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The relation between extropy and variational distance is studied in this paper. We deter-
mine the distribution which attains the minimum or maximum extropy among these
distributions within a given variation distance from any given probability distribution,
obtain the tightest upper bound on the difference of extropies of any two probability dis-
tributions subject to the variational distance constraint, and establish an analytic formula
for the confidence interval of an extropy. Such a study parallels to that of Ho and Yeung
[3] concerning entropy. However, the proofs of the main results in this paper are different
from those in Ho and Yeung [3]. In fact, our arguments can simplify several proofs in Ho
and Yeung [3].
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1. INTRODUCTION
For any positive integer n or infinite n, define
Iy = {p= (D125 oPn) = D pi=1,p; 20,1 <j <n}.
i=1

For any p € T',,, p can be regarded as a probability mass function (pmf) of some discrete
random variable X taking values in the set X = {z1,22,...,z,}, that is, p;, = P(X = x;)
for each i. X is termed as the alphabet of X. The support of p is defined as

supp(p) = {z; : p; > 0,1 <i < n}.
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For any positive integers £ < m and any p € I'y, p can be regarded as

equivalently. So we have I'y C T',, for all 1 </ < m. For p,q € ', with possibly different
supports, the variational distance between p and q is defined as

n
V(p.a) = Ipi —ail-
1=1

For p € Ty and g € T',,, with m > ¢, V(p, q) is interpreted as

4 m
Vip.g)=> Ipi—al+ > 4
=1

j=0+1

We first recall the definitions of two information measures, the Shannon entropy (Shan-
non [8], Cover and Thomas [2]) and the extropy (Lad et al. [4]), for discrete distribution
functions. Throughout this paper, the term ‘log’ will denote the natural logarithm. By
convention, zlogx = 0 when x = 0.

DEFINITION 1.1: Let X be a discrete random wariable, taking values in the set X =
{z1,29,..., 20}, with pmf p = (p1,p2,...,Pn) € T'y.

(i) The Shannon entropy of X is defined as
H(p) = —Zpi log pi;
i=1

(ii) The extropy of X is defined as

n

J(p) == _(1—pi)log(1 — p;).

i=1

In Definition 1.1, the Shannon entropy H(p) describes the uncertainty of the random
variable X and measures how much information is required, on average, to identify a random
variable X with pmf p. H(p) is maximized by the discrete uniform distribution on the set
X. For two pmfs p and q of two random variables X and Y taking values in X', H(p) < H(q)
means that the distribution of q is closer to the discrete uniform distribution on X than
the distribution of p in some sense, and that the random behavior of Y is more difficult to
predict than that of X. The extropy J(p) is a complementary dual of the Shannon entropy
H(p). An axiomatic characterization and several intriguing properties of the extropy were
displayed in Lad et al. [4], in which the motivations of introducing the extropy were also
given. The extropy has several potential applications, for example, in the theory of proper
scoring rules for alternative forecast distributions.

Two information measures, entropy and extropy, are intertwined with each other. More
precisely, for finite n > 1, J(p) equals a location and scale transform of the entropy of
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another pmf

S|
I

n—1"n-1 n—1
that is,
J(p) = (n—1)[H(p*) —log(n — 1)]. (1.2)

For more details of extropy, see Lad et al. [4].

The relation between the Shannon entropy and variational distance was studied exten-
sively in the literature of information; see Ho and Yeung [3], Barbour et al. [1], Ley and
Swan [5], Sason and Verdu [7], Verdu [10] and references therein. The main important and
interesting results in Ho and Yeung [3] can be summarized as follows:

R1. they determine the distribution which attains the minimum or maximum entropy
among these distributions within a given variation distance from any given
probability distribution;

R2. obtaine the tightest upper bound on the difference of entropies of two probability
distributions in terms of their alphabet sizes and variational distance; and

R3. establish an analytic formula for the confidence interval of an entropy.

It should be pointed out that the proofs concerning Results R1 and R2 are lengthy,
complicated and not straightforward.

The purposes of this paper are two-fold. First, parallel to the discussions in Ho and
Yeung [3], we will apply majorization theory to establish the above results R1 to R3 for the
extropy. Second, the tool (majorization theory) used in this paper can be used to simplify
the proofs of Results R1 and R2 concerning entropy in Ho and Yeung [3]. In fact, the
arguments of this paper also apply to the following measure

Ky(p)=—=> ¥(p), peTy,
=1

where 1 : [0,1] — R is any convex function. K (p) reduces to H(p) and J(p), respectively,
when ¢(z) = zlogz and ¢ (z) = —(1 — ) log(1l — z).

The rest of this paper is organized as follows. The corresponding results R1, R2 and
R3 for extropy are presented in Sections 2-4, respectively. In Section 2, we also discuss the
discontinuity of extropy on I', with respect to the variational distance and obtain bounds
on the derivative of extropy. The proofs of the main results in Section 3 are put in the
Appendix, as well as the definition of majorization order.

2. BOUNDS ON EXTROPY DIFFERENCE WITH ONE DISTRIBUTION FIXED
2.1. Upper Bound

Let 0 <e<?2 and p= (p1,p2,-..,pn) €, with finite n > 1. Assume that the p; are
arranged in descending order, that is, p;1 > ps > --- > p,. Let p and v be real numbers
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such that
Z(pi — W)y = ) (2.1)

and

S wpi)s =5 (2.2)

27
=1

where x; = max{x,0} for any = € R. If v > p, define r; = 1/n for each i; and if v < p,

define
pyoif pi > p,
ri =14 Dpi, if v<p;<up, (2.3)
v, if p; <uv,

for each i. Denote r(p, n,€) = (r1,r2,...,r,). Clearly, it can be checked that r(p,n,€) € T,,.
Ho and Yeung [3] proved that

e V(p,r(p,n,e)) < e Furthermore, if 0 < ¢ < Z?:l |pi — 1/n|, then V(p, r(p,n,€)) =
€
e IfV(p,q) <e¢ thenr(p,n,e) = gq;
e For0< e <eg, 7(p,n,ez) <m r(p,n,er).
Here <, denotes the majorization order. The formal definitions of the majorization order
and Schur-convex [Schur-concave] functions are given in Appendix A.1.
In view of these observations and the fact that the extropy J(p) is Schur-concave in p,
we conclude the following result.

THEOREM 2.1: Let p € Ty, with finite n > 1. Then, for € € (0,2),

max J(q) = J(r(p,n,c)).
ger, X (q) = J(r(p,n.¢€))

Remark 2.2: Let p,q € I',, with finite n > 1. Define

c_(1=p 1—po 1—pn
p n—1"n—-1""n-1

and

q = (1—61171—(127.“71—%).
n—1 n-1 n—1
Then p*,q* € I';,, and
Vip,g) = (n=1)V(p",q").
From (1.2), it follows that
max_Jla) = (n-1) |

q:V(p,q)<e

H(q") — log(n — 1)] , (2.4)

max
g*:V(p*,g*)<e/(n—1)

where the probability masses in p* and g* are less than or equal to 1/(n — 1). Therefore,
Theorem 2.1 can not deduced from Theorem 2 in Ho and Yeung [3] immediately.
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Define
quwn (6) = J(T(p7 n, 6)) (2.5)

From Lemma 1 in Ho and Yeung [3], it follows that ¥, ,(¢) is concave, continuous and
strictly increasing in e, where 0 < e < Y7 | [p; — 1/n|.

2.2. Lower Bound

Suppose € € (0,2) and p € T',,, where n can be infinity. Assume that the p; are in descending
order. If 1 — p; <¢/2, let s(p,n,e) = (1,0,...,0) € T'y;; if 1 — p1 > €/2, let k be the largest
integer such that

Swizs
; -2
i=k
and denote s(p,n,€) = (s1,82,...,S), where
p1+€/2, i i=1,
Di, if 1<i<Ek,
S; = n (26)
S eps—€f2, if i=Fk,
0, it 0> k.

Ho and Yeung [3] proved that

e V(p,s(p,n,e)) < e Furthermore, for 0 < € < 2(1 — py), we have V(p, s(p,n,€)) = e.
o IfV(p,q) <e, then g =y, s(p,n,e).
e Fore; < e, s(p,n,€1) =m S(p,n,e2).

In view of these observations and the fact that the extropy J(p) is Schur-concave in p,
we conclude the following result.

THEOREM 2.3: Let p € T, with 1 < n < +oo. Then, for e € (0,2),

min J(q) = J(s(p,n,e)).
S (q) = J(s(p,n,¢))

Note that J(s(p,n,¢€)) depends only on p and €, which does not depend on n. So define
Dp(e) = J(s(p,n,e€)).
Then @, (€) is continuous and strictly decreasing in €, where 0 < e < 2(1 —py).

Remark 2.4: By Theorems 2.1 and 2.3, we can derive the upper bound of the following
quantities on the extropy difference when one distribution is fixed. For any given p € I,
and € € (0,2),

sup |J(q) — J(p)|
q€el,:V(p,q)<e

= max sup [J(q) — J(p)], sup [J(p) — J(q)]
qel,:V(p,q)<e q€l,:V(p,q)<e

= max{Wyp, n(¢) — J(p), J(p) — Pp(e)}-
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2.3. Discontinuity

Obviously, for any finite n, J(+) is continuous on I',, with respect to the variational distance.
However, the extropy J(-) is not continuous on I',, with respect to the variation distance,
as shown by the following theorem.

THEOREM 2.5: Suppose that § >0 and € > 0 are given arbitrarily. For any pmf p € Ty,
there exists a sufficiently large integer m > n and a pmf q € Iy, such that the variational
distance V(p, q) < €, but J(q) — J(p) > 0.

PROOF: We use an idea from the proof of Theorem 1 in Ho and Yeung [3]. Choose an integer
m > n, and define a pmf

_ P1 P1 P1 P1 P1
1= <p1 - Vlogm’ P2t myIogm’ 7 Pt myIogm’ mylogm’ " m logm>
with m + 1 probability masses. It is obvious that
V(p,q) =2 \/ﬁlﬁ
and
J(q) — J(p) = Gu(p,m) + C2(p,m) + G3(p, ),
where

P1 P1
;m)=—(1—p; + log (1 —p1 +
G (p,m) ( b1 log m) 8 ( b1 logm

G(p,m) = — [(1—pi—pl 10g<1—pi—pl)—(l—pi)log(l—pi) :
’ ; vnlogn vmlogm

) + (1 = p1)log(l —p1),

and
P1 P1
S(pom) = 1-n)(1— L1 ylogl— 2L ).
It is easy to verify that
lim V(p7 q) = 07 lim Cl(pv m) = 07 lim CQ(pv m) = 07

and
lim_Ga(p.m) = +oo.

Hence, for any € > 0 and § > 0, we have V(p,q) < € but J(q) — J(p) > 6 when m is large
enough. |

It has been established in Topsge [9] that entropy is lower-semi continuous with respect
to pointwise convergence of pmfs. A simple proof of this lower-semi continuity of entropy
was presented in Ho and Yeung [3]. A careful check finds that the argument in the proof of
Corollary 1 in Ho and Yeung [3] can also apply to the extropy by exploiting Theorem 2.3.
We state the corresponding result as follows.

PROPOSITION 2.6: For any p € I's with J(p) < oo, J(+) is lower-semi continuous at p with
respect to pointwise convergence, that is, if a sequence of pmfs p*) which converges to p
pointwisely, then

lis inf J (p(k)) > J(p).
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2.4. Bounds on the Derivative of Extropy
Next, we will consider the derivative of J(p), p € I',,. Let t = (t1.to,...,t,) € R™ such that
Yo ti=0and > !, |t;| = 1. For ¢ such that (p + € - t) € ', when € is small enough, define

e—0 €

THEOREM 2.7: For any pmf p = (p1,p2,...,Pn) € I'yy where p1 >pa>--->p, >0 andn
is finite, if Dy J(p) is defined, then
1 1-—

P1 1 1_pn
-1 < DyJ(p) < =1 .
plogy—, - < .‘,(10)_20g17p1

(2.7)

PROOF: The proof parallels to that of Theorem 5 in Ho and Yeung [3] concerning the bounds
on derivative of entropy. We first prove the upper bound. If p = (1/n,1/n,...,1/n) € T,
then J(-) attains its maximum at p and, hence, D¢J(p) < 0 for all ¢. In this case, the upper
bound is verified. In the following, we assume p # (1/n,1/n,...,1/n) and prove the upper
bound. Consider only ¢ such that p + ¢ -t € '), when € is small enough. Note that

n n
Vip.p+e-t)= Z|pi —pi — ety = €Z|Ti| =€
i=1 i=1

Then
J(T(p7 n, 6)) — ‘](p)

)

Jptet)-J@) _ .

€ e—0 €

Dy J(p) = lim
where r(p, n, €) is defined by (2.3). Denote
v=F#{i:p;=p1.1<i<n} and w=F#{i:p;=pn, 1 <i<n}

Choose € such that 0 < e <> " | [p; —1/n| and e <min{p; —p,; :p;i —p; > 0,1 <i<j<
n}. Then r(p,n,€) can be taken

p1—€/(2v) if i <w,
i =< Pi, if v<i<n-—uw,
pn+€/(2w), if n—w<i<n.
By L’Hopital’s rule, we have

€

lim © {—v (1 ot i) log (1 — i+ ) + (1 —py)log(1 —pl)} = —% log(1 - p1) — =

e—0 € 2v 2
and
. 1 € €
251(1) . [—’LU (1 — Pn — %> log (1 — Pn — %> +w(1 — p,)log(1 _pn)}
1 1
= —log(1l — p, —.
5 10g(1 —pn) + 3
Hence,
1 17pn
DyJ < -1
¢J(p) < 5 08T,

which proves the upper bound in (2.7).
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Now, we prove the lower bound of (2.7). If p = (1,0,...,0) € T',;, then J(-) attains its
minimum at p and D¢J(p) > 0 for all £. In this case, the lower bound (2.7) is verified. In
the following, we assume p # (1,0,...,0). Then

J(s(p;n,€)) — J(p)

Jptet)-J@) .
€ T =0 € ’

D¢J(p) = ll_{%
where s(p,n,¢€) is defined by (2.6). Choose € < 2(1 — p1) such that p, > €/2. Therefore,
s(p,n,e) is

p1+e/2, if i=1,
Si = § Diy if 1<i<n-—1,
pn —€/2, if i=n.

By L’Hopital’s rule, we have

tim [ (1= p— ) 1og (1= p1— ) + (1= pi)log(1 — pr)] = £ Toa(1 1),

and

lim — L { (1 — pp + %) log (1 —pn + E) + (1 —pn)log(l — pn)} = —% log(1 — py).

e—0 € 2
Hence,
1 I—p
D > =1
tJ(p) =9 og 1 _pn,
which proves the lower bound in (2.7). |

3. BOUNDS ON EXTROPY DIFFERENCE WITH NO DISTRIBUTION FIXED

THEOREM 3.1: If p €Ty and q € T, with m > £ are two pmfs such that V(p,q) < e <2,
and the probability masses in p and q are less than or equal to 1/n for a positive integer
n < /¥, then

gi(m,n,e), if e< M

ma. J —J = m 7 3.1
perqum:}‘C/(nq)Se 7(a) @) . 2(m —n) (3.1)
g2(m,mn,e), if €e> —-—=
m

where

nlmn.) =nf (" )+ m-wf (15 ).

gs(m, . €) = 1—nlog< >_ —1)10g<mn;1),

and f(p,d) = plogp — (p+ d)log(p+ d). For a fized €, the above mazimum is attained by

1 1
p=|= ...,=,0, ...,0]| €Ly, (3.2)
n n
—_———

n
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and ¢ = (q1,q2, - - -, qm) such that when ¢ < 2(m —n)/m,

27
S Jor 1<i<n,
2n

Qi = € (3.3)
m, fOT’ n—f—lSsz

Otherwise, q = (1/m,1/m,...,1/m) € T,.

The proof of Theorem 3.1 is postponed in Appendix A.2. The argument in the proof
of Theorem 3.1 can be applied to simplify the proof of Theorem 7 in Ho and Yeung [3]. An
immediate consequence of Theorem 3.1 with n =1 is as follows.

COROLLARY 3.2: Let m > £ > 1 be integers and 0 < € < 2. Then

max J(a) —.J
pEFz,qerm;V(p,q)Sel (9) (p)

€ € € € 2(m —1)
_ - D 1 = - < N
2log2 (m 1 2)10g<1 2(m—l)>’ for 0<e< —
2(m —1
(m—l)logl7 for €> L
m—1 m

For a fized €, the above mazimum is attained by p = (1,0,...,0) € I'y and

€ € € 2(m —1)
1- ¢ 0 A=)
. ( 2 2(m — 1)’ ’2(m—1)>’ for O <e<—=="—
“Y/1 1 1 2(m — 1
() Jor > A1),
m m m m

Remark 3.3: For any fixed integers 1 < ¢ < m, by Corollary 3.2, we have

lim max J(a) —J
et g% gy (@) = T ()]

€ € € €
= lim |~Slog 5 — (m—1- ) log (1- 5 —— ]| =0.
li%[ g By T\ 2 Og( 2(m1)>]

This means that for any finite n, J(-) is continuous on I';, with respect to the variational
distance.

Corollary 3.2 gives the upper bound of

max _[J(q) — J(p)| (3.4)

g€l V(p,q)<e

for all p € T'y. The next theorem gives the lower bound of (3.4) for all p € T'y. The proof of
Theorem 3.4 is postponed in Appendix A.3.
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THEOREM 3.4: Let m > £ > 1 be two integers and € € (0,2). Then

2(m —
hi(l,;mye), 0<e< M

- J(@) — J(p)] = m 3.5
;-Iéll% qumI:I‘l/a()zg,q)Se [ @ (p)} ha(l,mye), €> M ®%

where
hi(6,m,e) = (f (1—2,26£>+(m—€)f (1’_2(7;;—@))’ (3.6)
ha(t,m, €) = (1 — m) log (1 - ;) —(1—0)log (1 - 2) , (3.7)

and f(p,d) = plogp — (p + d)log(p + d).

In the end of this section, we extend Corollary 3.2 to generalized pmfs. p =
(P1, P2, -, Pn) is said to be a generalized pmf if p; > 0 for each i and ), p; < 1. Define

Tp={p=(p1,P2,...,Pn): P is a generalized pmf}.

The extropy of p is defined by

n

J(B) ==Y (1 —pi)log(1 - py).

i=1
Denote v = Y | p;. Then (a/n,a/n, ..., a/n) <un p. Thus,

n—ao n—1

T < —(n—1)log

J(ﬁ)SJ(— ...,—):—(n—a)log

»
n n n

. (3.8)

For generalized pmfs, we have an analogous result to Corollary 3.2. The proof of
Theorem 3.5 is postponed in Appendix A.4.

THEOREM 3.5: Let m > € > 1 be two integers and 0 < ¢ < min{m/e,1}. Then

sup ’J(i)) — J(q)| < —eloge + elogm. (3.9)
PET,GET:V (P.g)<e

4. APPLICATIONS

In this section, we give one application of the main results about the bounds on extropy
obtained in Sections 2 and 3, that is, determining the confidence interval for J(p) when
p € I'y, is unknown.

Let X1, Xo,..., X, be a random sample from a population with generic pmf p € T,,.
Denote by p(X) = (p1(X),p2(X), ..., pm(X)) the empirical pmf in terms of the random
sample X = (X1, Xo,..., X,,), where

pi(X)=N;/n and N, =#{k:X,=11<k<n}

for ¢ =1,...,m. Here, without loss of generality, we assume that the alphabet X =
{1,2,...,m}. Ho and Yeung [3] derived a formula for the confidence interval (CI) of entropy
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estimation, that is, obtaining an analytic bound on
P(|H(p(X) — H(p)| > 7).
where v > 0 is fixed. All arguments in Section IV of Ho and Yeung [3] are also valid for
extropy. We state all the corresponding results for extropy without proofs. The following

lemma plays an important role in deriving the CI for H(p) and J(p) in terms of p(X).
LEMMA 4.1 (Weissman et al. [11]): For p € T, and € > 0,
A m n
P(V(p,p(X)) <) 21— (2" = 2)exp { T ¢2].
THEOREM 4.2: Let p € T',, be unknown with m finite.
() I VBX),p) < e then
J(s(p(X),m,¢€)) < J(p) < J(r(p(X),m,e)).
(ii) For any a € (0,1),
P(J(S(f)(X)vmv 6)) < J(p) < J(r(f)(X)vmv 6))) >1- a,

where

o

(i) For any 0 <~ < (1 —m)log(l—1/m), let € > 0 be the smallest root of

Wz—glogg—(m—l—é)log(l—z(me_l)>. (4.1)
Then
B(lJ(p(X)) — J(p)| >7) < (2" = 2)exp {2}

(iv) For any 0 <~y < (1 —m)log(l —1/m), let € > 0 be the smallest root of (4.1). For
0 < a <1, choose
2m —2

n > % log
Then
P(I(B(X)) — J(p)| <7) = 1-a.

Part (iv) of Theorem 4.2 can be used to determine the sample size n such that the
CI for J(p) is small enough. It is worth pointing out that it is an interesting problem to
compare Cls determined by Theorem 4.2, the Markov Chain Monte Carlo technique and
other methods. We will present such a comparison study in the near future.
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APPENDIX A

A.1. Majorization

The majorization order enables us to compare the diversity of two real vectors (see Chapter 1 in
Marshall et al. [6]). For fixed n > 2, let a = (a1, a2,...,an) and b = (b1, ba,...,bn) be two real
vectors, and denote by ajy) > afg) > -+ > af,) and byy) > by > - -+ > by, the ordered components
of a and b, respectively. For a and b € R", a is said to be majorized by b, denoted by a <m b, if

n n k k

Zai:Zbi and Za[i]Sme fork=1,...,n—1.
i=1

i=1 i=1 i=1

A function ¢ : R™ — R is said to be Schur-convex [Schur-concave] if € <m y and x,y € R" imply
that ¢() < [>]o(y).

Note that a Schur function is necessarily permutation-invariant. A necessary and sufficient
condition for a permutation symmetric differentiable function to be Schur-convex is that

(825(5) — agif)) (x; —xj) >0 for all z and i # j.

The inequality is reversed for Schur-concave functions.

The following characterization of the majorization order is well-known; see Propositions 3.C.1
and 4.B.1 in Marshall et al. [6]. Let I be an interval of R. Then the inequality > 1 ; ¥(z;) <
> 1 ¥(yi) holds for all continuous convex functions ¥ : 1 — R if and only if * <m y when
xz,y €.

A.2. Proof of Theorem 3.1

PROOF: We use an idea from the proof of Theorem 7 in Ho and Yeung [3]. Consider two pmfs
p=(p1,p2,...,p¢) and q¢ = (q1,92,...,Gm). Assume that the p; are in descending order. Define
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two pmfs
1 1 1 1 1
7:(77”.’7’ 07,O)€FE7 n:(*,ia,i)erm
" n m m m
N——
M m
Obviously,
2(m —n
V(%n)zy'
m

Since p; < 1/n for each 4, it follows that p <m 7. Observing that the extropy function J(-) is
Schur-concave, we have

1
Io) 2 33) = ~(n = 1y1og (1 1)
Also, 7 =m q implies that
1
Ja) < J(n) = ~(m —1)log(1 — ).
Thus, when € > 2(m —n)/m,

|J(q) = J(p)| < J(n) — J(7) = g2(m,n, €).

In the following, we will consider the case that 0 < € < 2(m — n)/m. Note that « can be viewed
as v € I'm. From the theorem 2.1, we have

max |J(q) = J(¥)| = J(r(v,m,€)) — J(7)

q€lm,V(v,q)<e¢
1 e €
=nf (1_E’%) +(m—n)f (L‘m) ) (A.1)

where
2—¢ 2—¢ € €
= . . A.2
rlv,m€) ( 2n 77 2n ) 2(m—n)’ T Z(m—n))7 (A-2)
—_————
n m—n
and V(r(vy,m,e€),v) = e. Similarly, for any p € 'y, we have
ma J(q)—J < J(r(p,m,€)) — J(p),
qEFm:V();,p)ge‘ (@) = J(P)| < J(r(p,m,€)) — J(p)
where r(p, m, €) is specified by (2.3). In view of (A.1), it suffices to prove that
J(r(p,m,e)) — J(p) < J(r(y,m,e)) — I (7). (A.3)

Let p~ and pp be the p’s when r(v,m, €) and r(p, m, €) are evaluated, respectively. Then,

_2-—c¢
I’L'Y - n .
Under the assumption that p; < 1/n for all ¢, we have pup < u~ (see Eq. (115) in Ho and Yeung
[3]). Denote
r(p,m,e) = (r1,ra,...,rm) = (p1 +d1,...,pm + dm).
Then
2—c¢
;<< < =
Ti = Up = My mn

https://doi.org/10.1017/50269964818000098 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000098

BOUNDS ON EXTROPY AND VARIATIONAL DISTANCE 199

for all 4. Similarly, let v and vp be the v’s when r (v, m, €) and r(p, m, €) are evaluated, respectively.
Then, we have for all i,
€

TEZ =)

Note that

J(r(pm.e)—Jp)= > f(—pi,—di)+ Y  [f(l—pi,—d;)

1:p; > pp :pi<vp
T m
=1 i=k

where 7 = max{i:d; < 0,1 <i<m} and k =min{i : d; > 0,1 <i <n}, that is, dr <0 <dr41
and dj_1 < 0 < dj. Observe that

e forall 1l <i<r, wehave

1 2—¢€
pit+d;<p; <— and p;+d; < —/—;
n 2n
e for all k <¢ < m, we have
pi+di>p; >0 and pi+di>——;
2(m —n)
e and Y. ,di=—¢/2and ) ", d; =€/2.
In view of these observations, it can be checked that
2—c¢€ 2—¢€
1-— B 1-— 1=
( b1, ’ P, 27’1,’ I 277,)
n
1 1
jm(l_pl_d17~“71_p7_d771_77“‘71_7)
n n
—_——————
n
and
€ €
1—- R l1— 7\, 1 =
( Pk, ) Pm, Q(min)v 3 2(mfn))
m—n
jm(lfpkfdk,...,lfpmfdm, 1,...,1).
———
m—n

Note that zlogz is convex on R. By Proposition 3.C.1 in Marshall et al. [6], it follows that

T

> (1 —pi)log(l—pi) +n (1 - 22_”6) log (1 — 22;6)

i=1

<Y (1 —pi —di)log(1 —p; — di) + (n— 1) log (1 - %) ; (A.5)
i=1
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and
é“ = ptog(t = pi) 4 (m =) (1= g Y tog (1 5 )

<> (1 —p;—d;)log(l —p; —d;). (A.6)

o

k

7

Obviously, (A.5) and (A.6) can be written, respectively, as

T 1 €

and
> F(1=pi,—di) < (m—n)f(1, -

i=k

2(m —n)

).

From (A.1) and (A.4), we get (A.3). Also from (A.1), it follows that the maximum in the left-hand
side of (3.1) is attained by p and g given by (3.2) and (3.3), respectively. This completes the proof
of Theorem 3.1. ]

A.3. Proof of Theorem 3.4

PROOF: The proof follows the line of the argument in the proof of Theorem 9 in Ho and Yeung [3].
First, we will show that the lower bound on

sup [J(q) — J(p)]
g€l V(p.q)<e

is given by taking p € Ty to be the uniform distribution p’ = (1/¢,1/¢,...,1/£).
For any € € (0,2) and p = (p1,p2,...,p¢) € I'y, assume that the p; are sorted in descending
order, and let

q:r(p7m7€) = (pl +d1:p2+d27-~~,pf+d€7d£+17~~-7dm) Erm

be specified as in Theorem 2.1. For the above p’, denote its corresponding »(p’,m, €) by

+d/€7dl€+17"-7d'lrn) .

! / _ l /1 /! 1
q 7r(p7m76)7 (E +d17£+d27"'7€

We now show that, for any p € T'y,

J(q) - J(p) > J(qd") — J(p). (A7)

Three cases arise.
Case 1. Suppose that V(p,q) < e. It was shown by Ho and Yeung [3] that

1 1 1
q:(—,—7...,—)efm and e>2(1—£).
m’m m m
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L

Clearly,
Vp',q) =2 (1 — E) <.

Thus, by Theorem 2.1, we have
Ha) 2 I = (1= mytog (1 1)

On the other hand, ¢ <m q’ implies that J(q") < J(q). Then
—(—m)log (1— -
g m)

Also, p’ =m p implies that J(p) < J(p') = (1 — £)log(1 — 1/£). Therefore,
J(ql) - J(p/) = ha(f,m, ),

J(q) - J(p) =
implying (A.7).
Case 2. Suppose V(p,q) = V(p',q’) = e. It is trivial for m = £. So assume that m > ¢. By the
construction of ¢’ and ¢, we have
g = =g, = & A A
dy =dy = dy 27’ dpp1 =dgyo dm, im0

€

and
€
Sasg Yoass
i:d; <0 i:d; >0
Furthermore, d; > 0 for j =£¢+1,...,m, and 7 < ¢, where 7 = max{i : d; < 0,1 <i < m}. Let pp

and pup be the p’s when r(p,m,€) and r(p’,m,€) are evaluated as in Theorem 2.1, respectively.

Then pip > pip . From the construction as in (2.3), we know that

1 1
prtdi==prtdr=pp, SHdi==tdp =y,
and p1 > -+ > pr > 1/L. Thus,
1 1 1 / 1 /
— e, = ) X - ceey =
(pl +d13 3p7'+d7'7 0’ a£> _m (pla y DTy 7 +dla 'y +dé>a
——
4
which implies that
T 4 1 T 4 1
%
ZC(pi+di)+ZC<z> ZZC(M)JFZC(Z +di) (A.8)
=1 =1 i=1 =1
Here, ¢(z) = —(1 — z)log(1 — z) is concave in x € [0, 1].
Ldny).

Define
q = (pl +d17p2 +d2a s Pr +d7'a Pr+1s---5D0s d%-‘rlv ..
It is easy to see that q € I'y, and V(q,p) = €. From Theorem 2.1, it follows that J(q) > J(q).

(A.9)

Thus, to prove (A.7), it suffices to prove that
J(@) = J(p) = J(d) = J(P') = ha(€;m. )
or, equivalently,
T T 14 1 14 1
D Cpitdi) =Y i) =) ¢ (Z+d§> ->¢ (z) :
i=1 i=1 i=1

i=1

This is (A.8). Thus, (A.9) and, hence, (A.7) holds.
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Case 8. Suppose that V(p,q) = € > 6 = V(p,q’). By theorem 2.1, there exists ¢* = r(p, m, §)
such that

J(q) - J(p) = J(@" —J
(@) - J(p q,,ermgré%)q,,)ge[ (¢") - J(p)]

[J(g") - J(p)]

> max
q"€ly:V(p,q"”)<o

=J(g") - J(p)

> J(q) - J(p),

where the last inequality follows from Case 2. This proves (A.7) in Case 3.
Combining the above three cases, we have proved that for any p € ['y,

sup (J(gq) — J(p)) > J(q') — J(p).
g€l :V(p,q)<e

Thus,

it sup (J(g)— J(p) 2 J(q) — J(P).
Pele ger,,:V(p,q)<e

Since p’ € Ty and q' € Ty, we have

i J —J
II)%]THZ qGFmI:I\lfa()z{nq)Se [ (@) (p)]
, ) hi(¢,m,€), 0<ESW,
=J(q)-JP)=
h2(€7m7€)7 €> W7

where hi(¢,m,€) and ho(¢, m,€) are defined by (3.6) and (3.7), respectively. This completes the
proof of Theorem 3.4. |

A.4. Proof of Theorem 3.5

ProOF: For any p = (p1,p2,..-,p¢) and ¢ = (¢1, G2, - - -, Gm) such that V(p,q) <€, let p; =0 for
¢ < i < m and denote dj = ¢; — p;. Obviously, —1 < d; < 1 for each i. Without any loss generality,
assume that the d] are in ascending order, and denote

T=max{i:d; <0,1<i<m} and k=min{i:d; >0,1<i<m}.

Then, for 1 <i <7,

(1 —pi)log(1 = pi) — (1 — pi — dj) log(1 — p; — dj) < dj log(—dy), (A.10)
and for k£ <i < m,
(1= pi)log(l —p;) — (1 —p; — di) log(1 — p; — d;) < —(1 —d;)log(1 — dj). (A.11)
Note that (1 —z)log(l —z) > zlogx for 0 < x < 1/2. From (A.11), it follows that, for 0 < d} <
1/2,
(1 —=pi)log(1 = p;) — (1 = pi — di) log(1 — p; — d;) < —d; log d; . (A.12)
Define a vector d = (Jl, do, . .. ,Jm) with
—di, —1<df<0,
di = { df, 0<df <1/2

1—df, 1/2<df<1.
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Clearly, d € T, with v:= 1" d; <327 |df| < min{1,e}. From (A.10), (A.11) and (A.12), we
conclude that for all 1 < i <m,

(1 —pi)log(l —p;) — (1 — p; — d; ) log(1 — p; — di ) < —d; log d;.
Thus,

m 14

J(@) —JB) ==Y (1 —pi —di)log(1 — p; — d;) + Y (1 — i) log(1 — ;)
i=1 =1

4
=3 [~ (= pi—dD)og(1 — s — df) + (1= i) log(1 — )|
i=1

—|—Z (1 —di)log(1 —dj)
=041

m

(ilgczi

' M

2

(

def
< —ylogy +ylogm = g(v).

=
L |l
— =

where the last inequality follows from Lemma 9 in Ho and Yeung [3]. Since g(7) is increasing when
~v < min{m/e, 1}, we have

J(q) — J(p) < —eloge + elogm.
Similarly,
J(p) — J(q) < —eloge+ elogm.

Thus, the desired result follows. |

A.5. Simple Proofs of Two Lemmas

In this subsection of the appendix, we give simple proofs of Lemmas 7 and 8 in Ho and Yeung [3].
Lemma A.1 plays an important role in the proof of Theorem 9 in Ho and Yeung [3].

LEMMA A.1 (Lemma 7 in Ho and Yeung [3]): Let {(p;,di):i=1,...,n} and {(p;,dj):j=
1,...,n} be two sets of real vectors such that for all i and j,

0<pi+di<p;<1 and 0<pj+dj <pj<1,

df and

i=1"

where d;, d; <0 for alli and j. If S di =300

min (p; +d;) > max pj,
1§i§n( ¢ Z) 1<j<n 77

then
n n
Z p’La Z Z p_]a 7 (A'13)
i=1 7j=1

where f(p,d) = plogp — (p + d)log(p + d).
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PRrROOF: The proof given in Ho and Yeung [3] is not straightforward, and their construction method
is not clear. Here we give a simple proof. It is trivial for n = 1. First consider n = 2, 3. It is easy to
check that

(p1,p3,p1 +d1,p2 + d2) Zm (p1,p2,p1 +di,p5 + d3) (A.14)

and

(p1.p3,p5,p1 + di,p2 + d2,p3 + d3) Zm (p1,p2,p3,p1 +di,p5 +d5,p3 +d3). (A.15)
Note that xlogz is convex on R4. By Proposition 3.C.1 in Marshall et al. [6], it follows that

k k k k
> pilogp; + Y (pi+di)log(pi +di) <Y pilogpi + > (pi +di)log(p; +df), k=2,3,
i=1 i=1 i=1 i=1
which implies that (A.13) holds for n = 2,3.
It is well-known that if a1 <m b1 and as < ba, then a1 + as <m b1 + by, where a; € R” and
b; € R® for i = 1,2 and all positive integers r and s. From (A.14) and (A.15), it follows that, for

n> 2,
(pT7 s 7p’>:7.apl + dla <.y Pn + d’ﬂ) jm (p17 cee 7p3>p>'1< + dT7 s 7p;kL + d;) (A'16)
Therefore,
n n n n
> pilogp; + > (pi + di)log(pi +di) <> pilogp; + > (pf +di) log(p; +di),
i=1 i=1 i=1 i=1
implying (A.13). This completes the proof of the lemma. |

LEMMA A.2 (Lemma 8 in Ho and Yeung [3]): Let {(pi,d;):i=1,...,n} and {(p;,d}):j=
1,...,n} be two sets of real vectors such that for all i and j,

0<pi<pi+di<1l and 0<p;<p;+d; <1,
where d;,d; >0 for all i and j. If 1" 1 d; = >.i" 1 di and

J

i x> ) .
i pi > lrgnjagn(pg +dj),
then (A.13) holds, where f(p,d) = plogp — (p+ d)log(p + d).

ProOOF: The proof is similar to that of Lemma A.1. Under the above conditions, it can be checked
that (A.14), (A.15) and hence (A.16) hold. Therefore, (A.13) follows. |
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