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MULTISTEP PREDICTION
OF PANEL VECTOR

AUTOREGRESSIVE PROCESSES

RYAN GREENAWAY-MCGREVY
U.S. Bureau of Economic Analysis

This paper considers the conventional recursive (otherwise known as plug-in) and
direct multistep forecasts in a panel vector autoregressive framework. We derive
asymptotic expressions for the mean square prediction error (MSPE) of both
forecasts as N (cross sections) and T (time periods) grow large. Both the bias and
variance of the least squares fitting are manifest in the MSPE. Using these expres-
sions, we consider the effect of model specification on predictor accuracy. When the
fitted lag order (q) is equal to or exceeds the true lag order (p), the direct MSPE
is larger than the recursive MSPE. On the other hand, when the fitted lag order is
underspecified, the direct MSPE is smaller than the recursive MSPE. The recursive
MSPE is increasing in q for all q ≥ p. In contrast, the direct MSPE is not mono-
tonic in q within the permissible parameter space. Extensions to bias-corrected least
squares estimators are considered.

1. INTRODUCTION

The effect of model specification on the out-of-sample fit of estimators has
been the subject of extensive research in econometrics and statistics. For exam-
ple Shibata (1980), Kunitomo and Yamamoto (1985), Bhansali (1996,1997), Ing
(2003), Ing and Wei (2005), and Schorfheide (2005), among others, derive asymp-
totic expressions for the mean square prediction error (MSPE) of the least squares
(LS) fitting for stationary time series processes. Such expressions are useful
because they can be used to design selection criteria for choosing the optimal lag
order for prediction. Akaike information criteria (AIC) and final prediction error
(FPE), for example, are optimal in the sense that they asymptotically minimize the
MSPE of a class of autoregressions (Shibata). In the multistep horizon framework
these MSPE expressions can be used not only to select between different model
specifications (Bhansali, 1996), but also between different types of LS predic-
tors (Bhansali, 1997; Ing; Schorfheide). Two commonly studied LS predictors are
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the “recursive” predictor, obtained from the quasi-maximum likelihood estimator
(QMLE) of the forecasting regression, and the “direct” predictor, fitted by LS
minimization of the multistep quadratic loss of the forecasting regression.

However, this research largely focuses on prediction of time series processes,
and little, if any, research has focused on deriving expressions for the MSPE of fit-
ted panel data regressions. Much of the extant theoretical panel research focuses
on the effect of cross-sectional heterogeneity on panel MSPE while assuming
strict exogeneity of the regressors (see, among others, Taub, 1979; Baltagi and
Li, 1992). Although these assumptions are appropriate for a certain set of models,
many important models that are used in practice fall outside this set. For example,
Mark and Sul (2001) and Rapach and Wohar (2004) predict a panel of exchange
rate returns using a fixed effects panel regression in which the deviation of the
exchange rate from an economic fundamental is a regressor. Within each time
series, the regressor is correlated with all past realizations of the regression error.
Similarly, the forecasting regressions found in Baltagi and Griffin (1997), Baltagi,
Griffin, and Xiong (2000), and Baltagi, Bresson, and Pirotte (2002) include lagged
dependent variables in the fitted regression model, so that the regressors are cor-
related with past regression errors by construction. In general these panel fore-
casting regressions are nested within a panel vector autoregression (VAR) of the
form

yi,t = βi +∑q
s=1 α′

s yi,t−s +ui,t , (1)

where yi,t denotes an m × 1 vector containing the predictand of interest and the
associated regressors used in the forecasting equation; αs is an m × m matrix of
coefficients; and βi is an m ×1 vector of (cross section) fixed effect coefficients.

For a given forecasting horizon h ≥ 1, (an element of) {yi,T +h}N
i=1 is forecast

by estimating a model nested by (1) using the observed data {yi,t }N ,T
i,t=1. Baltagi

and Griffin (1997), Baltagi, Griffin, and Xiong (2000), and Baltagi, Bresson, and
Pirotte (2002) employ a version of the recursive predictor, whereby the “one-
step” model (1) is first estimated. The h-step forecast is obtained by recursively
forecasting forward one step at a time, taking the predicted cross section at each
step and plugging it back into the fitted model at each iteration. Mark and Sul
(2001) and Rapach and Wohar (2004) use the direct forecast, whereby the fitted
coefficients minimize the in-sample h-step quadratic loss of (1). This is equivalent
to estimating the h-step model

yi,t = βi,h +∑q
s=1 α′

s,h yi,t−s−h+1 + ei,t+h

by LS. In the h-step model the regressand is advanced h time periods to the re-
gressors. The forecast of {yi,T +h}N

i=1 is then obtained by plugging the observed

panel {yi,T −s+1}N ,q
i,s=1 back into the fitted model. (The recursive and direct fittings

thus only differ for multistep horizons h ≥ 2.) Because coefficients are obtained
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by in-sample minimization of the multistep quadratic loss of the forecasting
regression, the direct fitting is sometimes referred to as the loss-function estimator
(LFE) (see, e.g., Schorfheide, 2005).

If the goal is to obtain the most accurate forecast of {yi,T +h}N
i=1 by estimating a

model nested by (1), there are two key questions to be addressed. First, for a given
lag order q, under what conditions should we favor the recursive forecast over the
direct forecast? Following Schorfheide (2005), we refer to this as the predictor
selection problem. In the time series context it is known that if the model is cor-
rectly specified, the recursive forecast exhibits a smaller MSPE (Bhansali, 1997;
Ing, 2003). This is because the recursive predictor asymptotically exhibits less
variance than the direct predictor. In contrast, when the model is misspecified (in
the sense that the true lag order exceeds the fitted lag order) the direct forecast ex-
hibits a smaller MSPE (Findley, 1983). However, results that enable a comparison
of the recursive and direct fittings in the panel data context are lacking. Second,
how does the fitted lag order q affect the MSPE? We refer to this issue as model
selection. In the time series context it is known that if the true data generating
process (DGP) has finite dimension, then asymptotically the MSPE-minimizing
lag order is the true lag order for both the recursive and the direct predictors (Ing).
Thus, attaining the most accurate out-of-sample LS forecast is the same problem
as determining the true lag order of the DGP (provided the true lag order is finite).
Again, it is unknown whether these results hold for panel regressions such as (1).1

In particular, it may not be the case that the optimal q for the recursive predictor
is the same as that for the direct predictor.

In this paper we address these questions by deriving asymptotic expressions for
the MSPE of the recursive and direct panel predictors as both N (number of cross
sections) and T (number of time periods) grow large. In empirical applications
it is common for forecasts based on regressions with homogenous coefficients
to outperform regressions with cross-sectionally heterogenous coefficients,
provided a limited degree of heterogeneity is permitted through either fixed or
random effects (see the detailed literature review in the “Forecasting applications”
section of Baltagi, 2008). This result holds even when the time series dimension
of the panel is large, and for this reason it is of interest to study models with
homogenous slope coefficients such as (1) in a large T framework. However, we
do not impose any restriction on the relative rate of growth in N relative to T ,
so we may permit restrictions such as T/N → 0, for example. The unobserved
DGP comes from the set of stationary, finite-order vector autoregressions. The
asymptotic MSPEs are then used to analyze the effect of lag specification q
on out-of-sample model fit, as well as to compare the relative accuracy of the
recursive and direct forecasts for a given q. To ensure that differences between
asymptotic MSPEs are O (1), where necessary we scale the MSPEs by a function
of the sample size. In the time series case the appropriate scaling factor is linear
in T when the fitted lag order exceeds the true lag order of the DGP (see,
among others, Bhansali, 1997; Ing, 2003). We show that in the panel context the
appropriate scaling factor is proportional to the minimum of T 2 and N T , and
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thus depends on the size of N relative to T . We follow Ing and use “second-order
MSPE” when referring specifically to these scaled MSPEs.

We demonstrate that both the finite-sample bias and the variance of the fitted
predictor are potentially manifest in the scaled MSPEs.2 This finding contrasts
with the time series case, in which only the variance is manifest in the asymp-
totic MSPEs.3 Whether the bias and the variance terms are manifest in the scaled
MSPE depends on the size of N relative to T . If T is sufficiently large relative to
N (e.g., if N/T → 0), then only the variance dominates the MSPE; whereas if
N and T are of comparable size, then both the bias and variance are manifest in
the MSPE. If N is sufficiently large relative to T (e.g., if T/N → 0), then only
the bias terms and the variance terms associated with the fitted fixed effects are
present in the MSPE.

Having derived asymptotic expressions for the MSPE, we address the issues
of model selection and predictor selection. When we consider how model spec-
ification affects forecast accuracy, we find that the MSPE of the direct predic-
tor is decreasing in the fitted lag order q for some regions of the permissible
parameter space, even when q exceeds the true lag order of the unobserved DGP
(see Theorem 3.3 and Proposition 3.3 in Section 3 below). Thus, in the multi-
step panel context, estimation of the true lag order and selection of the MSPE-
minimizing lag order can be two separate issues. In contrast, for the recursive
forecast, the MSPE-minimizing lag order is the true lag order in all regions of the
parameter space (Theorem 3.4 and Proposition 3.4). When we consider predictor
selection, we show that for q exceeding the true lag order, the recursive predictor
exhibits a smaller MSPE than the direct predictor (Corollary 3.2 and Proposition
3.5). We show that both the variance and the bias terms of the direct predictor are
larger than the corresponding variance and bias terms of the recursive predictor,
so that the result holds regardless of the size of N relative to T . When the model
is misspecified (so that the true lag order exceeds the fitted lag order), the direct
forecast has a smaller MSPE than the recursive forecast (Corollary 3.3 below).

The remainder of the paper is organized as follows. Section 2 contains our
model and assumptions. In Section 3 we define the direct and recursive panel
data predictors, derive the asymptotic expressions for the MSPE of the predic-
tors, and compare the direct and recursive MSPE expressions. We also consider
bias-corrected least squares estimators (see, e.g., Hahn and Kuersteiner, 2002) in
the predictive setting in this section. Section 4 gives a small Monte Carlo study
to verify our results, and Section 5 concludes. Throughout, “:=” is used as the
definitional equality, and ‖·‖ denotes the spectral norm, i.e., ‖A‖ = λmax(A′ A)1/2

for matrices A, where λmax (·) denotes the maximum eigenvalue of the argument,
and ‖b‖B denotes the norm λmax(b′Bb)1/2 for square matrices B. We use [A : B]
to denote the horizontal concatenation of conformable matrices A and B. The
km × jm matrix Jk, j := [Ijm : 0′

(k− j)m× jm]′ for k ≥ j, where 0j×k is a j × k ma-
trix of zeros and Ik is the k × k identity matrix; and 1k denotes a k × 1 vector of
ones. We use N ,T → ∞ to indicate N → ∞ and T → ∞ jointly. Lastly tr(B) and
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det(B) denote the trace and the determinant, respectively, of a square matrix B.
Proofs are contained in the Appendix.

2. MODEL AND ASSUMPTIONS

Consider an m × 1 panel vector yi,t generated by a VAR(p) with (cross section)
fixed effects,

yi,t = βi +∑p
s=1 α′

s yi,t−s +ui,t . (2)

Under the assumptions stated below, the following equivalent representation of
yi,t will prove useful throughout the paper:

yi,t = μi + xi,t , μi :=
(

Im −∑p
s=1 α′

s

)−1
βi ,

where xi,t is given by

xi,t = ∑p
s=1 α′

s xi,t−s +ui,t . (3)

We impose the following assumptions.

Assumption A. (i) The vector ui,t is iid(0,�u) with �u > 0 and
E‖ui,t‖4(h+1)(1+ε) < ∞ for some ε > 0 and finite integer h ≥ 1; (ii) det(Im −
∑p

s=1 zsαs) �= 0 for |z| ≤ 1; (iii) p is a fixed constant independent of N and T
satisfying p ≥ 1 and at least one element of αp is nonzero; (iv) the probabilistic
process for xi,t begins in the infinite past; (v) βi ∈ Rm for all i = 1, . . . ,n and
as ∈ Rm×m for s = 1, . . . , p.

Recall that h denotes the forecast horizon. The moment bounds on the error given
in Assumption A(i) permit us to use a panel data version of the first moment
bound theorem of Findley and Wei (1993) to derive asymptotic expressions for
the squared prediction error (see, e.g., Ing, 2003; Schorfheide, 2005). Assump-
tion A ensures that xi,t is a well-defined covariance stationary process. Under
Assumption A(ii) we can express xi,t as an infinite order vector moving average
process (see, e.g., Lütkepohl, 2007),

xi,t = ∑∞
s=0 θ ′

sui,t−s, θs := J′
p,1As

pJp,1, (4)

where Ap is defined as

Ap
pm×pm

:= [α : Jp,p−1
]
, α

pm×m
:=
[
α′

1 : α′
2 : · · · : α′

p

]′
. (5)

Under Assumption A(ii) the sequence of matrices {θs}∞s=0 satisfies the conven-
tional absolute summability condition. That is, each element of θs is absolutely
summable; see eq. (10.2.7) in Hamilton (1994).
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We also place the following assumption on the errors.

Assumption B. The distribution of ui,t is uniformly Lipschitz; supν′ν=1 P[w1
< ν ′ui,t < w2] ≤ M(w2 − w1)

ψ1 for some scalars ψ1 > 0, ψ2 > 0, w1 and w2
satisfying 0 < w2 −w1 ≤ ψ2, and finite M .

The Lipschitz condition is discussed in more detail in Findley and Wei (2002). For
example, all bounded density functions satisfy the uniformly Lipschitz condition.
The assumption is used to bound the moments of the LS estimators to be defined
below, and it is commonly adopted in the time series literature for this purpose
(see, e.g., Ing, 2003; Schorfheide, 2005; Ing and Wei, 2005).

3. MULTISTEP PREDICTION

In this section we define the direct and recursive predictors and derive asymptotic
expressions for the MSPEs of both forecasts. Although our main contribution is
to derive MSPEs for the panel with fixed effects {yi,t }N ,T

i,t=1, as an intermediate
step we begin in Section 3.1 by briefly deriving results for the panel that lacks
heterogeneity {xi,t }N ,T

i,t=1. In Section 3.2 we then consider the panel with fixed
effects.

3.1. Panel Regressions without Heterogeneity

In this section we consider forecasting the panel {xi,t }N ,T
i,t=1 defined in (3)

above. The direct predictor is based on the minimization of the in-sample h-
step quadratic loss of the VAR(q) model, where q denotes the fitted lag order.
(In general, q will be different than p, the lag order of the DGP, and q will
be fixed when deriving asymptotic expressions.) The direct forecast of xi,T +h is
defined as

x̂D
i,T +h (q) := ∑q

s=1 α̂′
s (q,h) xi,T −s+1, (6)

for i = 1, . . . , N , where
{
α̂s (q,h)

}q
s=1 is the LS estimator of the h-step VAR(q),4

{
α̂s (q,h)

}q
s=1 := arg min

as∈Rm×m

N

∑
i=1

T −h

∑
t=q

∥∥∥∥∥xi,t+h −
q

∑
s=1

a′
s xi,t−s+1

∥∥∥∥∥
2

. (7)

Meanwhile, the recursive predictor is based on fitting the one-step model by LS
and recursively forecasting the system up to the hth horizon. That is,

x̂R
i,T +1 (q) := ∑q

s=1 α̂′
s (q,1) xi,T −s+1,

x̂R
i,T +2 (q) , := ∑q

s=2 α̂′
s (q,1) xi,T −s+2 + α̂′

1 (q,1) x̂R
i,T +1 (q) ,

...

x̂R
i,T +h (q) := ∑q

s=1 α̂′
s (q,1) x̂R

i,T +h−s (q) , (8)
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where x̂R
i,T +h−s (q) := xi,T +h−s for s ≥ h in (8), and

{
α̂s (q,1)

}q
s=1 are defined

by setting h = 1 in (7). Note that the superscript “D” in (6) is used to distinguish
the direct forecast from the recursive forecast in (8), where we use the superscript
“R”.

We evaluate the accuracy of the predictors using MSPE. However, we fol-
low Schorfheide (2005) and normalize the predictors by the population h-step
predictor conditional on the observed

{
xi,t
}N ,T

i,t=1. The population predictor is
α′

p,hxi,T (p), where xi,t (p) := (x ′
i,t , . . . , x ′

i,t−p+1)
′;

αq,h :=
(

J′
p,qRpJp,q

)−1
J′

p,qRpAh
pJp,1 for q ≤ p;

αq,h :=
[
α′

p,h : 0m×m : · · · : 0m×m

]′
for q > p; (9)

and Rp := ∑∞
j=0 A′ j

p Jp,1�uJ′
p,1A j

p. Note that so-defined Rp is the covariance
matrix of xi,t (p). We then define

L̂g (q,h) := E
(

N−1 ∑N
i=1

∥∥∥x̂g
i,T +h (q)−α′

p,hxi,T (p)
∥∥∥2

Wm

)
, g = D,R,

(10)

as our measure of out-of-sample model fit. Here g = R, D denotes the recur-
sive (R) and direct (D) predictors, respectively, and Wm denotes a weighting
matrix that reflects the interest of the practitioner. For example, if the fore-
cast of the first element of yi,T +h is of sole interest, Wm would have one in
the upper left element and zeros elsewhere. In general, Wm is chosen such that
there exists W 1/2

m , not necessarily square, such that Wm = W 1/2
m W 1/2′

m and hence
tr(Wm B) = tr(W 1/2′

m BW 1/2
m ) ≥ 0 if B is positive semidefinite.

3.1.1. Direct Predictor. Theorem 3.1 below derives asymptotic expressions
for L̂D(q,h). We first let Aq := [αq,1 : Jq,q−1], where αq,1 is defined by setting
h = 1 in (9), and

Fq,h := ∑h−1
j=0

(
Wmθ ′

j�uθj ⊗ Imq

)
+ ∑h−1

j=1 ∑ j
k=1

(
Wmθ ′

j�uθk−1 ⊗ Ak
q + Wmθ ′

k−1�uθj ⊗ A′k
q

)
. (11)

Recall that θj is the j th coefficient matrix in the moving average representation
for xi,t in (4), �u denotes the covariance matrix of the innovations ui,t , and further
note that Aq is the matrix of coefficients from the companion form representation
of a VAR(q) in xi,t . We then have the following result.

THEOREM 3.1. For L̂D (q,h) defined in (10) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p, and fD (q,h) := tr
(
Fq,h
)
,

lim
N ,T →∞ N T

(
L̂D (q,h)

)
= fD (q,h) ; (12)
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(ii) for integers q satisfying 1 ≤ q < p, and ξ (q,h) := (Jp,qαq,h −αp,h)′
Rp(Jp,qαq,h −αp,h),

lim
N ,T →∞ L̂D (q,h) = tr(Wmξ (q,h)) .

3.1.2. Recursive Predictor. For the recursive forecast defined in (8) we have
the following result.

THEOREM 3.2. For L̂R (q,h) defined in (10) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p and fR (q,h) := ∑h−1
j,k=0 tr(Wmθ ′

h− j−1�uθh−k−1 ⊗
RqA j

qR−1
q Ak′

q ),

lim
N ,T →∞ N T

(
L̂R (q,h)

)
= fR (q,h) ; (13)

(ii) for integers q satisfying 1 ≤ q < p,

lim
N ,T →∞ L̂R (q,h)

= tr(Wmξ (q,h))+ tr

(
Wm

(
αq,h −Ah

qJq,1

)′
Rq

(
αq,h −Ah

qJq,1

))
.

Theorems 3.1 and 3.2 are similar to results obtained by Ing (2003) and Bhansali
(1997) for time series autoregressive processes. Indeed, if we set m = 1 and
Wm = 1, the terms fD (q,h) and fR (q,h) simplify to terms already derived
by these researchers. As discussed in Bhansali (1997), the terms fD (q,h) and
fR (q,h) are a manifestation of the sampling variance of the fitted predictors.
To see this, for k = 1,h, let

Vq,k := ∑k−1
j=0

(
θ ′

j�uθj ⊗ Rq

)
+∑k−1

r=1 ∑k−r
j=1

(
θ ′

j−1�uθj+r−1 ⊗ RqAr
q + θ ′

j+r−1�uθj−1 ⊗ A′r
q Rq

)
, (14)

so that we have fD (q,h) = tr(Fq,h) = tr((Wm ⊗ Rq)(Im ⊗ R−1
q )Vq,h(Im ⊗ R−1

q )).
Now(

Im ⊗ R−1
q

)
Vq,k

(
Im ⊗ R−1

q

)
= lim

N ,T →∞ N T ·E
(

vec
(
α̂q,k −αq,k

)
vec
(
α̂q,k −αq,k

)′)
,

so that we can directly observe the role of LS estimator variance in the second-
order MSPE of the direct forecast. Similarly, for the recursive MSPE we have

fR (q,h) = ∑h
j=1 ∑h

r=1 tr
((

Wm ⊗ Rq
)(

θ ′
h− j ⊗ A j−1

q

)
×
[(

Im ⊗ R−1
q

)
Vq,1

(
Im ⊗ R−1

q

)](
θh−r ⊗ Ar−1′

q

)
.
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The variance of the LS estimator is manifest in the MSPE through the term in
square brackets.

For panel data we have two dimensions (N and T ) of the sample that can be
used to estimate the parameters. In contrast to the time series case, in (12) and (13)
we scale the (normalized) MSPE by N T in order to ensure that the asymptotic
MSPE is O (1).

Ing (2003) considers how the terms fD (q,h) and fR (q,h) vary with the lag
order q for the autoregressive case (i.e., for m = 1). Extending these results to the
VAR, we have the following.

PROPOSITION 3.1. For all q ≥ p, (i) fD (q +1,h) − fD (q,h) = m
∑h−1

j=0 tr(Wmθ ′
j�uθj ) > 0, and (ii) fR (q +1,h) ≥ fR (q,h) . The inequality in (ii)

is strict iff either (a) θh−1 �= 0m×m or (b) ∑h−1
k=1 (θh−k−1 ⊗ lk−1) �= 0m2q×m2 , where

the mq × m vector lk−1 = [θ ′
k−1 : · · · : θ ′

0 : 0m×m : · · · : 0m×m]′ for k > q and
lk−1 := [θ ′

k−1 : · · · : θ ′
k−q ]′ for k ≤ q.

For the scalar (m = 1) case, the conditions on the parameter space for the strict
inequality in (ii) are equivalent to those given in Theorem 3(i) of Ing (2003).
Condition (b) is satisfied when q ≥ h −1 because the (h −1)-th m2 ×m2 block of
(θ0 ⊗ lh−2) is (θ0 ⊗ θ0) = Im2 . As stated in Ing, condition (a) and/or (b) is satisfied
for h ≥ 5 when q ≥ p.

The second-order MSPEs for the direct and recursive predictors are increasing
in the lag order q for all q ≥ p. Ing (2003) interprets this result as support for the
“strict parsimony principle” of Findley and Wei (2002) in the multistep frame-
work. That is, specifying additional lags over and above p increases the MSPE of
the forecasts.

We can use the results given in Section 3.3 below to compare the MSPEs of the
direct and recursive forecasts for a given q. However, by inspection of Theorems
3.1(ii) and 3.2(ii), it is clear that the asymptotic MSPE of the direct forecast is no
greater than that of the recursive when q < p.

3.2. Panel Regressions with Fixed Effects

We now consider forecasting panels {yi,t }N ,T
i,t=1 generated according to the fixed

effects panel VAR(p) given in (2). The direct forecast of yi,T +h is defined as

ỹD
i,T +h (q) := β̃i (q,h)+∑q

s=1 α̃′
s (q,h) yi,T −s+1, (15)

where the coefficients are fitted by minimization of the in-sample h-step quadratic
loss. That is,(
{α̃s (q,h)}q

s=1 ,
{
β̃i (q,h)

}N
i=1

)

:= arg min
as∈Rm×m ,bi ∈Rm

N

∑
i=1

T −h

∑
t=q

∥∥∥∥∥yi,t+h −
q

∑
s=1

a′
s yi,t−s+1 −bi

∥∥∥∥∥
2

. (16)
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The fitted VAR coefficients {α̃s (q,h)}q
s=1 and {β̃i (q,h)}N

i=1 correspond to
equation-by-equation LS estimation of m separate h-step regressions. Thus the
{β̃i (q,h)}N

i=1 are m ×1 vectors of fitted fixed effects for each equation. As in (8),
the recursive predictor is based on fitting a one-step model by LS and recursively
forecasting the system up to the hth horizon. The recursive forecast ỹR

i,T +h (q) is
defined as

ỹR
i,T + j (q) := β̃i (q,1)+∑q

s=1 α̃′
s (q,1) ỹR

i,T + j−s (q) , j = 1, . . . ,h, (17)

where ỹR
i,T + j−s (q) := yi,T + j−s for s ≥ j , and {α̃s (q,1)}q

s=1 and {β̃i (q,1)}N
i=1 are

defined by setting h = 1 in (16).
Before proceeding, note that {yi,T +h}N

i=1 and the data used in estimation of the

regression model, namely {yi,t }N ,T
i,t=1, are produced by the same process. This is

conventionally referred to as “same-sample realization” (e.g., Ing and Wei, 2005),
and it contrasts against the “independent realization” assumption, whereby the
variable to be forecast is independent of the data used to estimate the regres-
sion model (see, among others, Shibata, 1980). While independent realization is
rather unrealistic, it is mathematically convenient, and in the time series context
it is largely innocuous in the sense that the second-order approximations of the
asymptotic MSPE are identical under either framework (Ing, 2003). However, it
is unknown if such an assumption would likewise be innocuous in the panel data
context. We therefore work within the same-sample realization framework.

As in the previous subsection, accuracy is assessed by the MSPE of the forecast
relative to the population h-step predictor based on p lags. Provided that T ≥ p,
the population predictor is μi +α′

p,hxi,T (p), and the normalized MSPE is

L̃g (q,h) := E
(

1

N ∑N
i=1

∥∥∥ỹg
i,T +h (q)−μi −α′

p,hxi,T (p)
∥∥∥2

Wm

)
, g = R, D,

(18)

where g = R, D denotes the recursive (R) and direct (D) predictors, respectively.
We also require an appropriate scaling factor that, when multiplied by the (nor-
malized) MSPE, ensures that the scaled MSPE is O (1) when q ≥ p. Therefore
we define δN T as a sequence of positive integers satisfying

δ2
N T

(
(N T )−1 + T −2

)
→ δ, where 0 < δ < ∞, (19)

as both N → ∞ and T → ∞. Sequences δN T satisfying (19) ensure that
δ2

N T (l1(N T )−1 + l2T −2) is finite and bounded above zero for any finite scalars
l1 > 0 and l2 > 0. We also define

κN := lim
N ,T →∞(N T )−1δ2

N T , κT := lim
N ,T →∞ T −2δ2

N T

so that δN T satisfying (19) implies that 0 < (l1κN + l2κT ) < ∞.
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3.2.1. Direct Predictor. Theorem 3.3 below derives the asymptotic expres-
sions for the MSPE of the direct multistep predictor with fixed effects given in
(15). First, it is instructive to define the mq ×m matrix

Bq := R−1
q

(
1q ⊗

(
Im −∑p

s=1 α′
s

)−1
)

�u, (20)

and the scalars

a (h) := tr
(
Wm
′

h�u
h
)
, (21)

b (q,h) := tr
(

Wm
′
hB′

qRqBq
h

)
, (22)

c (h) := tr
(

Wm ∑h−1
j=1

(

′

j�u
j + (
h −
j
)′

�u
(

h −
j

)))
, (23)

d (q,h) := tr
(

Wm ∑h−1
j=1

(

′

hB′
qA j−1′

q Jq,1�u
(

h −
j

)))
, (24)

where 
j := ∑ j−1
k=0 θk for j ≥ 1. (In the remarks following Theorem 3.3 below we

give an interpretation of these terms.) We then have the following result.

THEOREM 3.3. For L̃D (q,h) defined in (18) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p, and gD (q,h) := b (q,h) + 2d (q,h) + c (h) +
a (h)q,

lim
N ,T →∞δ2

N T

(
L̃D (q,h)− T −1a (h)

)
= κN fD (q,h)+κT gD (q,h) ; (25)

(ii) for integers q satisfying 1 ≤ q < p, limN ,T →∞ L̃D (q,h) = tr(Wmξ (q,h)) .

Under misspecification (i.e., q < p) we obtain the same result as that given in
Theorem 3.1 above. However, when q ≥ p the results differ.

First note that for q ≥ p we subtract T −1a (h) from LD (q,h) before scaling
by δ2

N T . The term T −1a (h) is independent of the lag order q, hence we must
consider the smaller order terms when analyzing the effect of lag specification on
MSPE. (Note that the terms on the right-hand side of (25) are functions of q and
thus are informative when considering how changes in q affect MSPE.) In addi-
tion, these smaller order terms are required to compare the direct and recursive
forecasts, because the direct and recursive MSPE share identical O(T −1) terms.
See Theorem 3.4 below.

Consider the terms on the right-hand side of (25). The term fD (q,h) also com-
prises the MSPE in the panel forecast without heterogeneity (see Theorem 3.1
above). As discussed in Section 3.1 above, this term is a manifestation of the vari-
ance of the LS fitting. In the following remarks we discuss the additional terms
gD (q,h) and a (h). In order to do so, it is instructive to re-express the forecast as

ỹD
i,T +h (q) = α̃′

q,hxi,T (q)+ μ̃i (q,h) , (26)
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where α̃q,h := [α̃′
1 (q,h) : · · · : α̃′

q (q,h)]′ and {μ̃i (q,h)}N
i=1 are obtained from5

(
{α̃s (q,h)}q

s=1 ,{μ̃i (q,h)}N
i=1

)

:= arg min
as∈Rm×m ,di ∈Rm

N

∑
i=1

T −h

∑
t=q

∥∥∥∥∥yi,t+h −
q

∑
s=1

a′
s xi,t−s+1 −di

∥∥∥∥∥
2

. (27)

Here (26) holds for any finite q ≥ 1. This re-expression of the forecast is also used
in Sims, Stock, and Watson (1990) and Ing (2003) in the time series context, and
it is easily generalized to the panel context.

Remark 1. The terms a (h) and c (h) that partially comprise gD (q,h) in (25)
result from the variance in the estimated fixed effects {μ̃i (q,h)}N

i=1. To see this,
when q ≥ p the prediction error can be expressed as

ỹD
i,T +h (q)−μi −α′

p,hxi,T (p) = (μ̃i (q,h)−μi )+(α̃q,h −αq,h
)′ xi,T (q) . (28)

Variance in {μ̃i (q,h)}N
i=1 affects the prediction error through the first term in (28).

For ei,t+h := ∑h
r=1 θh−r ui,t+r , this term can be decomposed further as

μ̃i (q,h)−μi = 1

T −h −q +1 ∑T −h
t=q ei,t+h

− 1

T −h −q +1 ∑T −h
t=q ∑q

s=1 (α̃s (q,h)−αs (q,h))′ xi,t−s+1.

(29)

We define {αs(q,h)}q
s=1 such that αq,h[α′

1(q,h):. . .:α′
q(q,h)]′. Consider

the first term. Because ei,t+h is i.i.d. mean-zero, 1
T −h−q+1E(ei,t+he′

i,t+h)

partially comprises the variance of {μ̃i (q,h)}N
i=1, and consequently

E‖ 1
T −h−q+1 ∑T −h

t=q ei,t+h‖2
Wm

will be manifest in the MSPE. Then under the
assumptions of the theorem it can be shown that for all i ,

E

∥∥∥∥ 1

T −h −q +1 ∑T −h
t=q ei,t+h

∥∥∥∥
2

Wm

= a (h)

T
+ c (h)+qa (h)

T 2 + O

(
1

T 3

)
.

The first-order effect is the O(T −1) term in the MSPE, namely T −1a (h). In-
tuitively, {μi (q,h)}N

i=1 are estimated using a single times series for each cross
section, so the estimators exhibit O(T −1) variance. The term T −1a (h) is sub-
tracted from the MSPE when constructing the second-order MSPE in (25), and
the smaller order term T −2 (c (h)+qa (h)) is manifest in the second-order MSPE
as κT (c (h)+qa (h)). Note that c (h) satisfies c (1) = 0, so the term c (h) is irrel-
evant for one-step forecasts.

Remark 2. It is well-established that LS estimators of dynamic panel data
models exhibit Op(T −1) bias (Nickell, 1981; Hahn and Kuersteiner, 2002, 2011;
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Phillips and Sul, 2007). Intuitively, the bias arises because the regressors are cor-
related with the past innovations and because the fixed effects are partialed out by
removing the average from each time series in the panel. To illustrate the bias, we
can use Lemma A.3(i)(a) in the Appendix to show that for q ≥ p,

lim
N ,T →∞ T · (E(α̃q,h −αq,h

))= −R−1
q

(
1q ⊗

(
Im −∑p

s=1 α′
s

)−1
)

�u
h

= −Bq
h, (30)

where Bq is defined in (20). Thus − 1
T Bq
h is the O(T −1) approximation of the

bias for the h-step LS estimator α̃q,h . The term simplifies to − 1
T Bq when h = 1,

and if in addition p = q = m = 1, the bias approximation is − 1
T (1+α1), which

is the canonical Nickell-bias for the fixed effects AR(1) model.

Remark 3. The terms b (q,h) and d (q,h) that partially comprise gD (q,h)
in (25) are manifestations of the Nickell-bias of the fitted model. Note that the
Nickell-bias in α̃q,h will affect both terms on the right-hand side of (28) since
{μ̃i (q,h)}N

i=1 are a function of the elements of α̃q,h . Thus, to analyze the effect
of the bias on the MSPE, it is instructive to substitute (29) into (28) so that the
forecast error can be expressed as

ỹD
i,T +h (q)−μi −α′

p,hxi,T (p) = ēi,h (q)+ (α̃q,h −αq,h
)′ (xi,T (q)− x̄i,h (q)

)
,

(31)

for x̄i,h (q) := 1
T −q−h+1 ∑T −h

t=q xi,t (q) and ēi,h (q) := 1
T −q−h+1 ∑T −h

t=q ei,t+h . The
Nickell-bias becomes manifest in the MSPE through the second term in the above
expression. Using the decomposition α̃q,h −αq,h = (α̃q,h −αq,h + 1

T Bq
h
)−

1
T Bq
h, we have

E

∥∥∥(α̃q,h −αq,h
)′ (xi,T (q)− x̄i,h (q)

)∥∥∥2

Wm

= E

∥∥∥∥ 1

T

′

hB′
q

(
xi,T (q)− x̄i,h (q)

)∥∥∥∥
2

Wm

+E
∥∥∥∥
(
α̃q,h −αq,h + 1

T
Bq
h

)′ (
xi,T (q)− x̄i,h (q)

)∥∥∥∥
2

Wm

+o
(
δ−2

N T

)
.

The first term on the right-hand side of the equation thereby captures the effect of
the Nickell-bias on the second-order MSPE. Recall that Rq denotes the covariance
matrix of the regressors xi,T (q) in the VAR(q), so that as N ,T → ∞,

δ2
N TE

∥∥∥∥ 1

T

′

hB′
q

(
xi,T (q)− x̄i,h (q)

)∥∥∥∥
2

Wm

→ κT tr(Wm
′
hB′

qRqBq
h) = κT b (q,h) ,
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showing how the bias affects the MSPE through the b (q,h) term. Incidentally,
we also have

δ2
N TE

∥∥∥∥
(
α̃q,h −αq,h + 1

T
Bq
h

)′ (
xi,T (q)− x̄i,h (q)

)∥∥∥∥
2

Wm

→ κN fD (q,h) .

See Lemma A.4 in the Appendix for a more detailed derivation of these results. In
addition, Lemma A.6 shows that the Nickell-bias also affects the MSPE through
the cross product of the two terms in (31), giving rise to the d (q,h) term in
gD (q,h). That is, it is likewise demonstrable that as N ,T → ∞,

δ2
N TE

(
tr
(

Wm
(
α̃q,h −αq,h

)′ (xi,T (q)− x̄i,h (q)
)

ēi,h (q)
))

→ κT d (q,h) .

Note that d (q,h) satisfies d (q,1) = 0, so the term is irrelevant for one-step
forecasts.

The O(T −2) terms in the MSPE associated with the bias and variance resul-
tant from including fixed effects in the regression will be present in the second-
order MSPE expressions when the scaling factor δ2

N T satisfies δ2
N T = O(T 2)

(i.e. when N is at least of the same order of magnitude as T ). In Section 3.4 below
we will consider other estimators that have asymptotic MSPE that lack the bias
terms.

The term gD(q,h) in the second-order MSPE satisfies

PROPOSITION 3.2. gD (q,h) > 0 for all h ≥ 1 and q ≥ 1.

While it is not the main focus of the present paper, we can consider the case
where the true DGP has no fixed effects (βi = 0m×1 for all i in (2)), but the practi-
tioner includes fixed effects in the fitted regression. Unless κT = 0, which occurs
for example if N/T → 0, Proposition 3.2 implies that including fixed effects in
the fitted regression model when they are lacking in the DGP unambiguously in-
creases the second-order direct MSPE when q ≥ p.

As in the previous subsection, we consider how the terms on the right-hand
side of (25) change with respect to the fitted lag order q. Proposition 3.1 above
has already shown that fD (q,h) is increasing in q ≥ p. The following remarks
consider how the remaining components change with the lag order q.

PROPOSITION 3.3. For all q ≥ p, it holds that (i)

b (q +1,h)−b (q,h) = tr
(
Wm
′

h�u
h
)

, (32)

such that b (q +1,h) > b (q,h); and (ii)

d (q +1,h)−d (q,h) = ∑h−1
j=1 tr

(
Wm
′

h�uθj − Wm
′
hB′

qA′ j−1
q Jq,1�uθj

)
,

such that d (q +1,h)≶ d (q,h).

Proposition 3.3(ii) means that d (q,h) is not monotonic in q across the permissible
parameter space. In fact, in some regions of the permissible parameter space,
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the decrease in 2d (q,h) resultant from an increase in q can be greater than the
increase in the other terms that comprise gD (q,h), so that overall gD (q,h) is
decreasing in q. The following example demonstrates this.

Example 3.1
Consider a panel AR(1) with fixed effects; yi,t = ρyi,t−1 + ui,t + βi , ui,t ∼
i id(0,σ 2

u ). Let the forecast horizon h = 2. Consider d (q,h) as the fitted lag or-
der increases from 1 to 2. We have d (2,2)− d (1,2) = −ρ2 (1+ρ)σ 2

u , which is
negative for all permissible ρ. Meanwhile, by (32) we have b (2,2)− b (2,1) =
σ 2

u (1+ρ)2 , and a (2) = (1+ρ)2 σ 2
u , so that

gD (2,2)− gD (2,1) = 2σ 2
u

(
(1+ρ)2 −ρ2 (1+ρ)

)
.

The above expression is negative for all ρ ∈ (−1, 1
2 − 1

2

√
5), and positive for all

ρ ∈ ( 1
2 − 1

2

√
5,1).

As the above example shows, the strict parsimony principle of Findley and Wei
(2002) does not hold across the entire permissible parameter space for direct mul-
tistep forecasts. Due to the bias in the fitted model, increasing the lag order may
in fact increase the out-of-sample accuracy. This contrasts against the findings
of Bhansali (1997) and Ing (2003), who show that in the time series case the
optimal lag order for the direct predictor is p, the true lag order. However this
result only holds for h ≥ 2. Note that d (q,1) = c (1) = 0, and thus we have the
following.

COROLLARY 3.1. Setting h = 1 in Theorem 3.3, we have

lim
N ,T →∞δ2

N T

(
L̃D (q,1)− T −1a (1)

)
= (κN +κT )a (1)q +κT b (q,1) .

Note that under Proposition 3.3(i), b (q +1,1) − b (q,1) > 0 for all q ≥ p, and
thus for the one-step forecast, we see that adding in lags q ≥ p unambiguously
increases the second-order MSPE.

3.2.2. Recursive Predictor. Theorem 3.4 below derives the asymptotic ex-
pressions for the MSPE of the recursive predictor (17) with fixed effects. How-
ever, it is instructive to first define the scalar

k (q,h) := tr
(

Wm ∑h
j=1 ∑h

k=1 θ ′
k−1B′

qA′h−k
q RqAh− j

q Bqθj−1

)
. (33)

We then have the following result.

THEOREM 3.4. For L̃R (q,h) defined in (18) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p, and gR (q,h) := qa (h)+ k (q,h),

lim
N ,T →∞δ2

N T

(
L̃R (q,h)− T −1a (h)

)
= κN fR (q,h)+κT gR (q,h) ; (34)
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(ii) for integers q satisfying 1 ≤ q < p,

lim
N ,T →∞ L̃R (q,h) = tr(Wmξ (q,h))

+ tr

(
Wm

(
αq,h −Ah

qJq,1

)′
Rq

(
αq,h −Ah

qJq,1

))
.

For q ≥ p we again subtract the term T −1a (h) from L̃R (q,h) before scaling by
δ2

N T . The term a (h) is independent of the lag order q, hence as above we consider
the smaller O((N T )−1) and O(T −2) terms of the MSPE. The following remarks
discuss these terms in more detail. However, it is first instructive to express the
recursive forecast as

ỹR
i,T +h(q) = J′

q,1Ãh′
q xi,T (q)+∑h−1

j=1 J′
q,1Ã j

qJq,1 (μ̃i (q,1)−μi )+ μ̃i (q,1) (35)

for q ≥ 1 and h ≥ 2, where Ãq := [α̃q,1 : Jq,q−1
]
. Note that α̃q,1 :=

[α̃′
1 (q,1) : · · · : α̃′

q (q,1)]′ and μ̃i (q,1) are defined by setting h = 1 in (27) above.

Remark 4. The term a (h) in (34) is a manifestation of the variance of the
estimated fixed effects {μ̃i (q,1)}N

i=1. Note that by using the expression for
μ̃i (q,1)−μi in (29), it is clear that 1

T −qE(ui,t+1u′
i,t+1) = �u partially comprises

the variance of {μ̃i (q,1)}N
i=1. To see how {μ̃i (q,1)}N

i=1 affects the prediction
error of the h-step forecast, we subtract μi +α′

p,hxi,T (p) from (35) to obtain

ỹR
i,T +h(q)−μi −α′

p,hxi,T (p) = J′
q,1

(
Ãh

q −Ah
q

)′
xi,T (q)

+ ∑h−1
j=0 J′

q,1Ã j ′
q Jq,1(μ̃i (q,1)−μi ) (36)

for q ≥ p. The variance of {μ̃i (q,1)}N
i=1 affects the prediction error through the

second term. Now under the assumptions of the theorem E‖J′
q,1Ã j

qJq,1 − θj‖ is

sufficiently small for each j = 1, . . . ,h − 1, so that we can replace J′
q,1Ã j

qJq,1
with θj and obtain

E

∥∥∥∥
′
h

1

T −q ∑T −1
t=q ui,t+1

∥∥∥∥
2

Wm

= a (h)

T
+ qa (h)

T 2 + O

(
1

T 3

)
.

The first-order effect on the MSPE is T −1a (h). Because the term T −1a (h) is
subtracted from the MSPE when constructing the second-order MSPE in (34), the
term T −2qa (h) is manifest in the second-order MSPE as κT qa (h).

Remark 5. Nickell-bias in the fitted VAR(q) is manifest in the second-order
asymptotic MSPE through the term k (q,h). As stated above under the remarks to
Theorem 3.3, − 1

T Bq is an approximation of the bias for h = 1 up to and including
O(T −1) terms when q ≥ p. The bias will affect the point estimates α̃q,1 as well
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as {μi (q,1)}N
i=1. Thus, to demonstrate how the Nickell-bias affects the MSPE,

after some manipulation we can re-express the prediction error (36) as

ỹR
i,T +h (q)−μi −α′

p,hxi,t (p)

= 
′
hēi,1 (q)+

[(
Im⊗xi,T (q)

)′ Lq,h−(
h⊗x̄i,1 (q)
)′

−(Im⊗Jq,1ēi,1 (q)
)′Mq,h

]
vec
(
α̃q,1 −αq,1

)+υN T , (37)

where Lq,h := ∑h−1
j=0 (θ ′

j ⊗ Ah− j−1
q ), Mq,h := ∑h−1

j=1 Lq, j , ēi,1 (q) := 1
T −q ∑T −1

t=q
ui,t+1, and υN T is a smaller order term that can be ignored when deriving the
MSPE. We refer the reader to Section A.3 in the Appendix for a more detailed
derivation of (37). The Nickell-bias thereby affects the prediction error through
the second term on the right-hand side of (37). Lemma A.7 in the Appendix shows
that this term satisfies

E

∥∥∥[(Im ⊗ xi,T (q)
)′ Lq,h−(
h ⊗ x̄i,1 (q)

)′ −(Im ⊗ Jq,1ēi,1 (q)
)′ Mq,h

]
× vec

(
α̃q,1 −αq,1

)∥∥∥2

Wm
= E∥∥(Im ⊗ x′

i,T (q)
)

Lq,hvec
(
α̃q,1 −αq,1

)∥∥2
Wm

+ o
(
δ−2

N T

)
.

Using
(
α̃q,1 −αq,1

)=
(
α̃q,1 −αq,1 + 1

T Bq

)
− 1

T Bq , we have

E
∥∥(Im ⊗ x′

i,T (q)
)

Lq,hvec
(
α̃q,1 −αq,1

)∥∥2
Wm

= E
∥∥∥∥ 1

T

(
Im ⊗ x′

i,T (q)
)

Lq,hvec
(
Bq
)∥∥∥∥

2

Wm

+E
∥∥∥∥(Im ⊗ x′

i,T (q)
)

Lq,hvec

(
α̃q,1 −αq,1 + 1

T
Bq

)∥∥∥∥
2

Wm

+o
(
δ−2

N T

)
.

The first term captures the effect of Nickell-bias on the second-order MSPE. As
N ,T → ∞,

δ2
N TE

∥∥∥∥ 1

T

(
Im ⊗ x′

i,T (q)
)

Lq,hvec
(
Bq
)∥∥∥∥

2

Wm

→ κT k (q,h) ,

showing how the bias affects the MSPE. Meanwhile, the second term satisfies

E

∥∥∥∥(Im ⊗ x′
i,T (q)

)
Lq,hvec

(
α̃q,1 −αq,1 + 1

T
Bq

)∥∥∥∥
2

Wm

→ κN fR (q,h) .

See Lemma A.7 in the Appendix for a more detailed derivation of this result.
In addition, Lemma A.9 shows that the cross products of the terms in (37) scaled
by δ2

N T are zero in the limit.
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Remark 6. When h = 1 the direct and recursive forecasts are equivalent.
Accordingly, the definitions of b (q,h) and k (q,h) satisfy b (q,1) = k (q,1) and
thus gR (q,1) = gD (q,1).

We now consider how gR (q,h) behaves as q is altered.

PROPOSITION 3.4. For all q ≥ p it holds that k(q + 1,h) − k(q,h) +
a(h) > 0.

Because gR (q,h) = qa (h)+ k (q,h), Proposition 3.4 means that gR (q +1,h)−
gR (q,h) > 0 for all q ≥ p. Thus, adding in additional lags in addition to p
increases the second-order MSPE of the recursive forecast. In contrast to the direct
forecast, the recursive forecast therefore obeys the strict parsimony principle of
Findley and Wei (2002).

3.3. Comparing Predictors

Much extant research has compared the MSPE of the direct and recursive multi-
step forecasts. For example, Ing (2003) and Bhansali (1997) show that for a given
q ≥ p, the recursive forecast has an asymptotic MSPE less than that of the direct
predictor once the difference in MSPE is scaled by T , where T denotes the time
series dimension of the sample used in estimation. Meanwhile, it has long been
known that when q < p the direct predictor has a smaller MSPE than the recursive
in the limit (see, e.g., Findley, 1983).

For the multistep panel data forecasts considered herein, we have the following.
From (25) and (34) we can decompose the difference in the scaled MSPEs into
two terms.

COROLLARY 3.2. Under Assumptions A and B, for L̃D (q,h) and L̃R (q,h)
defined in (18) and finite q ≥ p and h ≥ 1,

lim
N ,T →∞δ2

N T

(
L̃D (q,h)− L̃R (q,h)

)
= κN ( fD (q,h)− fR (q,h))

+κT (gD (q,h)− gR (q,h)) . (38)

Bhansali (1997) compares fD (q,h) and fR (q,h) for autoregressive processes
(i.e., m = 1 and Wm = 1). We extend this result to the VAR case in part (i) of the
following proposition, while part (ii) compares gD (q,h) and gR (q,h).

PROPOSITION 3.5. Let h ≥ 2. Then (i) the terms fD (q,h) and fR(q,h)
satisfy

fD (q,h)− fR (q,h)

= ∑h−1
l=1 ∑h−l−1

k, j=0 tr
(

Wmθ ′
h−k−l−1�uθh− j−l−1 ⊗ A′k

q Jq,1�uJ′
q,1A j

qR−1
q

)
> 0;

and (ii) the terms gD (q,h) and gR (q,h) satisfy gD (q,h)− gR (q,h) > 0.
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Under Proposition 3.5 the terms on the right-hand side of (38) are strictly positive
across the entire permissible parameter space, since at least one of κN or κT is
bounded above zero for δN T defined in (19). Thus, Corollary 3.2 together with
Proposition 3.5 implies that when q ≥ p, the direct forecast has a larger second-
order asymptotic MSPE than the recursive predictor when there are fixed effects in
the forecasting regression, regardless of the relative size of N and T . Although the
same ordering of the MSPEs holds in the time series context, the ordering holds
in the panel context for a different reason. Namely, both the bias and the variance
terms in the MSPE of the direct predictor exceed the bias and the variance terms
of the recursive predictor.

Following Ing (2003), we also consider whether the terms on the right-hand
side of (38) are monotonic in h. Ing shows that ( fD (q,h)− fR (q,h)) is increas-
ing in h for the m = 1 case, meaning that the advantage of the recursive pre-
dictor over the direct predictor is increasing with the forecast horizon h for all
q ≥ p. The result is easily generalized to the VAR(p) case using the expression
for ( fD (q,h)− fR(q,h)) given in Proposition 3.5(i). That is,

( fD (q,h +1)− fD (q,h))− ( fR (q,h +1)− fR (q,h))

= ∑h−1
j=0 ∑h−1

k=0 tr
(

Wmθ ′
h− j−1�uθh−k−1 ⊗ A′ j

q Jq,1�uJ′
q,1Ak

qR−1
q

)
≥ 0.

However, there is no corresponding ordering of gD (q,h)− gR (q,h) in h across
the permissible parameter space. Thus, although the recursive MSPE is smaller
than the direct MSPE when q ≥ p, the difference in the MSPEs is not monotonic
in h unless we impose further restrictions (e.g., if κT = 0, then as in Ing the
difference in the MSPEs is monotonic in h).

When q < p, both MSPEs are O (1) in the limit, so we need not scale the
MSPEs. The following corollary compares the MSPEs for q < p.

COROLLARY 3.3. Under Assumptions A and B, for L̃D (q,h) and L̃R (q,h)
defined in (18) and for integers q satisfying 1 ≤ q < p and finite h ≥ 1,

lim
N ,T →∞(L̃R (q,h)− L̃D (q,h))

= tr

(
W 1/2′

m

(
αq,h −Ah

qJq,1
)′Rq
(
αq,h −Ah

qJq,1
)
W 1/2

m

)
≥ 0.

The direct predictor has an MSPE no greater than that of the recursive predic-
tor in the limit. The parameter αq,h , defined in (9) above, attains the minimum
out-of-sample squared prediction error among linear predictors with q lags. It is
straightforward to show that ‖α̃q,h −αq,h‖ = op (1), whereas the recursive pre-
dictor vector satisfies ‖Ãh

qJq,1 −αq,h‖ = Op (1).

3.4. Extension to Bias-Corrected Predictors

The use of analytic expressions for the LS bias such as (30) to eliminate or
attenuate the bias has been the focus of much of the recent panel literature
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(see, e.g., Kiviet, 1995; Hahn and Kuersteiner, 2002, 2011; and Phillips and
Sul, 2007). From the prediction perspective, these “bias-corrected” fittings of-
fer potential reductions in the asymptotic MSPE of both forecasts, since, as
discussed above, the bias of the fitted model is manifest in the asymptotic
MSPEs.

In this subsection we consider whether asymptotic MSPE expressions can
be derived for bias-corrected LS predictors within the framework of the model
outlined in Section 2. Derivation of MSPE expressions requires that certain
higher-order moments of the fitted model parameters are bounded. (For exam-
ple, the one-step LS estimator, used for the recursive forecast, must have bounded
2(h +1)-th moments, whereas the h-step LS estimator, used for the direct fore-
cast, must have bounded 4th moments.) We can show that bias-corrected LS fit-
tings likewise satisfy necessary moment bounds for a subset of models nested by
the VAR in (2)—namely, autoregressive (AR) models—without strengthening the
assumptions of the data generating process. This is because the O(T −1) approxi-
mation of the LS bias in the AR model can be simplified to a linear function of the
parameter vectorα. For example, in the AR(1) case the O(T −1) bias approxima-
tion is − 1

T −1 (1 +α1), which is linear in α1 (Nickell, 1981). An associated bias-

corrected LS estimator in this case is α̃1 (1,1)+ 1+α̃1(1,1)
T −1 (Hahn and Kuersteiner,

2002). In general we consider a bias-corrected LS estimator of the AR(q) model
of the form α̈q,1 := α̃q,1 + 1

T −q (1q + �̃q), where �̃q := (ψ̃1, . . . , ψ̃q)′ with

ψ̃1 := α̃q (q,1) and ψ̃j := ψ̃j−1 + α̃q− j+1 (q,1)− α̃j−1 (q,1) for j ≥ 2. Because
�̃q is a linear transformation of α̃q,1, we can bound moments of the bias correc-
tion 1

T −q (1q + �̃q) using bounds already established for the fitted LS estimator
vector α̃q,1.

For the direct forecast we require an analogous bias correction for the
h-step LS estimator. To the best knowledge of the author, a bias-corrected
multistep LS estimator has not yet been proposed in the extant literature. By
inspection of (30), the h-step LS bias is postmultiplied by 
h = ∑h−1

j=0 θj , so a
bias-corrected h-step LS estimator requires an estimate of 
h . We consider a
bias-corrected estimator of the form α̈q,h := α̃q,h + 1

T −q−h+1 (1q + �̃q)∑h−1
j=0 θ̃j ,

where θ̃j = ∑ j−1
s=0 θ̃s α̃j−s,1 (q,1) and θ̃0 = 1. Thus the bias correction for the pro-

posed h-step LS estimator is based solely on the estimated parameters from the
one-step model, α̃q,1 = [α̃′

1 (q,1) : · · · : α̃′
q (q,1)]′.6

For both the direct and recursive predictors, the bias-corrected fixed effects are
β̈i (q,k) := β̃i (q,k) + 1

T −k−q+1 ∑h−1
j=0 θ̃j (1q + �̃q)′ ∑T −k

t=q yi,t for k = 1,h. The

bias-corrected direct predictor, denoted ÿD
i,T +h (q), is defined as above in (15)

with β̈i (q,h) and α̈q,h replacing β̃i (q,h) and α̃q,h , respectively, while the bias-
corrected recursive predictor, denoted ÿR

i,T +h (q), is defined as above in (17) with

β̈i (q,1) and α̈q,1 replacing β̃i (q,1) and α̃q,1, respectively. Then, noting that
m = 1 in this case, for the MSPE defined as
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L̈g (q,h) := E
(

1

N ∑N
i=1

(
ÿg

i,T +h (q)−μi −α′
p,hxi,T (p)

)2
)

, g = R, D, (39)

we have the following.

THEOREM 3.5. For L̈D (q,h) defined in (39) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p, limN ,T →∞ δ2
N T L̈D (q,h) = κN fD (q,h) +

κT (qa (h)+ c (h)) ;
(ii) for integers q satisfying 1 ≤ q < p, limN ,T →∞ L̈D (q,h) = ξ (q,h).

THEOREM 3.6. For L̈R (q,h) defined in (39) and finite h ≥ 1, under Assump-
tions A and B we have

(i) for finite integers q ≥ p, limN ,T →∞ δ2
N T L̈R (q,h) = κN fR (q,h) +

κT qa (h) ;
(ii) for integers q satisfying 1 ≤ q < p,

lim
N ,T →∞ L̈R (q,h) = ξ (q,h)+

(
αq,h −Ah

qJq,1

)′
Rq

(
αq,h −Ah

qJq,1

)
.

Remark 7. Because k (q,h) > 0, we see that for q ≥ p the second-order
asymptotic MSPE of the bias-corrected recursive LS predictor is less than that
of the conventional LS predictor for asymptotic sequences under which κT is
nonzero. However, comparing Theorems 3.3(i) and 3.5(i), there is no correspond-
ing ordinal ranking of the direct least squares and bias-corrected least squares
MSPE for a given h ≥ 2 and q ≥ p, meaning that the bias correction does not
necessarily reduce the MSPE of the direct least squares predictor. This is because
b (q,h)+ 2d (q,h) can be negative in some regions of the parameter space when
h ≥ 2. For example, in the AR(1) Example 3.1 above, b (q,h)+2d (q,h) is neg-
ative for all ρ ∈ (−1,1 −√

2). (This is not that surprising, since the bias in the
fitted AR(1) model approaches zero as ρ → 1.)However, since the bias correction
clearly improves forecast accuracy for ρ > 0 in this example, the bias correction is
nonetheless advisable for the many empirical settings in which serial correlation
is positive.

Remark 8. Since fR (q,h) > fD (q,h) and c (h) > 0, the bias-corrected recur-
sive MSPE is smaller than the bias-corrected direct MSPE in all regions of the
parameter space when q ≥ p . For q < p, the bias-corrected direct predictor has
an MSPE no greater than that of the recursive predictor in the limit.

Remark 9. In contrast to the conventional direct LS predictor, the bias-
corrected LS direct predictor obeys a parsimony principle in all regions of the
parameter space, since qa (h) is weakly increasing in q (recall a (h) ≥ 0), and
since fD (q,h) is increasing in q (see Proposition 3.1 above.) The bias-corrected
recursive predictor likewise obeys a parsimony principle.
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4. MONTE CARLO STUDY

We conduct a small Monte Carlo study in order to verify the expressions derived
for the asymptotic MSPEs under Theorems 3.3 through 3.6 as well as the ordinal
rankings of the MSPEs implied by Propositions 3.3, 3.4, and 3.5. As demonstrated
in Theorems 3.3 and 3.4, when q ≥ p the second-order LS MSPEs are comprised
of two terms, namely κN fg (q,h) and κT gg (q,h) for g = D,R. We consider two
different sequences of N and T in order to isolate each term in the simulated
MSPEs. Under the first sequence T/N → 0, so that the gg (q,h) term comprises
the MSPE in the limit, while under the second sequence N/T → 0, so that the
fg (q,h) term comprises the MSPE. Our DGP is nested by an AR(2) with stan-
dard normal errors; yi,t = βi + ρ1 yi,t−1 + ρ2 yi,t−2 + ui,t , ui,t ∼ i id N (0,1) and
βi ∼ i id N (0,1). We consider fitted lag orders q = 1,2,3,4.

Simulations with T/N→ 0. Here we set N = T 2, so that κN = 0, and consider
T = 25,50,100,200. All simulations are replicated 4,000 times. In order to ver-
ify Proposition 3.3, we set ρ1 = −0.8, ρ2 = 0, and h = 2, since, as illustrated
in Example 3.1 above, with these parameters the MSPE of the direct forecast
can be increasing in the fitted lag order q. (Note that in this case the DGP is
an AR(1).) Table 1 exhibits the simulated scaled MSPEs of the predictors, as
well as the asymptotic second-order MSPEs in bold. (We set the scaling factor
δ2

N T = T 2 so that the asymptotic MSPEs for the recursive and direct LS predic-
tors are gR (q,h) and gD (q,h), respectively). Under this asymptotic sequence,
the bias of the LS estimator is manifest in the MSPEs of the LS predictors. For
comparison we therefore also report the MSPE of the bias-corrected least squares

TABLE 1. h-step MSPEs in a large N panel (N = T 2 and h = 2)

Recursive forecast (least squares) Direct forecast (least squares)

lags (q) T = 25 T = 50 T = 100 T = 200 ∞ T = 25 T = 50 T = 100 T = 200 ∞
1 0.45 0.39 0.36 0.34 0.32 2.05 1.82 1.72 1.67 1.62
2 1.05 0.87 0.80 0.75 0.72 2.11 1.74 1.59 1.52 1.44
3 1.27 1.02 0.91 0.85 0.80 2.43 1.91 1.71 1.62 1.52
4 1.53 1.17 1.02 0.95 0.88 2.76 2.09 1.84 1.72 1.60

Recursive forecast (bias-corrected) Direct forecast (bias-corrected)

1 0.15 0.09 0.07 0.06 0.04 2.11 1.88 1.78 1.73 1.68
2 0.25 0.16 0.12 0.10 0.08 2.41 2.03 1.87 1.80 1.72
3 0.38 0.24 0.18 0.15 0.12 2.73 2.18 1.97 1.86 1.76
4 0.52 0.32 0.24 0.20 0.16 3.09 2.35 2.06 1.93 1.80

Notes: The DGP is an AR(2) with (ρ1,ρ2) = (−0.8,0). Table entries in standard font are the average of the sim-
ulated second-order MSPEs of the forecast ŷi,T +h (q), namely T 2× [ 1

N ∑N
i=1(ŷi,T +h (q) − yi,T +h − ∑h

j=1 θh− j

ui,T + j )
2 − 1

T a (h)
]
, and table entries in bold are the asymptotic second-order MSPEs of the forecast.
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TABLE 2. h-step MSPEs in a large N panel (N = T 2 and h = 3)

a. Fitted AR(q) with p ≥ q

Recursive forecast (least squares) Direct forecast (least squares)

q (lags) T = 25 T = 50 T = 100 T = 200 ∞ T = 25 T = 50 T = 100 T = 200 ∞
2 4.99 5.03 5.07 5.01 4.94 13.69 12.97 12.62 12.35 12.10
3 9.56 9.27 9.16 9.00 8.87 20.24 18.57 17.72 17.25 16.75
4 13.74 13.11 12.78 12.54 12.29 26.90 23.92 22.47 21.71 20.91

q (lags) Recursive forecast (bias-corrected) Direct forecast (bias-corrected)

2 4.52 4.43 4.40 4.31 4.21 9.11 8.40 8.10 7.87 7.66
3 7.14 6.77 6.62 6.47 6.31 12.20 10.96 10.42 10.07 9.76
4 9.94 9.23 8.89 8.65 8.41 15.61 13.62 12.79 12.31 11.87

b. Fitted AR(q) with p < q

Recursive forecast (least squares) Direct forecast (least squares)

q (lags) T = 25 T = 50 T = 100 T = 200 ∞ T = 25 T = 50 T = 100 T = 200 ∞
1 0.16 0.11 0.09 0.08 0.07 0.10 0.05 0.02 0.01 0.00

Recursive forecast (bias-corrected) Direct forecast (bias-corrected)

1 0.18 0.12 0.09 0.08 0.07 0.09 0.04 0.02 0.01 0.00

Notes: The DGP is an AR(2) with(ρ1,ρ2) = (0.5,−0.3). For part (a), table entries in standard font are the av-
erage simulated second-order MSPEs of the forecast ŷi,T +h (q), namely T 2 [ 1

N ∑N
i=1(ŷi,T +h (q) − yi,T +h −

∑h
j=1 θh− j ui,T + j )

2 − 1
T a (h)

]
, and table entries in bold are the asymptotic second-order MSPEs of the forecast.

For part (b), table entries in standard font are the average simulated MSPEs of the forecast ŷi,T +h (q), namely 1
N

∑N
i=1(ŷi,T +h (q)− yi,T +h −∑h

j=1 θh− j ui,T + j )
2, and table entries in bold are the asymptotic MSPEs of the forecast.

predictors introduced in Section 3.4. (The asymptotic MSPEs for the recursive
and direct bias-corrected least-squares predictors are qa (h) and qa (h) + c (h),
respectively.)

The MSPE of the recursive forecast increases with q, in accordance with Propo-
sition 3.4. For the direct predictor, as q increases from 1 to 2 the MSPE decreases,
provided T ≥ 50; as stated above, the direct predictor does not obey a parsi-
mony principle in the sense of Findley and Wei (2002). In all simulations the
direct MSPE exceeds the recursive MSPE, in accordance with Proposition 3.5(ii).
Note that for a given q and T , the bias-corrected recursive predictors exhibit a
smaller MSPE than the conventional LS recursive predictors. In contrast, both
the simulated and the asymptotic MSPEs of the bias-corrected direct predictor
are greater than the conventional LS direct predictor. As discussed in Section 3.4
above, the bias correction does not necessarily cause a reduction in the asymptotic
MSPE of the direct predictor across the entire parameter space. Last, the abso-
lute difference between the average simulated MSPEs and the asymptotic MSPEs
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is monotonically decreasing in T , in accordance with the theorems presented
above.

Next we consider whether the expressions for the asymptotic MSPE hold
for longer forecast horizons. We consider an AR(2) DGP that exhibits positive
serial dependence. Because the DGP follows an AR(2), we can compare the
performance of the direct and iterative forecasts under misspecification by fit-
ting an AR(1) model. Table 2(a) presents results from simulations with ρ1 =
0.5, ρ2 = −0.3, h = 3, for q = 2,3,4. (The fitted lag orders are therefore
equal to or greater than the true lag order. The case of q = 1 is addressed
in Table 2(b).) Again the direct MSPE exceeds the recursive MSPE, in accor-
dance with Proposition 3.5(ii). However, note that under this DGP both the
direct and the recursive least squares MSPEs are increasing in q. In contrast
to the AR(1) DGP considered in Table 1, here we see that the bias correc-
tion reduces the MSPE of both the recursive and the direct LS predictors, both
asymptotically and in the finite sample. As in Table 1, the absolute difference
between the average simulated MSPEs and the asymptotic MSPEs is mono-
tonically decreasing as T increases. Comparing the asymptotic MSPEs for this
DGP to those given in Table 1, we can see that the longer forecast horizon
and the positive serial dependence in the DGP have the effect of increasing the
MSPEs.

Table 2(b) presents the MSPEs for the same DGP as given in panel (a), except
the fitted lag order q = 1 so that the fitted model is misspecified. Note that the
direct LS MSPE is less than that of the recursive for all T , in accordance with
Corollary 3.3. (Similarly, the bias-corrected direct MSPE is less than that of the
bias-corrected recursive MSPE.)

Simulations with N/T→ 0. Here we set T = N 2 and consider N = 5,10,20,40.
We set ρ1 = 0.5, ρ2 = −0.3 (so that the fitted model is misspecified when
q = 1), and h = 2. All simulations are replicated 40,000 times. (Compared to
the T/N → 0 simulations above, additional replications were necessary in order
for the empirical averages to converge.) Because T is larger than N , the effect
of estimator bias is negligible in these simulations, and hence the bias-corrected
MSPEs are similar to conventional LS MSPEs. We therefore omit reporting the
bias-corrected MSPEs in the interest of brevity.

Table 3(a) exhibits the scaled MSPEs for fitted lag orders q = 2,3,4, with
the asymptotic MSPEs given in bold. We set the scaling factor δ2

N T = N T so
that the asymptotic MSPEs for the recursive and direct LS predictors are exactly
fR (q,h) and fD (q,h), respectively. Evidently the second-order MSPE of the
direct predictor is greater than that of the recursive predictor, in accordance with
Proposition 3.5(i). Both the direct and recursive MSPEs are increasing in q, in
accordance with Proposition 3.1.

Table 3(b) displays the MSPEs of each predictor when q = 1, so all fitted mod-
els are misspecified. Evidently the direct MSPE is less than the recursive MSPE,
in accordance with Corollary 3.3.
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TABLE 3. h-step MSPEs in a large T panel (T = N 2 and h = 2)

Recursive forecast (least squares) Direct forecast (least squares)

q (lags) N = 5 N = 10 N = 20 N = 40 ∞ N = 5 N = 10 N = 20 N = 40 ∞
a. Fitted AR(q) with p ≥ q

2 4.04 2.82 2.42 2.22 2.09 6.15 4.15 3.52 3.23 3.00
3 6.46 4.42 3.77 3.48 3.25 9.50 6.09 5.01 4.61 4.25
4 9.77 6.34 5.25 4.86 4.50 13.28 7.98 6.54 6.00 5.50

b. Fitted AR(1) with p < q
1 0.21 0.13 0.12 0.11 0.11 0.15 0.05 0.03 0.03 0.02

Notes: The DGP is an AR(2) with(ρ1,ρ2) = (0.5,−0.3). For part (a), table entries in standard font are the av-
erage simulated second-order MSPEs of the forecast ŷi,T +h (q), namely N T

[ 1
N ∑N

i=1(ŷi,T +h (q) − yi,T +h −
∑h

j=1 θh− j ui,T + j )
2 − 1

T a (h)
]
, and table entries in bold are the asymptotic second-order MSPEs of the forecast.

For part (b), table entries in standard font are the average simulated MSPEs of the forecast ŷi,T +h (q), namely 1
N

∑N
i=1(ŷi,T +h (q)− yi,T +h −∑h

j=1 θh− j ui,T + j )
2, and table entries in bold are the asymptotic MSPEs of the forecast.

5. CONCLUDING REMARKS

Panel forecasting is increasingly common in applied econometrics. However, ex-
pressions for the out-of-sample fit of many important panel models have not yet
been derived. In this paper we begin to address this gap by deriving asymp-
totic expressions for the multistep MSPE of a fixed effects panel VAR. We con-
sider both the multistep LS fitting, yielding the so-called direct forecast, and the
one-step LS fitting, yielding the recursive forecast. We use these expressions to
study how the out-of-sample fit of the models varies with the fitted lag order
q, as well as to compare the relative performance of the direct and recursive
forecasts.

Several findings prove interesting. First, for fitted lag orders q ≥ p, the bias of
the LS estimator transmutes into the MSPE unless T is sufficiently large relative
to N (e.g. if N/T → 0). This is in contrast to the time series context, in which only
the variance of the LS estimator is manifest in the MSPE. Our findings imply that
selecting the best lag order for either predictor can be difficult when N is moderate
or large relative to T . In particular, selection criteria should penalize bias (see Lee,
2012, for more discussion). Second, for h ≥ 2 the direct predictor does not adhere
to a parsimony principle (e.g., Findley and Wei, 2002); specifying additional lags
beyond the true lag order can reduce the MSPE of the direct predictor in some
regions of the parameter space. This contrasts with the time series case, in which
the MSPE-minimizing lag order is the true lag order for the direct predictor (Ing,
2003). For the recursive predictor, the MSPE-minimizing lag order is the true lag
order. Last, for a given q there is an ordering of the direct and recursive MSPE
across the permissible parameter space. When q ≥ p, the recursive forecast has
a smaller MSPE than the direct forecast, whereas when q < p, the direct forecast
has an MSPE no larger than that of the recursive forecast.
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Several extensions to this research appear promising. First, the DGP had a fixed
lag order in the asymptotic analysis, meaning that for h = 1 there is no trade-off
between the effects of specification error (decreasing in q) and the bias and vari-
ance of the fitted model (both increasing in q) on the MSPE. (For example, the
optimal lag order is p when h = 1.) In order to study such a trade-off, we could
consider an infinite order DGP and have the maximum permitted lag order of
the fitted model increase with the sample size at a certain rate (Shibata, 1980).
Based on this analysis, model selection criteria can be designed to minimize the
expected MSPE of the model. Second, we assume that the regression errors are
cross section independent. Although cross section independence is a common as-
sumption elsewhere in panel research on forecasting (e.g., Taub, 1979; Baltagi
and Li, 1992), it is often too strong for many panel data sets used in practice. In
the absence of an a priori ordering of the cross sections, such as that offered by
a spatial autoregressive model, extending our results to consider crosssectionally
correlated panels could be achieved by including a parametric structure of depen-
dence in the regression equation. For example, Pesaran (2006), Bai (2009), and
Greenaway-McGrevy, Han, and Sul (2012) incorporate a latent factor model into
a linear panel regression model. We leave these interesting extensions for future
research.

NOTES

1. Ing (2003) also gives detailed results for the time series autoregression when the true lag order
is infinite but the fitted model has finite lag order q. In this case the direct MSPE is asymptotically no
greater than the recursive MSPE.

2. Our use of “bias” here is different than how the term is often used elsewhere in the forecast-
ing literature, where “bias” refers to the inconsistency resultant from misspecification of the fitted
model (e.g., Schorfheide, 2005). It has long been established that LS estimators of panel data models
with fixed effects and weakly exogenous regressors exhibit O(T −1) bias (Nickell, 1981; Hahn and
Kuersteiner, 2002, 2011; Phillips and Sul, 2007).

3. This is not to say that LS estimators of time series autoregressive models are not biased. Rather,
the effect of the bias on the MSPE is of smaller order than the effect of the variance.

4. Recall that ‖·‖ denotes the spectral norm, and that for vectors b the spectral norm ‖b‖ is equiva-

lent to
(
tr
(
bb′))1/2. Thus (7) denotes equation-by-equation LS estimation of the VAR(q). We express

the LS estimator as (7) in the interests of brevity.
5. Note that under Assumption A, {α̃s (q,h)}q

s=1 defined in (16) is identical to that defined in (27).
6. Note that the h-step bias correction is not linear in α̃q,1 for h ≥ 2. However, because the

h-step bias correction is a polynomial in Ãq of finite order h, we can use moment bounds on pow-

ers of Ãq already established for the proof of Theorem 3.4 to bound moments of the h-step bias
correction.
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APPENDIX

The proofs of Propositions 3.1 through 3.5 are provided online in the supplementary ma-
terial to this article, available at Cambridge Journals Online (journals.cambridge.org/ect).
The proofs for Theorems 3.1 and 3.2 are simpler than those for Theorems 3.3 and 3.4, and
are omitted in the interest of brevity. The proofs for Theorems 3.1 and 3.2 can be obtained
easily using the lemmas and arguments presented herein.

Throughout the Appendix, M denotes a generic positive constant; 〈A〉k := (E‖A‖k)1/k

for an arbitrary real-valued matrix A; and λmin (·) denotes the the minimum eigenvalue.
Recall that ei,t+k := ∑k

s=1 θ ′
k−sui,t+s for integers k = 1, . . . ,h, so that ei,t+k is the re-

gression error in a k-step VAR(p); i.e., ei,t+k = yi,t −μi −α′
p,kxi,t (p) . For brevity we

also define sq,k := 1
N (T −q−k+1) ∑N

i=1 ∑T −k
t=q (Im ⊗ xi,t (q))ei,t+k , and

XT := [x1,T (q) : · · · : xi,T (q) : · · · : xN ,T (q)
]′

,

X̄k := [x̄1,k (q) : · · · : x̄i,k (q) : · · · : x̄N ,k (q)
]′

,

ēk := [ē1,k (q) : · · · : ēi,k (q) : · · · : ēN ,k (q)
]′

,

where recall that x̄i,k (q) := 1
T −q−k+1 ∑T −k

t=q xi,t (q) and ēi,k (q) := 1
T −q−k+1

∑T −k
t=q ei,t+k .

A.1. Auxiliary Lemmas. The following lemmas are used throughout the proofs. The
proof of Lemma A.1 is straightforward and is omitted. The proofs of Lemmas A.2 and
A.3 can be found in the supplementary material. The proofs rely on a generalization of the
first moment bound theorem of Findley and Wei (1993) to the panel context, which can be
found in the supplementary material. Throughout, k and j denote finite integers satisfying
1 ≤ k ≤ h, 1 ≤ j ≤ h +1.

LEMMA A.1. Let q ≥ p be a finite integer. Then as T → ∞ under Assumption A,

(i) E
(

T −k−q+1
N ∑N

i=1 ∑T −k
t=q ēi,k (q) ē′

i,k (q)
)

= 
′
k�u
k −∑k−1

l=1
h−l

T −q−k+1 ∑h−l
r=1(θ ′

r−1�uθr+l−1 + θ ′
r+l−1�uθr−1),

(ii) E
(

T
N ∑N

i=1 ∑T −k
t=q x̄i,k (q) x̄′

i,k (q)
)

= (Imq − A′
q )−1Rq + Rq Aq (Imq − Aq )−1

+ o (1),

(iii) E
(

T
N ∑N

i=1 ∑T −k
t=q x̄i,k (q) ē′

i,k (q)
)

= Rq Bq
k +o (1),

(iv) E
(

T
N ∑N

i=1 xi,T (q)∑T −k
t=q x̄′

i,k (q)
)

= (Imq −A′
q )−1Ak′

q Rq ,

(v) E
(

T
N ∑i xi,T (q)∑T −k

t=q ē′
i,k (q)

)
= Rq Bq
k − ∑k−1

r=1 Ar−1′
q Jq,1�u (
k −
r )

+ o (1),

(vi) E
(

1
N ∑N

i,r=1 ∑T −k
t=q ∑T −k

s=q
(

Im ⊗ xi,T (q)
)

ei,s+ke′
r,t+k

(
Im ⊗ x′

r,t (q)
))= O (1),

(vii) E
(

1
N T ∑N

i,r=1 ∑T −k
t,s=q

(
Im ⊗ xi,t (q)

)
ei,t+ke′

r,s+k(Im ⊗ x′
r,s (q)

)
= Vq,k +o (1).

LEMMA A.2. Let q ≥ p be a finite integer. Then as N → ∞ and T → ∞ under
Assumption A,
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(i) E
∥∥∥ 1

N ∑N
i=1 ēi,k (q) ē′

i,k (q)− 1
T 
′

k�u
k

∥∥∥2 j(1+ε) = O
((

N T 2)− j (1+ε)
)

,

(ii) E
∥∥∥ 1

N ∑N
i=1 x̄i,k(q)x̄′

i,k(q)− 1
T

[
(Imq −A′

q )−1Rq +Rq Aq (Imq −Aq )−1
]∥∥∥2 j(1+ε)

= O
((

N T 2)− j (1+ε)
)

,

(iii) E
∥∥∥ 1

N ∑N
i=1
(

Im ⊗ x̄i,k (q)
)

ēi,k(q)− 1
T vec

(
Rq Bq
k

)∥∥∥2 j (1+ε)

= O
(
(N T 2)−(1+ε) j ),

(iv) E

∥∥∥∥ 1
N ∑N

i=1 xi,T (q)x̄′
i,k(q)− 1

T

(
Imq −A′

q

)−1
Ak′

q Rq

∥∥∥∥2 j(1+ε)

= O
(
(N T )−(1+ε) j ),

(v) E
∥∥∥ 1

N ∑N
i=1
(

Im ⊗ xi,T (q)
)

ēi,k(q) − 1
T vec

(
Rq Bq
k − ∑k−1

r=1 Ar−1′
q Jq,1�u

(

k

−
r
))∥∥∥2 j(1+ε)= O

((
N T 2)− j (1+ε)),

(vi) E
∥∥∥ 1

N T ∑N
i=1 ∑T −k

t=q
(

Im ⊗ xi,t
)

ei,t+k

∥∥∥2 j (1+ε) = O
(
(N T )− j (1+ε)

)
,

(vii) E
∥∥∥ 1

N ∑N
i=1 xi,T (q)x′

i,T (q)−Rq

∥∥∥2 j(1+ε) = O
(

N−(1+ε) j ) for all finite q ≥ 1.

LEMMA A.3. As N → ∞ and T → ∞ under Assumptions A and B,

(i) for finite integers q ≥ p,

(a)
〈

vec
(
α̃q,k −αq,k

)−(Im ⊗ R−1
q

)
sq,k + 1

T vec(Bq
k)
〉

j
= O
(
δ−2

N T

)
,

(b)
〈
α̈q,k −αq,k −R−1

q sq,k

〉
2

= O
(
δ−2

N T

)
;

(ii) for finite integers q ≥ 1,

(a) E
∥∥vec

(
α̃q,k −αq,k

)∥∥2 j = O
(
δ
−2 j
N T

)
,

(b) E
∥∥α̈q,k −αq,k

∥∥2(h+1)/k = O
(
(N T )−(h+1)/k

)
.

A.2. Proof of Theorem 3.3 (Direct least squares predictor). Let ωi,a (q,h) := α′
q,h

xi,T (q)−α′
p,hxi,T (p). For any q ≥ 1 the prediction error is

ỹD
i,T +h(q)−μi −α′

p,hxi,t (p) = (α̃q,h −αq,h
)′ xi,T (q)+ (μ̃i (q,h)−μi )+ωi,a (q,h) .

(A.1)

Theorem 3.3(i). For q ≥ p, ωi,a (q,h) = 0 and μ̃i (q,h) − μi = ēi,h(q) − (α̃q,h −
αq,h)′x̄i,h(q), so that the prediction error (A.1) becomes

ỹD
i,T +h(q)−μi −α′

p,hxi,t (p) = (α̃q,h −αq,h
)′ (xi,T (q)− x̄i,h(q)

)+ ēi,h

=: εi,a (q,h)+ εi,b (q,h) .

Define Qrs (q,h) := Wm
1
N ∑N

i=1 εi,r (q,h)ε′
i,s (q,h) for r,s ∈ {a,b}, so L̃D (q,h) =

∑r,s∈{a,b} E(tr(Qrs (q,h))) . The theorem straightforwardly follows from Lemmas A.4
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to A.6, which solve for limN ,T →∞δ2
N TE(tr(Qrs (q,h))), r,s ∈ {a,b}. The basic strategy

under each lemma is to decompose each term into a sum, and either bound the expectation
of each addend using Lemmas A.2 and A.3, or solve for the expectation of the addend
directly using Lemma A.1.

LEMMA A.4. limN ,T →∞δ2
N TE(tr(Qaa (q,h))) = κN fD (q,h) + κT b (q,h), where

b (q,h) is defined in (22) and fD (q,h) is defined in Theorem 3.1.

Proof. Notation defined herein applies only within this proof. By the triangle inequality,
Lemmas A.1(iv) and A.2(iv), and Lemmas A.1(ii) and A.2(ii), respectively, we have

〈
1

N
X′

T X̄h

〉
2 j

= O
(

T −1
)
,

〈
1

N
X̄′

hX̄h

〉
2 j

= O
(

T −1
)
, for all j = 1, . . . ,h +1,

(A.2)

where recall
〈 1

N X̄′
hX̄h
〉

2 j = (E∥∥ 1
N X̄′

hX̄h
∥∥2 j )1/2 j , etc. Let δ2

N T tr(Qaa (q,h)) = I + I I ,
where

I = δ2
N T tr

[
(Wm ⊗ Rq )vec

(
α̃q,h −αq,h

)
vec
(
α̃q,h −αq,h

)′]
,

I I = δ2
N T tr

[(
Wm ⊗

(
1

N
(XT − X̄h)′(XT − X̄h)−Rq

))
vec
(
α̃q,h −αq,h

)
× vec

(
α̃q,h −αq,h

)′]
.

By Hölder’s inequality,

E(I I ) ≤ M ·
(〈

X′
T XT

N
−Rq

〉
2
+
〈

2X′
T X̄h

N

〉
2

+
〈

X̄′
hX̄h

N

〉
2

)

×
(
E
∥∥δN T vec

(
α̃q,h −αq,h

)∥∥4
)1/2

,

so that E(I I ) = O(T −1) + O(N−1/2) by (A.2), Lemmas A.3(ii)(a) and A.2(vii). For I
decompose vec(α̃q,h −αq,h) = (Im ⊗ R−1

q )sq,h − 1
T vec(Bq
h)+ρq,h , where 〈ρq,h〉2 =

O
(
δ−2

N T

)
by Lemma A.3(i)(a), so that by Hölder’s inequality, Lemma A.2(vi), and noting

that E(sq,h) = 0m2q×1, we have

E(I ) = δ2
N TE

(
tr
((

Wm ⊗ R−1
q

)
sq,hs′q,h

(
Im ⊗ R−1

q

)))
+ δ2

N T
T 2 tr

(
Wm
′

hB′
q Rq Bq
h

)
+o (1) .

The stated result follows by using Lemma A.1(vii) to solve for δ2
N TE(sq,hs′q,h) as

N ,T → ∞. n

LEMMA A.5. limN ,T →∞δ2
N TE(tr (Qbb (q,h))− 1

T a (h)) = κT (c (h)+qa (h)), where
a (h) and c (h) are defined in (21) and (23), respectively.

Proof. Qbb (q,h) = tr(Wm
1
N ∑N

i=1 ēi,h(q)ē′
i,h(q)). The result follows from Lemma

A.1(i). n
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LEMMA A.6. limN ,T →∞δ2
N TE(tr(Qba (q,h))) = κT d (q,h), where d (q,h) is

defined in (24).

Proof. Notation defined herein applies only within this proof. First,

δ2
N T tr(Qba (q,h)) = δ2

N T

[(
Im ⊗ X′

T

)
vec(ēh)

N
−
(

Im ⊗ X̄′
h

)
vec(ēh)

N

]′ (

h Wm ⊗ Imq

)
×vec

(
α̃q,h −αq,h

)
.

By the triangle inequality and Lemmas A.1(v) and A.2(v), and A.1(iii) and A.2(iii),
respectively,〈

1

N

(
Im ⊗ X′

T
)

vec(ēh)

〉
2 j

= O

(
1

T

)
,

〈
1

N

(
Im ⊗ X̄′

h
)

vec(ēh)

〉
2 j

= O

(
1

T

)
,

j = 1, . . . ,h +1. (A.3)

Then using vec(α̃q,h −αq,h) = (Im ⊗ R−1
q )sq,h − 1

T vec(Bq
h) + ρq,h , δ2
N T tr(Qba

(q,h)) = I − I I + I I I , where

I = δ2
N T

1

N

((
Im ⊗ X′

T
)

vec(ēh)− (Im ⊗ X̄′
h
)

vec(ēh)
)′(


h Wm ⊗ R−1
q

)
sq,h ,

I I = δ2
N T

1

N

((
Im ⊗ X′

T
)

vec(ēh)− (Im ⊗ X̄′
h
)

vec(ēh)
)′ 1

T
vec
(
Rq Bq
h

)
,

and where E(I I I ) ≤ M
(〈 1

N X′
T ēh
〉

2 + 〈 1
N X̄′

h ēh
〉

2

) · δ2
N T 〈ρq,h〉2 = O

(
T −1) by

Lemmas A.3(i)(a), (A.3), and Hölder’s inequality. We can straightforwardly solve for
E(I I ) = −κT d (q,h)by Lemmas A.1(iii) and (v). Last, to show that E(I ) = o (1),

I = δ2
N T
N

tr
((


h Wm ⊗ R−1
q

)
sq,hvec(ēh)′ (Im ⊗ XT )

)

− δ2
N T
T

vec
(
Rq Bq
h

)′(

h Wm ⊗ R−1

q

)
sq,h

+δ2
N T

(
1

N

(
Im ⊗ X̄′

h
)

vec(ēh)− 1

T
vec
(
Rq Bq
h

))′(

h Wm ⊗ R−1

q

)
sq,h

= I V + V + V I .

First note thatE(V ) = 0 becauseE
(
sq,h
)= 0m2q×1. Next, since 〈sq,h〉2 j = O((N T )−1/2)

for all j = 1, . . . ,h + 1 by Lemma A.2(vi), it follows that E(V I ) = O(δ2
N T T −2 N−1) =

O(δ−1
N T ) by Lemma A.2(iii) and Hölder’s inequality. Last, E(I V ) = O(δ2

N T N−1T −2) =
O(δ−1

N T ) by Lemma A.1(vi). n

Theorem 3.3(ii). By inspection of (A.1), since E
∥∥vec(α̃q,h −αq,h)

∥∥4 = o(δ−4
N T ) by

Lemma A.3(ii)(a) and since we can straightforwardly show that E‖μ̃i (q,h)−μi ‖2 =
o (1), by Hölder’s inequality and Lemma A.2(vii) the MSPE is dominated by

E

(
1
N ∑N

i=1 ωi,a(q,h)ω′
i,a(q,h)

)
= tr(Wmξ (q,h)) .
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A.3. Proof of Theorem 3.4 (Recursive least squares predictor). For the recursive pre-
dictor given in (35), for finite q ≥ 1 the prediction error is

ỹR
i,T +h(q)−μi −α′

p,hxi,t (p) = J′
q,1

(
Ãh

q −Ah
q

)′
xi,T (q)+J′

q,1

(
∑h−1

j=0 Ã j
q

)′
×Jq,1 (μ̃i (q,1)−μi )+ωi,b(q,h), (A.4)

where ωi,b(q,h) := (J′
q,1Ah′

q xi,T (q)−J′
p,1Ah′

p xi,T (p)). We repeatedly use

Ã j
q −A j

q = ∑ j−1
k=0 A j−k−1

q
(
α̃q,1 −αq,1

)
J′

q,1Ak−1
q +ga, j for all j ≥ 2, (A.5)

where the mq ×mq matrix ga, j satisfies
∥∥vec(ga, j )

∥∥≤ M ∑ j
k=2

∥∥vec(α̃q,1 −αq,1)
∥∥k .

Theorem 3.4(i). For q ≤ p, ωi,b(q,h) = 0 and μ̃i (q,1) − μi = ēi,1(q) − (α̃q,1 −
αq,1)′xi,1(q) in (A.4). Then using (A.5) the prediction error (A.4) becomes

ỹR
i,T +h(q)−μi −α′

p,hxi,t (p) = εi,c (q,h)+ εi,d (q,h)+
(

Im ⊗ x′
i,T (q)

)
vec(ga,h)

+ gb,i,h, (A.6)

where εi,d (q,h) := 
′
h ēi,1,

εi,c(q,h) :=
[(

Im ⊗ xi,T (q)
)′ Lq,h − (
h ⊗ x̄i,1(q)

)′ − (Im ⊗ Jq,1ēi,1(q)
)′ Mq,h

]
×vec

(
α̃q,1 −αq,1

)
,

and the m ×1 vector gb,i,h satisfies

E
∥∥gb,i,h

∥∥2 ≤ M

(
E
∥∥ēi,1

∥∥2
h−1

∑
j=2

E
∥∥vec

(
α̃q,1 −αq,1

)∥∥2 j

+
h

∑
j=1

E
∥∥vec

(
α̃q,1 −αq,1

)∥∥2 j
E
∥∥x̄i,1(q)

∥∥2

)
.

Now E
∥∥ēi,1

∥∥2 = O(T −1), while by Lemma A.3(ii)(a), E
∥∥vec(α̃q,1 −αq,1)

∥∥2 j =
O(δ

−2 j
N T ) for j = 1, . . . ,h + 1, and hence E

∥∥gb,i,h
∥∥2 = O(T −1δ−2

N T ). In addition, by
Hölder’s inequality

1

N

N

∑
i=1

E

∥∥∥(Im⊗x′
i,T (q)

)
vec(ga,h)

∥∥∥2 ≤ M
h

∑
j=2

(
E

∥∥∥∥X′
T XT

N

∥∥∥∥
( j+1)

)1/( j+1)

×
(
E
∥∥vec

(
α̃q,1−αq,1

)∥∥2( j+1)
) j/( j+1)

.

The first expectation is O (1) , while the second is O(δ−4
N T ), so we can express L̃R(q,h) =

∑r,s∈{c,d}E(tr(Qrs (q,h))) + υN T , where υN T denotes o
(
δ−2

N T

)
terms associated with

the products of g′
a,hxi,T (q) and gb,i,h in (A.6). Lemmas A.7 through A.9 below solve

for the O (1) terms comprising limN ,T →∞δ2
N TE(tr(Qrs (q,h))) , r,s ∈ {c,d}, so that the

υN T = o(δ−2
N T ) term can be ignored.

https://doi.org/10.1017/S0266466612000679 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466612000679


MULTISTEP PREDICTION OF PANEL VARS 731

LEMMA A.7. limN ,T →∞δ2
N TE(tr(Qcc(q,h))) = κN fR (q,h) + κT k(q,h), where

fR (q,h) is defined in Theorem 3.2 and k(q,h) is defined in (33).

Proof. Notation defined herein applies only within this proof. We expand δ2
N T

tr(Qcc(q,h)) = I − I I − (I I )′ + I I I , where

I = δ2
N T vec

(
α̃q,1 −αq,1

)′ L′
q,h
(
Wm ⊗ Rq

)
Lq,hvec

(
α̃q,1 −αq,1

)
,

I I = δ2
N T vec

(
α̃q,1 −αq,1

)′ L′
q,h

[(
Wm
′

h ⊗ X′
T X̄1

N

)
+
(

Wm ⊗
X′

T ē1J′
q,1

N

)
Mq,h

]

×vec
(
α̃q,1 −αq,1

)
,

and

I I I = δ2
N T vec

(
α̃q,1 −αq,1

)′
×
[

L′
q,h

(
Wm ⊗

(
X′

T XT

N
−Rq

))
Lq,h +M′

q,h

(
Im ⊗

Jq,1ē′
1ē1J′

q,1

N

)
Mq,h

+
(


h Wm
′
h ⊗ X̄′

1X̄1

N

)
+M′

q,h

(
Wm
′

h ⊗ Jq,1ē′
1X̄1

N

)

+
(

h Wm ⊗ X̄′

1ē1Jq,1

N

)
Mq,h

]
vec
(
α̃q,1 −αq,1

)
.

We can solve for E(I ) = κN fR (q,h)+κT k(q,h)+o (1) using the same methods as used
in the proof of Lemma A.4 above. Next, since

∥∥Lq,h
∥∥= O (1) , ‖
h‖ = O (1), by Hölder’s

inequality

E(I I ) ≤ M ·
(〈

X′
T ē1

N

〉
2
+
〈

X′
T X̄1

N

〉
2

)
·
(
E
∥∥δN T vec

(
α̃q,1 −αq,1

)∥∥4
)1/2 = O

(
T −1)

by (A.2), (A.3), and Lemma A.3(ii)(a). For I I I , by Lemma A.1(i) and Lemma A.2(i)〈
1

N
ē′

1ē1

〉
2 j

= O
(

T −1
)

for j = 1, . . . ,h +1. (A.7)

Then using Hölder’s inequality

E(I I I ) ≤ M

(〈
X̄′

1ē1

N

〉
2

+
〈

X̄′
1X̄1

N

〉
2

+
〈

ē′
1ē1

N

〉
2
+
〈

X′
T XT

N
−Rq

〉
2

)

×
(
E
∥∥δN T vec

(
α̃q,1 −αq,1

)∥∥4
)1/2

.

By (A.2) and (A.3), Lemmas A.3(ii)(a) and A.2(vii), E(I I I ) = O(T −1)+ O(N−1/2). n

LEMMA A.8. limN ,T →∞δ2
N TE

(
tr
(

Qdd (q,h)− 1
T a (h)

))
= κT qa (h), for a (h) is

defined in (21)

Proof. Qdd (q,h) = tr(Wm
′
h

1
N ∑N

i=1 ēi,1(q)ē′
i,1(q)
h), where E(ēi,1 (q) ē′

i,1(q)) =
1

T −q �u = 1
T �u + q

T 2 �u + O( 1
T 3 ) by Lemma A.1(i). n
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LEMMA A.9. limN ,T →∞δ2
N TE(tr(Qdc(q,h))) = 0.

Proof. Notation defined herein applies only within this proof. We have

δ2
N T tr(Qdc(q,h)) = δ2

N T

[
vec(ē1)′ (Im ⊗ XT )

N

(
Wm
′

h ⊗ Imq
)

Lq,h

− vec(ē1)′
(

Im ⊗ X̄1
)

N

(
Wm
′

h ⊗ Imq
)

− vec(ē1)′ (Im ⊗ ē1)

N

(
Wm
′

h ⊗ J′
q,1

)
Mq,h

]
vec
(
α̃q,1 −αq,1

)
.

Using vec(α̃q,1 −αq,1) = (Im ⊗ R−1
q )sq,1 − 1

T vec(Bq )+ρq,1, where 〈ρq,1〉2 = O(δ−2
N T )

by Lemma A.3(i)(a), we have δ2
N T tr(Qdc(q,h)) = I − I I − I I I − I V + V, where

I = δ2
N T tr

[(
Wm
′

h ⊗ Imq
)

Lq,h

(
Im ⊗ R−1

q

)
sq,1

(
vec(ē1)′ (Im ⊗ XT )

N

)]
,

I I = δ2
N T
N

vec(ē1)′
(

Im ⊗ X̄1
)(


h Wm
′
h ⊗ Imq

)(
Im ⊗ R−1

q

)
sq,1,

I I I = δ2
N T
N

vec(ē1)′ (Im ⊗ ē1)
(

Im ⊗ J′
q,1

)(
Wm
′

h ⊗ Imq
)

Mq,h

(
Im ⊗ R−1

q

)
sq,1,

I V = δ2
N T

[(
vec(ē1)′ (Im ⊗ XT )

N

)(

h Wm ⊗ Imq

)
Lq,h

−
(

vec(ē1)′
(

Im ⊗ X̄1
)

N

)(

h Wm
′

h ⊗ Imq
)

−
(

vec(ē1)′ (Im ⊗ ē1)

N

)(
Im ⊗ J′

q,1

)(

h Wm ⊗ Imq

)
Mq,h

]
1

T −q
vec(Bq ),

and where E(V ) ≤ M
(〈 1

N X′
T ē1〉2 +〈 1

N X̄′
1ē1〉2 +〈 1

N ē′
1ē1〉2

)
δ2

N T 〈ρq,1〉2 = O(T −1) by
(A.3) and (A.7) above, Lemma A.2(i)(a), and Hölder’s inequality. Now E(I ) = o (1) by
the same arguments used in the proof of Lemma A.6. Next decompose

I I = δ2
N T

[
(Im ⊗ X̄′

1)vec(ē1)

N
− vec

(
Rq Bq

)
T

]′(

h Wm
′

h ⊗ R−1
q

)
sq,1

+ δ2
N T
T

vec
(
Rq Bq

)′(

h Wm
′

h ⊗ R−1
q

)
sq,1.

The expectation of the first term is O(δ2
N T N−1T −2) = o(1) by Lemmas A.2(iii),(vi) and

Hölder’s inequality, while the second term has zero expectation sinceE(sq,1) = 0m2q×1, so
that E(I I ) = o(1). We can use a similar argument to show E(I I I ) = o(1). Last, rearrange
I V as

I V = tr

[
Wm
′

h ∑h
j=1

(
ē′

1XT

N
Ah− j

q Bqθj−1 − ē′
1X̄1

N
Bq
h − ē′

1ē1

N
Jq,1 ∑ j

k=1 A j−k
q Bqθk−1

)]
.
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We then use Lemmas A.1(i), (iii), and (v) to take the expectation of I V , noting that


′
hB′

q Rq
(
Bq
h −Kq,h

)= ∑h
j=1 
′

h�uJ′
q,1
(
Imq −Aq

)−1
(

Imq −Ah− j
q

)
Bqθj−1

= 
′
h�uJ′

q,1 ∑h
j=1 Kq, j ,

where Kq, j := ∑ j
k=1 A j−k

q Bqθk−1. It then follows that E(I V ) = o(δ−2
N T ). n

Theorem 3.4(ii). Consider (A.4) when q < p. Because E
∥∥vec

(
α̃q,1 −αq,1

)∥∥2 j =
o (1) for j = 1, . . . ,h + 1 and E‖μ̃i (q,1)−μi ‖2 = o (1), then, by using (A.5),
Hölder’s inequality, and Lemma A.2(vii), the MSPE is dominated by E(N−1 ∑N

i=1
ωi,b(q,h)ω′

i,b(q,h)). The result follows by solving for E(ωi,b(q,h)ω′
i,b (q,h)).

A.4. Proof of Theorem 3.5 (Direct bias-corrected least squares predictor). For any
finite q ≥ 1 the forecast error can be expressed as

ÿD
i,T +h(q)−μi −α′

p,hxi,t (p) = (α̈q,h −αq,h
)′ xi,T (q)+ (μ̈i (q,h)−μi )+ωi,a(q,h).

Theorem 3.5(i). For q ≥ p, we have L̈D(q,h) = ∑r,s∈{a,b}E(Q̈rs(q,h)), where we

define Q̈rs(q,h) := 1
N ∑N

i=1 ε̈i,r (q,h)ε̈i,s(q,h), ε̈i,a(q,h) := (α̈q,h −αq,h)′(xi,T (q) −
x̄i,h(q)), and ε̈i,b(q,h) := εi,b(q,h). Theorem 3.5(i) follows from solving for
limN ,T →∞ δ2

N TE(Q̈rs(q,h)), r,s ∈ {a,b}. First, limN ,T →∞ δ2
N TE(Q̈bb(q,h)) =

κT (a(h)q + c(h)) as in Lemma A.5 above. The following lemmas solve for the two
remaining expectations.

LEMMA A.10. limN ,T →∞ δ2
N TE(Q̈aa (q,h)) = κN fD(q,h).

Proof. Notation defined herein applies only within this proof. Decompose δ2
N T Q̈aa

(q,h) = I + I I ,

I = δ2
N T tr

(
Rq
(
α̈q,h −αq,h

)(
α̈q,h −αq,h

)′)
,

I I = δ2
N T tr

((
1

N
(XT − X̄h)′(XT − X̄h)−Rq

)(
α̈q,h −αq,h

)(
α̈q,h −αq,h

)′)
.

First, by Hölder’s inequality,

E(I I ) ≤ M

(〈
X′

T XT

N
−Rq

〉
h+1

+
〈

2X′
T X̄h

N

〉
h+1

+
〈

X̄′
hX̄h

N

〉
h+1

)

×
(
E
∥∥δN T

(
α̈q,h −αq,h

)∥∥(2h+2)/h
)h/(h+1)

.

We have E(I I ) = O(N−1/2)+ O
(
T −1) by Lemmas A.2(vii), A.3(ii)(b), and (A.2). Next,

E(I ) = κN fD(q,h)+ o (1) follows from Lemmas A.2(vii) and A.3(i)(b), using the same
arguments presented in the proof of Lemma A.4 above. n

LEMMA A.11. limN ,T →∞ δ2
N TE(Q̈ba (q,h)) = 0.
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Proof. Notation defined herein applies only within this proof. Decompose δ2
N T Q̈ba

(q,h) = I − I I ,

I = δ2
N T 
h

(
1

N
X′

T ēh − 1

N
X̄′

h ēh + 1

T ∑h−1
j=1 A j−1′

q Jq,1�u
(

h −
j

))′(
α̈q,h −αq,h

)
,

I I = δN T

T

h

(
∑h−1

j=1 A j−1′
q Jq,1�u

(

h −
j

))′ · δN T
(
α̈q,h −αq,h

)
.

Now since E(sq,h) = 0m2q×1, by Lemma A.3(i)(b) and Hölder’s inequality we have
E(I I ) = o (1). For I , using Hölder’s inequality,

E(I ) ≤ δN T

〈
X′

T ēh

N
− X̄′

h ēh

N
+ 1

T ∑h−1
j=1 A j−1′

q Jq,1�u
(

h −
j

)〉
h+1

×〈δN T
(
α̈q,h −αq,h

)〉
h/h+1 ,

such that E(I ) = O(δN T T −3/2 N−1/2) = O(δ−1
N T ) by Lemmas A.2(iii), (v), and Lemma

A.3(ii)(b). n

Theorem 3.5(ii). The proof of Theorem 3.5(ii) follows the same arguments as those for
Theorem 3.3(ii).

A.5. Proof of Theorem 3.6 (Recursive bias-corrected LS predictor). For general q ≥
1, the prediction error can be expressed as in (A.4) and (A.5), with α̈q,1 replacing α̃q,1
and μ̈i (q,1) replacing μ̃i (q,1), and for a q × q matrix g̈a, j that satisfies ‖vec(g̈a, j )‖ ≤
M ∑ j

k=2 ‖α̈q,1 −αq,1‖k .

Theorem 3.6(i). As in the proof of Theorem 3.4(i), we can express the prediction er-
ror as

ÿR
i,T +h(q)−μi −α′

p,hxi,t (p) = ∑r∈{c,d} ε̈i,r (q,h)+x′
i,T (q)g̈a,h + g̈b,i,h,

where ε̈i,c(q,h) is defined analogously to εi,c(q,h) in Section A.3 but with α̈q,1 replacing
α̃q,1, ε̈i,d (q,h) := εi,d (q,h), and for some scalars x′

i,T (q) g̈a,h and g̈b,i,h that can be
shown to satisfy

1

N ∑N
i=1E

∥∥∥x′
i,T (q)g̈a,h

∥∥∥2 = O
(
δ−4

N T

)
,

1

N ∑N
i=1E

∥∥gb,i,h
∥∥2 = O

(
δ−4

N T

)
,

by using Lemma A.3(ii)(b). Thus we can express L̈R(q,h) = ∑r,s∈{c,d}E(Q̈rs(q,h)) +
ϋN T , where ϋN T denotes the smaller o(δ−2

N T ) terms associated with x′
i,T (q)g̈a,h and

g̈b,i,h , and Q̈rs(q,h) := 1
N ∑N

i=1 ε̈i,r (q,h)ε̈i,s(q,h) for r,s ∈ {c,d}. The theorem follows
by the same arguments as those used in the proof of Theorems 3.5(i) and 3.4(i) to solve for
limN ,T →∞ δ2

N TE(Q̈rs(q,h)), r,s ∈ {c,d}.

Theorem 3.6(ii). The proof of Theorem 3.6(ii) follows the same arguments as those for
Theorem 3.4(ii).
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