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In this article we present a new representation for the steady-state distribution of
the workload of the second queue in a two-node tandem network. It involves the
difference of two suprema over two adjacent intervals. In the case of spectrally
positive Lévy input, this enables us to derive the Laplace transform and Pollaczek—
Khintchine representation of the workload of the second queue. Additionally, we
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obtain the exact distribution of the workload in the case of Brownian and Poisson
input, as well as some insightful formulas representing the exact asymptotics for
a-stable Lévy inputs.

1. INTRODUCTION

Traffic engineering greatly benefits from models that are capable of accurately
describing and predicting the performance of the system. The network nodes are
usually modeled as gueues, and queuing theory can be used to analyze the perfor-
mance (in terms of loss, delay, throughput, etc.) of these nodes. However, most
studies address performance issues for single nodes, which is evidently an over-
simplification of reality. This justifies the growing interest in the performance of
traffic streams traversing concatenations of queues. Measurement studies have pro-
vided empirical evidence that, in particular cases, network traffic can be approxi-
mated by Gaussian processes [e.g., Brownian motion or fractional Brownian motion
(fBm)]. Mikosch, Resnick, Rootzén, and Stegeman [27] and Kaj and Taqqu [22]
have focused on the cases in which it is not accurate to assume Gaussianity; in [27]
it is argued that if the rate at which connections are initiated is modest relative to
the tail of the connection-length distribution (which is assumed regularly varying),
it is preferred to approximate the traffic stream by a stable Lévy motion. More jus-
tification for the use of Lévy motions in a communication networking context can
be found in [10].

This article focuses on a two-node tandem network with Lévy input; we note,
however, that it is straightforward to extend the analysis to tandem networks with
more than two nodes. Our purpose is to analyze the buffer content distribution of
the downstream (i.e., second) queue. Some results are known for special cases of
this model. The tandem queue with Poisson arrivals, for instance, was analyzed in
detail, but a considerable part of the results is in terms of Laplace transforms (see,
e.g., [33,37,40]). For Brownian motion input, the exponential decay rate of the
queue-size distribution of the second queue is given in [26].

Our article is related to earlier works by Kella and Whitt [25] and Kella [23].
These articles also consider tandem queues with Lévy input, but there it is required
that the input be nondecreasing. This assumption, however, excludes classes of input
processes such as Brownian motion and a-stable Lévy motions (with a < 2). The
approach taken in this article covers these important cases. Moreover, in [25] and
[23], the emphasis is on moments and Laplace transforms, whereas a substantial
part of our results is in terms of explicit expressions for the probability distribution
of the downstream queue (or its tail behavior).

This article is organized as follows. Section 2 finds a remarkable new repre-
sentation of the queue size of the downstream queue. The new formula holds for
general (not only Lévy) input processes and involves the difference of two suprema
over two adjacent intervals. The derivation relates to results of [26]. The specifi-

https://doi.org/10.1017/50269964807070064 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964807070064

TANDEM QUEUE WITH LEVY INPUT 85

cation of this representation for spectrally positive Lévy input enables us to analyze
(in Section 3) the downstream queue in terms of Laplace transforms. This leads to
the analogue of the result by Zolotarev [42] for the single queue. Additionally, we
derive the Pollaczek—Khintchine representation of the distribution of the down-
stream queue that extends Theorem 4.1 in [25] from “subordinator Lévy input” to
spectrally positive Lévy input.

Section 4 applies the general results to a number of examples with light-tailed
input. For both Brownian and Poisson input, we give the exact distribution of the
workload of the second queue. Our analysis indicates that in this light-tailed case,
there are two regimes: there is a critical service rate ¢} such that (1) for ¢, > ¢}, all
traffic entering the first queue is essentially served immediately and goes directly
into the second queue, such that traffic is not “reshaped” by the first queue, and
(2) for ¢; = ¢y, the first queue does play a role in delaying and reshaping the traffic
before entering the second queue. This behavior is in line with earlier results in
[11,26].

Section 5 deals with examples featuring heavy-tailed input. We find asymptot-
ics and bounds of the tail distribution when the input is a-stable Lévy motion and
compound Poisson (with regularly varying jumps).

2. MODEL AND FUNDAMENTAL RESULT

In this section we first describe our tandem queuing model. Then we present our
fundamental result.

2.1. Model

In this article we consider a two-node tandem network with service rate c; at the
first node and service rate ¢, < ¢; at the second node; the buffering capacity is
infinite at both nodes. Although traffic can enter the first queue in “quanta” of pos-
itive size, we assume that it leaves the first queue as “fluid.” In the standard exam-
ple of packets fed into a communication network, it would mean that during the
service of packets in the first queue, the second queue fills at the (net) rate ¢; — c¢,.

Let {A(z),t € R} be the input process; then the amount of traffic generated in
the interval (s, 7], where s < rand s, € R, is denoted by A(s, 1) := A(t) — A(s). We
first assume that {A(z),# € R} has stationary increments; later we focus on the
case of stationary independent increments. We denote by O, and Q, the steady-state
workload at the first and second queue, respectively. Analogously, we denote by
Q the total steady-state workload in the tandem network. We assume that y :=
E{A(1)} < c, to ensure that both Q; and Q, are finite a.s.

In this article we focus on the probability that the stationary buffer content at
the downstream (i.e., second) node exceeds level u:

P(Q, > u) foru> 0.
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Following Reich’s representation [30], we can write for the first queue, using the
fact that A(-) has stationary increments,

Q, =4 Sup{A(—=1,0) — ¢, 1} =4 fgg{A(t) —cpth e))

=0

Now note that the following “reduction property” applies, which was also used in
[25]. Consider a single queue fed by the original input process {A(r),t € R} and
drained at the slowest of the service rates min{c;, ¢,}. Then it is not hard to see that
the buffer content of this queue is equal to the foral buffer content of our tandem
system (see, e.g., Avi-Itzhak [5] and Friedman [18]). Hence, we have for the total
workload Q that

0=y stgg{A(—t,O) — oty =4 fgg{A(t) — oyt (2)

because we assumed that ¢, < ¢;.
The above observations directly lead to the following representation for Q,:

0, =4 fglg{A(I) — ot} - fgg{A(t) et} A3)
Remark 2.1: Ttis tempting to explicitly impose the assumption that A(¢) is increas-
ing in t, bearing in mind that A(¢) is interpreted as the amount of traffic entering the
queue in [0, 7). However, there are good reasons to not assume a priori that A(-) is
increasing, the most prominent being the following.

Consider the superposition of a number of independent and identically distrib-
uted (i.i.d.) on-off sources (i.e., sources alternating between sending at some con-
stant, positive rate and being silent); the corresponding input process is evidently
increasing. When the number of sources grows large, however, there is, after some
appropriate rescaling, convergence to “limit processes” that are not necessarily
increasing (for instance, (fractional) Brownian motion (with drift) or Lévy input
models; see, e.g., [15,41]). This motivates our choice to not restrict ourselves to
increasing inputs.

Two additional comments need to be made. First, we mention that in many
cases, the above-mentioned convergence of traffic aggregates carries over to the
stationary buffer-content process. Loosely speaking, the queue fed by the aggregate
input process converges to the queue fed by the “limit process” (see, e.g.,[10,14,15]).
Second, notice that when using representation (3), the queue length in the down-
stream node is necessarily positive.

2.2. A Representation for the Workload Distribution

In this subsection we prove a fundamental result that simplifies the representation
(3) for the queue length in the downstream queue Q,. In particular, we show that
the set over which both suprema in (3) should be taken can be decomposed into two
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adjacent intervals. Define t, := u/(c; — ¢,), which can be interpreted as the mini-
mum time it takes for the second queue to exceed level u, starting empty.

PROPOSITION 2.2: Let ¢, > ¢, > 0 and let {X(t),t = 0} be a stochastic process
satisfying lim,_,{X(t) — c,t} = —oo a.s. Then, for each u = 0,

(sup{X(t) = cath = suplX(1) — ey} > u>

=0

= IE”< sup {X(1) —eat} = sup {X(t) — ey} > u>

1€[1,,00)

ProOF: We use the short notation Y(’) ‘= sup,esiX(t) — ¢;t}, for i = 1,2 and
S C R*. Define also # := arg sup,~o{X(¢) — c;t}. We have to prove that

2 1 2
(Yo = Yooy > 1) = P(Y[y" oy = Yo sp > 0).
Our proof is in four steps.

e We first prove that Y[O ) Y[E)I,lo) > u implies that #; = ¢,. To show this,
suppose that 3 < 1,,; then we have that

Y[fflo) — Y[E)l,lo) sup {X(t) — ot — sug{X(s) - s}}

t€[0,1,)

= sup {X(1) —cyt —{X(t) — ¢, t}} = u.

t€[0,1,)

 Because of the first step, we can restrict ourselves to #;” = 7. Consequently,
we can decompose our probability into

@ M
P(Y0,00) = Y0,00) > 1)
v @ N
= PV~ Yooy > )
_ oy . 2) i . .
= PV = Yoo > 3 17 > 1,) + P(Yi2o) = Yooy > w517 = 11,);

call the latter probabilities P, and P,, respectively.
e First consider P,. Note that under #;° > 1,, it holds that

2
YD = Yoo = (X(11) = a7) = (X(1}) = ¢y 17) > u,
which combined with the fact that
2 1 1
{Y[(tu?oo) - Y[E),lo) >uf C {Y[t o) Y[E),i“] > uf
implies that

]P(Y[z ,00) Y[O t,] > u; tl* > tu)'
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e We trivially have

— (2 (1)
P, =P(Y = Yo, > ustf =t,).

1,0)

Thus,
P+ P, = P(Y[(ti?oo) - Y[E)],)tu] > u).
This completes the proof. u

We now return to the class of arrival processes with stationary increments, that
was introduced in Section 2.1. For this class, the above result enables us to re-
write (3) as follows.

THEOREM 2.3: For each u = 0,
P(Q, > u) = ]P’< sup {A(1) — ot} — up {A(t) — 1} > u)
t€[1,,00)
ProOF: The statement follows immediately by combining (3) and Proposition 2.2.
|

If the increments of A(-) are also independent, then we get the following
representation.

THEOREM 2.4: Let {A(t),t € R} be a stochastic process with stationary indepen-
dent increments and let uy = EA(1) < ¢,. Then for each u = 0 and A,(-) and A,(+)
independent copies of the process A(-),

P(Q, > u) = P(f;[‘(l)P ){A](t) —cyt} > sup {—A,(t) + ¢ t}> 4

t€[0,1,]

Proor: To get the result, use

sup {A(t) —cyt} — sup {A(t) —c t}

t€[1,,00)

= sup {A(1) —A(1,) —cr(t —1,)}

t€[1,,00)

- sup {A(t)—A(t) c(t—t )+ (¢, — )t

[0,
Now the theorem follows immediately from the independence and stationarity of
the increments of A(-), in conjunction with the fact that (¢, — ¢,)t, = u. |
3. DISTRIBUTION OF P(Q, > u)

This section studies the distribution of P(Q, > u). Direct application of the new
representation of the downstream queue, as derived in the previous section, yields
the Laplace transform Ee 22 and the Pollaczek—Khintchine representation of the
distribution of Q,.
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3.1. Laplace Transform

In this subsection we assume that A(-) ={A(z), r € R} is a spectrally positive Lévy
process (see, e.g., [35]) (thus allowing positive jumps). Hence, its Laplace trans-
form is uniquely determined by the Laplace exponent « (-) through

Ee*,\'A(t) — etK(S),

s = 0; see, for instance, [4, Chap. IX.9].
We need the following additional notation:

ANl sug{A,(t) — oyt
=

S, 7= sup {=A,(t) + ¢ t},

te[0,7]

where A () and A, (-) are independent copies of the process A(+). So we can rewrite
formula (4) in Theorem 2.4, with 1, := u/(c; — ¢,), as

P(Q, =u) =P(S; = S,,, = 0). )]
It appears that the function 6,(-), with
01 (S) = log(Eefo(l) + s¢q )’

is of crucial importance in the further analysis; observe that 8, (s) = «(s) + ¢, s. Addi-
tionally, let R, denote the first-passage time of level y: R, := inf{r = 0: —A,(r) +
¢t >y}, so that

P(S,,, <y) =P(R,>1,) (6)

for each y = 0. We first summarize some useful properties of 6;(-) and R,.

PrROPOSITION 3.1: Let {A(t),t € R} be a spectrally positive Lévy process with
Laplace exponent k() and u := EA(1) < c¢,. Then the following hold:

(i) 0,(s) is strictly increasing on s € [0,00).
(ii) 6,(s)/s = ¢, —pass Lo
(iii) Ee Ry = ¢7%'® for s = 0 and y = 0, where 6; ' (-) is the inverse func-
tion of 6,(-).

Proor: Part (i) follows from the fact that 6;(0+) = —EA(1) + ¢, = —u+c¢; >0,
in conjunction with the well-known property that «(-) is convex. Part (ii) is a con-
sequence of 6,(s)/s — 6](0+) as s L 0. Part (iii) is an immediate implication of
Sato [35, Thm. 46.3] (see also, e.g., [8,19]). u

In the following theorem we obtain an explicit formula for the Laplace trans-
form of the downstream queue Q5.
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THEOREM 3.2: Let {A(t),t € R} be a spectrally positive Lévy process with Laplace
exponent k(-) and u := EA(1) < c,. Then, for each x > 0,

—u 0 (x(er — )

Cp —C X— efl(x(cl - Cz)).

Ee —x0) —

Proor: Let x > 0. In the first step, we prove that

Fe *Q = ]Ee—(?f](x(cl — )8 7

Note that integration by parts yields

REe 92

J e dP(Q, =u)= xf e P(Q, = u)du
0 0

1- xf e "P(Q, > u)du. )
0
Moreover, due to (5) and (6) we have

f e P(Q,>u)du = f e P(S, — S, >0)du
0 0
— f €7Mtf ]P)(SZ,tu < y) d]P(Sl = y) du
0 0

= f e_x“f P(R,>1,)dP(S, =y)du.
0 0
Applying the change of variable v := u/(c; — ¢,), this leads to
f e P(Q, > u) du
0

= (¢, — c2)f f e " VP(R > v) dvdP(S, = y)
0 0

oo 1 oo
(¢, —¢,) f (— —f e ¥ "Z)UIF’(Ry =) dv) dP(S, =y)
o \x(c; —¢) 0

1 oo oo
x (1 _f f e r@ 2 gP(R, = v) dP(S, = y>)
X o Jo :

1 0 -

_ _(1 _f e ™0 (xleime)) gp(s, Sy)> 9)
X 0
1 .

=—(1- REe % (X(Cl_cl))sl), (10)
X
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where (9) is due to Proposition 3.1(iii). Now (7) follows directly from combining
(8) with (10).

In order to complete the proof, note that, following Zolotarev’s result for spec-
trally positive Lévy processes [42], for x > 0

€y~ M

Ee ™5 = X,
02()6)

(11)

where 6,(s) := log(Ee *(V*s2): observe that 6,(s) = k(s) + c,5 = 6;(s) +
(¢s — ¢1)s. Combining (7) with (11) leads to

(c;— #)91_1(35(51 —c))

Ee "9 =
0,(6, ' (x(c, — ¢3)))
G H 0, '(x(c; = ¢,))
¢y = ¢ x— 0 (x(e; — Cz)).
This completes the proof. u

Remark 3.3: Theorem 3.2 can be considered as an analogue of the result of Zolo-
tarev [42]; there, the Laplace transform of P(Q; < u) was given for A(-) being a
spectrally positive Lévy process, whereas here we present the corresponding result
for P(Q, < u).

Remark 3.4: Recall that Q denotes the (steady state) of the total workload. Since
S| =4 O, it follows that (7) is equivalent to

e 2 = Ee~ 0 (xc—e2)Q (12)
for x = 0. This relation plays a crucial role in Proposition 5.1.

Remark 3.5: We note that for special cases, Theorem 3.2 can be derived in alter-
native ways. Consider for instance the case of compound Poisson input. We assume
that A(¢) = SV X,, where N(-) is a Poisson process with rate A. The random vari-
ables X; are i.i.d., nonnegative, and independent of N(-). We denote by X the generic
random variable and by F(+) its distribution function. Under the above notation, we
say that A(+) is a compound Poisson process, characterized by (A, F). Let f := EX.

Observe that in the tandem setting, the downstream queue is fed by an on—off
process: During on-periods, which are distributed as the busy period of the first
queue, the downstream queue fills at rate ¢; — ¢,, whereas during off-periods, which
have an exponential distribution (with mean A™!), it drains at rate ¢,. Assume for
ease that u = Af < 1 = ¢, < 2 = ¢ (the analysis can be extended straightforwardly
to the case of general service rates). Under this choice, our formula for Ee *<
reduces to
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6; ' (x)

Ee % = (1 —py) ————.
e ( 'U)x—Hl_l(x)

Denoting by P the busy period of the first queue, and 77 (s) := Ee*F and &(s) :=
Ee X, then [2, Eq. (3)] gives
1 —AEP x+ A — Am(x)

Ee % = .
1+ AEP x — A + A7m(x)

It is now left to check that the above two formulas coincide. As the input rate of the
first queue equals the output rate of the first queue,
EP

:/\ = -
M= = T EP

’

we obtain that 1 — u = (I — AEP)/(1 + AEP). Hence, it is left to show that

0, ' (x) 3 x+ A= Am(x)
x—6;"'(x) _x—/\+/\7r(x)’

or, equivalently, 20, '(x) = x + A — Az (x) or

X A A
0, E-i-E—Eﬂ'(x) = x. 13)

By definition, we have 6,(x) = —A + Aé(x) + 2x. Also, we have the well-known
fixed-point equation for the busy period of the M/G/1 queue (with service rate 2):

X A A
7T(x)=§<5+5—577(x)>.

Hence, we obtain (13):

x A A _ x A A _
6, 5+5_57T(X) = —A+ A& 5+5_57T(X) +x+A—Am(x)=x,

as desired. Related results can be found in [24,36].

3.2. Pollaczek-Khintchine Representation

Theorem 3.2 enables us to determine Pollaczek—Khintchine representation for the
distribution function of Q,. Define Ry = (¢; — ¢2)R, and observe that, due to Prop-
osition 3.1, {R,:y = 0} is a subordinator with Ee %+ = ¢ 7™ where 9 (x) :=
0, '((¢c;, — ¢»)x) for y = 0 and x = 0. Recalling Proposition 3.1(ii), we have
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with o € (0,1).

Thus, following, for example, Takécs [38, Eq. (23)], define a distribution func-
tion H(-) such that H(x) = 0 for x < 0 and its Laplace transform €y (s) is of the
form

F(x)
ox

0,(x) = f me*xv dH(v) = (14)
0

forx = 0.

THEOREM 3.6: Let{A(t),t € R} be a spectrally positive Lévy process with Laplace
exponent k() and u := EA(1) < ¢,. Then

P(Q, =u) = (1 —p) Z o H* (u).

ProoF: Application of Theorem 3.2 immediately yields

c—p F(x)

Ee*XQz = R
¢ — ¢y x— F(x)
I (x)
o
G H ox
c;— ¢y J(x)
l-o
ox
[Nl | BN )
= 2 (ot (x))
Ci— Cy =1
=(1—0) X 0" ")
i=1
This implies Theorem 3.6 immediately. u

Remark 3.7: Theorem 3.6 is related to Theorem 4.1 in [25], where it was assumed
that the input process is a compound Poisson.

Remark 3.8: The distribution H(-) has a natural representation in the language of
the Lévy measure associated with {R,:y = 0}. Indeed, since {R,:y = 0} is a sub-
ordinator, then, following [7, Sect. 3.1, Eq. (3)], the Lévy—Khintchine representa-
tion of the Laplace exponent ¥ (-) has the following form:
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oo

F(x) = dx+xf e TI(s) ds,

0

where d is the drift coefficient and TI(s) = I1((s,00)) is the tail of the Lévy measure.
Then

1 [~ _
{y(x) = —+ —f e 1II(s) ds.
o 0 Jo

Hence,

d 1 ('_
H(t) E+ EJ;) I1(s) ds

for all £ = 0. Observe also that o = d + [ II(s) ds.

4. EXAMPLES: LIGHT-TAILED CASE

In this section we apply results of previous sections to two special cases. The first
focuses on Brownian input and the second focuses on Poisson input; hence, in all
cases, the increments are independent and, consequently, (4) can be used. Before
analyzing particular examples, let us first identify a “dichotomy” in the distribution

of Q2.

4.1. A Dichotomy

If () exists for negative s, the Lévy process could be called “light-tailed,” as the
tail of the distribution of A(1) decays exponentially or faster. In this section we use
the results of the previous section to further investigate this light-tailed case, even-
tually leading to an interesting dichotomy. Throughout this subsection, we tacitly
assume that the Lévy input is spectrally positive.

Bearing in mind Proposition 3.1(iii), it is seen that by analytic continuation,
Theorem 3.2 holds for all x for which 6, '(x(c, — ¢,)) is well defined. For light-
tailed Lévy processes, this means that we could pick any x larger than x; :=
(c; — ¢) ' minyep 6;(y) (use that 6,(-) is convex). Theorem 3.2 implies that if, in
addition, x > 6, '(x(c, — ¢,)), we have that Ee *2 is finite and, hence, “Chernoff”
implies that

P(Q; > u) = Me™ s)

for some finite constant M; see also [1, Lemma 3.2]. Let x, solve x, =
0y ' (x,(c, — ¢,)), or, equivalently, 6,(x) = 0; if there is no solution, then take the
infimum of all x such that 6,(x) = 0 (this x, is necessarily negative). The above
arguments immediately lead to the following result, yielding the tightest x for which
(15) holds.
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PROPOSITION 4.1: If x, > arg min, 0,(y) then (15) holds (for some M < oo) for all
x > xy; else (15) holds (for some M < o) for all x > x,.

Assuming that «(-) is differentiable, define c¢; := —«k’(x,); note that x, de-
pends on ¢, only (not on ¢;) and, consequently, c; depends on ¢, only. The next
result indicates that ¢} can be viewed as a critical service rate, demarcating two
regimes.

PROPOSITION 4.2: If¢; < c7, then (15) holds (for some M < o) for all x > x,; else
(15) holds (for some M < o) for all x > x,.

ProoF: Due to the convexity of 6;(-), requiring x, > arg inf, 8;(y) is equivalent to
requiring 0] (x,) > 0. This implies the stated immediately. u

The above indicates that there are in fact two regimes: There is essentially dif-
ferent behaviors for ¢; > ¢ and ¢; = ¢} It is noted that in the first case, the expo-
nential bound (with decay rate x,) coincides with the traditional Kingman-type bound
of a single queue with service rate ¢,. We return to this phenomenon later; there we
also give an interpretation of the two regimes.

4.2. Tandem with Brownian Motion Input

In this subsection we analyze representation (4) for the case where A(-) = B(-), a
standard Brownian motion (with zero drift). It appears that an explicit formula can
be derived for P(Q, > u). Let ¥(-) denote the tail distribution of a standard Normal
random variable N: ¥(x) = P(N > x).

THEOREM 4.3: Let A(-) be a standard Brownian motion. Then, for each u = 0,

-2 -2
]P)(Q2 > u) — C]_Cz €72C2" (1 _ w<u\/;>)

Cl_C2 Cl_C2
€y ¢

+ v Vu .

(S Cp— G

Proor: Following Theorem 2.4 we have

P(Q, > u) = ]P(,es[%p ){Bl(t) —cyt} > sup {B,(1) + Clt}>’

1€(0,1,]

where B, (-) and B,(-) are independent standard Brownian motions. Using the well-
known fact that, for each x = 0,

P( sup {B,(t) —cyt}> x) = ¢ 202¥

tE[0,00)
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and (see, e.g., Baxter and Donsker [6])

.- d =
p(x):= £P< sup {B,(t) +c,t} _x>

t€(0,1,]

2 (x—c,t,)? x+ct,
= |—exp|———— | —2c,e*¥ ,
t, 2t, t

u

we get two integrals, which we will calculate separately:

[e’e}

P(Q, > u) = f 67202xp(x) dx =1,(u) — I, (u),

0

where

I )-—fm s |2 Loan)),
(u) == . e vy exp 2 X,

o x+ct,
L(u) = e 22 ¢, e dx.
0

Integral I,(u) is evaluated as follows:

S| x2—=2c,t,x + cit? + deyxt,
Ii(u) =2 - dx
0

\N2mt, P 21,

* 1 (x—=(c, — 262)tu)2
= 26"'2(”""2)"‘] ex <— dx
o N2, P 2t

u

-2
= Qg 202u (1 _ W(Q@)) (16)
(S )

For I,(u), we find

I( ) Joo2 2x( )\If(x+cltu>d
u) = cie T X
’ 0o Vi,

¢ h e x+ Cy tu
2(c; — cy)e? )y dx.
CiL—CyJo \/Zt
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Now integration by parts gives that I,(u) = ¢, 1,(u)/(c; — ¢»), with

(x+c,t,)?
11,) 0
2t

© 1
L(u) = —W(c\t, +f e?lerme) ex (—
2( ) ( 1 ) o \/m p

u

612 tu
—\If(cl\/t—u) +exp| — 5 +
f‘” 1 < x? —2xt,(c, — 2¢c,) + (¢, — 202)2tu2> J
X expl| — X
o N2mt, P 2t,

< 1 (x = (¢; = 2¢)1,)°
—W(c\t,) + e‘c2(2cl_2”2)’“f ex (— dx
( 1\/—) . ,—27”" p 21,

-2
= —W(c,\1,) +e—2czu<1 —W<%\/ﬁ>) 17)

Combining (16) and (17) yields the desired result. u

(Cl B 262)2tu>
2

The next corollary finds the exact asymptotics of the buffer content distribu-
tion in the second node, by applying the general result of Theorem 4.3.

COROLLARY 4.4: Let A(+) be a standard Brownian motion.

(i) If ¢, > 2c,, then

¢, —2¢,

P(Q, > u) = e 224 (1+ 0(1)) asu— oo.

€~ 6
(ii) If ¢, = 2c¢,, then

1 1

21rc, W

P(Q, > u) = e 2214+ 0(1)) asu— oo.

]

(iii) If c; < 2c,, then

B ) 1 (cl — c2)3/2 4c,
>u)=
Q: N2 u ci(c; — 2¢,)?

X exp(—ﬁ u)(l +o0(l)) asu—> co.

Proor: Let J;(u) and J,(u) be defined as

¢, — 2c¢ ¢, — 2c¢
Jiu) = —— ez“z"(l - qf<¥\/ﬁ>>

Cp— G Cp— &
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and

Jy(u) o= — \v( & ()
u) = ul;
? cL— ¢y \e, — ¢,

recall from Theorem 4.3 that P(Q, > u) = J,(u) + J,(u). We also recall the standard
“first-order” asymptotic result,

1 1
V() = — —e “2(1 + o(1)), (18)

N2 u

and “second-order” result,

1 1 1

E ;e—uz/z — W () = % - e “2(1+ o(1)). (19)
We now consider the three cases separately.
(i) ¢; > 2c¢,. Then
log Jy(u) c? (ci/c5)?

lim = = > 1,
u—co log J, (u) dey(c; —cy)  4ley/ea— 1)

due tox? > 4(x — 1) > 0 for x > 2. The proof follows after applying (18).

(ii) ¢; = 2¢5. Then J, (1) = 0, and the proof follows from (18).
(iii) ¢; < 2c¢,. In this case, remarkably, both —J; («) and J,(u) equal, as u — oo,

1 1 1 c
(S E ﬁ CXP<—2(C1 —c,) u>(1 +toll),

due to (18). As a consequence, we have to rely on the more precise asymp-
totics (19). After tedious computations we derive the corollary. n

We see that there are two regimes: With ¢{ := 2c¢,, there is essentially different
behavior for ¢; > ¢} and ¢; = c}; note that, in the terminology of Section 4.1, we
indeed have that ¢} = —k'(x,) (with k(s) = 352 and x, = —2c,). In the first case,
upon overflow in the second queue, the first queue remains essentially empty and,
consequently, the large-buffer asymptotics resemble those of a single queue with
service rate ¢,. In the second case, the first queue will be exactly “balanced,” as
traffic is generated at about a rate of ¢, during ¢, units of time.
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4.3. Tandem with Poisson Input

Now we assume that A,(z), with i = 1,2, is Poisson distributed with mean Af (for
some A € (0,c,)). We first determine

IP’( sup {Al(t)—czt}>x> and IP’( sup {—Az(t)+clt}2x>.

t€[0,00) t€[0,1,]
Consider the first of these probabilities. For instance, using the Bene$ approach
(see, e.g., [31, Eq. (15.1.3)]) with p := A/c,,

) = Me"’("_x). (20)

§(x):=ﬂ”( sup {A,(1) =1} >x)=(1-p) X ‘
1€[0,00) n=|x]| n!

Now consider the second probability. Evidently,

n(x) = IP’< sup {—Az(t)+clt}2x> —P(3t€[0,1,]: A (1) = ¢, 1 — x).

t€[0,1,]
This expression can be computed by conditioning on the value of A,(z, ), as follows:
P(3t€[0,1,]:A,(t) = c;t—x)
= P(AZ(tu) = Cy tu - -x)
+ 2 P(ArE[0,4,]:A,(1) = ¢yt — x| Ay(1,) = i)P(Ay(1,) = i).
i=[cyt,~x]

Obviously,

Leyt,—x] i i
oty Az,
(—) e*/\lu. ]P(Az(tu) — l) — ( ) 67)"“.

]P)(Az(tu) Scl tu_'x) = ) ’ 4
1. 1

=0
Finally, focus on P(3t € [0,1,]: A>(1) = ¢, — x|A5(z,) = i). Reversing time, it is
easily seen that this probability coincides with

P(Ar€[0,1,]:Ay(t) =i +x—c t,+ ¢ t|A,(2,) = i). (21)

Given A,(1,) = i, these i arrivals are uniformly distributed on [0, #,]. Hence, prob-
ability (21) equals p(i + x — ¢ t,,¢|i,t,), where p(x,c|N,D) is the overflow
probability over level x in a queue with N periodic inputs (with period D) and ser-
vice rate ¢ (which is sometimes referred to as the N-D/D/1 queue). An explicit
expression for p(x,c|N, D) is given in the following lemma.

LEMMA 4.5: For x € [0,N] and N < x + c-D, it holds that

N,

n—x)cD—N-l—x

x,c|N,D) = Bin| n >
plxcl ) 2 ( c:D JcD—n+x

nEN:nE(x,N]
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with
_ N
Bin(n|N, p) = . p"(1=p~

IfN=x+ c¢-D, then p(x,c|N,D) = 0.

PrROOF: See Humblet, Bhargava, and Hluchyj [21, Sect. III.C], and Roberts and
Virtamo [32]. u

This leads to the following expression:

n(x) = ]P’( sup {—A,(t) + ¢t} > x>

te[0,1,]

Leyt,—x] ()\l )i oo ()\l )i

= X et 3 plitx—at,alin) — e M (22)
i=0 L i=[cy1,—x] L

THEOREM 4.6: Let A(-) be a Poisson process with rate A € (0,c,). Then, for each
u=0,

IF’(Q2>u)=—J

[o,

) ¢ (x)dn(x), (23)

where {(+) and 1(-) are given by (20) and (22), respectively.

Remark 4.7: As in Corollary 4.4, one could pursue the exact distribution of Q,, as
in Theorem 4.6, to find its large-buffer asymptotics. However, this turns out to be a
nontrivial task, due to the complicated structure of (23).

An alternative is to use a procedure that is similar to the one pursued in [1] for
the priority queue. First, realize that the output process of the first queue consists of
independent on- and off-periods. The off-periods are obviously exponential (with
mean A~!), whereas the on-periods correspond to the duration of the busy period,
say B, in the first queue. The asymptotics of the busy period are known (Cox and
Smith [13, Sect. 5.6]), and are of the type

P(B > u) = au?e P*(1 + 0(1))

for positive numbers «, 8, and u — co. Standard results for the large-buffer asymp-
totics of queues fed by a single on—off source now indicate that, as in the Brownian
case, there are two regimes, separated by a critical service rate.

The critical service rate can be found as follows. Let 8* > 0 solve log Ee
¢, 01, or, equivalently, A(e? — 1) = ¢, 0, and define A* := Ae?". If ¢; > ¢} := A*, then
the first queue is essentially transparent and the large-buffer asymptotics are purely
exponential: a, e B+, with B, := 6*. For ¢, < ¢}, the large-buffer asymptotics
are of the form «_ u *?¢ #-*; in this case,

0A(1) —
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B_ = cilog——c,+ A (24)
Cl - C2 A

We recognize in (24) the Kullback-Leibler distance of a Poisson(c;) random vari-
able with respect to a Poisson(A) random variable. Indeed, (24) can be interpreted
as the decay rate of the Poisson source generating traffic at rate ¢, during ¢, units of
time, thus building up an amount of traffic « in the downstream queue.

Remark 4.8: The approach presented in this subsection is not restricted to the Pois-
son input of batches of deterministic (unit) size. Let us, for instance, consider the
situation of a Poisson(A) stream of nonnegative i.i.d. batches (A;);ey. It turns out
that Theorem 1 of Takécs [39, p. 24] is quite useful here. To make this theorem
directly applicable, assume for the moment that time is slotted (i.e., the number of
batches arriving per slot has a Poisson distribution with mean A), ¢; = 1, and that
the batch sizes are i.i.d. and take on nonnegative integral values.

We can repeat the above argument. Now ¢ (-) is the overflow probability in the
corresponding M/G/1 queue, which is explicitly given by the Pollaczek—Khintchine
formula; see, for instance, [4, Thm. 5.7, Eq. (5.5)]. Also, 5(-) follows easily: We
can use exactly the same procedure as earlier, by first conditioning on the value of
A,(t,); note that the per-slot arrivals are interchangeable random variables, such
that the counterpart of probability (21) follows immediately from [39, Thm. 1, p. 24].

5. EXAMPLES: HEAVY-TAILED CASE

In this section we analyze the asymptotics of the tail distribution of Q, in a case
when A(-) possesses a heavy-tailed structure.

Before we focus on particular examples, we need the following proposition,
which relates the asymptotic behavior of P(Q, > u) with P(Q > u); recall that Q
represents the total workload.

PrOPOSITION 5.1: Let v € (0,1) and
P(Q>u)=u"€(u)(1+ 0(1))
as u — oo, where {(-) is slowly varying at co. Then
P(Q, > u) = p u""¢(u)(1 + o(1))
as u — oo.

PrOOF: Assume thatas u — 0o, P(Q > u) =u""€(u)(1 + o(1)) forv € (0,1). Then,
following Lemma 2.2 in [9], we have

1
X

Ee ¢ —1=T(1- v)x"€< )(1 +0(1))
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as x — 0. Thus, the use of (12) leads to

Fe 2 —1 = Ee—Bf](X(Cl—Cz))Q -1

=T(1-0)6 " (x(c —Cz))”€< )(1 +o(1)

al_l(x(cl - )

_F(l— )(M)U v€<+ l)(l_i._ (1))
R x P e — e 1)

1
=I(- v)g”x”K(—)(l +o0(1))
X
as x — 0, since lim,, 0, '(x(c; — ¢5))/x = p. Thus, again, the use of [9, Lemma

2.2] completes the proof. u

In the following proposition we give the exact asymptotics of the tail distribu-
tion of Q, in a case when H(-) belongs to the class of subexponential distributions.

PROPOSITION 5.2: Let {A(t), t € R} be a spectrally positive Lévy process with u =
EA(1) < ¢,. If H(-) defined in (14) is subexponential, then

Cp—H

P(Q, > u) = H(u) (1 + o(1))

(&)
as u —> oo.
ProoF: From Theorem 3.6, we have that for each u = 0,

P(Q,=u)=(1—0) > 0" 'H*(u)

i=1

=(1—0) > 0" (H*" xH)(u) = (K* H)(u), (25)

i=0

where K(u) = (1 —p) 27, 0'H* (1) and p, as earlier, defined as (¢; — ¢,)/(c; — ).
Now, following Embrechts, Goldie, and Veraverbeke [17],

R(u) = ﬁmum +o(1))

as u — oo; the overbars indicate complementary distribution functions. Thus, using
the convolution closure property of the class of subexponential random variables
(see, e.g., Embrechts and Goldie [16] or Cline [12]), we conclude that
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P(Q,>u) = K* H(u)
- (L + 1>ﬁ(u)(1 + o(1))
l—opo
1 _
= ——Hw(+o(1)
I-0o
= B AW+ o).
G~ H
This completes the proof. u

5.1. Tandem with a-Stable Lévy Input

In this subsection we focus on the case of a-stable Lévy input. Let X,, . 5(-) denote
an a-stable Lévy motion with scale parameter o~ and skewness parameter 8 (see,
e.g., [34]). We analyze P(Q, > u) for A(-) an a-stable Lévy motion with a € (1,2),
o =1,and B € (—1,1]. For the general case of 8 € (—1,1], we present the generic
asymptotic upper and lower bounds for P(Q, > u) in the large-buffer regime (i.e.,
u — o0). Moreover, if 8 = 1, then the application of Proposition 5.1 provides us
with the exact asymptotics of P(Q, > u).
In the rest of this section we use the notation

'l +a) [ Ta TQ
B,(a,B) := ——\1 + B2 tan?(7a/2) sin EY + arctan | 8 tan > )])
T

148 a—1
2 I'(2—a)cos(m(a—2)/2)

Bz(ﬂf, ﬁ) :
THEOREM 5.3: Let A(t) = X, 1 g(t) with « € (1,2) and B € (—1,1]. Then the fol-
lowing hold:

(i) As u — oo,

]P(Q2>u)s< B(a,B) +B2(0z,,3)>< ¢ )au‘“(1+o(1)).
Cp— 6

cala—1) ¢

(ii) As u — oo,

P(Q, > u) = B(a,B) ( ¢

cala—1)

) _aul’“(l +o(1)).

(ST )

The following lemma from [29] (see also [20, Prop. 3.7], where the substitu-
tion B := —fB matches our notation) is needed in our analysis.
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LEMMA 5.4: Let o € (1,2), B € (—1,1], and ¢ > 0. Then
By(a, B)
( sup {X..1,p(1) = ct}>u>=—l B) i1 + 0(1)
1€[0,%0) cala—1)
as u — oo.

PROOF OF THEOREM 5.3: Let X, g(+) and Y, ; z(-) be mutually independent a-stable
Lévy motions and recall that, as earlier, t, = u/(c;, — c,).

(i): Following Theorem 2.4, we have that
P(Q, > u) = IP( S[l(l)p ){Xa,l,ﬁ(t) —cyth+ {Ya,l,ﬁ(tu) > tu})'
1&[0,00
Moreover, using self-similarity of Y, ; s(-) and following [34, Property
1.2.15],
P(Ya,l,B(tu) > Cl tu) = P(Ya,l,ﬁ(l) > Cl tzgail)/a)
= By(@,B)c, “t, *(1+ o(1)) (26)

as u — oo.
Combining (26) with Lemma 5.4 and using that both asymptotics are
regularly varying at infinity, we immediately obtain

]P’(Q2>u) = (C aIEZ _B)l) - a"'Bz(a B)C ) ulia(l +0(1))
2

:< Bl(a’B) + Bz(a,B))

cala—1) c

Cl 11—«
X < ) u'"*(1+ o(1))

L~ G

as u — oo, which completes the proof of (i).
(ii): Following Theorem 2.4, we have that

IFD(Qz > u)
=2 (500 Dans0) =2t} > sup (=Fosl0) + 1},
Hence,
P(Qz > M)
- P(éﬁé& Karpl) —cath = sup (=150} >y tu>
- P( Sup {Xarp(t) —crt} >yt )(1 +o(1) @7
B -«
- Aep) ( - ) u' (14 0(1)) (28)
cala—1)\c,—c,
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as u — oo, where (27) follows from [28, Lemma 6.3] combined with the fact
that, due to Lemma 5.4, sup,c(o,00)1Xe,1,5(f) — 21} belongs to the class of
subexponential random variables. Equation (28) straightforwardly follows
from Lemma 5.4. This completes the proof. u

In the following theorem we analyze an important special case of the a-stable
Lévy input process where 8 = 1. The importance of this class of input processes
stems, for example, from [27,41], where it was proved that X, ; () (& € (1,2)) can
be used as an approximation for an appropriately scaled superposition of many on—off
input processes.

THEOREM 5.5: Let A(:) = X,1.1(+) with a € (1,2). Then, as u — oo,
: L) e ot
= — u “(1+o .
T2 — a)cos(m(a —2)/2) ¢, \¢;— ¢,
ProoF: The combination of Proposition 5.1 with Lemma 5.4 gives
B,(a,B) ¢
€

cala—1)

IP)(Qz > u)

P(Q, > u) = ) u'"*(1+ o(1)).

-

Routine calculation, as in [20, Chap. 3], yields that
ala—1)

2 —a)cos(m(a—2)/2)

B(a,1) =

which completes the proof. u

Remark 5.6: Observe that the exact asymptotic presented in Theorem 5.5 matches
the lower bound given in Theorem 5.3. We conjecture that this observation extends
to the whole range of parameters 8 € (—1,1].

5.2. Tandem with Compound Poisson Input,
with Regularly Varying Jumps

Consider again the case of compound Poisson(A, F) input. In the following theo-
rem, we present the exact asymptotics of the tail distribution of Q> under the assump-
tion that F(-) is regularly varying at co.

THEOREM 5.7: Let A(-) correspond to a compound Poisson process (A, F). Sup-
pose that

1—F(x) =x"%(x),

where a € (1,2), €(-) is slowly varying at oo, and ¢, > AEX. Then

¢ — AEX\"* 1
o

cz—)uEX< ¢, — ¢ u'=€(u) (1 + o(1))

P(Q, > u) =

as u — oo.
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PrOOF: Observe that EA(7) = AEXz. Following [3, Thm. 2.1], we have that

AEX

PQ>u)=—— —
(©=u ¢, — AEX EX

(foo(l — F(x)) dx)(l +0(1))

as u — oo. Thus, using Karamata’s theorem, we have

P(OQ>u)=—""—"= u' = (u)(1 +o(1
Q> w) = e —— w1+ o(1)
as u — oo. Hence, the theorem follows by application of Proposition 5.1. u
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