case I,

remark that, since tr(L−2s) < ∞, s
a+s is a possible value for γ which implies that

s
a+s > 1

2(a+s) and so 1 is a possible value for ε. This implies that consistency is
always obtained with a nonscaling prior even if the minimax rate is obtained only
in particular cases.
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A similar discussion applies to the rate of contraction of the posterior distribu-
tion which is given in the next theorem.

THEOREM 3. Let the assumptions of Theorem 2 be satisfied. For any sequence
Mδ → ∞ the posterior distribution satisfies

μY
δ {x ∈ X : ||x − x∗|| > εδ Mδ} → 0

in Px∗-probability as δ → 0, where εδ =
(

α
β̃

2(a+s) + δ
1
2 α

− a+γ (a+s)
2(a+s)

)
, β̃ =

min(β,a +2s), and γ ∈ [0,1] is such that tr(L−2γ (a+s)) < ∞.

We refer to εδ as the rate of contraction of the posterior distribution. If α is
chosen such that the two terms in εδ are balanced, that is, α � αmin

γ , then

εδ = δ
β̃

2β̃+2a+2γ (a+s) . Then, the minimax rate for cases I and II above is obtained
when β ≤ a + 2s and we set α = αmin

γ ∗ . In this case, the prior is either fixed or

scaling depending whether s equates β + 1
2 (respectively β in case II) or not.

5. OPERATORS WITH GEOMETRIC SPECTRA

In this section we analyze the important case where the IP (6) is mildly ill-posed
and (x∗ − x0) belongs to a Sobolev class. This case is formalized by Assumptions
C and B with L−1 constructed as in (13).

Assumption C. Under Assumption A.1, the operator T := 	−1/2 K is injective
and admits a singular system (λjT ,ϕj ,ψj )j , that is, T ψj = λjT ϕj and T ∗ϕj =
λjT ψj . Moreover, the eigenvalues of T ∗T satisfy

a j−2a ≤ λ2
jT ≤ a j−2a, j = 1,2, . . .

for some a ≥ 0 and a,a > 0.

Assumption C states that the operator T ∗T has a polynomially decreasing spec-
trum which, by using the notation defined in Section 3.1, may be rewritten as
λ2

jT � j−2a . Imposing such a rate of decay of the spectrum is common in statis-
tical IP literature (see e.g., Assumption A.3 in Hall and Horowitz, 2005 or As-
sumption B3 in Cavalier and Tsybakov, 2002).

Because Assumption C implies that T ∗T is strictly positive definite and {ψj } is
an orthonormal system which spansR(T ∗T ) we can then construct a self-adjoint
bounded operator L−1 as

∀ϕ ∈ X , L−1ϕ =
∞∑

j=1

j−1〈ϕ,ψj 〉ψj . (13)
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It follows that L is unbounded with domain D(L) = {x ∈ X ;∑∞
j=1 j2〈x,ψj 〉2 <

∞}. When L−1 is constructed as in (13) we may write Xβ(�) as Xβ(�) :=
{ϕ ∈ X ; ∑j j2β〈ϕ,ψj 〉2 ≤ �} and Assumption B implies that (x∗ − x0) belongs
to a Sobolev class. The following proposition gives the rate attained by the MISE
of x̂α under Assumption C and (13).

PROPOSITION 1. Let the operator L−1 be defined as in (13) and Assump-
tions A.1, A.2, B, and C hold with a > 0 and s > 1

2 . Then we have

sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2 � α
β̃

a+s + δα
− 2a+1

2(a+s) , (14)

with β̃ = min(β,2(a + s)). Moreover, (i) for α � δ (fixed prior),

sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2 � δ
β∧
(

s− 1
2

)
a+s ;

(ii) for α � δ

a+s
β̃+a+ 1

2 (optimal rate of α),

sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2 � δ

β̃

β̃+a+ 1
2 .

The minimax rate of convergence over a Sobolev ellipsoidXβ(�) (in the mildly

ill-posed case) is of the order δ

β

β+a+ 1
2 . Proposition 1 says that the uniform rate

of the MISE associated with x̂α is minimax if: either the parameter s of the
prior is chosen such that s = β + 1

2 and the prior is fixed (case (i), i.e., α � δ)
or if β ≤ 2(a + s) and the prior is scaling at the optimal rate (case (ii), i.e.,

α � δ(a+s)/(β+a+ 1
2 )). In all the other cases the rate is slower than the minimax

rate but consistency is still verified provided that α � δε for 0 < ε < a+s
a+ 1

2
. Re-

mark that since s > 1
2 then a fixed prior (ε = 1) always guarantees consistency

(even if the rate is not always minimax).
This result, similar to the one in Theorem 2, means that when the prior is “cor-

rectly specified” (“correct” in the sense that the regularity s − 1
2 of the trajectories

generated by the prior is the same as the regularity of x∗) we obtain a minimax
rate without scaling the prior covariance. On the other hand, if s < β + 1

2 , i.e.,
the prior is “undersmoothing”, the minimax rate can still be achieved as soon
as β ≤ 2(a + s) and the prior is shrinking at the optimal rate. When the prior is
“oversmoothing”, i.e., s > β + 1

2 , the minimax rate can be achieved if the prior
distribution spreads out at the optimal α (the prior has to be more and more dis-
persed in order to become rougher).
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In many cases it is reasonable to assume that the functional parameter x∗ has
generalized Fourier coefficients (in the basis made of the eigenfunctions {ψj } of
L−s) that are geometrically decreasing (see e.g., Assumption A.3 in Hall and
Horowitz, 2005; Theorem 4.1 in Van Rooij and Ruymgaart, 1999). Thus, it is
common in statistical IP literature to consider the following assumption instead
of Assumption B.

Assumption B’. For some b0 > 1
2 and {ψj } defined in Assumption C, 〈(x∗ −

x0),ψj 〉 � j−b0 .

In the rest of this section we establish asymptotic results under this assump-
tion and Assumption C. Assumption B is more general than Assumption B’ since
it allows the case of exponentially declining Fourier coefficients 〈(x∗ − x0),ψj 〉.
We use Assumption B’ to show sharp adaptiveness of our EB procedure. If B’
holds, then ∃� < ∞ such that Assumption B holds for some 0 ≤ β < b0 − 1

2 .
The following result gives the rate of the MISE when Assumptions B’ and
C hold.

PROPOSITION 2. Let the operator L−1 be defined as in (13) and Assump-
tions A.1, A.2, B’, and C hold with a > 0 and s > 1

2 . Then,

α
2b0−1
2(a+s) c1 + δα

− 2a+1
2(a+s) c2(t̄) ≤ Ex∗ ||x̂α − x∗||2

≤ α2 I (b0 ≥ (2a +2s))+α
2b0−1
2(a+s) c̃1

+ δα
− 2a+1

2(a+s) c̃2(t̄), (15)

where c1, c̃1, c2, c̃2, and t̄ are positive constants and I (A) denotes the indicator

function of an event A. Moreover, for α � δ
a+s

b̃0+a ≡ α∗ and b̃0 = min(b0,2a +
2s +1/2),

Ex∗ ||x̂α∗ − x∗||2 � δ
2b̃0−1

2(b̃0+a) . (16)

When b0 ≤ 2a +2s +1/2 the rate of the lower bound α
2b0−1
2(a+s) +δα

− 2a+1
2(a+s) given

in (15) provides, up to a constant, a lower and an upper bound for the rate of the

estimator x̂α and so it is optimal. In this case, the minimax-optimal rate δ
2b0−1

2(b0+a)

is obtained when we set α � δ
a+s

b0+a . We call “optimal” this value of α and denote
it by α∗. This value corresponds: to a fixed prior when s = b0, to a shrinking
prior when s < b0 ≤ 2a + 2s + 1/2, and to a spreading out prior when s > b0.
Intuitively, when s < b0 (respectively s > b0) the trajectories generated by the
prior are rougher (respectively smoother) than x∗ and so the support of the prior

must be shrunk (respectively spread out). When δ = n−1 the rate n
− (2b0−1)

2(b0+a) is
shown to be minimax in Hall and Horowitz (2007).
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Moreover, if we set β = sup
{
β̆ ≥ 0; (x∗ − x0) satisfies B’ and

∑
j j2β̆〈(x∗ −

x0),ψj 〉2 < ∞}
, then β = b0 − 1

2 and the rate δ
2b̃0−1

2(b̃0+a) is uniform over Xβ(�) and
equal to the optimal rate of Proposition 1.

In the following theorem we give the rate of contraction of the posterior distri-
bution under Assumption C.

THEOREM 4. Let the assumptions of Proposition 2 be satisfied. For any se-
quence Mδ → ∞ the posterior distribution satisfies

μY
δ {x ∈ X : ||x − x∗|| > εδ Mδ} → 0

in Px∗ -probability as δ → 0, where εδ =
(

α
2b̃0−1
4(a+s) + δ

1
2 α

− 2a+1
4(a+s)

)
and b̃0 =

min(b0,2(a + s)+1/2). Moreover, (i) for α � δ (fixed prior):

εδ = δ
2(b̃0∧s)−1

4(a+s)

and (ii) for α � δ
a+s

b̃0+a (optimal rate of α):

εδ = δ
2b̃0−1

4(b̃0+a) .

The rate of contraction εδ is equal to the minimax rate δ
2b0−1

4(b0+a) if b0 ≤ 2(a + s)+
1/2 and α � δ

a+s
b0+a . Depending on the relation between s and b0 the corresponding

prior μ is shrinking, spreading out, or fixed (see comments after Proposition 2).
This section has focused on the mildly ill-posed case with (x∗ − x0) in a

Sobolev class of functions. The case where the λjT s in Assumption C are decreas-
ing exponentially fast (severe ill-posedness) and (x∗ − x0) is analytic is treated in
the Supplementary Appendix.

6. ADAPTIVE SELECTION OF α: AN EMPIRICAL BAYES (EB)
APPROACH

As shown by Theorem 1(iii) and Section 4.1.1, the parameter α of the prior plays
the role of a regularization parameter and {x̂α}α>0 defines a class of estimators
for x , which are equal to a Tikhonov-type frequentist estimator. We have shown
that for α decreasing at a convenient rate, this estimator converges at the minimax
rate. However, this rate and the corresponding value for α are unknown in practice
since they depend on the regularity of 	−1/2 K and of x∗. Thus, it is crucial for
the implementation of the estimation procedure to have an adaptive data-driven
method for selecting α.

Adaptive Bayesian estimation can be implemented in two different ways. A first
way (Empirical Bayes) consists in constructing the prior for x by using an esti-
mate α̂ obtained in a first step through a data-driven method. A second way con-
sists in integrating out α from the conditional prior of x , given α, with respect to
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the prior of α. The two procedures are adaptive if they lead to a posterior for x
which contracts at the optimal rate. Adaptivity relies on the choice of the estima-
tion criterion used to obtain α̂ in the first procedure and on the choice of the prior
for α in the second procedure. Adaptive Bayesian estimation for models different
from ours has been considered, e.g., in Van der Vaart and Van Zanten (2009).

We propose in Sections 6.1 and 6.2 an adaptive data-driven method based on
an EB procedure for selecting α. This procedure can be easily implemented for
general operators K , 	, and L satisfying Assumptions A.1 and A.2.

6.1. Characterization of the Likelihood

The marginal distribution of yδ|α,s, which was given in Theorem 1(i), is

yδ|α,s ∼ Pα, Pα =N
(

K x0,δ	 + δ

α
K�0 K ∗

)
(17)

and is obtained by marginalizing Px with respect to the prior distribution of x .
The following theorem, which is an application of Theorem 3.3 in Kuo (1975),
characterizes a probability measure P0 that is equivalent to Pα for every α > 0
and the likelihood of Pα with respect to P0.

THEOREM 5. Let P0 be a Gaussian measure with mean K x0 and covariance
operator δ	, that is, P0 = N (K x0,δ	). Under Assumptions A.1 and A.2, the
Gaussian measure Pα defined in (17) is equivalent to P0. Moreover, the Radon–
Nikodym derivative is given by

d Pα

d P0
({zj }) =

∞∏
j=1

√
α

λ2
j +α

e

λ2
j

2(λ2
j +α)

z2
j
, (18)

where {ϕj ,λ
2
j } are the eigenfunctions and eigenvalues of B B∗, respectively.

In our setting: zj = 〈yδ−K x0,	
−1/2ϕj 〉√

δ
and 	−1/2ϕj is defined under Assump-

tion A.2.

6.2. Adaptive EB Procedure

Let ν denote a prior distribution for α such that d logν(α)
dα = ν1α

−1 + ν2 for two
constants ν1 > 0 and ν2 < 0. Examples of priors for α satisfying this condition
include the gamma distribution and the beta distribution on (0,1). To implement
the EB procedure we first have to select a value for α depending on the data yδ .
For that, we define the marginal maximum a posteriori (MAP) estimator α̂ of α to
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be the maximizer of the marginal log-posterior of α|(yδ,s) which is proportional

to log
[

d Pα
d P0

ν
]
:

α̂ := argmax
α

S̄(α, yδ)

S̄(α, yδ) := log

(
d Pα

d P0
({zj })ν(α)

)
= 1

2

∞∑
j=1

[
log

(
α

α +λ2
j

)
+ λ2

j

α +λ2
j

〈yδ − K x0,	
−1/2ϕj 〉2

δ

]
+ logν(α). (19)

In an equivalent way, α̂ is defined as the solution of the first order condition
∂
∂α S̄(α, yδ) = 0. We denote Syδ (α) := ∂

∂α S̄(α, yδ) where

Syδ (α) := 1

2

⎛⎝ ∞∑
j=1

λ2
j

α(α +λ2
j )

−
∞∑

j=1

λ2
j 〈yδ − K x0,	

−1/2ϕj 〉2

δ(α +λ2
j )

2

⎞⎠
+ d logν(α)

dα
and Syδ (α̂) = 0. (20)

Then, our strategy consists in plugging the value α̂, found in this way, back into
the prior of x |(α,s) and then compute the posterior distribution μY

δ,α̂
of x and the

posterior mean estimator x̂α̂ . We refer to x̂α̂ as the EB estimator and to μY
δ,α̂

as the
EB posterior of x .

6.3. Posterior Consistency for the EB Posterior (Mildly Ill-Posed
Case)

In this section we study existence of α̂ and the rate at which α̂ decreases to 0
and show posterior consistency of μY

δ,α̂
.5 Theorem 6 shows that when b0 −1/2 ≤

a + 2s the MAP α̂ is of the same order as α∗ (≡ δ
a+s

b0+a ) with probability that
approaches 1 as δ → 0. Moreover, it states that the EB-posterior distribution μY

δ,α̂
concentrates around the true x∗ in probability. In the next theorem, let I (A) denote
the indicator function of an event A

THEOREM 6. Let the operator L−1 be defined as in (13) and Assumptions
A.1, A.2, B’, and C hold with a > 0 and s > 1

2 . Let ν be a prior distribution for

α such that d logν(α)
dα = ν1α

−1 + ν2 for two constants ν1 > 0, ν2 < 0. Then, with
probability approaching 1, a solution α̂ to the equation Syδ (α) = 0 exists and

is of order: α̂ � δ
a+s

b0+a+η̃ for η̃ = ηI (b0 − a − 2s − 1/2 > 0) and any (b0 + a) >
η > max{(b0 − s − 1/2),0, (b0 − 2s − a − 1/2) 1

4 }. Moreover, for any sequence
Mδ → ∞ the EB-posterior distribution of x satisfies
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μY
δ,α̂ {x ∈ X : ||x − x∗|| > εδ Mδ} → 0 (21)

in Px∗ -probability as δ → 0 where εδ = δ
b̃0− 1

2
2(b0+a+η̃) and b̃0 = min(b0,2(a + s)+

1/2).

The consistency of the EB estimator x̂α̂ follows from the posterior consistency
of μY

δ,α̂
. The theorem says that the posterior contraction rate of the EB-posterior

distribution is equal to the minimax rate δ
2b0−1

4(b0+a) when b0 − 1/2 ≤ a + 2s which
is satisfied, for instance, when the prior is very smooth. In all the other cases the
rate is slower.

Remark 6.1. While this theorem is stated and proved for a Gaussian error
term U , this result holds also for the more general case where U is only asymptot-
ically Gaussian. In Appendix E we give some hints about how the proof should be
modified in this case. Therefore, our EB approach works also in the case where U
is only approximately Gaussian. This emphasizes what has already been stressed
in Remark 3.2 that Gaussianity of U is not fundamentally needed for our proce-
dure to work and to be consistent.

Remark 6.2. Alternative ways to choose regularization parameters for IPs have
been proposed in mathematics, statistics, and econometrics. Some of these meth-
ods work under assumptions that are not suitable for econometrics applications.
Many of these methods focus on series estimators while very little is known about
adaptive procedures in Tikhonov estimation. Our methods contribute to the latter.
For adaptive procedures for series estimators in the nonparametric IV framework
see e.g., Horowitz (2014) and references therein. Assumptions and settings of
these adaptive procedures differ significantly from ours.

7. EXAMPLES

7.1. Example 1: Instrumental Variable (IV) Regression Estimation
(Continued)

Recall the framework of Example 1 where the IV regression x is characterized
as the solution of the integral equation (6) with δ = n−1 and yδ and K defined
as in (2). Suppose to estimate fY W and fZ W by kernel smoothing, where fY W

(respectively fZ W ) denotes the density of the distribution of (Y,W ) (respectively
(Z ,W )) with respect to the Lebesgue measure. For simplicity we assume that
(Z ,W ) is a bivariate random vector. Let K Z ,h and KW,h denote two univari-
ate kernel functions in L2[0,1], h be the bandwidth, and (yi ,wi , zi )

n
i=1 be the

n-observed random sample. For every ϕ,φ ∈ L2[0,1], denote � : L2[0,1] →
L2[0,1] the operator �ϕ = ∫

a(w,v)ϕ(w)dw, with a(w,v) a known func-
tion chosen by the econometrician, and K̃δ : L2[0,1] → L2[0,1] the operator
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K̃δφ = 1
n

∑n
i=1

KW,h(wi −w)
h

∫ 1
0 φ(z) K Z ,h(zi −z)

h dz. Therefore, K = �K̃δ so that the
quantities in (2) can be rewritten as

yδ = �
[
Ê(Y |W = w) f̂W

]
(v) =

∫
a(w,v)

1

nh

n∑
i=1

yi KW,h(wi −w)dw

and K x =
∫

a(w,v)
1

n

n∑
i=1

KW,h(wi −w)

h

∫
x(z)

K Z ,h(zi − z)

h
dzdw. (22)

Remark that limδ→0 K̃δφ = fW (w)E(φ|w) = Mf E(φ|w) where Mf denotes the
multiplication operator by fW . If a = fW Z , then limδ→0 K is the same integral
operator as in Hall and Horowitz (2005). Assume that: fW and fZ are bounded
away from infinity on [0,1], a(w,v) is chosen such that �∗� is a trace-class
operator, and E[(Y − x(Z))2|W ] = σ 2 < ∞.

In this example, U := yδ − K x and the assumption that U ∼ N (0,δ	) holds
asymptotically. In particular, the transformation of the model through � is nec-
essary in order to have weak convergence toward a Gaussian process.6 Then,√

n
(
yδ − K x

) ⇒ N (0,�	̃�∗) in L2[0,1] as n → ∞, where ‘⇒’ denotes
weak convergence, and, for every φ2 ∈ L2[0,1], 	̃φ2 = σ 2[ fW (v)]2φ2(v) =
σ 2 M2

f φ2(v) and �∗φ2 = M−1
f

∫ 1
0 a(w,v)φ2(v) fW (v)dv is the adjoint oper-

ator of �. The operator 	 = �	̃�∗ is unknown and replaced by 	̂· =
�σ̂ 2

n

∑n
i=1

KW,h(wi −w)
h

∫ 1
0 a(w,v)ϕ(v) · f̂W (v)dv . Thus, the sampling distribution

Px writes exactly as (7) with K and 	 two operators of finite rank.7 The prior
covariance operator is specified as �0σ

2 so that the Bayes estimator of the IV
regression does not depend on the unknown parameter σ 2:

x̂α = �
1
2
0 (α I + B∗ B)−1�

1/2
0 Ê(Ê(Y − x0|W )|Z)+ x0

= (α�−1
0 + T̂ ∗T̂ )−1T̂ ∗(Ê(Y − x0|W )|Z)+ x0,

where B∗ B = �
1/2
0 T̂ ∗T̂ �

1/2
0 , and T̂ · = Ê(·|W ) and T̂ ∗· = Ê(·|Z) are two oper-

ators on L2[0,1]. For x0 = 0 this is, in the framework of Darolles et al. (2011)
or Florens, Johannes, and Van Bellegem (2011), the Tikhonov estimator in the
Hilbert scale generated by L2s .

Discussion of the Assumptions. In this example, Assumptions A.1 and A.2 need
to hold both in finite sample and for n → ∞. On the contrary, A.3 only has to
hold for n → ∞. We start by discussing the validity of Assumption A.1. In large
sample, the operator K converges to �Mf E(·|w) and it is trivial to verify that
D(	−1/2) =R(�Mf ) ⊃R(�Mf E(·|w)). In finite sample, the same holds with
Mf and E(·|w) replaced by their empirical counterparts.

Next, Assumption A.2 is trivially satisfied in finite sample since R(	̂)

(≡ D(	̂−1)) and R(K�
1
2
0 ) have finite ranks. In large sample, Assumption A.2

https://doi.org/10.1017/S0266466614000796 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000796


REGULARIZING PRIORS FOR LINEAR INVERSE PROBLEMS 95

is satisfied if and only if ||	−1� limδ→0 K̃δ�
1
2
0 ||2 < ∞ (when the conditions for

the application of the Dominated Convergence Theorem hold). One way to sat-
isfy this condition is to construct �0 = T ∗�∗�T where T : L2[0,1] → L2[0,1]
is some trace class integral operator.

Finally, because Assumption A.3 has only to hold for n → ∞, we have to
consider the norm of the following operator: ∀x ∈ X , || limδ→0 	−1/2 K x || =
||E(x |W )||.8 This shows that, in the IV case, Assumption A.3 is a particular case
of Assumptions 2.2 and 4.2 in Chen and Reiss (2011).

Rate of convergence. Next, we explicit the rate of Theorem 2 for the IV regres-
sion estimation. We assume that the true IV regression x∗ that generates the data
satisfies Assumption B. We take two different bandwidths for W and Z : hw and
hz . In order to determine the rate of the MISE associated with x̂α the proof of
Theorem 2 must be slightly modified to account for the fact that 	 and K depend
on δ. Therefore, the rate of the MISE must incorporate the rate of convergence
of these operators. The crucial issue in order to establish the rate of the MISE

associated with x̂α is the rate of convergence of B∗B toward �
1
2
0 T ∗T �

1
2
0 where

T · = E(·|W ) and T ∗· = E(·|Z). This rate is specified by Assumption (HS). Prim-
itive conditions for this assumption and its derivation are provided in Appendix F
in the Supplementary Appendix.

Assumption HS. There exists ρ ≥ 1 such that:

(i) E||�1/2
0 T̂ ∗ f̂ −1

W �−1U ||2 =O
(

n−1 +h2ρ
z

)
;

(ii) E||T̂ −T ||2 =O
(

1
nhwhz

+ (max{hw,hz})2ρ
)

;

(iii) E||�
1
2
0 (T̂ ∗ −T ∗)||2 =O

(
1

nhw
+h2ρ

w

)
.

The next corollary to Theorem 2 gives the rate of the MISE of x̂α under this
assumption.

COROLLARY 1. Let us consider the observational model yδ = K x∗ + U,
with yδ and K defined as in (22) and x∗ being the true value of x. Under Assump-
tions A.1–A.3, B, and HS:

sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2

=O
((

α
β̃

a+s +n−1α− a+γ (a+s)
a+s

)
+α−2

(
1

nhw
+h2ρ

w

)
α

β̃
a+s

+α−1
(

1

nhwhz
+ (max{hw,hz})2ρ

)
α

β̃
a+s + α−2

(
1

n
+h2ρ

z

))
with β̃ = min(β,a +2s) and γ ∈ [0,1] such that tr(L−2γ (a+s)) < ∞.
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In this example we have to set three tuning parameters: the bandwidths hw, hz ,

and α. Suppose that we set hw = hz ∝ n−1/(2ρ) and α ∝ n
− a+s

β̃+2(a+s) . In this case,

the rate of convergence is n
− β̃

β̃+2(a+s) which is the same rate as in Darolles et al.
(2011) if (a +s) = 1. The leading terms are the first and the last one. The third and
fifth terms are negligible if β̃ > (a + s)max{2/(4ρ −1), (2−ρ)/(2ρ −1)} while
the other terms are always negligible.

As a final remark, we would like to stress that the approach proposed here to
estimate an IV regression is an alternative to the approach proposed in Florens
and Simoni (2012a). The current approach is more robust because it only relies
on asymptotic normality and does not require normality of the reduced-form error
term. Moreover, it can be easily implemented by using our adaptive EB procedure
for choosing α.

7.2. Example 2: Functional Linear Regression Estimation
(Continued)

Let us consider model (3) and the associated integral equation E(ξ Z(t)) =∫ 1
0 x(s)Cov(Z(s), Z(t))ds, for t ∈ [0,1]. If we dispose of i.i.d. data (ξ1, Z1), . . . ,

(ξn, Zn) the unknown moments in this equation can be estimated. Thus, x is
solution of (6) with yδ := 1

n

∑
i ξi Zi (t), U = 1

n

∑
i εi Zi (t), δ = 1

n and ∀ϕ ∈
L2[0,1], Kϕ := 1

n

∑
i 〈Zi ,ϕ〉Zi (t). The operator K : L2[0,1] → L2[0,1] is self-

adjoint, i.e., K = K ∗. Moreover, conditional on Z , the error term U is ex-
actly a Gaussian process with covariance operator defined as ∀ϕ ∈ L2[0,1],
δ	ϕ = δτ 2

∫ 1
0 ϕ(s)Cov(Z(s), Z(t))ds, which is trace-class since E||Zi ||2 < ∞.

Without loss of generality we suppose hereinafter that τ 2 = 1.
Suppose that the spectrum of 	 declines at the rate j−2a , with a ≥ 0, as in

Assumption C (for instance, 	 could be the covariance operator of a Brownian
motion). Construct the operator L as in (13) with {ψj }j≥1 being the eigenfunctions
of 	. Thus, �0 = 	s/a . Because 	 is unknown, it is replaced by K in the posterior
mean estimator: x̂α = K s/(2a)(α I + K s/a+1)−1 K s/(2a)(yδ − K x0)+ x0, for which
the following corollary holds.

COROLLARY 2. Let 	 : L2[0,1] → L2[0,1] have eigenvalues {λ2
j	} that

satisfy a j−2a ≤ λ2
j	 ≤ a j−2a, for a,a > 0 and a > 0. Assume that E||Zi ||4 < ∞.

Then, under Assumption B’ with b0 > max{a,s}, s > 1
2 and if α � α∗ = n

− s+a
b0+a ,

we have

Ex∗ ||x̂α∗ − x∗||2 =O
(

n
− 2b̃0−1

2(b̃0+a)

)
, where b̃0 = min

(
b0,2a +2s + 1

2

)
.

The assumptions and the rate for b̃0 = b0 in the corollary are the same as in
Hall and Horowitz (2007).
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8. NUMERICAL IMPLEMENTATION

In this section we first explain the numerical implementation of our estimator x̂α

and then show the results of two simulations. Let M be the number of discretiza-
tion points and (s1, . . . ,sM ) (respectively w1, . . . ,wM ) be (equidistant) discretiza-
tion points for functions in X (respectively in Y) and νX , νY be the measures
associated with X and Y , respectively. Let ω(s, t) be the prior covariance kernel,
σ(w,v) be the covariance kernel that defines 	, and k(v,s) be the kernel of the
operator K . The easiest way to construct x̂α consists in using the closed-form
given in (11) and rewritten as

x̂α = (α�−1
0 + K ∗	−1 K )−1 K ∗	−1(yδ − K x0)+ x0. (23)

The construction of the estimator proceeds with the following steps:

1. Replace the operators in (23) by the corresponding M × M discretization
matrices:

• �0 is replaced by the matrix �0,d with generic element 1
M (ω(si ,sj )

νX (sj ))i, j=1,...,M ;

• 	 is replaced by the matrix 	d with generic element 1
M (σ (wi ,wj )

νY (wj ))i, j=1,...,M ;

• K (respectively K ∗) is replaced by the matrix Kd (respectively K ∗
d )

with generic element

1

M

(
k(wi ,sj )νX (sj )

)
i, j=1,...,M (respectively

1

M

(
k(wj ,si )νY (wj )

)
i, j=1,...,M ).

2. Discretize the prior mean function x0 to obtain an M-vector: x0,d =
(x0(s1), . . . , x0(sM ))T .

3. Discretize the (functional estimator) yδ to obtain an M-vector: yδ
d =

(yδ(w1), . . . , yδ(wM ))T .
4. Compute the estimator x̂α at the M discretization points (s1, . . . ,sM ) as:

x̂α =
(
α�−1

0,d + K ∗
d 	−1

d Kd

)−1
K ∗

d 	−1
d (yδ

d − Kd x0,d)+ x0,d .

In order to implement the EB procedure the steps are the following.

5. By using the matrices computed in 1, compute the singular value decom-
position of the matrix 	

−1/2
d Kd�

1/2
0,d . These singular values and functions

correspond to the discretized version of λj and ϕj in expression (19) and we
denote them by λj,d and ϕj,d , respectively.
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6. Fix J large enough (e.g., J = 200) and compute the discretized version of
(19) as:

S̄d(α, yδ) = 1

2

J∑
j=1

⎡⎣log

(
α

α +λ2
j,d

)
+ λ2

j,d

α +λ2
j,d

[ϕT
j,d	

−1/2
d (yδ

d − Kd x0,d)]2

δ

⎤⎦
+ logν(α) (24)

for α taking values over a grid of points in the interval [0,1].
7. Select the value of α that maximizes (24).

8.1. Instrumental Variable Regression Estimation

This section shows implementation and finite sample properties of our estimator
for the IV regression in Example 1. We simulate n = 1,000 observations from
the following model, which involves only one endogenous covariate Z and two
instrumental variables W = (W1,W2),

Wi =
(

W1,i

W2,i

)
∼N

((
0
0

)
,

(
1 0.3

0.3 1

))

vi ∼N (0,σ 2
v ), Zi = 0.1Wi,1 +0.1Wi,2 + vi

εi ∼N (0, (0.4)2), ηi = −0.5vi + εi

Yi = x∗(Zi )+ηi

for i = 1, . . . ,n. Endogeneity is caused by correlation between ηi and the error
term vi affecting the covariates. The true x∗ is the parabola x∗(Z) = Z2. In all
the simulations we fix σv = 0.27. We do not transform the data to the interval
[0,1] and the spaces of reference are X = Y = L2(Z), where L2(Z) denotes the
space of square integrable functions of Z with respect to its marginal distribu-
tion. Moreover, the function a(w,v) is chosen such that K : L2(Z) → L2(Z)
is the estimated double conditional expectation operator, that is, ∀ϕ ∈ L2(Z),
Kϕ = Ê(Ê(ϕ|W )|Z), and the functional observation yδ takes the form yδ(Z) :=
Ê(Ê(Y |W )|Z). Here, Ê denotes the estimated expectation that we compute
through a Gaussian kernel smoothing estimator of the joint density of (Y, Z ,W ).
The bandwidth for Z is set equal to

√
V̂ ar(Z)n−1/5 and similarly the bandwidths

for Y and W .
The sampling covariance operator is 	ϕ = σ 2E(E(ϕ|W )|Z), ∀ϕ ∈ L2(Z)

(under the assumption E[(Y − x∗(Z))2|W ] = σ 2) and is replaced by its empir-
ical counterpart. We specify the prior covariance operator as �0 = ω0σ

2 K s for
s > 0 and ω0 a fixed parameter. The advantage of using this specification for �0 is
that: (i) it simplifies numerical computations of the estimator x̂α and (ii) the con-
ditional variance σ 2 in 	 and �0 simplifies and does not need to be estimated.
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We perform simulations for two specifications of x0, ω0, and s (where x0 de-
notes the prior mean function): Figure 1 refers to x0(Z) = 0.95Z2 +0.25, ω0 = 1,
and s = 2 while Figure 2 refers to x0(Z) = 0, ω0 = 2, and s = 15. These speci-
fications allow us to analyze the finite sample performance of our method when
the prior mean has the correct curvature and when it does not. We first run simu-
lations with a value of α chosen to produce a reasonably good estimation (we fix
α = 0.9 to obtain Figures 1A, B and 2A, B) and in a second simulation we use
the α selected through our EB method. This allows us to compare the sensitivity
of x̂α to the choice of α.

Figures 1A and 2A represent: the n observed Y ’s (magenta asterisks), the cor-
responding yδ (dotted blue line) obtained from the observed sample of (Y, Z ,W ),
the true x∗ (black solid line), the nonparametric estimation of the regression func-
tion E(Y |Z) (yellow dashed line), and our posterior mean estimator x̂α (dotted-
dashed red line). We show the estimator of E(Y |Z) with the purpose of making
clear the bias due to endogeneity. Figures 1B and 2B represent: the prior mean
function x0 (magenta dashed line), the observed function yδ (dotted blue line)

FIGURE 1. Posterior mean estimator for smooth x∗. Graph for: x0(Z) = 0.95Z2 + 0.25,
ω0 = 1, s = 2. (a) Data and posterior mean estimator for α = 0.9. (b) Posterior mean
estimator for α = 0.9. (c) α choice, α̂ = αmap. (d) Posterior mean estimator for α = 0.045.
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FIGURE 2. Posterior mean estimator for smooth x∗. Graph for: x0(Z) = 0, ω0 = 2, s = 15.
(a) Data and posterior mean estimator for α = 0.9. (b) Posterior mean estimator for α = 0.9.
(c) α choice, α̂ = αmap. (d) Posterior mean estimator for α = 0.1835.

obtained from the observed sample of (Y, Z ,W ), the true x∗ (black solid line),
and our posterior mean estimator x̂α (dotted-dashed red line). It is evident from
Figure 2B that even with a prior mean x0 far from x∗, the IV regression is well
estimated. Since the sample size is relatively large, this confirms our theoretical
results of posterior consistency: the prior is washed away when n is large.

Figures 1C and 2C draw the log-posterior log
[

d Pα
d P0

ν(α)
]

against α and show

the value of the maximum a posteriori α̂. We specify an exponential prior for α:

ν(α) = 11e−11α , ∀α ≥ 0. We point out that the different shape of log
[

d Pα
d P0

ν(α)
]

in the two graphs is only due to the different specification of the prior for x
(which is used to integrate out x). Finally, Figures 1D and 2D represent our EB-
posterior mean estimator x̂α̂ (dotted-dashed red line)—obtained by using the α̂
selected with the EB procedure—together with the prior mean function x0 (ma-
genta dashed line), the observed function yδ (dotted blue line), and the true x∗
(black solid line). Without changing the sample size, with respect to the one used
to obtain Figures 1A and 2A, the estimation improves greatly when α is selected
with the aid of our EB procedure.
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8.2. Geometric Spectrum Case

In this simulation we assume X = Y = L2(R) with respect to the measure e−u2/2

so that the operator K is self-adjoint. We use the Hermite polynomials as common
eigenbasis for the operators K , 	, and L . The Hermite polynomials {Hj }j≥0 form

an orthogonal basis of L2(R) with respect to the measure e−u2/2. The first few
Hermite polynomials are {1,u, (u2 − 1), (u3 − 3u), . . .} and an important prop-
erty of these polynomials is that they are orthogonal with respect to e−u2/2:∫
R Hl(u)Hj (u)e−u2/2du = √

n(n!)δl j , where δl j is equal to 1 if l = j and 0 other-
wise. Moreover, they satisfy the recursion Hj+1(u) = u Hj (u)− j Hj−1(u) which
is used in our simulation. We fix: δ = 1/n and the simulation design is:

	· = τ

∞∑
j=0

j−c0

√
2π(n!)

〈Hj , ·〉Hj , K · =
∞∑

j=0

j−a0

√
2π(n!)

〈Hj , ·〉Hj

�0· = ω0

∞∑
j=0

j−2s

√
2π(n!)

〈Hj , ·〉Hj , yδ = K x∗ +U

with a0 = 1, c0 = 1.2, s = 1, x∗(u) = u2, and U = 1√
n
N (0,	). Moreover, we

fix: τ = 10 and ω0 = 20. The inner product is approximated by discretizing the
integral

∫
R Hj (u) ·e−u2/2du with 1,000 discretization points uniformly generated

between −3 and 3. The infinite sums are truncated at j = 200. The simulation
results did not change when we increased the value of the truncation.

We first perform simulations for a fixed value of α (we have fixed α = 0.9 to
obtain Figure 3A) and in a second simulation we use the α selected through our
EB method.

Figure 3A represents: the prior mean function x0 (magenta dashed line), the
observed function yδ (dotted blue line), the true x∗ (black solid line), and our
posterior mean estimator x̂α (dotted-dashed red line).

Figure 3B draws the log-posterior log
[

d Pα
d P0

ν(α)
]

against α and shows the

value of the maximum a posteriori α̂. We specify a Gamma prior for α: ν(α) ∝
α11e−10α , ∀α ≥ 0. Finally, Figure 3C represents our EB-posterior mean estima-
tor x̂α̂ (dotted-dashed red line)—obtained by using the α̂ selected with the EB
procedure—together with the prior mean function x0 (magenta dashed line), the
observed function yδ (dotted blue line), and the true x∗ (black solid line). By com-
paring the estimators in Figure 3C and 3A, it is evident the improvement in the
estimation due to the use of our EB method. This shows the importance of having
an adaptive data-driven method for choosing α. The tails of the curve x∗ are not
very well estimated. This is due to the fact that the prior mean function is very
far from the true x∗, that is, we have very little prior information. By letting δ
decrease, this effect will diminish according to our consistency results.
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FIGURE 3. Posterior mean estimator for smooth x∗. Graph for: x0(Z) = 0, ω0 = 20, s = 1,
and τ = 10. (a) Data and posterior mean estimator for α = 0.9. (b) α choice, α̂ = αmap. (c)
Posterior mean estimator for α = 0.0676.

9. CONCLUSION

This paper develops a Bayesian approach for nonparametric estimation of func-
tional parameters in econometric models that are characterized as the solution of
an IP. We consider a conjugate-Gaussian setting where the “likelihood” is only
required to be asymptotically Gaussian. For “likelihood” we mean the sampling
distribution of a functional transformation of an n-sample.

We first propose the posterior mean as a point estimator and give sufficient con-
ditions that allow us to show that the posterior mean: (i) has a closed-form, (ii) is
easy to implement in practice, (iii) has a pure Bayesian interpretation, and (iv) is
consistent in a frequentist sense. Then, we contribute to the literature on IPs by
proposing an adaptive data-driven method to select the regularization parameter
which enters our estimation procedure. Our data-driven method is based on an
Empirical Bayes approach.

We prove that the posterior mean estimator is, under certain conditions, equal to
the Tikhonov estimator which has been largely used in frequentist nonparametric

https://doi.org/10.1017/S0266466614000796 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466614000796


REGULARIZING PRIORS FOR LINEAR INVERSE PROBLEMS 103

estimation based on IPs. Because of this equality, our EB data-driven method
for selecting the regularization parameter is valid even for the implementation
of the frequentist Tikhonov estimator. Thus, our approach makes an important
contribution to the theory of IPs in econometrics in general.

Before concluding, two remarks are in order. First, our procedure is strictly tied
to the linearity of the IP. When model (1) is nonlinear in x the posterior mean es-
timator does not have a closed form anymore. Thus, the techniques used to prove
our results should be modified. The second remark concerns the use of a prior for
x different from the Gaussian prior. Posterior consistency should still hold when
other priors are used (under some conditions) but this type of result would re-
quire a completely different strategy of proof. The EB-data-driven method based
on maximizing the marginal posterior distribution should also hold when a non-
Gaussian prior is used. However, the function to be maximized would no longer
have a closed form and this would complicate the implementation. Proving adap-
tivity in this case would also require a different strategy of proof. Proving all
these results with a non-Gaussian prior is far beyond the scope of this paper and
we leave it for future research.

NOTES

1. Notice that in general the posterior mean in a conjugate-Gaussian problem stated in infinite-
dimensional Hilbert spaces cannot be equal to the Tikhonov solution of (1). This is due to the particular
structure of the covariance operator of the error term U δ and it will be detailed in Section 3.

2. A similar idea of linking the prior distribution to the sampling model was proposed by Zellner
(1986) for linear regression models for which he constructed a class of priors called g-prior.

3. In principle, this assumption could be satisfied even by irregular x∗ if we were able to decom-
pose x∗ in the sum of a regular part plus an irregular part and to choose x0 such that it takes all the
irregularity of x∗. This is clearly infeasible in practice as x∗ is unknown. On the contrary, we could
choose a very smooth function x0 so that Assumption B would be less demanding about the regularity
of x∗.

4. In many applications X and Y are L2 spaces and L2 spaces are Polish if they are defined on a
separable metric space.

5. For simplicity of exposition we limit this analysis to the case where Assumption C holds. It is
possible to extend the result of Theorem 6 to the general case at the price of complicate very much the
proof and the notation. For this reason we do not treat the general case here.

6. The fact that weak convergence toward a Gaussian process cannot be obtained without
transforming the model by � can be explained in the following way (see Ruymgaart, 1998 for

a detailed explanation). It is possible to show that the covariance operator 	̃h of
√

n
n
∑n

i=1(
yi −∫ 1

0 x
K Z ,h (zi −z)

h dz
)

KW,h (wi −w)
h satisfies

〈φ1, 	̃hφ2〉 −→ 〈φ1, 	̃φ2〉, as h → 0, ∀φ1,φ2 ∈ L2[0,1]

where 	̃φ2 = σ 2[ fW (v)]2φ2(v) = σ 2 M2
f φ2(v) under the assumption E[(Y − x(Z))2|W ] = σ 2 < ∞.

Unfortunately, 	̃ has not finite trace and so it is incompatible with the covariance structure of a Gaus-
sian limiting probability measure. Indeed, there are no scaling factors n−r , for 0 < r < 1, such that

n−r ∑n
i=1

(
yi −∫ 1

0 x
K Z ,h (zi −z)

h dz
)

× KW,h (wi −w)
h converges weakly in L2[0,1] to a Gaussian dis-

tribution (unless this distribution is degenerate at the zero function) (see Ruymgaart, 1998). However,
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if we choose a(w,v) appropriately so that �∗� has finite trace, then
√

n
(

yδ − K x
)

⇒N (0,�	̃�∗)

in L2[0,1] as n → ∞, where ‘⇒’ denotes weak convergence.
7. To be precise we should index the two operators K and 	 by δ and write Kδ and 	δ . In fact

these two operators change with δ. However, we prefer to keep a uniform notation and do not adopt
this notation.

8. This is because the operator 	1/2 may be equivalently defined in two ways: (1) as a self-adjoint
operator, that is 	1/2 = (	1/2)∗ = (�M2

f �∗)1/2, so that 	 = 	1/2	1/2 or (2) as 	1/2 = �Mf

so that 	 = 	1/2(	1/2)∗ where (	1/2)∗ = Mf �∗. By using the second definition, we obtain that

	−1/2 K = (�Mf )−1�K̃ = f −1
W �−1�K̃ = f −1

W K̃ .
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APPENDIX

In the proofs for Section 4 we use the notation (λj ,ϕj ,ψj )j to denote the singular value

decomposition of B = 	−1/2 K�
1/2
0 , that is, Bψj = λj ϕj and B∗ϕj = λj ψj where ϕj

and ψj are of norm 1, ∀ j . In all the proofs we use the notation I (A) or IA to denote

the indicator function of an event A and the notation =d to mean “equal in distribution”.
In order to prove several results we make use of Corollary 8.22 in Engl et al. (2000).
We give here a simplified version of this corollary adapted to our framework and we refer
to Engl et al. (2000) for the proof of it.

COROLLARY 3. Let (Xt )t>0 be a Hilbert scale generated by L and let 	−1/2 K :
X → Y be a bounded operator satisfying Assumption A.3, ∀x ∈ X and for some a > 0.
Then, for B = 	−1/2 K L−s , s ≥ 0 and |ν| ≤ 1

c(ν)||L−ν(a+s)x || ≤ ||(B∗B)
ν
2 x || ≤ c(ν)||L−ν(a+s)x || (A.1)

holds on D((B∗B)
ν
2 ) with c(ν) = min(mν,mν) and c(ν) = max(mν,mν). Moreover,

R((B∗B)
ν
2 ) = Xν(a+s) ≡ D(Lν(a+s)), where (B∗B)

ν
2 has to be replaced by its exten-

sion to X if ν < 0.

A. PROOFS FOR SECTION 4

A.1. Proof of Theorem 1

(i) See the proof of Theorem 1(i) and (ii) in Florens and Simoni (2012b).

(ii) See Theorem 2 and Corollary 2 in Mandelbaum (1984) and their proofs in Sections
3.4 and 3.5, page 392.

(iii) The Pα-mlt A is defined as A := �0 K ∗(α	 + K�0 K ∗)−1 on R((δ	 +
δ
α K�0 K ∗)

1
2 ) (see Luschgy, 1995). Under A.2, the operator �0 K ∗(α	 +

K�0 K ∗)−1 can equivalently be rewritten as

�
1
2
0 �

1
2
0 K ∗	−1/2

(
α I +	−1/2 K�0 K ∗	−1/2

)−1
	−1/2

= �
1
2
0 B∗(α I + B B∗)−1	−1/2

= �
1
2
0 (α I + B∗B)−1

(
	−1/2 B

)∗ +�
1
2
0 [B∗(α I + B B∗)−1

− (α I + B∗B)−1 B∗]	−1/2

= �
1
2
0 (α I + B∗B)−1

(
	−1/2 B

)∗
(A.2)

since [B∗(α I + B B∗)−1 − (α I + B∗B)−1 B∗] is equal to

(α I + B∗B)−1[(α I + B∗B)B∗ − B∗(α I + B B∗)](α I + B B∗)−1

which is zero. By using expression (A.2) for �0 K ∗(α	 + K�0 K ∗)−1 we show
that �0 K ∗(α	 + K�0 K ∗)−1 is bounded and continuous on Y . By Assumption
A.2 the operators B and 	−1/2 B exist and are bounded. Under A.1 the opera-
tor B is compact because it is the product of a compact and a bounded operator.
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This implies that B∗B :X→X is compact. Because 〈(α I + B∗B)φ,φ〉 ≥ α||φ||2,
∀φ ∈ X we conclude that (α I + B∗B) is injective for α > 0. Then, from the Riesz
Theorem 3.4 in Kress (1999) it follows that the inverse (α I + B∗B)−1 is bounded.
Finally, since the product of bounded linear operators is bounded, �0 K ∗(α	 +
K�0 K ∗)−1 is bounded, i.e., there exists a constant C such that for all ϕ ∈ Y:
||�0 K ∗(α	 + K�0 K ∗)−1ϕ|| ≤ C ||ϕ||. Since A := �0 K ∗(α	 + K�0 K ∗)−1 is
linear and bounded on Y , it is continuous on Y .

A.2. Proof of Theorem 2

The difference (x̂α − x∗) is rewritten as

x̂α − x∗ = −(I − AK )(x∗ − x0)+ AU := C1 +C2, (A.3)

where the expression of A is given in (10). We consider the MISE associated with x̂α :
Ex∗ ||x̂α − x∗||2 = ||C1||2 +Ex∗ ||C2||2 and we start by considering the first term. Our proof
follows Natterer (1984). Since 0 < s

a+s < 1 we can use the left part of inequality (A.1) in

Corollary 3 with ν = s
a+s and x = (α I + B∗B)−1Ls(x∗ − x0) to obtain (A.4):

||C1||2 = ||[I −�
1
2
0 (α I + B∗B)−1(	−1/2 B)∗K ](x∗ − x0)||2

= ||L−s [I − (α I + B∗B)−1(	−1/2 B)∗K L−s ]Ls(x∗ − x0)||2

≤ α2c−2
(

s

a + s

)
||(B∗B)

s
2(a+s) (α I + B∗B)−1Ls(x∗ − x0)||2 (A.4)

= α2c−2
(

s

a + s

)
×||(B∗B)

s
2(a+s) (α I + B∗B)−1(B∗B)

β̃−s
2(a+s) (B∗B)

s−β̃
2(a+s) Ls(x∗ − x0)||2

= α2c−2
(

s

a + s

)
||(B∗B)

β̃
2(a+s) (α I + B∗B)−1w||2, (A.5)

where β̃ = min(β,a + 2s) and w := (B∗B)
s−β̃

2(a+s) Ls(x∗ − x0). Now, by using the right

part of inequality (A.1) in Corollary 3 with ν = s−β̃
a+s (remark that |ν| ≤ 1 is verified since

β̃ ≤ a +2s) and x = Ls(x∗ − x0) we have that

sup
(x∗−x0)∈Xβ(�)

||w|| ≤ c
( s − β̃

a + s

)
sup

(x∗−x0)∈Xβ(�)
||L β̃−s Ls(x∗ − x0)||

= c
( s − β̃

a + s

)
sup

(x∗−x0)∈Xβ(�)
||(x∗ − x0)||β̃

≤ c
( s − β̃

a + s

)
sup

(x∗−x0)∈Xβ(�)
||(x∗ − x0)||β ||L β̃−β ||

= c
( s − β̃

a + s

)
�

1
2 ||L β̃−β ||, (A.6)
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where in the penultimate line the equality holds for β̃ = β. Remark that ||L β̃−β || = 1 if
β̃ = β and is bounded if β̃ < β. Finally,

sup
(x∗−x0)∈Xβ(�)

||(B∗B)
β̃

2(a+s) (α I + B∗B)−1w||2

= sup
(x∗−x0)∈Xβ(�)

∞∑
j=1

λ
2β̃

a+s
j

(α +λ2
j )

2
〈w,ψj 〉2 ≤

⎛⎜⎜⎝ sup
λj ≥0

λ
β̃

a+s
j

(α +λ2
j )

⎞⎟⎟⎠
2

sup
(x∗−x0)∈Xβ(�)

||w||2

(A.7)

and combining (A.5)–(A.7) with the fact that (supλ≥0 λ2b(α + λ2)−1)2 = α2(b−1)b2b

(1−b)2(1−b) for 0 ≤ b < 1 (and in our case b = β̃
2(a+s) ), we get the result

sup
(x∗−x0)∈Xβ(�)

||C1||2 ≤ α
β̃

a+s b2b(1−b)2(1−b)c−2
(

s

a + s

)
c2

(
s − β̃

a + s

)
||L β̃−β ||2�

=O
(
αβ̃/(a+s)

)
.

Next, we address the second term of the MISE. To obtain (A.8), we use the left part of
inequality (A.1) in Corollary 3 with ν = s

a+s and x = (α I + B∗B)−1(	−1/2 B)∗U :

Ex∗ ||C2||2 = Ex∗ ||AU ||2 = Ex∗ ||�
1
2
0 (α I + B∗B)−1(	−1/2 B)∗U ||2

≤ c−2
(

s

a + s

)
Ex∗ ||(B∗B)

s
2(a+s) (α I + B∗B)−1(	−1/2 B)∗U ||2 (A.8)

= δc−2
(

s

a + s

)
× tr

(
(B∗B)

s
2(a+s) (α I + B∗B)−1 B∗B(α I + B∗B)−1(B∗B)

s
2(a+s)

)

≤ δc−2
(

s

a + s

)⎛⎜⎝sup
j

λ
s

(a+s) +1−γ

j

(α +λ2
j )

⎞⎟⎠
2

∞∑
j=1

〈(B∗B)γ ψj ,ψj 〉

≤ δc−2
(

s

a + s

)
α2(d−1)d2d (1−d)2(1−d)c(γ )tr

(
L−2γ (a+s)

)
, (A.9)

where d = a+2s−γ (a+s)
2(a+s) . The last term is bounded since tr(L−2γ (a+s)) < ∞ by

definition of γ . The last inequality has been obtained by applying the right part of
Corollary 3 with ν = γ to

∑∞
j=1〈(B∗B)γ ψj ,ψj 〉. In fact,

∑∞
j=1〈(B∗B)γ ψj ,ψj 〉 =∑∞

j=1〈(B∗B)
γ
2 ψj , (B∗B)

γ
2 ψj 〉 = ∑∞

j=1 ||(B∗B)
γ
2 ψj ||2 ≤ c(γ )

∑
j ||L−γ (a+s)ψj ||2 =

c(γ )
∑

j 〈L−γ (a+s)ψj , L−γ (a+s)ψj 〉 = c(γ )tr(L−2γ (a+s)).

Therefore, Ex∗ ||C2||2 = O
(
δα2(d−1)

)
and sup(x∗−x0)∈Xβ(�) Ex∗ ||x̂α − x∗||2 =

O
(

α
β̃

a+s + δα
− a+γ (a+s)

(a+s)

)
.
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A.3. Proof of Theorem 3

Let EY
δ be the expectation taken with respect to the posterior μY

δ . By the Chebyshev’s
inequality, for εδ > 0 small enough and Mδ → ∞:

μY
δ {x ∈ X : ||x − x∗|| > εδ Mδ} ≤ 1

ε2
δ M2

δ

EY
δ ||x − x∗||2

= 1

ε2
δ M2

δ

(
||E(x |yδ,α,s)− x∗||2 + tr V ar(x |yδ,α,s)

)
.

It remains to determine the rate of V ar(x |yδ,α,s). Since V ar(x |yδ,α,s) = δ
α [�0 −

AK�0] = δ�
1
2
0 (α I + B∗B)−1�

1
2
0 we have: tr V ar(x |yδ,α,s) = δtr(L−s(α I +

B∗B)−1L−s) = δtr(R R∗) with R = L−s(α I + B∗B)− 1
2 . Let || · ||H S denote the Hilbert–

Schmidt norm. By using the left part of Corollary 3 with ν = s
a+s we get

tr V ar(x |yδ,α,s) = δtr(R∗ R) = δ||R||2H S = δ

∞∑
j=1

||Rψj ||2

≤ δc−2
( s

a + s

) ∞∑
j=1

||(B∗ B)
s

2(a+s) (α I + B∗ B)−
1
2 ψj ||2

= δc−2
( s

a + s

) ∞∑
j=1

λ
2s

a+s −2γ

j

α +λ2
j

〈(B∗ B)γ ψj ,ψj 〉

≤ δc−2
( s

a + s

)
sup

j

λ
2s

a+s −2γ

j

α +λ2
j

∞∑
j=1

〈(B∗ B)γ ψj ,ψj 〉

≤ δc−2
( s

a + s

)
αv−1vv (1− v)1−vc(γ )tr(L−2γ (a+s)), v := s

(a + s)
−γ

which is finite because γ ∈ [0,1] is such that tr(L−2γ (a+s)) < ∞. The last inequality has
been obtained by applying the right part of Corollary 3 and by following the steps used to
obtain (A.9). Now, by this and the result of Theorem 2:

μY
δ {x ∈X : ||x − x∗|| > εδ Mδ} =Op

( 1

ε2
δ M2

δ

(α
β̃

a+s + δα
− a+γ (a+s)

(a+s) )
)
, β̃ = min(β,a +2s).

Hence, for εδ = (α
β̃

2(a+s) + δ
1
2 α

− a+γ (a+s)
2(a+s) ) we have μY

δ {x ∈ X : ||x − x∗|| > εδ Mδ} → 0
in Px∗ -probability.

B. PROOFS FOR SECTION 5

B.1. Proof of Proposition 1

Let us consider the singular system (λjT ,ϕj ,ψj )j associated with T := 	−1/2 K . Under

Assumption C there exist a,a > 0 such that a j−2a ≤ λ2
jT ≤ a j−2a . Moreover, because

L−1 takes the form in (13), {ψj } and {α j2s + j−2a} are the eigenfunctions and (the order
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of the) eigenvalues, respectively, of the operator (αL2s + T ∗T ). We can then write: ∀φ ∈
X2s ∩D(T ∗T ), (αL2s + T ∗T )φ =∑

j≥1(α j2s + j−2a)〈φ,ψj 〉ψj and ∀φ ∈ X , (αL2s +
T ∗T )−1φ =∑j≥1(α j2s + j−2a)−1〈φ,ψj 〉ψj where, under Assumption A.1,D(T ∗T ) =
X . Therefore, terms C1 and C2 defined in the proof of Theorem 2 can be written in the
following way:

||C1||2 = ||[I − L−s(α I + B∗B)−1(	−1/2 B)∗K ](x∗ − x0)||2
= ||[I − (αL2s + T ∗T )−1T ∗T ](x∗ − x0)||2
=
∑
j≥1

〈[I − (αL2s + T ∗T )−1T ∗T ](x∗ − x0),ψj 〉2

=
∑
j≥1

α2 j4s

(α j2s + j−2a)2
〈(x∗ − x0),ψj 〉2 =

∑
j≥1

α2

(α + j−2(a+s))2
〈(x∗ − x0),ψj 〉2

and

Ex∗ ||C2||2 = Ex∗ ||L−s(α I + B∗B)−1(	−1/2 B)∗U ||2
= Ex∗ ||(αLs + B∗BLs)−1(	−1/2 B)∗U ||2
= δ

∑
j≥1

〈(αL2s + T ∗T )−1T ∗T (αL2s + T ∗T )−1ψj ,ψj 〉

= δ
∑
j≥1

j−2a

(α j2s + j−2a)2
= δ

∑
j≥1

j−2(a+s) j−2s

(α + j−2(a+s))2
.

Hence, by using (A.3), the risk associated with x̂α writes:

Ex∗ ||x̂α − x∗||2 =
∑

j

α2

(α + j−2(a+s))2
〈(x∗ − x0),ψj 〉2

+
∑

j

δ j−2s−2(a+s)

(α + j−2(a+s))2
=:A1+A2.

We have that sup(x∗−x0)∈Xβ(�)A1 = sup∑
j j2β 〈(x∗−x0),ψj 〉2≤�A1 and

sup∑
j j2β 〈(x∗−x0),ψj 〉2≤�

A1

= α2 sup∑
j j2β 〈(x∗−x0),ψj 〉2≤�

∑
j

1(
α + j−2(a+s)

)2 〈(x∗ − x0),ψj 〉2

= α2 sup∑
j j2β 〈(x∗−x0),ψj 〉2≤�

∑
j

j−2β(
α + j−2(a+s)

)2 j2β 〈(x∗ − x0),ψj 〉2

= α2 sup
j

j−2β(
α + j−2(a+s)

)2 �.
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The supremum is attained at j = α
− 1

2(a+s)
(

β
2(a+s)−β

)− 1
2(a+s) as long as β < 2(a + s).

If β ≥ 2(a + s), then supj
j−2β

(α+ j−2(a+s))2 = 1. Consequently,

sup
(x∗−x0)∈Xβ(�)

A1 = α
β̃

a+s b2b(1−b)2(1−b)�, b = β̃

2(a + s)
, β̃ = min(β,2(a + s))

by using the convention (1 − b)2(1−b) = 1 if b = 1. In order to analyze term A2 we first

remark that the summand function f ( j) := j−2s−2(a+s)

(α+ j−2(a+s))2 defined on R+ is increasing for

j < j̄ and decreasing for j > j̄ where j̄ =
(

a+2s
a α

)− 1
2(a+s) . Thus,

δ

∫ ∞
j̄

j−2s−2(a+s)

(α + j−2(a+s))2
d j ≤ A2 ≤ δ

j̄∑
j=1

j−2s−2(a+s)

(α + j−2(a+s))2
+ δ

∞∑
j= j̄

j−2s−2(a+s)

(α + j−2(a+s))2

⇔ δα
− 2a+1

2(a+s)

∫ ∞
t̄

1

[t−a(t2(a+s) +1)]2
dt ≤A2

≤ δ
j̄1−2s−2(a+s)

(α + j̄−2(a+s))2
+ δα

− 2a+1
2(a+s)

∫ ∞
t̄

1

[t−a(t2(a+s) +1)]2
dt,

where t̄ =
(

a+2s
a

)− 1
2(a+s) . Denote c2(t̄) = ∫ ∞̄

t
1

[t−a(t2(a+s)+1)]2 dt and replace j̄ by its

value to obtain

δα
− 2a+1

2(a+s) c2(t̄) ≤A2 ≤ δα
− 2a+1

2(a+s)

(
c2(t̄)+ t̄(1−2s−2(a+s)) a2

4(a + s)2

)
=: δα− 2a+1

2(a+s) c̃2(t̄).

Therefore,A2 � δα
− 2a+1

2(a+s) . Finally, let G = b2b(1−b)2(1−b)�, by putting the two results
together we have:

α
β̃

(a+s) G + δα
− 2a+1

2(a+s) c2(t̄) ≤ sup
(x∗−x0)∈Xβ(�)

Ex∗ ||x̂α − x∗||2 ≤ α
β̃

(a+s) G + δα
− 2a+1

2(a+s) c̃2(t̄),

this proves (14). By replacing α � δ (respectively α � δ
a+s

β̃+a+1/2 ) in this expression we get
(i) (respectively (ii)).

B.2. Proof of Proposition 2

The proof proceeds similarly to the proof of Proposition 1, so we just sketch it. The risk
Ex∗ ||x̂α − x∗||2 associated with x̂α rewrites as the risk in Section B.1. The only term
that we need to analyze is A1 since the analysis of A2 is the same as in B.1. By using
Assumption B’

A1 = α2
∑

j

1

(α + j−2(a+s))2
〈(x∗ − x0),ψj 〉2 = α2

∑
j

j−2b0

(α + j−2(a+s))2
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and the function f ( j) := j−2b0

(α+ j−2(a+s))2 defined on R+ is decreasing in j if b0 ≥ 2a +
2s. If b0 < 2a + 2s, then f ( j) is increasing for j < j̄ and decreasing for j > j̄ where

j̄ = α
− 1

2(a+s)
(

b0
2a+2s−b0

)− 1
2(a+s) . Therefore, to upper and lower bound A1 we have to

consider these two cases separately. If b0 < 2a +2s

α2
∫ ∞

j̄

j−2b0

(α + j−2(a+s))2
d j ≤ A1 ≤ α2

j̄∑
j=1

j−2b0

(α + j−2(a+s))2
+α2

∞∑
j= j̄

j−2b0

(α + j−2(a+s))2

⇔ α
2b0−1
2(a+s)

∫ ∞
u

u4(a+s)−2b0

(u2(a+s) +1)2
du ≤A1

≤ α2 j̄1−2b0

(α + j̄−2(a+s))2
+α

2b0−1
2(a+s)

∫ ∞
u

u4(a+s)−2b0

(u2(a+s) +1)2
du,

where u =
(

b0
2a+2s−b0

)− 1
2(a+s) . Denote c1(ũ) = ∫∞

ũ
u4(a+s)−2b0

(u2(a+s)+1)2 du for some scalar ũ and

replace j̄ by its value to obtain

α
2b0−1
2(a+s) c1(u) ≤A1 ≤ α

2b0−1
2(a+s)

(
c1(u)+u1−2b0

(
2a +2s −b0

2(a + s)

)2
)

=: α
2b0−1
2(a+s) c̃1(u).

If b0 ≥ 2a +2s:

α2
∫ ∞

1

j−2b0

(α + j−2(a+s))2
d j ≤A1

≤ α2 j−2b0

(α + j−2(a+s))2

∣∣∣∣∣
j=1

+α2
∫ ∞

1

j−2b0

(α + j−2(a+s))2
d j

⇔ α
2b0−1
2(a+s)

∫ ∞
ū

u4(a+s)−2b0

(u2(a+s) +1)2
du ≤A1

≤ α2 +α
2b0−1
2(a+s)

∫ ∞
ū

u4(a+s)−2b0

(u2(a+s) +1)2
du,

where ū = α
1

2(a+s) . By using the notation defined above we obtain:

α
2b0−1
2(a+s) c1(ū) ≤A1 ≤ α2 +α

2b0−1
2(a+s) c1(ū).

Since the integral in c1(ū) is convergent, the upper bound is of the order α
2b̃0−1
2(a+s) where b̃0 =

min(b0,2a + 2s + 1/2). Summarizing the two cases and by defining: c1 = c1(u)I (b0 <
2(a+s))+c1(ū)I (b0 ≥ 2(a +s)) and c̃1 = c̃1(u)I (b0 < 2(a +s))+c1(ū)I (b0 ≥ 2(a +s))
we have

α
2b0−1
2(a+s) c1 ≤A1 ≤ α2 I (b0 ≥ (2a +2s))+α

2b0−1
2(a+s) c̃1.
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By using the upper and lower bounds forA2 given in the proof of Proposition 1 we get the
expression in (15):

α
2b0−1
2(a+s) c1 + δα

− 2a+1
2(a+s) c2(t̄) ≤ Ex∗ ||x̂α − x∗||2

≤ α2 I (b0 ≥ (2a +2s))+α
2b0−1
2(a+s) c̃1 + δα

− 2a+1
2(a+s) c̃2(t̄).

By replacing α � δ
a+s

b̃0+a we obtain (16).

B.3. Proof of Theorem 4

We use the same strategy used for the proof of Theorem 3. The trace of the posterior
covariance operator is:

tr [V ar(x |yδ,α,s)] = δ

∞∑
j=1

〈L−s(α I + B∗B)−1L−sψj ,ψj 〉

= δ

∞∑
j=1

〈(αLs + B∗BLs)−1L−sψj ,ψj 〉

= δ

∞∑
j=1

〈(αL2s + T ∗T )−1ψj ,ψj 〉

= δ
∑
j≥1

1

α j2s + j−2a
= δ

∑
j≥1

j−2s

α + j−2(a+s)
.

Since f ( j) := j−2s

α+ j−2(a+s) is increasing in j for j < j̄ and decreasing for j > j̄ where

j̄ = (αs/a)
− 1

2(a+s) then we can upper and lower bound the trace of the posterior covariance
operator as:

δ

∞∑
j= j̄

f ( j) ≤ tr [V ar(x |yδ,α,s)] ≤ δ

j̄∑
j=1

f ( j)+ δ

∞∑
j= j̄

f ( j)

⇔ δα
− 2a+1

2(a+s)

∫ ∞
t̄

t2a

t2(a+s) +1
dt ≤ tr [V ar(x |yδ,α,s)]

≤ δ
j̄1−2s

α + j̄−2(a+s)
+ δα

− 2a+1
2(a+s)

∫ ∞
t̄

t2a

t2(a+s) +1
dt

⇔ δα
− 2a+1

2(a+s) κ2(t̄) ≤ tr [V ar(x |yδ,α,s)]

≤ δα
− 2a+1

2(a+s) t̄−
(1−2s)
2(a+s)

a

a + s
+ δα

− 2a+1
2(a+s) κ2(t̄),

where t̄ = (s/a)
− 1

2(a+s) and κ2(t̄) = ∫ ∞̄
t

t2a

t2(a+s)+1
dt . Thus, tr [V ar(x |yδ,α,s)] �

δα
− 2a+1

2(a+s) . By the Chebyshev’s inequality and Proposition 2, for εδ > 0 small enough
and Mδ → ∞
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μY
δ {x ∈ X : ||x − x∗|| > εδ Mδ} ≤ 1

ε2
δ M2

δ

(
||E(x |yδ,α,s)− x∗||2 + tr V ar(x |yδ,α,s)

)
=Op

( 1

ε2
δ M2

δ

(α
2b̃0−1
2(a+s) + δα

− 2a+1
2(a+s) )

)
,

b̃0 = min(b0,2(a + s)+1/2)

in Px∗ -probability. Hence, for εδ = (α
2b̃0−1
4(a+s) + δ

1
2 α

− 2a+1
4(a+s) ) we conclude that μY

δ {x ∈ X :

||x − x∗|| > εδ Mδ} → 0. For α � δ we obtain (i). To obtain (ii): arg infα εδ = δ
a+s

b̃0+a and

infα εδ = δ

2b̃0−1

4(b̃0+a) .

C. PROOFS FOR SECTION 6

C.1. Proof of Theorem 5

To prove Theorem 5 we use Theorem 3.3, p. 123 in Kuo (1975). We first rewrite this
theorem and then show that the conditions of this theorem are verified in our case. The
proof of Theorem 7 is given in Kuo (1975).

THEOREM 7. Let P2 be a Gaussian measure on Y with mean m and covariance op-
erator S2 and P1 be another Gaussian measure on the same space with mean m and
covariance operator S1. If there exists a positive definite, bounded, continuously invertible

operator H such that S2 = S
1
2
1 HS

1
2
1 and H− I is Hilbert–Schmidt, then P2 is equivalent

to P1. Moreover, the Radon–Nikodym derivative is given by

d P2

d P1
({zj }) =

∞∏
j=1

√
α

λ2
j +α

e

λ2
j

2(λ2
j +α)

z2
j
, (C.1)

with
λ2

j
α the eigenvalues ofH− I and zj a sequence of real numbers.

In our case: P2 = Pα , m = K x0, S2 = δ	+ δ
α K�0 K ∗, P1 = P0, and S1 = δ	. We rewrite

S2 as

S2 ≡
(

δ	 + δ

α
K�0 K ∗

)
= √

δ	
1
2

[
I + 1

α
	−1/2 K�0 K ∗	−1/2

]
	

1
2
√

δ = S
1
2
1 HS

1
2
1

with H = (I + 1
α 	−1/2 K�0 K ∗	−1/2) = (I + 1

α B B∗). In the following four points we
show thatH satisfies all the properties required in Theorem 7.

(1) H is positive definite. In fact, (I + 1
α B B∗) is self-adjoint, i.e., (I + 1

α B B∗)∗ =
(I + 1

α B B∗) and ∀ϕ ∈ Y , ϕ �= 0〈(
I + 1

α
B B∗

)
ϕ,ϕ

〉
= 〈ϕ,ϕ〉+ 1

α
〈B∗ϕ, B∗ϕ〉 = ||ϕ||2 + 1

α
||B∗ϕ||2 > 0.
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(2) H is bounded. The operators B and B∗ are bounded under Assumption A.2, the
operator I is bounded by definition, and a linear combination of bounded operators
is bounded (see Remark 2.7 in Kress, 1999).

(3) H is continuously invertible. To show this, we first recall that (I + 1
α B B∗) is con-

tinuously invertible if its inverse is bounded, i.e., there exists a positive number C
such that ||(I + 1

α B B∗)−1ϕ|| ≤ C ||ϕ||, ∀ϕ ∈ Y . We have ||(I + 1
α B B∗)−1ϕ|| ≤

(supj
α

α+λ2
j
)||ϕ|| = ||ϕ||, ∀ϕ ∈ Y .

(4) (H− I ) is Hilbert–Schmidt. To show this we have to consider the Hilbert–Schmidt
norm || 1

α B B∗||H S = 1
α

√
tr((B B∗)2). Now, tr((B B∗)2) = tr(�0T ∗T �0T ∗T ) ≤

tr(�0)||T ∗T �0T ∗T || < ∞ since T := 	−1/2 K has a bounded norm under
Assumption A.1.

C.2. Proof of Theorem 6

We start by showing the first statement of the theorem and then we proceed with the proof

of (21). Let c̃3, c4, and c̃4 be the constants defined in Lemma 2. Fix εδ = δ
1−r

4(b0+a) for

0 < r < 1, α1 =
(

c̃3
c4

(1+ εδ)
) a+s

b0+a
δ p̃ , α2 =

(
c̃3
c̃4

(1− εδ)
) a+s

b0+a
δ p where: p̃ = a+s

b0+a+η̃
, p =

a+s
b0+a−η , η̃ = ηI{b0 −a −2s −1/2 > 0}, and (b0 +a) > η > max{(b0 − s −1/2),0, (b0 −
2s − a − 1/2) 1

4 }. Remark that, since b0 − s − 1/2 > (b0 − 2s − a − 1) and 0 < εδ < 1
(because 0 < δ < 1) then the assumptions of Lemmas 4 and 5 are satisfied. Moreover,
c̃4 ≥ c4 (see the proof of Lemma 2). Let G := {∃α̂; Syδ (α̂) = 0 ∩ α̂ ∈ (α2,α1)} and Gc

be its relative complement with respect to {∃α̂; Syδ (α̂) = 0}. In order to prove the first
statement of the theorem we make the following decomposition:

P{∃α̂; Syδ (α̂) = 0} = P{∃α̂; Syδ (α̂) = 0∩ α̂ ∈ (α2,α1)}
+ P{∃α̂; Syδ (α̂) = 0∩ α̂ /∈ (α2,α1)}

= P{G}+ P{Gc}.

From Lemma 6 we conclude that as δ → 0: P(G) → 1 and so α̂ ∈ (α2,α1) with probability
approaching 1. This implies that we can write α̂ as a (random) convex combination of α2
and α1: α̂ = ρα2 + (1−ρ)α1 for ρ a random variable with values in (0,1). Since α2 → 0
faster than α1 → 0 then:

α̂ = op

(
δ

a+s
b0+a+η̃

)
+ δ

a+s
b0+a+η̃ (1−ρ)

[
c̃3

c4
(1+ εδ)

] a+s
b0+a

=: op

(
δ

a+s
b0+a+η̃

)
+ δ

a+s
b0+a+η̃ (1−ρ)κ1. (C.2)

This establishes the first result of the theorem.
Next, we proceed with the proof of (21). Denote by IG and IGc the indicator functions

of the events G and Gc, respectively. By the Markov’s inequality, to show that μY
δ,α̂

{||x −
x∗|| > εδ Mδ} → 0 in probability it is sufficient to show that its expectation, with respect
to Px∗ , converges to 0. Then,
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Ex∗
(
μY

δ,α̂{||x − x∗|| > εδ Mδ}
)

= Ex∗
(
μY

δ,α̂{||x − x∗|| > εδ Mδ}IGc

)
+Ex∗

(
μY

δ,α̂{||x − x∗|| > εδ Mδ}IG

)
≤ Ex∗ (IGc )+Ex∗

(
||x̂α̂ − x∗||2

ε2
δ M2

δ

IG + tr V ar(x |yδ, α̂,s)

ε2
δ M2

δ

IG

)
, (C.3)

where the last inequality follows from the Chebyshev’s inequality. By Lemma 6: E(IGc ) =
P(Gc) → 0. We then analyze the second term of (C.3). Let α∗ denote the optimum value

of α given in Proposition 2, that is, α∗ = δ
a+s

b̃0+a with b̃0 = min{b0,2(a + s) + 1/2}. By
using the notation B(α) := (α I + B∗B)−1 and B̃(α) := (α I + �0 K ∗	−1 K )−1 and by

adding and subtracting �
1
2
0 B(α∗)(	−1/2 B)∗(yδ − K x0) we obtain:

Ex∗
(
||x̂α̂ − x∗||2 IG

)
= Ex∗ ||�

1
2
0 B(α̂)(	−1/2 B)∗(yδ − K x0)+ x0 − x∗||2 IG

≤ 2Ex∗ ||�
1
2
0 B(α̂)(α∗ − α̂)B(α∗)(	−1/2 B)∗(yδ − K x0)||2 IG

+2Ex∗ ||�
1
2
0 B(α∗)(	−1/2 B)∗(yδ − K x0)+ x0 − x∗||2 IG

≤ 4Ex∗ ||B̃(α̂)(α∗ − α̂)

[
�

1
2
0 B(α∗)(	−1/2 B)∗(yδ − K x0)+ x0 − x∗

]
||2 IG

+4Ex∗ ||B̃(α̂)(α∗ − α̂)(x0 − x∗)||2 IG +2Ex∗ ||x̂α∗ − x∗||2
≤ 4Ex∗ ||B̃(α̂)(α∗ − α̂)||2 IGEx∗ ||x̂α∗ − x∗||2

+4Ex∗ (α∗ − α̂)2||B̃(α̂)(x0 − x∗)||2 IG +2Ex∗ ||x̂α∗ − x∗||2,

where the last inequality is due to the Cauchy–Schwartz inequality. By the first part of this
proof, α̂ can be written as in (C.2) so that there exists a positive constant κ1 such that:

Ex∗ ||B̃(α̂)(α∗ − α̂)||2 IG = Ex∗ ||(α̂L2s + T ∗T )−1L2s(α∗ − α̂)||2 IG

= Ex∗(α∗ − α̂)2 sup
||φ||=1

∞∑
j=1

1

(α̂ + j−2(a+s))2
〈φ,ψj 〉2 IG

≤ Ex∗

(
α∗ − α̂

α̂
IG

)2

= Ex∗

⎛⎜⎜⎜⎜⎜⎝

(
δ

p̃
(b0−b̃0+η̃)

(a+b̃0) −op(1)− (1−ρ)κ1

)2

(
op(1)+ (1−ρ)κ1

)2
⎞⎟⎟⎟⎟⎟⎠=O(1). (C.4)

Moreover, ||B̃(α̂)(x0 − x∗)||2 �∑j
j−2b0

(α̂+ j−2(a+s))2 = α̂−2A1 whereA1 is the term defined

in Section B.2 with the only difference that α must be replaced by α̂. With reference to the

notation of that section we have: α̂
2b0−1
2(a+s) −2c1 ≤ ||B̃(α̂)(x0 − x∗)||2 ≤ I (b0 ≥ 2(a + s))+

α̂
2b0−1
2(a+s) −2c̃1. Therefore, by denoting κ̃ρ := [op(1)+ (1−ρ)κ1],
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δ
2b0−1

2(b0+a+η̃) Ex∗

⎛⎝(κ̃ρ)
2b0−1
2(a+s) −2

[
δ

p̃
b0−b̃0+η̃

(a+b̃0) − κ̃ρ

]2

c1

⎞⎠
≤ Ex∗(α∗ − α̂)2 ||B̃(α̂)(x0 − x∗)||2 IG

≤ Ex∗

⎡⎣(δ
2(a+s)

b0+a+η̃ I (b0 ≥ 2(a + s))+ δ
2b0−1

2(b0+a+η̃) (κ̃ρ)
2b0−1
2(a+s) −2c̃1

)[
δ

p̃
b0−b̃0+η̃

(a+b̃0) − κ̃ρ

]2⎤⎦ ,

that is, Ex∗(α∗ − α̂)2 ||B̃(α̂)(x0 − x∗)||2 IG =O
(

δ
2b̃0−1

2(b0+a+η̃)

)
then, we conclude that

Ex∗
(
||x̂α̂ − x∗||2 IG

)
≤ Ex∗ ||x̂α∗ − x∗||2(2+4O(1))+4O

(
δ

2b̃0−1
2(b0+a+η̃)

)
. (C.5)

Let us turn to the analysis of the variance term:

tr V ar(x |yδ, α̂,s) = δtr
[
�0(α̂ I + B∗B)−1

]
= δtr

[
�0(α∗ I + B∗B)−1

+�0

[
(α̂ I + B∗B)−1 − (α∗ I + B∗B)−1

]]
= δtr

[
L−s(α∗ I + B∗B)−1L−s

]
+ δtr

[
L−s(α̂ I + B∗B)−1(α∗ − α̂)(α∗ I + B∗B)−1L−s

]
= δtr

[
(α∗L2s + T ∗T )−1

]
+δtr

[
(α̂L2s + T ∗T )−1Ls(α∗ − α̂)Ls(α∗L2s + T ∗T )−1

]
= δ

∞∑
j=1

1

(α∗ j2s + j−2a)
+ δ

∞∑
j=1

(α∗ − α̂) j2s

(α̂ j2s + j−2a)

1

(α∗ j2s + j−2a)

= δ

∞∑
j=1

j−2s

(α∗ + j−2(a+s))
+ δ

∞∑
j=1

(α∗ − α̂)

(α̂ + j−2(a+s))

j−2s

(α∗ + j−2(a+s))

≤ δ

(
1+ |α∗ − α̂|

α̂

) ∞∑
j=1

j−2s

(α∗ + j−2(a+s))

=
(

1+ |α∗ − α̂|
α̂

)
tr [V ar(x |yδ,α∗,s)],

where the last equality uses the expression of the trace of the variance recovered in the

proof of Theorem 4 (see Section B.3). From (C.4) it results that Ex∗
( |α∗−α̂|

α̂
IG

)
=O(1).

Therefore,

Ex∗ tr V ar(x |yδ, α̂,s)IG = (1+O(1)) tr [V ar(x |yδ,α∗,s)]
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and by using the upper and lower bounds for tr [V ar(x |yδ,α∗,s)] derived in the proof of

Theorem 4 we conclude that Ex∗ tr V ar(x |yδ, α̂,s)IG � (1+O(1))δα
− 2a+1

2(a+s)∗ . By replac-
ing these rates in (C.3) we have:

Ex∗
(
μY

δ,α̂{||x − x∗|| > εδ Mδ}
)

=O
(

1

ε2
δ M2

δ

(
δ

2b̃0−1

2(b̃0+a) + δ
2b̃0−1

2(b0+a+η̃)

))

which converges to 0 for εδ � δ
2b̃0−1

4(b0+a+η̃) .

D. PROOFS FOR SECTION 7

D.1. Proof of Corollary 1

Let B̃∗B = �
1
2
0 T ∗T �

1
2
0 , Rα = (α I + B̃∗B)−1, R̂α = (α I + B∗B)−1, 	−1/2 B =

(�∗)−1 1
f̂W
T �

1
2
0 , 	̃−1/2 B = (�∗)−1 1

fW
T �

1
2
0 . Moreover, we denote E ≡ Ex∗ and de-

fine U0 = U − EU , ỹδ = � fWT x∗ + U0, and x̃α = �
1
2
0 Rα(	̃−1/2 B)∗(ỹδ −� fWT x0).

We decompose (x̂α − x∗) as

(x̂α − x∗) = (x̃α − x∗)+�
1
2
0 R̂α(	−1/2 B)∗(yδ −�K̃ x0)

−�
1
2
0 Rα(	̃−1/2 B)∗(ỹδ −� fWT x0)

= (x̃α − x∗)+�
1
2
0

[
R̂α(	−1/2 B)∗�K̃ − Rα(	̃−1/2 B)∗� fWT

]
(x∗ − x0)

+�
1
2
0

[
R̂α(	−1/2 B)∗U − Rα(	̃−1/2 B)∗U0

]
=: (x̃α − x∗)+A1 +A2

(I) Convergence of E||(x̃α − x∗)||2. This rate is given in Theorem 2 (since this term
depends on operators that do not vary with δ).

(II) Convergence of A1.

E||A1||2 = E||�
1
2
0

(
R̂α

[
(	−1/2 B)∗�K̃ L−s − (	̃−1/2 B)∗� fWT L−s

]
+ (R̂α − Rα)(	̃−1/2 B)∗� fWT L−s

)
Ls(x∗ − x0)||2

= E||�
1
2
0

(
R̂α
[
B∗B − B̃∗B

]+ R̂α(B̃∗B − B∗B)Rα B̃∗B
)

Ls(x∗ − x0)||2

= E||�
1
2
0 R̂α�

1
2
0

[
T̂ ∗T̂ −T ∗T

]
�

1
2
0 αRα Ls(x∗ − x0)||2

= E||�
1
2
0 R̂α�

1
2
0

(
T̂ ∗(T̂ −T )+ (T̂ ∗ −T ∗)T

)
�

1
2
0 αRα Ls(x∗ − x0)||2
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≤
(

2E||�
1
2
0 R̂α�

1
2
0 T̂

∗||2E||(T̂ −T )||2

+2E||�
1
2
0 R̂α ||2E||�

1
2
0 (T̂ ∗ −T ∗)||2||T ||2

)
α2||�

1
2
0 Rα Ls(x∗ − x0)||2

=O
(

α−1
(

1

nhwhz
+ (max{hw,hz})2ρ

)
+α−2

(
1

nhw
+h2ρ

w

))
O
(

α
β̃

a+s

)
.

The last term ||�
1
2
0 Rα Ls(x∗ − x0)||2α2 is equal to term C1 in the proof of Theorem 2 and

so it is aO
(

α
β̃

a+s

)
. Moreover, we have used Assumption HS(ii) and (iii) and the fact that

E||�1/2
0 R̂α ||2 =O

(
α−2

)
and E||�

1
2
0 R̂α�

1
2
0 T̂ ∗||2 =O

(
α−1

)
.

(III) Convergence of A2.

E||A2||2 = E||�
1
2
0

(
R̂α(	−1/2 B)∗U − Rα(	̃−1/2 B)∗U0

)
||2

≤ 2E||�
1
2
0 R̂α(	−1/2 B)∗U ||2 +2E||�

1
2
0 Rα(	̃−1/2 B)∗U0||2 (D.1)

≤ 2E||�
1
2
0 R̂α�

1
2
0 T̂

∗ f̂ −1
W �−1U ||2 +2E||�

1
2
0 Rα�

1
2
0 T

∗ f̂ −1
W �−1U0||2

=O
(

α−2
(

1

n
+h2ρ

z

)
+n−1α− a+γ (a+s)

a+s

)
by using Assumption HS (i) and the fact that the second term in (D.1) is equal to term C2
in the proof of Theorem 2. By writing E||x̂α − x∗||2 ≤ 2E||x̃α − x∗||2 + 2E||A1 +A2||2
and by putting all these results together we get the result.

D.2. Proof of Corollary 2

Let us denote: t = s/(2a), R̃α = (α I + 	2t+1)−1, Rα = (α I + K 2t+1)−1, x̂α =
K t Rα K t (yδ − K x0)+ x0. Then,

Ex∗ ||x̂α − x∗||2 = Ex∗ ||αRα(x∗ − x0)+ K t Rα K t U ||2
= Ex∗ ||α R̃α(x∗ − x0)+α(Rα − R̃α)(x∗ − x0)+ R̃α	2tU

+ (Rα K 2t − R̃α	2t )U ||2
≤ 2Ex∗ ||α R̃α(x∗ − x0)+ R̃α	2t U ||2 +4Ex∗ ||α(Rα − R̃α)(x∗ − x0)||2

+4Ex∗ ||(Rα K 2t − R̃α	2t )U ||2 =: 2A1 +4A2 +4A3.

The rate of term A1 is given by Proposition 2 with δ = n−1: A1 �
(
α

2b̃0−1
2(s+a) +

n−1α
− 2a+1

2(s+a)

)
. By using the result of Lemma 1 and a Taylor expansion of the second

order of the function 	2t+1 around K (that is, 	2t+1 = K 2t+1 + (2t +1)K 2t ([	 − K ])+
Op([	 − K ]2)) we obtain
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A2 = Ex∗ ||α(Rα − R̃α)(x∗ − x0)||2 = Ex∗ ||Rα(	2t+1 − K 2t+1)α R̃α)(x∗ − x0)||2
= Ex∗ ||Rα

(
(2t +1)K 2t ([	 − K ])+Op([	 − K ]2)

)
α R̃α)(x∗ − x0)||2

≤O
(

Ex∗ ||Rα K 2t ||2Ex∗ ||	 − K ||2Ex∗ ||α R̃α(x∗ − x0)||2
)

+O
(

Ex∗ ||Rα ||2n−2Ex∗ ||α R̃α(x∗ − x0)||2
)

=O
(

n−1α− 2a
s+a α

2b̃0−1
2(s+a)

)
+O

(
n−2α−2α

2b̃0−1
2(s+a)

)
,

where we have used the facts that: Ex∗ ||Rα K 2t ||2 = O
(

α− 2a
s+a

)
and, by Lemma 1,

Ex∗ ||(	 − K )2||2 = Op

(
n−2

)
. More precisely, the latter rate is obtained as follows: for

some basis {ϕj }

||(	 − K )2||2 := sup
||φ||≤1

∞∑
j=1

〈(	 − K )2φ,ϕj 〉2 = sup
||φ||≤1

∞∑
j=1

〈(	 − K )φ,(	 − K )ϕj 〉2

≤ sup
||φ||≤1

∞∑
j=1

||(	 − K )φ||2||(	 − K )ϕj ||2

= ||(	 − K )||2
∞∑

j=1

||(	 − K )ϕj ||2 = ||(	 − K )||2||(	 − K )||2H S .

Thus, the proof of Lemma 1 implies: Ex∗ ||(	 − K )2||2 ≤
(

Ex∗ ||	 − K ||2H S

)2 =
O
(

n−2
)

. Next,

A3 = Ex∗ ||(Rα K 2t − R̃α	2t )U ||2 = Ex∗ ||(Rα K 2t −	2t R̃α)U ||2
= Ex∗ ||Rα

[
α(K 2t −	2t )+ K 2t (	 − K )	2t

]
R̃αU ||2

≤ 2Ex∗ ||Rαα(K 2t −	2t )R̃αU ||2 +2Ex∗ ||Rα K 2t (	 − K )	2t R̃αU ||2

and 2Ex∗ ||Rα K 2t (	− K )	2t R̃αU ||2 =O
(

α− 2a
s+a n−2α

− 2a+1
2(s+a)

)
by Lemma 1 and since

Ex∗ ||Rα K 2t ||2 =O
(

α− 2a
s+a

)
and Ex∗ ||	2t R̃αU ||2 =O

(
n−1α

− 2a+1
2(s+a)

)
. To obtain the

rate for the first term Ex∗ ||Rαα(K 2t − 	2t )R̃αU ||2 we use a Taylor expansion of the
second order of the function K 2t around 	 (that is, K 2t = 	2t + 2t	2t−1(K − 	) +
O([K −	]2) and the Op([K −	]2) term is negligible as shown above) and obtain:

Ex∗ ||Rαα(K 2t −	2t )R̃αU ||2 =O
(

Ex∗ ||Rαα||Ex∗ ||K −	||2Ex∗ ||	2t−1 R̃αU ||2
)

=O
(

n−2α
− 3a+1/2

(s+a)

)
by the result of Lemma 1 and since Ex∗ ||αRα ||2 = O (1) and Ex∗ ||	2t−1 R̃αU ||2 =
O
(

n−1α− 3a+1/2
s+a

)
. Remark that to recover the rate for Ex∗ ||	2t−1 R̃αU ||2 a procedure
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similar to the one for recovering the rate for term A2 in Proposition 1 has been used. By
putting all these results together we obtain

Ex∗ ||x̂α − x∗||2 =O
(

α
2b̃0−1
2(s+a) +n−1α

− 2a+1
2(s+a) +n−1α− 2a

s+a α
2b̃0−1
2(s+a) +n−2α−2α

2b̃0−1
2(s+a)

+n−2α
− 6a+1

2(s+a) +α− 2a
s+a n−2α

− 2a+1
2(s+a)

)
.

Finally, by replacing α with α∗ � n
− a+s

b̃0+a , the third to sixth terms are negligible with
respect to the first and second terms if b̃0 > s and b̃0 > a. This concludes the proof.
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