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Abstract

Harvey Friedman’s gap condition on embeddings of finite labelled trees plays an important role in combin-
atorics (proof of the graph minor theorem) and mathematical logic (strong independence results). In the
present paper we show that the gap condition can be reconstructed from a small number of well-motivated
building blocks: It arises via iterated applications of a uniform Kruskal theorem.
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1. Introduction

In this section, we explain our main result, discuss its relevance for mathematical logic and the-
oretical computer science and point out connections with previous work (in particular with the
closely related approach of Hasegawa 1997, 2002). Our focus will be on motivation and intuit-
ive explanation, with technical details deferred to the following sections. Nevertheless, we start
by fixing a few fundamental notions: For the purpose of our paper, a tree is a finite partial order
T = (T, <7 ) such that

o the order T has a unique minimal element (), called the root of T and
o foreach t € T, the set {s € T | s <r t} is linearly ordered by <.

For each pair of elements s, t € T, there is a <r-maximal element s At € T with s At <7 s and
sAt <rt. An embedding of trees is given by an injective function f : $ — T that satisfies

Flsnt)=f(s) nf(t)

for all 5, € S. Since s <g t is equivalent to s A t =s, this entails that f is an embedding of partial
orders. Kruskal’s theorem (1960) asserts the following: For any infinite sequence Ty, T1,... of
finite trees, there are indices i < j such that T; can be embedded into T;.

Let us point out that Kruskal’s theorem has important implications for theoretical computer
science (cf. the work of Dershowitz 1982) and mathematical logic. Concerning the latter, a classical
result of Schmidt (2020) and Friedman (presented by Simpson 1985) shows that Kruskal’s theorem
cannot be proved in ATRy, a relatively strong axiom system that is associated with the predicative
foundations of mathematics (see the detailed explanations given by Gallier 1991 and Simpson
2009). The precise logical strength of Kruskal’s theorem has been determined by Rathjen and
Weiermann (1993).
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By an n-tree, we mean a tree T together with a function /: T — {0,...,n — 1}. An embed-
ding between n-trees (S, ) and (T, I) is given by an embedding f : S — T of trees that satisfies the
following conditions:

(i) We have I'(f(s)) =I(s) for any s € S.
(ii) If ¢ is an immediate successor of r € S (i.e. if t is <g-minimal with r <gt) and we have
f(r) <7 s <7 f(t), then we have I'(s) > I'(f(t)) = I(¢).
(iii) If we have s <7 f(()), then we have I'(s) > I'(f(())) = I({)).

Parts (ii) and (iii) constitute the famous gap condition due to Harvey Friedman (see Simpson
1985). More precisely, part (ii) on its own is known as the weak gap condition. In the present paper,
we are only concerned with the strong gap condition, which is the conjunction of (ii) and (iii).
The following result is known as Friedman’s theorem, or also as the extended Kruskal theorem:
For each number # and any infinite sequence Ty, Ty, . . . of finite n-trees, there is an embedding
T; — Tj of n-trees for some indices i < j.

Friedman’s theorem plays a role in Robertson and Seymour’s proof of their famous graph minor
theorem. In fact, Friedman et al. (1987) have shown that Friedman’s theorem is equivalent to the
graph minor theorem for graphs of bounded treewidth, over the weak base theory RCA¢. From
the viewpoint of mathematical logic it is very significant that Friedman’s theorem is unprovable in
the axiom system I1}-CAy, which is considerably stronger than ATR.

The present paper shows that Friedman’s gap condition results from iterated applications of
a uniform Kruskal theorem. Our next aim is to explain the latter. Given a partial order X, we
temporarily write W(X) for the set of finite multisets with elements from X (later, the letter W
will be used to denote general transformations of partial orders). Such a multiset can be written

as [xo, . . ., Xp—1], where the multiplicity of the entries is relevant but the order is not. To define
a partial order on W(X), we declare that [xo, ..., Xn—1] <wx) [Yo> . . . » ¥u—1] holds if, and only
if, there is an injection h : {0, ..., m — 1} — {0, ..., n — 1} such that x; <x yj; holds forall i < m

(note the connection with Higman’s lemma). Write 7 W for the set of trees, where isomorphic
trees are identified. We get a bijection

K WTW)—>TW

if we define «([To, . . ., Tu—1]) as the tree in which the root has immediate subtrees Ty, . .., T,,_1.
Indeed, the set 7W can be characterised as the initial fixed point of the transformation W. For
S, T eTW we write S <7w T if there is an embedding S — T of trees. This relation can also be
reconstructed in terms of the order on multisets: Writing [X] = for the set of finite subsets of X,
we define a family of functions supp)‘gv : W(X) — [X]=® by setting

suppy ([x0, - - > Xn—1]) = {X0, - - - » Xn—1}-
For multisets o and t in W(7 W) one can verify
k(o) <Twk(r) & (0 <wTwytork(c) <7w T forsome T € suppg-vw(r)). (%)

Indeed, the first disjunct on the right corresponds to an embedding « (o) — «(7) that maps the
root to the root, and immediate subtrees to immediate subtrees. The second disjunct corresponds
to an embedding that maps all of k¥ (¢') into one immediate subtree of « (7).

Above, we have written W(X) for the set of finite multisets with elements from X. In order
to generalise the construction, we now allow W to range over a large collection of order trans-
formations: A PO-dilator is a particularly uniform transformation W of partial orders that comes
with a family of ‘support’ functions suppy’ : W(X) — [X] <. In Section 2, we will recall the precise
definition, as well as a normality condition for PO-dilators. For any normal PO-dilator W, one can
construct a ‘Kruskal fixed point’ 7W that is partially ordered according to (x). Recall that a par-
tial order X is a well partial order if any infinite sequence xp, X1, . . . in X admits indices i < j with
xi <x Xj. A PO-dilator W is called a WPO-dilator if W(X) is a well partial order whenever the same
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holds for X. The uniform Kruskal theorem asserts that 7 W is a well partial order for any normal
WPO-dilator W. By the previous paragraph, the usual Kruskal theorem arises as a special case.
It is instructive to check that Higman’s lemma is another special case (take W(X) =14 Z x X to
generate finite lists with entries in Z). As shown by Freund et al. (2020), the uniform Kruskal the-
orem is equivalent to H{—comprehension (the main axiom of Hi-CAo), over RCA together with
the chain antichain principle. This result builds on a corresponding equivalence in the context of
linear orders, which is due to the present author (see Freund 2019a,b, 2020).

In this paper, we show how the construction of 7 W can be relativised to a given partial order X.
The result is a partial order 7 W(X) with a bijection

XU W(TW(X)) - TW(X).

The point of the relativisation is that 7 W is now a transformation of partial orders (rather than a
single order, as in the paper by Freund et al. 2020). We will show that 7 W can itself be equipped
with the structure of a normal PO-dilator, which we call the Kruskal derivative of W. The ax-
iom of I1{-comprehension is still equivalent to the principle that 7W is a normal WPO-dilator
whenever the same holds for W. This principle will also be referred to as the uniform Kruskal
theorem.

Our main aim is to reconstruct Friedman’s gap condition by taking iterated Kruskal derivatives.
From now on we write M(X) for the set of multisets with elements from X (in the example above
we have written this as W(X), but W is now used for general PO-dilators). It is straightforward
to equip M with the structure of a normal WPO-dilator. Our reconstruction of Friedman’s gap
condition proceeds via the following steps:

(1) Let Ty be the identity on partial orders, considered as a normal WPO-dilator.

(2) Assuming that the normal WPO-dilator T, is already constructed, define the normal WPO-
dilator T, 41 a8 the Kruskal derivative of M o T,,.

(3) Define the normal WPO-dilator T} as the composition T, o T, ;.

(4) Verify that T,(¥) is isomorphic to the set of n-trees, ordered according to Friedman’s strong
gap condition.

The construction described in steps (1)-(3) is justified by the results of Sections 2-4, which show
that the recursive clauses can be satisfied by normal WPO-dilators T,, and determine them up to
natural isomorphism. A detailed summary can be found at the end of Section 4. Step (4) is carried
out in Sections 5 and 6. A summary is given at the end of Section 6.

Considering step (2) above, we see that #n applications of the uniform Kruskal theorem are used
to show that T, is a WPO-dilator. If H%-induction is available, then one can conclude that the
latter holds for all n € N. This accords with Friedman’s result that the statement ‘T, (¥) is a well
partial order for all n € N’ can be proved in I1{-CAg plus I1}-induction but not in I1{-CAg alone.

In order to explain the relevance of our result, we recall a traditional explanation of the gap
condition, which is offered by Rathjen (1999): The latter writes that ‘[t]he gap condition imposed
on the embeddings is directly related to an ordinal notation system that was used for the analysis
of TT{ comprehension.’ In fact, he seems to suggest a clear order of precedence, by writing that
‘the gap condition [...] is actually gleaned from the ordering of the terms in [one such notation
system].” Furthermore, he states that ‘[i]t is also for that reason that criticism had been levelled
against [Friedman’s extended Kruskal theorem] for being too contrived or too metamathematical.’

Against this background, it may seem surprising that we can offer a completely different
explanation (of a systematic rather than historic nature): The gap condition arises from iter-
ated applications of the uniform Kruskal theorem. In the author’s opinion, this explanation is
decidedly mathematical, which rebuts the aforementioned criticism (note that Rathjen 1999 de-
scribes another rebuttal, which is related to the graph minor theorem). The picture becomes
even more coherent if we bear in mind that the uniform Kruskal theorem is equivalent to
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I1}-comprehension (see Freund et al. 2020): It makes sense that we can get beyond I1}-CAg by
suitable iterations. On the other hand, the author finds it astonishing that the iterations can take
such a uniform and simple form.

The aforementioned order of precedence can also be reversed (again in a systematic rather than
historic sense): Rather than explaining the gap condition in terms of ordinal notation systems,
one can motivate ordinal notation systems by showing that they realise the maximal order types
of certain partial orders with gap condition. Concrete results of this type have been established
by van der Meeren et al. (see van der Meeren 2015 and van der Meeren et al. 2015, 2017a,b). Our
result supports this approach on both a conceptual and a technical level: Conceptually, we provide
an independent motivation for the gap condition. One of the main technical obstacles to more
general results is notational complexity. We expect that our uniform description of the recursive
construction will help to overcome this obstacle. Indeed, certain concrete cases considered by van
der Meeren et al. (such as Lemma 6 of 2017a) have inspired our general approach.

Let us now discuss potential applications in computer science. The usual Kruskal theorem is an
important tool in term rewriting. Specifically, it justifies termination proofs via the recursive path
ordering of Dershowitz (1982). Despite the enormous success of this method, the use of Kruskal’s
theorem leads to a limitation (described by Tzameret 2002): Tree embeddings without the gap
condition induce a subterm property (any term is bigger than its subterms) that is not compatible
with all applications. The gap condition allows to transcend this limitation, since a small root label
can prevent the embedding of a subtree. A concrete application of the gap condition in rewriting
has been given by Ogawa (1995). As a second example, we mention that the gap condition is
relevant for the priority channel systems of Haase et al. (2013). Further research is needed to
assess whether our approach is fruitful for these types of application. Certainly, our construction
is flexible enough to provide a variety of orders with gap condition.

Having discussed potential applications of our result to computer science, we would like to
acknowledge influence in the other direction: Our approach to Kruskal fixed points owes a lot
to categorical characterisations of recursive data types. The first categorical reconstruction of the
gap condition by Hasegawa (1997, 2002) (cf. the detailed discussion below) has appeared in a
computer science journal.

Finally, we discuss connections with the existing literature. To avoid misunderstanding, we first
point out that our notion of Kruskal derivative is not related to differentiation in the sense of linear
approximation (as in the work of Ehrhard and Regnier 2003). Instead, the term ‘Kruskal derivative’
is inspired by categorical work on derivatives of normal functions (see the paper by Freund and
Rathjen 2021).

As mentioned above, it seems that the gap condition was originally inspired by ordinal notation
systems. Nevertheless, Friedman’s inductive proof that X — T, (X) preserves well partial orders
appears to contain traces of a recursive construction (see Simpson 1985 and the discussion around
Definition 6.1 below). In the author’s opinion, it is non-trivial and enlightening to bring out this
construction in detail. In particular, our approach separates the recursive construction and the
minimal bad sequence argument, which are closely entwined in the proof of Simpson’s (1985)
Lemma 4.7.

The first recursive construction of the gap condition in terms of initial fixed points is due to
Hasegawa (1997, 2002) (as far as the present author is aware). In the following, we explain why
our construction is sufficiently different to be of interest.

Most importantly, Hasegawa’s construction transforms an order transformation into a single
order (Kruskal fixed point) rather than another order transformation (Kruskal derivative). For
this reason, Hasegawa needs to start with a transformation in » variables in order to iterate the
construction # times. In our view, this makes the construction more complicated on a conceptual
and technical level:
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Conceptually, our approach has the advantage that the gap condition for n 4 1 labels (i. e. the
PO-dilator T,4;) is derived from the gap condition for n labels, without reference to previ-
ous stages of the construction. We hope that this will allow us to iterate the construction into
the transfinite, in order to capture generalisations of Friedman’s theorem by Kriz (1989) and
Gordeev (1990) (but this has not been achieved yet). A more palpable consequence is that our
approach yields the gap condition in its original form with vertex labels, while Hasegawa obtains
a version with edge labels.

On the technical side, Hasegawa’s (2002) construction involves a somewhat intricate apparatus
of iterated substitutions (see the passage after Definition 2.12 of the cited paper). We would also
like to point out that Hasegawa’s discussion of the gap condition itself is relatively condensed
(just over one page, after Corollary 2.18). The present paper provides more details, which (in the
author’s opinion) is of value.

Finally, we mention that Hasegawa’s setting is somewhat different from ours, in ways that we
have not fully analysed. One noticeable difference is that Hasegawa’s functors on partial orders are
liftings of analytic functors on sets. If W is such a lifting and X is a partial order, the underlying set
of W(X) can only depend on the underlying set of X. In the case of our PO-dilators, the underlying
set of W(X) can also depend on the order on X (e. g. we could put W(X) ={(x, y) € X% | x £x 1.
Another important difference is that Hasegawa’s morphisms of partial orders are order preserving
while ours are order reflecting. The use of order reflecting functions is crucial for the proof of
Theorem 4.5 of Freund et al. (2020). This brings us back to a main motivation for our new re-
construction: We wanted a particularly coherent picture, which integrates the equivalence with
I!-comprehension (established in the paper by Freund et al. 2020) and a reconstruction of
Friedman’s gap condition into the same framework.

2. Relativised Kruskal Fixed Points

In this section, we recall the definition of normal PO-dilators. We then construct the relativised
Kruskal fixed points 7 W(X) that were mentioned in the introduction. We will introduce these
fixed points in terms of notation systems. A more semantic characterisation will follow in the next
section.

Jean-Yves Girard (1981) has introduced dilators as particularly uniform transformations of lin-
ear orders. A corresponding definition for partial orders has been given by Freund et al. (2020). In
order to recall the precise definition, we need some terminology: A function f : X — Y between
partial orders is called a quasi embedding if f(x) <y f(y) implies x <x y. If the converse implica-
tion holds as well, then we have an embedding. The category PO consists of the partial orders as
objects and the quasi embeddings as morphisms. We say that a functor W : PO — PO preserves
embeddings if W(f): W(X) — W(Y) is an embedding whenever the same holds for f: X — Y.
As in the introduction, we write [X] =% for the set of finite subsets of a given set X. To turn [ - ] =%
into a functor, we define

[F1=“(a) ={f(x) | x€a} € [Y]™® forf:X — Yandae [X]™?.

We also apply [-]=“ to partial orders, omitting the forgetful functor to the underlying set.
Conversely, subsets of partial orders are often considered as suborders.

Definition 2.1. A PO-dilator consists of

(i) a functor W : PO — PO that preserves embeddings and

(i) a natural transformation supp"’ : W = [ - | =% that satisfies the following support condition:
When f : X — Y is an embedding (not just a quasi embedding) of partial orders, the arrow
[f1=¢ in the commutative diagram
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wx) — s wiy)

suppy’ l lsuppy

[X] W [Y]

can be lifted, in the sense that any given o € W(Y) lies in the range (in the sense of image) of
W(f) if suppy (o) lies in the range of [f]1=%.

If W(X) is a well partial order (wpo) for any wpo X, then W is a WPO-dilator.

The reader may have observed that the previous definition focuses on embeddings rather than
quasi embeddings. The latter are important for applications to the theory of well partial orders
(see Freund et al. 2020).

Concerning the support condition with respect to an embedding f : X — Y, we point out that
b erng ([f]=®) and b C rng (f) are equivalent for b € [Y]<® (where rng (- ) denotes the range).
Hence, the support condition can also written as

g (W(f)) 2 {o € W(Y) | supp} (o) C rng (f)}.

In fact we get an equality, since the converse inclusion C holds by naturality.
When the partial order X is clear from the context, then ¢, : a < X denotes the inclusion of a
suborder a C X. For o € W(X), we write

o =Nr W(t,)(00) with a € [X]=“ and op € W(a)

if the equality holds and we have supp)” (0¢) = a. The latter is a uniqueness condition, which is
required for the following result:

Lemma 2.2. Consider a PO-dilator W and a partial order X. Any 0 € W(X) has a unique normal
form o =Nr W(4)(00). For the latter, we have a = supp)v(v(a).

Proof. Consider the values of a given og € W(a) under the maps in the following commutative
diagram, where o0 = W(i,)(09):

oo W) —) s wix) 5o

supp ,‘I'V J JSUPP )‘2/

suppgv (09) € [a]~% ——— [X]=? asupp}"(v (o)

[ta]=®
Since we have [1,]=“(a) = a and [1,] = is injective, we obtain
o =ng W()(og) & suppzv(ao) =a <& supp}?’(o) =a.

For existence, consider 0 € W(X) and set a = supp)v(v(a). Due to a € rng ([t4]=%), the support
condition yields a o as in the diagram. We have o =xr W(t;)(00) by the equivalence above. For
uniqueness, we assume o =N W((4)(0p). The equivalence reveals that a is determined by o. Just
as any embedding, the function W(,) is injective. Hence, oy is uniquely determined as well.  [J

The normal forms from the previous lemma can be used to represent PO-dilators in second
order arithmetic, as worked out by Freund et al. (2020). In the present paper we do not work
within a particular meta theory. Given a partial order X, we define a quasi order Sg‘{‘ on the set
[X]=¢ by stipulating
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a<i"b & foranyxeathereisayebwithx<xy.

We will write a <ﬁny (resp. x<ﬁn b) rather than a <ﬁn {y} (resp. {x} <fin 3y in the case of
singletons. The following normahty condition turns out to be crucial:

Definition 2.3. A PO-dilator W is normal if the function suppy : W(X) — [X]= is order
preserving for any partial order X, in the sense that we have

o<wet = suppy (o) <¥" suppy ()
for all elements o, T € W(X).

In many applications, the elements o, T € W(X) are finite structures with labels in X. Then,
the inequality suppy (o) < <ﬁn suppy (t) corresponds to the condition that each label is mapped
to a bigger one. In the paper by Freund et al. (2020), the Kruskal fixed point 7W of a normal
PO-dilator has been generated by the following inductive clause:

o If we have already generated a finite suborder a € 7W, we add a term o(a,0) € TW for
each element o € W(a) with suppgv(o) =a.

The point is that one can now define a bijection k : W(T W) — T W by stipulating that we have
k(o) =o(a, og) for 0 =nr W(iz)(00). We will relativise the construction by including constant
symbols x € T W(X) for elements x € X of a given partial order. At various places in the follow-
ing definition, we require that <7 (x) is a partial order on certain subsets of 7 W (X). We will
later show that all of 7 W(X) is partially ordered by <7 (x), so that these requirements become
redundant. A more detailed justification of the following recursion can be found below.

Definition 2.4. Let us consider a normal PO-dilator W. For each partial order X, we define a
set TW(X) of terms and a binary relation <7wx) on this set by simultaneous recursion. The set
TW(X) is generated by the following clauses:

(i) For each element x € X we have a term x € T W(X).
(ii) Given a finite set a €T W(X) that is partially ordered by <Tw(), we add a new term
o(a,0) € TW(X) for each o € W(a) with suppZV (o)=a.

For s,t € TW(X) we stipulate that s <7wx) t holds if, and only if, one of the following clauses
applies:
(i) Wehaves=Xxand t =7y withx <x y.
(ii’) Wehavet=o(b, 1) ands <Twx)t for somet’ € b (wheres can be of the formx or o(a, o).
(iii’) We have s = o(a, o) and t = o(b, T), the restriction of <7Tw(x) to a U b is a partial order, and
we have
W(ta)(0) <w(aup) W(tp)(7),

where i, :a— aUband t, : b— aUb are the inclusions.

In order to justify the recursion in detail, one can argue as follows: First, generate a set
ToW(X) 2 T W(X) by including all terms o(a, o) for finite a C To W(X), where a is not assumed
to be ordered and o € W(a) holds with respect to some partial order on a. Then define a length
function Ix : ToW(X) — N by the recursive clauses

K®=0, Ix(o(@o)=1+Y,c,2- (.
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Now decide r € TW(X) and s <7w/(x) t by simultaneous recursion on Ix(r) and Ix(s) + Ix(t). As
an example, we consider the case of r =o(a, 0). For s, t € a we have Ix(s) + Ix(t) < Ix(r), even
when s and t are the same term (due to the factor 2 above). Recursively, we can thus determine
the restriction of <7w(x) to a. If the latter is a partial order, we check whether o € W(a) and
suppgv (o) = a hold with respect to this order. When this is the case, we have r € TW(X). In
addition to the length functions, we need the height functions hy : 7 W(X) — N given by

hx(x) =0, hx(o(a,o0))=max ({0} U {hx(r) +1|r€a}).

When there is no danger of confusion, we sometimes omit the index X. The following important
observation relies on the assumption that W is normal. It confirms the intuition that 7 W(X) can
be seen as a tree-like structure.

Lemma 2.5. Consider a normal PO-dilator W and a partial order X. For any s,t € T W(X), the
inequality s <7wx) t implies hx(s) < hx(t).

Proof. One argues by induction on I(s) 4+ I(t). For s=x and ¢t =7, the claim is immediate. The
other cases are checked as for the non-relativised order 7 W. Details can be found in the proof
of Lemma 3.5 of Freund et al. (2020). In order to explain the importance of normality, we
briefly show where it is needed: Assume that s=o(a,0) <7w(x) o(b, 7) =t holds because of
W(ta)(0) <w(aup) W(tp)(7). Using normality, one deduces a 5%5‘W(X) b. This means thatany s’ € a
is bounded by some t' € b, so that h(s') < h(t') < h(t) holds by induction hypothesis. Since the
element s’ € a was arbitrary, we get h(s) < h(t). O

Using the previous lemma, one can prove what was promised above:

Proposition 2.6. The relation <1 x) is a partial order on the set T W(X), for any normal PO-
dilator W and any partial order X.

Proof. The argument is very similar to the non-relativised case, for which we refer to
Proposition 3.6 of Freund et al. (2020): One establishes reflexivity, antisymmetry and transit-
ivity by simultaneous induction on the added length of the terms that are involved. The new
cases are straightforward. Consider, for example, r <7wx) s <7w(x) t with t =Z for some z € X.
Then we must have s =y and r =X with x <x y <x z, which yields r <7wx) t. To show where
the previous lemma is needed, we consider one case in the proof of antisymmetry: Assume
that s <7y x) o(b, T) =t holds because we have s <7y x)t' for some t’ € b. Lemma 2.5 yields
h(s) < h(t") < h(t), making t <7w(x) s impossible. Normality is needed to prove Lemma 2.5, and
also for one case in the proof of transitivity (cf. Proposition 3.6 of Freund et al. 2020). O

Concerning preservation of well partial orders, we have the following result:
Proposition 2.7. Let W be a normal WPO-dilator. If X is a well partial order, then so is T W(X).

Proof. The argument is very similar to the non-relativised case, which is proved as Theorem 3.10
of Freund et al. (2020): Aiming at a contradiction, consider a well partial order X and an infinite
sequence t, t1, - - - € T W(X) such that t; <7 x) t; fails for all i < j. As in the cited proof, Nash-
Williams’ (1963) minimal bad sequence argument can be used to reduce to the following situation:
There is a well partial order Z € T W(X) with a; C Z for all t; of the form ¢; = o(a;, 0;). Once this is
accomplished, note that only finitely many #; can have the form t; = X; with x; € X. After deleting
these, we can conclude as in the proof of Theorem 3.10 of Freund et al. (2020). O
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For a suitable formalisation of PO-dilators in the language of second-order arithmetic, the res-
ult of Proposition 2.7 is equivalent to I1}-comprehension, over RCAg together with the chain
antichain principle. Indeed, the main result of Freund et al. (2020) shows that I1}-comprehension

follows from Proposition 2.7 restricted to X =, over the same base theory. Conversely, the

axiom of I1!-comprehension justifies the minimal bad sequence argument, which is the crucial

ingredient for the proof of Proposition 2.7.

3. A Categorical Characterisation

The term systems 7 W(X) from the previous section can be hard to handle, both in general ar-
guments and in concrete examples. To resolve this issue, the present section provides a more
semantic approach. We begin with a general notion:

Definition 3.1. Consider a normal PO-dilator W and a partial order X. A Kruskal fixed point of W
over X consists of a partial order Z and functions 1 : X — Z and « : W(Z) — Z that satisfy
) <zuy) = x=xy (forx,yeX),
(x)<zk(t) & 1(x) 5%“ supp}v (r) (forxeXandt e W(2)),
k(o) £z uUy) holds foralloc € W(Z) and y € X,
k(o) <zk(t) <& o =<wgTtork(o) 5%“ supp‘Z'V (r) (foro,r € W(2)).
Note that the third condition entails rng (¢) N rng (k) = ¥J. Also note that we do not demand
that x <y y implies ¢(x) <z t(y). This will become important in the proof of Theorem 4.2. The last

equivalence in Definition 3.1 corresponds to the definition of Kruskal fixed points over X = ¢ in
Definition 3.7 of Freund et al. (2020). The following is justified by Lemma 2.2.

Definition 3.2. Consider a normal PO-dilator W. For each partial order X, we define functions
ix: X — TWX) and kx : W(TW(X)) - TW(X) by stipulating
ix(x) =X,
kx(0) =o(a,00) foro =nr W(ta)(00).

Let us verify that 7 W(X) has the desired structure:

Theorem 3.3. We consider a normal PO-dilator W and a partial order X. The order T W(X) and
the functions 1x and kx form a Kruskal fixed point of W over X.

Proof. In view of Definition 2.4, it is immediate that tx(x) =X <7wx) ¥ = tx(y) implies (and is
in fact equivalent to) x <x y and that «x(c) = o(a, 09) <Twx) ¥y = tx(¥) is always false. For an
element © =Np W (1) (70), we also get

tx(0) =% <7Twx) olb, 1) =kx(r) & ix(x) §¥‘W(X) b= suppyw(x)(r).

The remaining equivalence is verified as in the non-relativised case, for which we refer to
Theorem 3.8 of Freund et al. (2020). O

To obtain a unique characterisation, we use the following categorical description, which
extends Definition 3.7 of Freund et al. (2020):
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Definition 3.4. Consider a normal PO-dilator W and a partial order X. A Kruskal fixed point
(Z,1,) of W over X is called initial if any Kruskal fixed point (Z',/, k') of W over X admits a
unique quasi embedding f : Z — Z' such that

Z+—~— w2
/ lf lwm
T

X

Z' —— W(2)
K

is a commutative diagram.

Just like other initial objects, initial Kruskal fixed points are unique up to isomorphism. The
following criterion will be very useful.

Theorem 3.5. For a Kruskal fixed point (Z, 1, k) of a normal PO-dilator W over a partial order X,
the following are equivalent:

(i) We have rmg (1) Urng («) =Z, and x <x y implies 1(x) <z (y) for x,y € X. Furthermore,
there is a function h : Z — N such that
sesuppy (0) = h(s) <h(k(o))

holds for any s € Z and any o € W(Z).
(ii) The Kruskal fixed point (Z, 1, k) is initial.

Proof. Let us first show that condition (i) implies (ii). For s € Z we define I(s) € N by recursion on
h(s), setting

I(t(x))=0 and lk(g)=1+ ZSEsupp‘Z’“ )2 1(s).

Note that each element of Z is covered by exactly one clause, since Definition 3.1 and part (i) of the
present theorem provide rng (1) Nrng () =@ and rng (1) Urng () = Z. Now consider another
Kruskal fixed point (Z', !/, k’). We first show that there is at most one quasi embedding f : Z — Z’
such that the diagram from Definition 3.4 commutes. This condition amounts to the equations

flu(x) =" (x) forxe X,
fk(0)) =k"(W(f)(0)) =" (W(fa)(00)) for o =nr W(ta)(00) € W(Z),
where fla=fot,:a— Z' is the restriction of f. Once again, each argument of f is covered by
exactly one of these clauses. From Lemma 2.2, we know that o =nr W(;)(0p) implies
suppgv (0) = a. Now a straightforward induction on I(s) shows that f(s) is uniquely determined.
To establish existence we read the above as recursive clauses. We verify
reZ = f(neZ,
O =zf(t) = s=<zt
by simultaneous induction on I(r) and I(s) + I(t). Let us verify the first claim for r =« (o) with
o0 =Nk W(t,)(00). For s, t € a we have I(s) + I(t) < I(r). Hence, the simultaneous induction hypo-
thesis ensures that f [a is a quasi embedding. We may thus form W(f [a), as needed for the clause

that defines the value f(r) € Z'. Let us now show that f is a quasi embedding. For s = ((x) and
t = 1(y) we see that

f&) =fx)=1(x) <z /() =f0B) =f(1)

implies x <x y. By (i) this implies s =1t(x) <z ((y) =t, as required. For s=1t(x) and t =« (7)
with T =Nxr W(15)(70), 2 glance at Definition 3.1 reveals that f(s) = ¢/(x) <z &' (W(f [b)(z0)) = f(¢)
implies
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£(s) <5 supp, (W(fb)(z0)) = [f[b]=“(suppy’ (o)) = [f1=(b),

where the equalities rely on naturality of supports and on f[b=/f o,. Since t' € b= supp}v(t)
implies (') < I(k()) =I(¢), the induction hypothesis yields s 52“ supp}v (t), which implies
s=tu(x) <z«(r)=t. For s=«(o) and t=1(y) it suffices to observe that f(s) <z f(f) cannot
hold. Finally, we consider the case of elements s =« (o) and t = k (7) with o =Nnr W(i,)(00) and
T =nr W(tp)(70). If

f(8) =K' (W(fla)00)) <z k' (W(f1b)(z0)) =f(t)

holds because of f(s) 52{‘ supp?,’ (W(f1b)(10)), then one argues as above. Now assume that
we have

W(fla)(o0) <w(z) W(f1b)(r0).

The induction hypothesis ensures that f [(a U b) : a U b — Z' is a quasi embedding. Here, it is cru-
cial that we argue by induction on I(s) + I(t), not on h(s) + h(t). Let us factor fla=f[(aUb) o ¢/,
and f[b=f[(aUb) o), where 1 :a<> aUband, : b aUb are the inclusions. Then the last
inequality amounts to

W(f[(aU b)) o W(t,)(00) <w(z) W(fl(aUb)) o W(,)(To)-

Since W(f[(aUD)) is a quasi embedding, we get W(i},)(00) <w(aun) W(L’b)(ro). Now compose
both sides with the embedding W (), where ¢ : a U b < Z is the inclusion. This yields

o = W(ta)(00) = W(to1,)(00) Swiz) W(to,)(t0) = W(tp)(ro) = 7.

The latter implies s = k(o) <z k(7) = t, which completes the proof that (i) implies (ii).

To show that (ii) implies (i), we first establish (i) for the Kruskal fixed point (T W(X), tx, kx)
from Theorem 3.3. Any element o(g, 0y) € T W(X) arises as kx(o) for o = W(i4)(0p). Here the
condition suppZV (009) = a from Definition 2.4 ensures that o is in normal form. This shows
rng (1x) Urng (kx) =7 W(X). The requirement that x <y y implies tx(x) =X <7wx) ¥ = tx()
is immediate by Definition 2.4. A height function hx : 7 W(X) — N has been defined before
Lemma 2.5. For arbitrary elements o =xp W(i4)(0p) € W(T W(X)) and s e suppyw(x) (o) =a,
the construction of hx entails

hx(s) < hx(o (a, 09)) = hx(kx(0)),
just as needed. Since we have already shown that (i) implies (ii), we can conclude that
(TW(X), tx, kx) is an initial Kruskal fixed point of W over X. If (Z, , k) is any initial Kruskal fixed
point as in (ii), we get an isomorphism f:Z — T W(X) with f ot =x and f o k = kx o W(f).
As W(f) is an isomorphism, the ranges of kx and «x o W(f) coincide. Hence we can conclude
TWX)=rng(fot)Urng(fox) and then Z=rng(:) Urng(x). We also learn that x <xy
implies
foux)=1x(x) <Tweo x(y) =fouly)
and then t(x) <y ((y). Finally, we define h: Z — N by setting h(s) = hx(f(s)). For s € suppfév(a)
we have
£(s) € [f1=“(suppy (0)) = suppyw(x)(W(f)(G))-

We can conclude

h(s) = hx(f(s)) < hx(kx o W(f)(0)) = hx(f o k(o)) = h(k(0)),
as required for (i). O

The following result, which extends Theorem 3.8 of Freund et al. (2020), was shown as part of
the previous proof. It is important since it establishes the existence of initial Kruskal fixed points.
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Corollary 3.6. For each normal PO-dilator W and each partial order X, the Kruskal fixed point
(TW(X), tx, kx) is initial.

For later use we also record the following result.

Lemma 3.7. Let (Z,1, k) be an initial Kruskal fixed point of a normal PO-dilator W over a partial
order X. Consider another Kruskal fixed point (Z', !, k") and the unique quasi embeddingf : Z — 7/
with foir=1 and f ok =" o W(f). If x <x y implies /' (x) <z (' (y) for all x,y € X, then [ is an
embedding.

Proof. Define I: Z — N as in the proof of Theorem 3.5. In the latter, we have used induction on
I(s) 4+ I(t) to show that f(s) <z f(t) implies s <z t. Assuming that x <y y implies ¢'(x) <z (y),
one can read the given argument in reverse, to show that s <z t does also imply f(s) <z f(t). O

So far, the notation 7W(X) has been reserved for the term systems constructed in
Definition 2.4. In the following we will also use 7 W(X) for other initial Kruskal fixed points of W
over X. This is harmless, as all these fixed points are equivalent.

4. Kruskal Derivatives

Consider a normal PO-dilator W. As shown in the previous section, each partial order X gives rise
to an initial Kruskal fixed point (7 W(X), tx, kx). In the present section, we show that the trans-
formation X — 7 W(X) of partial orders can be extended into a normal PO-dilator 7W. More
precisely, we will show that there is an essentially unique extension in the sense of the following
definition.

Definition 4.1. A Kruskal derivative of a normal PO-dilator W is a tuple (T W, ¢, k) that consists
of a normal PO-dilator T W and two families of functions

ix: X—=>TWX) and «kx: W({TWX))— TWX)
indexed by the partial order X, such that the following properties are satisfied:

(i) The tuple (T W(X), tx, kx) is an initial Kruskal fixed point of W over X, for each partial
order X.
(ii) The diagram
X —% 5 TWX) +—2— W(TW(X))
fl lTW(f) JW(TW(f))

Y ——— TW(QY) —(— W(TW())
commutes for any quasi embedding f : X — Y between partial orders.
Let us begin by proving existence:
Theorem 4.2. Each normal PO-dilator has a Kruskal derivative.
Proof. Consider anormal PO-dilator W. For each partial order X, Corollary 3.6 provides an initial

Kruskal fixed point (T W(X), tx, kx) of W over X. Given a quasi embedding f : X — Y, itis easy to
see that (TW(Y), ty o f, ky) is a Kruskal fixed point of W over X as well. Since (T W(X), tx, kx) is
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initial, Definition 3.4 entails that there is a unique quasi embedding TW(f) : TW(X) — T W(Y)
such that

w L TWEO) +—2— W(TW(X))
X lfwm lwrrwm)
wof T TWY) ¢ W(TW(Y))

commutes, as required by Definition 4.1. To obtain a Kruskal derivative (7 W, , k), it suffices
to turn 7 W into a normal PO-dilator. In order to show that 7W is a functor, one checks that
TWI(g) o TW(f) satisfies the condition that characterises T W(gof). If f : X — Y is an embed-
ding, then x <x y implies ty o f(x) <7w(y) ty o f(»), since ty must satisfy the condition from
part (i) of Theorem 3.5. Hence Lemma 3.7 ensures that 7 W(f) is again an embedding, as required
in part (i) of Definition 2.1. It remains to exhibit suitable support functions

supp}rw TWX) - [X]=%.
In view of Theorem 3.5, we can recursively define
suppy " (1x()) = {x},
supp;W(KX(o)) = U{suppz(—w(s) |se suppg—vw(x)(a)}.
To show naturality, one verifies

suppy V(TW(f)(s)) = [f1=“(suppg " (5))

by induction on hx(s), where hx : T W(X) — N is as in part (i) of Theorem 3.5. To verify the
support condition from part (ii) of Definition 2.1, we need to establish

supp V(s) Smg(f) = semg(TW(f))

for an embedding f : X — Y (recall that the converse implication is automatic). We use induction
on hy(s). For s = ty(y), we see that {y} = supp}rw(s) C rng (f) yields y = f(x) for some x € X. This
entails

s=tyof(x) =TW(f) ox(x) e rng (TW(f)).
Now consider s = ky (o). Forany s’ € supp"%’wm (o) we have hy(s') < hy(s) and
suppy " (s') € suppy ' (s) < g (),
so that the induction hypothesis yields s’ € rng (T W(f)). Thus we get
supp%\-jw(y) (o) S g (TW(f)).

Now the support condition for the PO-dilator W ensures that we have o = W(T W(f))(oo) for
some o9 € W(T W(X)). We then obtain

s=xy o W(TW(f))(00) = TW(f) o kx(00) € rng (T W(f)),
as required. It remains to show that the PO-dilator 7 W is normal. We verify
s<Twont = suppg " () <f supp} ™ (1)

by induction on hx(s) + hx(t). If we have s = ix(x) <7wx) tx(y) =t, then we must have x <y y
and hence

suppy " (s) = {x} <i {y} = suppy " (o).
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Now consider the case of an inequality s <7w(x) kx(t) = f that holds because s <7 x)t’ is true
for some t’ € suppg—VW(X)(t). In view of hx (') < hx(t), the induction hypothesis yields

suppy " (s) <K suppx " (') < supp} ™ (1),
Finally, assume that s = «x(0) <7wx) kx(r) =t holds due to 0 <w(7w(x)) 7. Since W is nor-
mal, we get suppyw(x) (o) SgPW(X) supp7WW(X) (7). Given an arbitrary ' € suppVT"W(X) (o), we
may thus picka t’ € supp%’yw(x) (7) with s’ <7w(x) t'. By induction hypothesis we get

supp " (') <¥" supp "' (t') < supp " (1).
Since s’ € suppY,-VW(X) (o) was arbitrary, this establishes

suppy WV (s) = U{suppgw(s/) |s € suppyw(x) (o)} <B suppl W (1),

as required. O

Let us highlight some of the information that is implicit in the previous proof:

Remark 4.3. In order to construct a Kruskal derivative of a specific PO-dilator, one can follow the
proof of Theorem 4.2. The latter shows that we only need to find a family of initial Kruskal fixed
points. The extension into a Kruskal derivative is then automatic. In particular, the fact that one
obtains a normal PO-dilator does not need to be verified in each specific case. Also observe that
the functor 7 W was uniquely determined by the initial Kruskal fixed points 7 W(X). The choice
of support functions is also unique (as for any PO-dilator), since supp}-W (s) must be the smallest
set a C X with s € rng (T W(t,)), where ¢, : a < T W(X) is the inclusion: In one direction, the
support condition from part (ii) of Definition 2.1 ensures s € rng (7 W(t,)) for a= supp?{w (s).
In the other direction, naturality entails that s = 7 W(t,)(so) vields

a C [ta]=* (supp, " (s0)) = supp% " (T W(ta)(s0)) = supp% " (s).

We have not included this information in the statement of Theorem 4.2, because a more general
uniqueness result will be shown below.

To prepare our uniqueness result, we recall that two PO-dilators (V, supp") and (W, supp™)
are equivalent if there is a natural isomorphism 7n:V = W of functors. It may also seem
reasonable to demand

suppy orx = suppy

for any partial order X. However, the latter turns out to be automatic. Girard (1981) has shown
that this is the case for any natural transformation between dilators of linear orders (cf. also
Lemma 2.17 of Freund and Rathjen 2021, which is closer to our notation). One can check that
the proof remains valid for partial orders. In the case of an isomorphism, the argument is partic-
ularly simple: Given o € V(X), we invoke Lemma 2.2 to write o = V(i,)(0p) with a= supp}? (o).
We then get

suppy onx(o) = suppy (nx o V(ta)(00)) = suppy (W(ta) 0 1a(00)) =
= [ta] = (supp,’ (1a(00))) € rng () = a = suppy (o).
By applying the same argument to the inverse of 7, we also get
suppy (o) = suppy, ony ' (nx(c)) C suppy (1x(c)) = suppy onx(o).

The following result shows that Kruskal derivatives are essentially unique.
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Theorem 4.4. For any two Kruskal derivatives (T°W, % % and (T'W, 4, k1) of a normal
PO-dilator W, there is a natural isomorphism 1: T°W = T'W such that the following diagram
commutes for any partial order X:

v TOWE) X wTOw ()

tx

X < lﬂx lW('Ix)

1

X TIWX) «—— W(T'W(X)

Proof. For each order X, the fact that (T°W(X), Lg(, K)O() and (T'W(X), L;(, I()l() are initial Kruskal
fixed points of W over X implies that there is an isomorphism 7y : TW(X) - T'W(X) with
nx o (% =tk and nx o k¥ =k 0 W(nx). It remains to show that the resulting family 7 is natural.

Given a quasi embedding f : X — Y between partial orders, we show

ny o T°W(f)(s) = T'W(f) o nx(s)

by induction on hg((s), where hg’( - TOW(X) — N is as in part (i) of Theorem 3.5. For elements of
the form s = (% (x), it suffices to observe that the marked subdiagrams in the following commute
(note that the outer square is our current target):

7—0
TOW(X) W s TOW(Y)
& # /
nx # X % Y # ny
L # iy
TI'W(X) W s TIW(Y)

Given an element of the form s = K)O((G), we invoke Lemma 2.2 to write o =xf W(i,4)(0p), where
tg:a— TOW(X) is the inclusion. For any s’ € a = supp7VY0 W) (o) we have hg((s/) < h())((s), so that
the induction hypothesis yields

77Y07_0W(f) OLa:TIW(f) OnNxOolg.
Hence, the inner square in the following commutes after composition with W(i,):

TW(f)

TOW(X) s TOW(Y)

W(T'W(X) —— W(T'W(Y))

\WW W(f))

W(a)
nx # W(nx) W(a) W(ny) # ny
1
wrwex) LM )
o
Tw(x s TIW(Y
TIW(X) o TIW(Y)

https://doi.org/10.1017/50960129520000298 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000298

Mathematical Structures in Computer Science 967

We can conclude that the outer square of the diagram commutes with respect to the given element
s= K)% o W(ta)(00) € T°W(X), which completes the induction step. O

Given a normal PO-dilator W, we will write 7W for ‘its’ Kruskal derivative, even though
the latter is only determined up to isomorphism. The following is an immediate consequence
of Proposition 2.7.

Corollary 4.5. If W is a normal WPO-dilator, then so is its Kruskal derivative T W.

In the following we will consider iterated Kruskal derivatives. To ensure that the iterations are
essentially unique, we now show that equivalent PO-dilators have equivalent Kruskal derivatives.

Proposition 4.6. Consider a natural isomorphism 1n:V = W between normal PO-dilators. If
(TW,, k) is a Kruskal derivative of W, then (TW,,« on) is a Kruskal derivative of V, where
Kk o is defined by (k o n)x =kx o NTW(X)-

Proof. 1t is straightforward to verify that (7 W(X), tx, (k o n)x) is an initial Kruskal fixed point
of V over X, for any partial order X. To provide a representative part of the verification, we show
that (k o n)x(0) <7wx) (k 0 n)x(7) is equivalent to

o <virwx)T or (kon)x(o) S?W(X) supp¥w(x) (7),

as required by Definition 3.1. Since (7T W(X), tx, kx) is a Kruskal fixed point of W over X, the
same definition entails that (k o n)x(0) <7Tw(x) (k o n)x(7) is equivalent to the disjunction of

n7w) (o) Swrwey) nTwe)(T) and

(k om)x(o) ff”?qw(x) supp7WW(X) (7weo (1))

The first disjunct is equivalent to 0 <y (7w x)) . To relate the second disjuncts, it suffices to recall
that we have

SUpPYyy o) (17 w(x) (1)) = SUPPY 1y ) ().
To conclude that (T W, ¢, k o n) is a Kruskal derivative of V over X, it suffices to observe that the

diagram
X —25 0 TWE) % wTwE) 0 vTw )
fl JTW(f) lW(TW(f)) lV(TW(f))
Y —— TWQ) 57— WIT W) 55 VITWIY)
commutes for any quasi embedding f : X — Y (cf. Definition 4.1). O

In the introduction, we have sketched a construction of normal WPO-dilators T, by recur-
sion over n. We can now make this rigorous, by showing that the recursive clauses (steps (1)-(3)
from the introduction) can be satisfied and determine the result of the recursion up to natural
isomorphism.

According to step (1) from the introduction, Ty is the identity functor on the category of partial
orders, viewed as a normal WPO-dilator. Let us show that there is, indeed, a unique extension
of the identity functor into such a dilator: To establish existence, we define support functions
supp};" : To(X) =X — [X]=® by setting supp;ﬂ;0 (x) = {x}. One readily verifies that the relevant
conditions (see Definitions 2.1 and 2.3) are satisfied. Uniqueness follows from the more general
observation in Remark 4.3.
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To prepare the recursion step, we give precise definitions of the finite multiset construction and
of the composition of PO-dilators. Let us write X=% for the set of finite sequences (xy, . . ., X,—1)
with entries x; € X. We say that two sequences (xo, . ..,%m—1) and (yo,...,¥yn—1) in X=¢ are
equivalent if, and only if, there is a bijective function h:{0,...,m —1} - {0,...,n — 1} such
that we have x; = yy(;) for all i <m =n. Let us write [xo,...,x,_1] for the equivalence class
of (xp,...,x,—1) with respect to this equivalence relation. From [xy, . . ., x,—1] one can recover
the multiplicity but not the order of the entries. The quotient set

M(X) = {[x05 . . .» xXn—1] | (%05 . .. s Xp—1) € X~}
is called the set of finite multisets with elements from X. We declare that

(%05 -« > Xm—1] <M V05 - - > Yn—1]

holds if, and only if, there is an injection g: {0,...,m — 1} — {0,...,n — 1} such that we have
xi <x Yg(i) for all i < m. One can check that this is well defined and yields a partial order on M(X)
(for antisymmetry, use induction on the number of elements). Higman’s lemma entails that M(X)
is a well partial order if the same holds for X. Given a (quasi) embedding f : X — Y, one can define
a (quasi) embedding M(f) : M(X) — M(Y) by setting

M(f)([x()) cee )xn—I]) = [f(x0)7 e 7f(xn—1)]-
A family of functions supp! : M(X) — [X] =% can be given by

suppy ([x0, - - > Xn—11) = {X05 - - - » Xn—1}-

It is straightforward to check that this turns M into a normal WPO-dilator in the sense of
Definitions 2.1 and 2.3. In order to compose PO-dilators V and W one first takes their com-
position as functors. To get a PO-dilator, one defines functions suppy°" : Vo W(X) — [X]=® by

setting

suppy°V (o) = U{supp)v(v(s) |se supp}//v(x)(a)}.

The composition V o W is normal (is a WPO-dilator, respectively) if V and W have the same
property. If there are natural isomorphisms between V and V' and between W and W/, then there
is one between Vo Wand V' o W',

We can now come to the recursion step. Inductively, we may assume that the construction has
produced a normal WPO-dilator T, that is essentially unique (i. e. determined up to natural iso-
morphism). As we have just seen, it follows that the composition M o T}, is a normal WPO-dilator
and essentially unique as well. Following step (2) from the introduction, we want to define T, | | as
the Kruskal derivative of M o T}, In order to justify this, we need to invoke several of our results:
First, Theorem 4.2 tells us that M o T, has a Kruskal derivative (T b k). Second, Theorem 4.4

and Proposition 4.6 ensure that the first component T, ; of this derivative is essentially unique
(note that Proposition 4.6 is needed since T, was only determined up to isomorphism). Finally,
Corollary 4.5 shows that T, | is a normal WPO-dilator. The rest of the recursion step is straight-
forward: Following step (3) from the introduction, we define T}, as the composition T, o T, 1
The latter is still a normal WPO-dilator and essentially unique.

5. The Gap Orders as PO-Dilators

At the end of the previous section, we have given a rigorous version of steps (1)-(3) from the in-
troduction, which describe a recursive construction of normal WPO-dilators T,,. In the remainder
of this paper, we will show that the resulting orders T, () are isomorphic to the set of n-trees with
Friedman’s strong gap condition, as claimed in step (4) from the introduction. Our approach is
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as follows: In the present section, we give an ad hoc definition of PO-dilators T, for which the
relation with the gap condition is clear. It is a slight abuse of notation that we write T, in both
the recursive construction and our ad hoc definition. However, there is no actual danger of con-
fusion, since the present section is exclusively concerned with our ad hoc definition. In Section 6,
we will show that the PO-dilators T, from our ad hoc definition satisfy the clauses of the recursive
construction, so that both versions of T}, coincide after all (up to natural isomorphism).

In order to define PO-dilators T, we first specify transformations X + T, (X) of partial orders.
Intuitively, the underlying set of the partial order T,(X) consists of the finite trees with labels
in {0,...,n — 1} UX, where labels from X may only occur at the leaves. More formally, this set
admits the following recursive description:

Definition 5.1. Given a number n € N and a partial order X, we generate a set T,(X) by the
following recursive clauses:

(i) For each x € X we have an element x € T,,(X).
(ii) Whenever we have constructed an element o = [ty,...,tm—1] € M(T, (X)), we add an
element i x o € T,(X) for each natural number i < n.

Let us also define
T, X)={Z|xeX}U{0x0 |0 € M(T,(X))} € Tu(X),

provided that we have n > 0.

We define height functions A : T,(X) — N by the recursive clauses
h%(x) =0, Wy (ix [to, ... tm—1]) = max ({0} U {h(tx) + 1 | k < m}).

The following definition decides s <T,(x) t by recursion on h¥(s) + hy (1).

Definition 5.2. To define a binary relation <t,(x) on the set T, (X) we stipulate

_ either t =y with x <x y,
X=T,x) ¢ { 4 )

ort=jx*[to,...,tm—1] andx <, (x) t; for somel < m,

t=ixtT witho < T, ort=jx[tg,...,tme
i*xO f'ﬂ*n(X)t { =M(Ty(X)) J [O m 1]

withj>iandixo <t,x) t; for somel < m.

In the case of n > 0, we define <i- \y as the restriction of <r,x) to T, (X).

A straightforward induction shows
S<t,x)t = h;l((s) < h;'((t).

Similarly to the proof of Proposition 2.6, one can deduce that <t (x) is a partial order on T,,(X). In
the introduction we have given the usual definition of Friedman’s gap condition for embeddings
of n-trees. As promised, the connection with Definition 5.2 is rather straightforward:

Proposition 5.3. The partial order T () is isomorphic to the set of n-trees, ordered according to
Friedman’s strong gap condition.

Proof. For s=1ix[s(0),...,s(k—1)] € T,(¥), we recursively define T; as the n-tree with root la-
bel i and immediate subtrees Ty, ..., Tgk—1). Clearly this yields a bijection. By induction on
h%(s) + h%(t) one can show that s <t, () t holds if, and only if, there is an embedding f : Ts — T}
that satisfies Friedman’s gap condition. An inequality
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s=ixo =ix[s(0),...,s(k—=1)] <T,@) i*[t0),...,.ttn—1)]=ixTt =t

that holds because of & <py(T,(x)) T corresponds to an embedding f : Ts — T that maps the root
to the root. Indeed, the inequalities s(j) <T,(g) t(;) that witness o <ps(r,(x)) T correspond to the
restrictions

fi=A1Ts) = Tsgy = Try < Tt

At this point, it is crucial that we consider the strong gap condition: Writing root (T) for the
root of T, the gap below f;(root (Ty())) in Tt(lj) corresponds to the gap between f(root (Ts)) and

f(root (T;))) in Ty. An inequality
S=i*x0O fTW(Q)]'*[th- cotme1] =t

that holds because of j > i and s <T,x) t; with [ < m corresponds to an embedding f : Ts — T;
with range contained in Ty C T;. The condition j > i accounts for the fact that root (T}) lies in
the gap below f(root (T)) in T; but not in Ty(). O

Our next goal is to extend T, and T, | | into PO-dilators.

Definition 5.4. Given a quasi embedding f : X — Y between partial orders, we define a function
T, (f) : To(X) — T,(Y) by the recursive clauses

Ta(f)() = f (%), Tu(N)* [to, - . > tm—1]) =i [Tu(f)(f0), - - ., Tu(f)(tm—1)].
For n > 0 we observe that T,(f) restricts to T, (f) : T;;(X) — T, (Y). We also define a family of
functions supp;l;” : Tw(X) — [X]=% by stipulating
suppy” () ={x},  suppy (i [to, ..., tm1]) = U{supp?{’ (t) |1 <m}.
We will write supp)ﬂ;’: for the restriction of supp}r(” to T, (X).
Let us verify that we obtain the desired structure:

Proposition 5.5. The previous definition yields normal PO-dilators T, and T,

Proof. Given a quasi embedding f, an easy induction on h%(s) 4 h%(t) shows

Tn(H)() <1, Ta(H)() = s=<T,xt.

If f is an embedding, then the converse implication holds as well. Also by induction, one readily
checks that T, is a functor and that supp™” is a natural transformation. In order to conclude that
T, is a PO-dilator, one needs to establish the support condition from part (ii) of Definition 2.1. By
induction on s, one can indeed show

suppgl;" () Smg(f) = serng(T,(f))

fors e T,,(Y), wheref : X — Y is an embedding (recall that the converse implication is automatic).
To see that T, | | does also satisfy the support condition, one observes that T,,11(f)(s) € T, ,(Y)

implies s € T, ; (X). To establish the normality condition from Definition 2.3, one verifies

s<T,0t = suppy’(s) <B suppy”(1)
by induction on k% (s) + hy (1) O
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Corollary 6.6 below establishes the stronger result that T, and T, | | are normal WPO-dilators.
In view of Proposition 5.3 this implies that the trees with Friedman’s gap condition form a well par-
tial order. To prove this fact, one needs a combination of I1{-comprehension and I1}-induction
(cf. Simpson 1985).

6. Reconstructing the Gap Condition

In the present section, we show that the normal PO-dilators T, that were defined in Section 5
satisfy the recursive clauses from the introduction. At the end of the section, we will explain how
this completes our reconstruction of the gap condition.

To avoid misunderstanding, we stress that the following considerations refer to the PO-dilators
T, from Section 5. As explained in the first paragraph of that section, this involves a slight abuse of
notation. The following maps 7y are closely related to the transformation T +— T* from Section 4
of Simpson (1985).

Definition 6.1. For each partial order X, we define ry : Ty o T, | (X) — Tp41(X) by the recursive
clauses

nx(t) =t, mRGx 50, ssma1]) =+ D) * [%(50), - - -» TH(Sm—1)],
where the first clause relies on the inclusion T, | (X) € Tp41(X).

Intu1t1vely speakmg, an element of T, o T ,(X) is a finite tree with labels from the set

n+1
{0,...,n—1}U 1(X) where the labels from ’]Tn +1( ) can only occur at leaves. The function
Ty increases the labels from {0,...,n — 1} and “unravels” the leaf labels. Hence, the leaves of

s€TypoT, (X) correspond to the m1n1ma1 nodes of y(s) € Tj41(X) that have alabel in {0} U X.
The following can be seen as a strengthening of Lemma 4.5 of Simpson (1985), which essentially
proves that the components 7y are order preserving.

Proposition 6.2. The family " : T, o T, , ; = Ty41 is a natural isomorphism.

n+1

Proof. To show that 7y is surjective, we verify ¢ € rng (%) by induction over the recursive con-
struction of t € T41(X) according to Definition 5.1 (alternatively by induction over h;‘;”l (t) e N).
If ¢ is of the form X or 0 x o, then we have f € T, , (X), so that we obtain teT,o T, (X) as well

as t = w{(f) € g (7}). Let us now consider an element of the form t = (i + 1) * [to, . . ., tm—1],
with i+1<n+1 and t; € T,11(X) for I <m. Inductively we get t;=m}(s;), which yields
i [s0,...>Sm-1] €TyoT,,  (X)and

t=G+ 1) *[to, ..., tm1] =7 * [$0, - - . »Sm—1]) € rng (T%).

To conclude that 77§ is an isomorphism, we show
S<Tery 0! & TX) =m0 00 X ()
n
by induction on h T (0 (s) + h ()
Now consider s=s"and t =j % [fy, . . ., ty—1]. Inductively we get

(t). For s=¢ and t =t it suffices to invoke Definition 5.2.

SSTer,0f € 7x(s) <T,.,(x) Tx(t;) for some I < m.

Note that 7¥(s) =5 € T, (X) must be of the form X or Ox 0. In view of j + 1 #0and j+ 1> 0,
the right side of the previous equivalence is thus equivalent to

7x(s) <7, x) G+ D * [mx(t), . . ., wx(tm—1)] = mx(t).

_ )
Fors=ix[sp,...,sk_1] and t = t/, we cannot have s anoT;+1(X) t. We also see
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mg(s) =i+ 1) * [75(s0)s - . . » X (sk—1)] ZTn ) ' = 71X (D),
since an inequality would require t' =j % [to, . . ., tym—1] withj > i+ 1, in contrast to t’ € T, X).
Fors=ix[sp,...,sk_1]and t=jx [ty, ..., tyy—1] the claim is readily deduced from the induction

hypothesis (due toi>j < i+ 1> j+ 1). To complete the proof, we verify the naturality property
7t 0 (T 0 Ty )(A)(E) = Tur1 (f) 0 D),
arguing by induction over (the height of) the element t € T, o T, ; (X). For t =5 we compute

my o (Tyo T, )()(t) =7y o Tu(T, () =ny(T,  (f)s) =
=T, (N)) = Tnp1()(s) = Tnt1(f) 0 mx(2).
The induction step for t =j * [to, . . ., tm—1] is straightforward. O

The following lemma will be needed below. Intuitively, the equivalence says that a tree with
root label 0 can be embedded into another tree if, and only if, it can be embedded into a subtree
with root label 0. This is true because the gap condition below a node with label 0 is automatic.

Lemma 6.3. We have

n fin Ty
S STVH—](X) TrX(t) < S ST;-H(X) SuppT;+1(X)(t)

forallse T, 1 (X) andallte T, o T, 1 (X).

Proof. We establish the claim by induction over (the height of) t. For t =’ it suffices to observe

that we have 7{(t) =t' and supp%’i ) (t) = {t'}. To prove the claim for t =j * [fo, . . ., tym—1], we
n+1
recall a step from the previous proof: For s € T, (X) we have observed
S<T, ) Tx(t) & s<t,.,x 7x(t) for some < m.

Together with
T T
" )= " )|l ,
suppr” (0 =Jlsuppy” ) (@) [1<m)
this reduces the claim to the induction hypothesis. O

The central result of our reconstruction states that T, , is a Kruskal derivative of M o T,
where M is the finite multiset dilator (cf. the end of Section 4). In view of Definition 4.1, we need
the following additional structure:

Definition 6.4. For any partial order X we define a function iy : X — T, (X) by i§(x) =%. To
definexy :MoT,oT, (X)— T, (X) westipulate

K}I}([SO’ cees Sm—l]) =0x [n)r(l(s())> BRI ﬂ}?(sm—l)];

forso,...,sm—1 € Tpo T, (X). Wewill write " and k™ for the families of functions /'y and «y that
are indexed by the partial order X.

Let us now prove the promised result:

Theorem 6.5. For any number n € N, the tuple (T, |, 1", k") is a Kruskal derivative of the normal
PO-dilator M o T,,.

Proof. From Proposition 5.5 we know that T, , is a normal PO-dilator. It remains to verify con-
ditions (i) and (ii) from Definition 4.1. Let us begin by showing that the tuple (T, ; (X), t}, ky) is
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a Kruskal fixed point of M o T, over X, for each partial order X. In order to establish the first and
third condition from Definition 3.1, we invoke Definition 5.2 to get

t?g(x)—x< - (X))/ ) & x<xy
ix([s0, s sk—1]) =0 [nx(sO), oy D] Er oo Y =& 0)-

To verify the second and fourth condition, we recall the definition of composition from the end
of Section 4. It reveals that an element T = [ty, .. ., t;y—1] € Mo T, o T, 4+1(X) has support

MoT,
suppy” e (0) = tsuppy” o 1t €suppy! o () =Jtsuppy (o () 11<m).

Forse T, | (X), we can thus invoke Lemma 6.3 to get

MoT,
s §%n+l(x) suppy, +1(X)(r) & s <T,.,(x) Tx(t) for some [ < m.

For s = X, we now see that the second condition from Definition 3.1 requires that
H(x) =X ST;H(X) 0* [x(to), ..., wg(tm—1)] =Kk (T)
holds if, and only if, we have x ST;H(X) my(t) for some [ < m. This is true by Definition 5.2. For
0 =[s0, . - ., Sk_1], the fourth and final condition from Definition 3.1 requires that
€0) = 0% (60, - Tk)] e 0 O [flto)s -, Tt )] = (D)

is equivalent to the disjunction

O SMoT,oT;,,(x) T OF kx(0) =T, (x) Tx(t;) for some [ < m.
To reduce this to Definition 5.2, it suffices to note that we have

O SMoT,oT;,,(x) T € [x(s0)s - xSk D] SMoT, iy (x) [ (10D, - - s X (Bn—1)),

as iy is an embedding. To show that each Kruskal fixed point (T, (X), L%, k) is initial, we use

the criterion from Theorem 3.5. Since rg : T, 0 T X) = T,41(X) is surjective, we indeed get

n+1(
rng (1y) Urng (ky) =T, T, 1(X). Now recall the function hg(ﬂ : Ty4+1(X) = N that was specified
before the statement of Defintion 5.2 above. We will also write h’;{H for the restriction of this

function to T, ;(X) € Ty41(X). In order to apply Theorem 3.5, we need to establish
sesuppp”r (1) = KO < B (ko))
n+1

MoT,

forseT, (X)andt € Mo T, 0T, ;(X).Soassumes € suppT;H(X) (r)witht =[to, ..., tm-1].
By the above we get s € suppT, ) (t;) for some | < m. Then Lemma 6.3 yields s <., (x) wx(t).
As observed after Definition 5.2, this implies h&“ (s) < h;?“l (¢ (#)) and hence

B (S) < HEP O % (o), o (b)) = B (D)),

We have now verified all conditions from Definition 3.1 and Theorem 3.5, which shows that
(T, (X), i, ky) is an initial Kruskal fixed point of M o T}, over X. To conclude that (T, ;, ", ")
isa Kruskal derivative of M o T}, it remains to establish condition (ii) from Deﬁmtlon 4 1. Given
a quasi embedding f : X — Y, we first compute

o f(x) = f(x) = Tur1 () =T, () 0 ().

Fort =[fy,...,tm—1] € Mo T, o T, (X) wealso get
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iy o (Mo Tu)(T, (M) =ky([(Tn o T, )()t0)s - . > (T o T,y D) Em—1)1)
=0x [y o (TyoT, | )(f)to).... 7y 0 (TuoT, N)tm-1)]
=0* [Tpy1(f) omx(to), - - ., Tug1 (f) o wx(tim—1)]

= Tu1(NO* [x ko), - . ., wx(tm—1)) =T, (f) 0 kx(7),
just as required by Definition 4.1. O

To conclude this paper, we explain how the previous results complete our reconstruction of the
gap condition due to Harvey Friedman: In the introduction, we have described a construction of
normal WPO-dilators T, by recursion over n. A rigorous version of this construction has been
given at the end of Section 4. What remains to be shown is that the order T, () that arises from
this construction is isomorphic to the set of n-trees, ordered according to Friedman’s strong gap
condition. It may appear that this is the result of Proposition 5.3, but this impression results from
an abuse of notation: The cited proposition does not refer to our recursive construction, but rather
to an ad hoc definition of PO-dilators T, in Section 5. In order to obtain the desired result, we must
show that our abuse of notation is permissible, or in other words: that the PO-dilators T, from
the recursive construction coincide with those defined in Section 5, up to natural isomorphism. In
Section 4 we have seen that the result of the recursive construction is essentially unique. For this
reason, it suffices to show the following:

The normal PO-dilators T, defined in Section 5 satisfy the recursive clauses given by
steps (1)-(3) from the introduction, at least up to natural isomorphism.

Step (1) demands that Ty is the identity functor on the category of partial orders, at least up to
natural isomorphism. Since clause (ii) of Definition 5.1 does not apply for n =0, the required
isomorphism has components X > x — X € To(X). Step (2) demands that T, , is the Kruskal de-
rivative of M o T, which is true by Theorem 6.5. The isomorphism T, ; =T, o T, 41 required
for step (3) is provided by Proposition 6.2. Now that we have justified our abuse of notation, we
can indeed invoke Proposition 5.3 to complete step (4) from the introduction: the order T, (%)
that arises from our recursive construction is isomorphic to the set of n-trees, ordered according
to Friedman’s strong gap condition.

Finally, we deduce a result about the preservation of well partial orders, which was promised
at the end of Section 5. Except for the formulation in terms of PO-dilators, it is due to Friedman
(see Simpson 1985).

Corollary 6.6. For each n € N, the normal PO-dilators Ty, and T, | preserve well partial orders
(which means that they are normal WPO-dilators). In particular, Friedman’s gap condition yields a
well partial order on the set of n-trees.

Proof. By the discussion above, we may identify the PO-dilators T, from Section 5 with those
from our recursive construction. With this in mind, the result about T, follows from the discus-
sion at the end of Section 4 (i. e. essentially by iterated applications of Corollary 4.5). The result
about T, ; was implicit in that discussion. If a more explicit argument is demanded, one can
simply invoke the fact that T Jrl(X) C Ty+1(X) holds for any partial order X. The result about
Friedman’s (strong and a fortiori weak) gap condition follows by Proposition 5.3. O
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