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It is known that random k-Sat instances with at least (2k · ln 2) · n random clauses are

unsatisfiable with high probability. This result is simply obtained by showing that the

expected number of satisfying assignments tends to 0 when the number of variables n tends

to infinity. This proof does not directly provide us with an efficient algorithm certifying the

unsatisfiability of a given random formula. Concerning efficient algorithms, it is essentially

known that random formulas with nε · nk/2 clauses with k literals can be efficiently certified

as unsatisfiable. The present paper is the result of trying to lower this bound. We obtain

better bounds for some specialized satisfiability problems. These results are based on

discrepancy investigations for hypergraphs.

Further, we show that random formulas with a linear number of clauses can be efficiently

certified as unsatisfiable in the Not-All-Equal-3-Sat sense. A similar result holds for the

non-3-colourability of random graphs with a linear number of edges. We obtain these

results by direct application of approximation algorithms.

1. Introduction

Part of the interest in random k-Sat instances is due to the interesting threshold behaviour,

in that there exist numbers ck = ck(n) such that random k-Sat instances with asymptotically

less than ck · n random clauses are satisfiable with high probability, whereas for more than

ck · n random clauses we have unsatisfiability with high probability (i.e., with probability

tending to 1 when n, the number of variables, tends to infinity). In particular, we point

out that, according to current knowledge, ck = ck(n) lies in a bounded interval depending

only on k, but it is not proved that it really is a constant independent of n; see [10].
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We are interested in ‘efficient certification’ of unsatisfiability of a random k-Sat instance.

That is, we look for an efficient, deterministic algorithm which, given a k-Sat instance

as input, either states that it cannot determine that the input formula is unsatisfiable,

or states that the input formula is unsatisfiable. First of all, we require the algorithm

to be correct in that the unsatisfiable answer implies that the input formula really is

unsatisfiable.

Second, we require the algorithm to be complete, a notion which we explain now. We are

given a family of probability spaces of random k-Sat instances indexed by n, the number

of propositional variables considered. For example, let c be a constant; then a typical nth

probability space of such a family might be the set of formulas consisting of c · n clauses

endowed with the uniform probability distribution. Now assume that we are given such

a family, and the formulas from the probability spaces in question are unsatisfiable with

high probability (that is, the probability of the set of unsatisfiable formulas in the nth

space tends to 1 when n tends to infinity). Completeness of the algorithm simply means

that, when picking formulas from the nth space, the answer is ‘unsatisfiable’ with high

probability, too. Note that this does not mean that the algorithm answers ‘unsatisfiable’

on all unsatisfiable inputs from the nth space, but only on a subset whose probability

tends to 1. We always use the notion of efficient certification in the sense described, as

well as for properties other than unsatisfiability.

A k-clause is a disjunction of k literals; the exact definition we have used can be

found at the beginning of Section 4. From [11] and [15], it is essentially known that for

(the family of probability spaces of) random k-Sat instances with nε · nk/2 k-clauses, we

can efficiently certify unsatisfiability. Note that, probabilistically, we know much more:

random k-Sat instances with at least (2k · ln 2) · n k-clauses are unsatisfiable with high

probability. It is thus an obvious problem to attempt to decrease the bound of nε · nk/2.
Apparently, two recent papers ([9] and [3]) are motivated by this problem; however, a

better bound is not known. Note that it is often the case that we know probabilistically

much more than can be efficiently certified.

Here we look at the following specialized satisfiability problems. For l-Out-of-k-Sat

we require that at least l literals per clause must be true in order for the formula to be

satisfied. The usual satisfiability problem has l = 1. For l = 2 and k = 5 we can certify

unsatisfiability for nε · n3/2 random 5-clauses. This is better than the bound of nε · n5/2

clauses which can be obtained for 1-Out-of-5-Sat (5-Sat) along the lines of [11]. To obtain

our result, we make some observations concerning the efficient certification of ‘discrepancy

properties’ (see Definition 1, of random 3-uniform hypergraphs). These observations may

be of independent interest.

Moreover, we look at the Not-All-Equal-3-Sat problem. Recall that a formula is satisfied

in the Not-All-Equal sense if each clause contains at least one true literal and one false

literal. We show that unsatisfiability in this case can in fact be certified for a linear number

of 3-clauses. We apply an approximation algorithm from [18] to get our result. To the best

of the authors’ knowledge, approximation algorithms have so far not been used in this way

to certify efficiently properties of random structures. The result is particularly interesting

in view of the fact that the following hypothesis is put forward in [9]. For the classical

3-Sat problem, efficient certification of unsatisfiability for a linear number of random
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clauses is not possible. Further, by direct application of an approximation algorithm for

the Max-3-Cut problem, we obtain an algorithm efficiently certifying non-3-colourability

of random graphs with a (sufficently large, but) linear number of edges.

Section 2 serves to introduce the techniques of the present paper in a clear and simple

context. Section 3 contains our results concerning 3-uniform hypergraphs. In Section 4 we

look into the l-Out-of-k-Sat problem. Further, in Sections 5 and 6 we deal with the Not-

All-Equal-3-Sat and 3-colourability problems. A preliminary version of this paper is [16].

2. Certifying discrepancy properties of random graphs

This section is mainly based on [8] and serves as a motivation for the next section, in which

discrepancy problems for hypergraphs are treated. In particular, we refer to [8, pp. 71 ff ].

We consider undirected graphs G = (V , E), as usual, where E ⊆ {{x, y} | x, y ∈ V , x �= y}.
For x ∈ V we denote the degree of x by dx. For X, Y ⊆ V we write

E(X, Y ) = {(x, y) | {x, y} ∈ E, x ∈ X and y ∈ Y },

and e(X, Y ) = |E(X, Y )|. Note that E(X, Y ) consists of ordered pairs. Let E(X) =

{{x, y} | {x, y} ∈ E, x, y ∈ X} be the set of edges of G inside X and e(X) = |E(X)|.
For X, Y disjoint, E(X, Y ) corresponds to the set of edges of G with one endpoint in X

and the other endpoint in Y . In E(X, X), each edge of E(X) occurs twice, and we have

e(X) = (1/2) · e(X, X).

Let e = e(V ) denote the number of all edges of the graph G = (V , E) and let n be the

number of vertices; then the edge density of G is ρ = e/( n
2
) ≈ 2e/n2. When picking a set

{x, y} of two vertices x �= y uniformly at random, ρ is the probability that {x, y} ∈ E.

Picking a set X ⊆ V with m elements uniformly at random from all such sets, the

expectation of e(X) is

ρ ·
(
m

2

)
≈ e · m

n
· m
n
. (2.1)

For Y = V\X the expectation of e(X, Y ) is

ρ · m · (n − m) ≈ 2 · e · m
n

·
(

1 − m

n

)
. (2.2)

These expectations can be computed as follows. For each edge of G we introduce indicator

random variables indicating that the edge considered is inside X or goes from X to Y . The

expectations of these indicators are easily calculated, and linearity of expectation yields

the rest. Discrepancy refers to the deviation of e(X) and e(X,Y ) from the expectation.

Definition 1. (Discrepancy notions)

(a) For G = (V , E) the discrepancy of X ⊆ V is

DiscG(X) =

∣∣∣∣e(X) − ρ ·
(

|X|
2

)∣∣∣∣.
(b) The discrepancy of X and Y ⊆ V , where Y = V\X, in the graph G is

DiscG(X, Y ) =
∣∣e(X, Y ) − ρ · |X| · |Y |

∣∣.
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(c) For 0 < α < 1 and m = αn, the (relative) α-discrepancy of G is the maximum of all

DiscG(X)

ρ ·
(
m
2

) and
DiscG(X, Y )

ρ · m · (n − m)

where X ⊆ V , |X| = αn and Y = V\X.

When considering G = (V , E) with V = {1, . . . , n} and ε′ > 0, constant, we say that G

has low discrepancy with respect to ε′ if and only if the α-discrepancy for all ε′ < α < 1 − ε′

of G is o(1) (uniformly in α). That is, low discrepancy means that, for all α considered,

and for every subset X with |X| = αn, Y = V\X, we have

e(X) = e · α2 · (1 + o(1)) (2.3)

and

e(X, Y ) = 2 · e · α · (1 − α) · (1 + o(1)). (2.4)

From equations (2.1) and (2.2) we see that equations (2.3) and (2.4) imply that e(X) and

e(X,Y ) are asymptotically equal to their expected values. In the case of (2.3) and (2.4)

and similar situations, we use the terminology that the asymptotic fraction of the edges

inside X is α2 and that of edges between X and Y is 2 · α · (1 − α).

The probability space Gn,p is the space of random graphs over the set of vertices

V = {1, . . . , n} in which each possible edge is thrown in with probability p. Usually our

graphs are moderately sparse in that p = nε/n, with ε > 0 being a constant.

Lemma 2.1. Let p = nε/n, where ε > 0 is a constant. The following statements hold with

high probability for a random G from Gn,p.

(a) For all vertices x of G, we have that the degree of x is dx = nε · (1 + o(1)).

(b) Given constant ε′ > 0, then G is of low discrepancy with respect to ε′.

Proof. (a) For a fixed vertex x, the degree of x is a random variable defined on the

space Gn,p. This random variable follows the binomial distribution with parameters n − 1

and p. The expectation of dx is nε(1 + o(1)). Now we apply the usual Chernoff bound. For

X binomially distributed and all 1 � δ � 0, we have

Prob[|X − E[X]| � δ · E[X]] � 2 · e−(1/3)δ2E[X]. (2.5)

With high probability we get concentration of dx at nε for all n vertices x when we pick

δ = 1/nε/4, for example, and observe that n · 2 · e−(1/3)δ2nε is still o(1).

(b) First we determine the edge density of a random G from Gn,p. Not surprisingly, we

have with high probability that ρ = p(1 + o(1)) as follows, with inequality (2.5).

Let ε′ < α < 1 − ε′, and let X ⊆ V with |X| = αn be a fixed set of vertices. The random

variable e(X) is binomially distributed with parameters ( αn
2
) and p. The expectation of

e(X) is

p ·
(
αn

2

)
=

1

2
· n · nε · α2 · (1 + o(1)).
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Using the bound (2.5) with δ = 1/ log2 n, for example, the result follows. Note that we

have at most 2n possible sets X, and multiplying yields an exponent certainly bounded

above by n − (1/3) · δ2 · (1/2) · n · nε · ε′2, which still tends to −∞. Therefore, with high

probability for all X with |X| = αn, where ε′ < α < 1 − ε′, we have

e(X) = p ·
(
αn

2

)
· (1 + o(1)) = ρ ·

(
αn

2

)
· (1 + o(1)).

The second requirement follows similarly, as the expectation of e(X,Y ) is p · αn · (n − αn) =

ρ · αn · (n − αn) · (1 + o(1)).

We are interested in efficient certification, in the sense of the Introduction, of the

properties of Lemma 2.1. As the degrees can simply be counted, picking a suitable

function for the o(1)-term, for example 1/nε/4, can be derived from the proof; the degree

concentration property as stated in Lemma 2.1(a) can trivially be efficiently certified for

a random G from Gn,p. As far as Lemma 2.1(b) is concerned, this is not so obvious, as

bounding the discrepancy of a given graph is in general co-NP-complete (see a remark

in [8, p. 71], or see [5]). For graphs in which all vertices have the same degree, that is, for

regular graphs, the eigenvalues of the adjacency matrix are used to obtain efficient bounds

on the discrepancy: see [1, pp. 119 ff ]. The linear algebra required can be found in [22]. In

the regular case, we have that the all-1s-vector is an eigenvector of the adjacency matrix

whose eigenvalue is the degree of the vertices of the graph considered. In our ‘almost

regular’ case, this no longer holds, and we have to resort to the Laplacian matrix instead of

the adjacency matrix, as in [8]. For G = (V , E) with V = {1, . . . , n}, we define the matrix

LG(x, y) for x, y ∈ V by LG(x, y) = 1 if x = y and dx � 1 and LG(x, y) = 0 otherwise.

The matrix HG(x, y) for x, y ∈ V is defined by HG(x, y) = 1/
√

dx · dy if {x, y} ∈ E and 0

otherwise. The Laplacian matrix of G is LG = LG − HG. Throughout we assume that, for

all x, the degree satisfies dx � 1, and LG is the identity matrix. For v = (
√
d1, . . . ,

√
dn)

T

(T denoting the transpose) it is easy to check that HG · v = v. That is, v is an eigenvector

with eigenvalue 1 of HG. As HG is symmetric and real-valued, it is known that HG has

n real eigenvalues ρi, which can be ordered as ρ0 = 1 � ρ1 � ρ2 � · · · � ρn−1. The actual

Laplacian LG has the same eigenvectors as HG, and the eigenvalues are λi = 1 − ρi. Let

λ̄ be defined by

λ̄ = max{|1 − λi| | i �= 0} = max{|ρi| | i �= 0}.

That is, λ̄ is simply the maximum of the absolute values of all eigenvalues, except the

largest eigenvalue ρ0 of the modified adjacency matrix HG. The importance of λ̄ is that

it helps to bound the discrepancy. The subsequent Fact 2.2 can be found as Theorem 5.1

and its corollaries in [8, pp. 72 and 73]. For a graph G and X a subset of the vertices of

G, the volume of X is VolX =
∑

x∈X dx.

Fact 2.2. Let G = (V , E) and let X, Y ⊆ V . Then we have:

(a) ∣∣∣∣e(X, Y ) − VolX · VolY

VolV

∣∣∣∣ � λ̄ ·
√

VolX · VolY ,
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(b) ∣∣∣∣e(X, X) − (VolX)2

VolV

∣∣∣∣ � λ̄ · VolX,

(c) ∣∣∣∣e(X) − 1

2
· (VolX)2

VolV

∣∣∣∣ � 1

2
· λ̄ · VolX.

Let d = d(n) be given. For G = (V , E) with V = {1, . . . , n}, we say G is almost d-regular

if and only if, for all vertices x of G, we have dx = d · (1 + o(1)). Note that Lemma 2.1(a)

states that, with high probability, a random G from Gn,p is almost d-regular where d = nε.

In the case of almost-d-regularity, we have for all X ⊆ V that VolX = |X| · d · (1 + o(1)).

Under the premise of almost-d-regularity we have, abbreviating e = |E|,

(VolX)2

VolV
=

(d · |X|)2
d · n · (1 + o(1)) = n · d · |X|2

n2
· (1 + o(1)) = 2e · |X|2

n2
· (1 + o(1))

and, for Y = V\X,

VolX · VolY

VolV
=

n · d · |X| · d · |Y |
d · n2

· (1 + o(1)) = 2e · |X|
n

· n − |X|
n

· (1 + o(1)),

and get the following fact.

Fact 2.3. Let G = (V , E), where V = {1, . . . , n}, be almost d-regular; let ε′ < α < 1 − ε′;

let X ⊆ V with |X| = αn, Y = V\X. Finally, let e = (1/2) · d · n be the asymptotic number

of edges of G. Then we have, uniformly in α:

(a)

|e(X) − eα2| � λ̄ · e · α · (1 + o(1)) + o(e),

(b)

|e(X, Y ) − 2 · e · α · (1 − α)| � λ̄ · 2 · e ·
√

α(1 − α) · (1 + o(1)) + o(e).

If λ̄ = o(1), Fact 2.3 implies low discrepancy: see equations (2.3) and (2.4).

We consider the usual 0–1-adjacency matrix of a random graph G from Gn,p where

p = nε/n. This adjacency matrix is symmetric and has n real eigenvalues. It is known

and, for example, proved in [11] that the eigenvalue with the second-largest absolute

value among all eigenvalues of such an adjacency matrix is o(nε) with high probability. In

the case of the matrix HG, the nonzero entries are 1/
√

dx · dy = 1/nε · (1 + o(1)), and the

eigenvalue bound for the adjacency matrix implies that λ̄ = o(1) with high probability.

We explain this next.

For both matrices the ‘trace method’ allows us to estimate the eigenvalues. More

precisely, we use the fact

Trace
(
Hk

G

)
=

n−1∑
i=0

ρki ,
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where, as usual, Trace(Hk
G) is the sum of the diagonal elements on Hk

G. A simple inductive

argument shows that

Hk
G(x, x) =

∑
(HG(x, x1) ·HG(x1, x2) · · · · ·HG(xk−1, x)),

where the sum goes over all tuples of vertices (x1, x2, . . . , xk−1), with repetitions allowed.

The entry Hk
G(x, x) corresponds to the number of closed walks from x to x in G. The

analogous fact holds for the usual adjacency matrix, and allows us to estimate the trace

of the adjacency matrix of a random graph with high probability. With k = k(ε) being

a sufficiently large constant, we find that the trace of the kth power of the adjacency

matrix is bounded above by nk·ε + o(nk·ε) with high probability. In the case of HG we get,

simply by factoring out k-times 1/nε · (1 + o(1)), that Trace(Hk
G) = 1 + o(1). The factoring

out process works without difficulties as k is a constant and (1 + o(1))k is still 1 + o(1).

Picking k as an even number, all terms of
∑n

i=0 ρ
k
i are nonnegative; moreover, ρ0 = 1.

This implies that we have only an o(1)-remainder for the sum of all remaining ρki s. Again,

k being a constant ensures that λ̄ = o(1).

Given ε′ > 0, we can now efficiently certify the following property for a random G from

Gn,p where p = nε/n: G has low discrepancy with respect to ε′.

The certification algorithm goes as follows. Given a random graph G from Gn,p, the

algorithm first checks almost-d-regularity for d = nε. If this check fails, the algorithm

can only give an inconclusive answer. Second, computing the matrix Hk
G for a suitable

constant k = k(ε), the algorithm bounds λ̄. It checks that λ̄ = o(1). If the check is positive

the algorithm gives ‘low discrepancy’ as output. If the check fails, we get an inconclusive

answer.

Fact 2.3 and equations (2.3) and (2.4) imply the correctness of the algorithm. Com-

pleteness follows from Lemma 2.1(a) and the discussion above on λ̄.

At this point we know that an algorithm efficiently certifying low discrepancy exists,

because there are suitable o(1)-terms, as we know from our previous consideration. In

order to be of practical use, we would have to specify the o(1)-terms. Suitable functions

can be derived from our proofs. The algorithm clearly works in polynomial time, with

the polynomial depending on ε. The reason for this dependence on ε is that, for the k

above, we have k = k(ε). Analytical approximation methods to estimate the eigenvalues

may possibly be used to remove this dependency on ε, but we have not looked into this.

3. Certifying discrepancy properties of random uniform hypergraphs

We are interested in k-uniform hypergraphs H = (V , E), where V = {1, . . . , n} is a standard

set of n vertices and E ⊆ Vk is simply a set of ordered k-tuples. In this section we focus

on k = 3. For X,Y , Z ⊆ V we let E(X,Y , Z) = E ∩ (X × Y × Z), and thus, for example,

E(X,X,X) is the set of 3-tuples of H inside X. We denote e(X,Y , Z) = |E(X,Y , Z)| and

usually e = |E|. We say that a 3-tuple is of type (X,Y , Z) if it belongs to X × Y × Z .

Let ε′ > 0. We say that H has low discrepancy with respect to ε′ if and only if, for

all α with ε′ < α < 1 − ε′ and for all X ⊆ V with |X| = αn, Y = V\X, we have that

e(X,X,X) = α3 · e · (1 + o(1)) and e(X,X, Y ) = α2 · (1 − α) · e · (1 + o(1)), and analogously
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for the remaining 6 possibilities of placing X and Y into the 3 positions. This is analogous

to the case of graphs: compare equations (2.3) and (2.4).

Let d = d(n) be given. The hypergraph H is almost d-regular if, for each x ∈ V , the

number of occurrences of x at each of the 3 possible positions is d · (1 + o(1)). Moreover,

almost-d-regularity requires two additional properties:

|{(x, y, z) ∈ E| there is an (x′, y′, z′) �= (x, y, z) in E

such that |{x, y, z} ∩ {x′, y′, z′}| � 2}| � o(e)

and

|{(x, y, z) ∈ E| |{x, y, z}| � 2}| � o(e).

Note that d-regularity implies in particular that e = d · n · (1 + o(1)). Selecting each

possible 3-tuple with probability p, we get the probability space Hn,p of random 3-uniform

hypergraphs over n vertices. For m = αn and X ⊆ V with |X| = m, the random variable

e(X,X,X) follows the binomial distribution with parameters m3 and p. As in Lemma 2.1,

we get that e(X,X,X) is with high probability concentrated at α3 · n1+ε, provided that

p = nε/n2. The analogous fact applies to all types consisting of X and Y = V\X. As in

the case of graphs, this applies to all sets X with |X| = αn uniformly for ε′ < α < 1 − ε′,

and we say that we have low discrepancy with respect to ε′, just as in the case of graphs.

As we have no obvious notion of adjacency matrix, let alone Laplacian matrix, for

hypergraphs, discrepancy properties of random hypergraphs cannot be as easily certified

as in the case of graphs at the end of the preceding section. In spite of the fact that there

are some attempts to generalize spectral graph theory to hypergraphs, results relevant to

our context are not known, to the best of the authors’ knowledge: see [12] and [6]. Results

related to our approach are obtained in [7]. Unfortunately, these results are only useful

for k-uniform hypergraphs with at least Ω(nk−1) edges. This is too dense to be interesting

to us. The related theory of quasi-random hypergraphs has so far only been developed

for Ω(nk) k-uniform edges, see the references in [7].

In order to deal with sparser hypergraphs, we define some graphs associated with a

hypergraph. The product graph defined below looks to the authors like a new concept in

the present context. A similar graph is only used in [11].

Definition 2. (Projection graph, product graph) Let H = (V , E) be a 3-uniform hyper-

graph.

(a) The projection graph on the first and second coordinate is the graph G = (V , F),

where F contains all edges {x, y} with x �= y such that there is a z with (x, y, z) ∈ E or

(y, x, z) ∈ E. Projection graphs are defined for all 3 pairs of two different coordinates.

(b) The product graph of H with respect to the first coordinate is the graph G = (W,F),

where W = V × V and F is defined as follows. For x1, x2, y1, y2 ∈ V with (x1, y1) �=
(x2, y2) we have {(x1, y1), (x2, y2)} ∈ F if and only if there exists an u ∈ V and two

different 3-tuples (u, x1, x2) ∈ E and (u, y1, y2) ∈ E. The product graph with respect to

the second or third coordinate is defined in the same way.
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When H is almost d-regular, any projection graph has asymptotically e edges. Con-

cerning the product graph, we observe, under the additional assumption that d = d(n)

tends to infinity, that the number of edges is given by

n · d2 · (1 + o(1)) =
e2

n
· (1 + o(1)).

Note that two different 3-tuples from H , (u, x1, x2) and (u, y1, y2), induce the two edges

{(x1, y1), (x2, y2)} and {(y1, x1), (y2, x2)} in the product graph. We are mainly interested in

the case when the underlying hypergraph is a random hypergraph. In this case we have

the following result.

Corollary 3.1. Let H = (V , E) be a random 3-uniform hypergraph from Hn,p where p =

nε/n3/2 and 1/2 > ε � 0 is a constant.

(a) The projection graphs are random graphs from Gn,p′ with p′ = 2 · n(1/2)+ε/n · (1 + o(1)).

(b) With d = 2 · n2ε each product graph is almost d-regular with high probability. Moreover,

with high probability, each product graph has λ̄ = o(1).

Proof. (a) Taking into account that the edges in a hypergraph are ordered, whereas in

the projection graphs they are not, we get that a given edge {x, y} with x �= y is present

in the projection graph independently, with probability p′ = 1 − (1 − p)2n, which is the

probability that a random H contains at least one of the 2n 3-tuples (x, y, z) or (y, x, z)

for a z ∈ V . From this we get that p′ � 2np = 2 · n(1/2)+ε/n, as 2np is the expected number

of 3-tuples (x, y, z) or (y, x, z) in a random G.

A lower bound for p′ can be obtained using the binomial theorem and the geometric

series

p′ = 1 − (1 − p)2n

= 1 − 1 + 2np −
(

2n

2

)
p2 + · · · −

(
2n

2n

)
p2n

� 2np − (2np)2 − (2np)3 − · · · − (2np)2n

� 2np ·
(

1 − 2np

1 − 2np

)
= 2np · (1 − o(1)),

where we need 2np = o(1), which holds as ε < 1/2.

(b) Concerning the degree of a vertex (x1, y1), we proceed as in the proof of [13,

Theorem 11]. The elementary proof is based on the following ideas. Let X be the random

variable that counts the number of vertices u such that H has an ordered pair of distinct 3-

tuples ((u, x1, x2), (u, y1, y2)). Let Y count the number of us with a pair of distinct

3-tuples ((u, x2, x1), (u, y2, y1)) in H . We can show that the degree of (x1, y1) is, with

sufficiently large probability, meaning here at least 1 − o(1/n2), asymptotically equal to

X + Y . Moreover, with similarly high probability we have that X + Y is 2 · n2ε · (1 + o(1)).

This implies the claim. Note that the expectation of X + Y is asymptotically 2 · n2ε.

In [11] it is shown that the eigenvalue of the adjacency matrix of a product graph with

the second largest absolute value is o(n2ε). In fact the product graph from [11] is defined
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slightly differently from the product graph here, but this difference causes no problem.

As the trace method with walks of bounded length is used and the product graph G is

almost 2n2ε-regular, we have no problem in transferring this proof to the matrix HG, as

considered in the preceding section, and the claim follows.

Note that the assumptions of the preceding lemma imply that the number of the 3-

tuples of H is with high probability e ≈ n3/2+ε. The number of edges of the product graph

is

e2/n ≈ n2+2ε =
2n2ε · n2

2
,

which reflects that the product graph is almost 2n2ε-regular.

Theorem 3.2. Let ε′ > 0 be fixed and let d = d(n) tend to infinity. Let V = {1, . . . , n} and

let H = (V , E) be a 3-uniform hypergraph having the following properties:

• H is almost d-regular;

• the projection graphs of H have low discrepancy with respect to ε′;

• the product graphs of H have low discrepancy with respect to ε′2.

Then H itself has low discrepancy with respect to ε′.

Proof. Let |E| = e and let X ⊆ V with |X| = αn. We show that the asymptotic fraction

of 3-tuples of type (X,X,X) in H is α3. Here ε′ � α � 1 − ε′.

Low discrepancy of the projection graph on the second and third coordinate implies that

the asymptotic fraction of edges inside X is α2 of all edges of the projection graph. The

edges inside X in the projection graph can only be induced by 3-tuples of type (V ,X,X)

of H . By almost-d-regularity we have that the projection graph has asymptotically e

edges. Therefore the fraction of 3-tuples of H of type (V ,X,X) must be asymptotically

α2, too. Let Y = V\X. We partition the 3-tuples of H of type (V ,X,X) into those of type

(X,X,X) and those of type (Y ,X,X).

Assume for a contradiction that the asymptotic fraction of 3-tuples of type (X,X,X)

in H is not α3. To be totally precise, this means that there exists a constant δ > 0 and

ε = ε(n) � δ such that, for infinitely many n, we have that the fraction of 3-tuples of type

(X,X,X) of H is equal to

α3 + ε or α3 − ε.

We assume that the first case applies; the second case can be treated similarly.

We look at the product graph with respect to the first coordinate. We show below that

the asymptotic fraction of edges inside X × X in the product graph is at least

α4 +
ε2

α
+

ε2

1 − α
. (3.1)

As |X × X| = α2n2, the number of vertices of the product graph is n2, ε � δ > 0, and n

can be chosen arbitrarily large, (3.1) contradicts low discrepancy with respect to ε′2 of the

product graph: recall equation (2.3).
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For u ∈ X, let au be the number of 3-tuples of type ({u}, X,X) of H . The number of

edges of the product graph induced by 3-tuples of H of type (X,X,X) is asymptotically,

using d-regularity,

∑
u∈X

au(au − 1) =
∑
u∈X

(
a2
u − au

)
=

(∑
u∈X

a2
u

)
− (α3 + ε) · e, (3.2)

as the number of 3-tuples of type (X,X,X) of H is equal to
∑

au = (α3 + ε) · e. Moreover,

recall that two different 3-tuples (u, x1, x2) and (u, y1, y2) of H induce two edges in the

product graph. By the preceding constraint on the sum of the au, we get that the first

term,
∑

a2
u, in (3.2) is minimized when each au is the arithmetic mean a = (α3 + ε) · e/(αn)

of the aus. Therefore,∑
u∈X

a2
u �

∑
u∈X

(
(α3 + ε) · e

αn

)2

=
(α3 + ε)2

αn
· e2 =

(
α5 + 2α2ε +

ε2

α

)
· e

2

n
. (3.3)

As d tends to infinity in n, the number of edges of the product graph is asymptotically

e2/n and e is asymptotically negligible with respect to e2/n. Therefore (3.2) and (3.3) imply

that the asymptotic fraction of edges of the product graph which are induced by 3-tuples

of type (X,X,X) is

α5 + 2α2ε +
ε2

α
. (3.4)

Now we look at the fraction of the number of edges of the product graph induced by

3-tuples of H of the type (Y ,X,X). We have that the asymptotic fraction of 3-tuples of

H of type (Y ,X,X) is

α2 − (α3 + ε) = (1 − α) · α2 − ε.

As before, we come to∑
u∈Y

a2
u � ((1 − α) · α2 − ε)2

(1 − α)n
· e2 =

(
α4 − α5 − 2α2ε +

ε2

1 − α

)
· e

2

n
, (3.5)

and the asymptotic fraction of the number of edges of the product graph induced by

3-tuples of type (Y ,X,X) is at least

α4 − α5 − 2α2ε +
ε2

1 − α
. (3.6)

Since the sum of (3.4) and (3.6) gives (3.1), we are done.

Finally, to show that the 3-tuples of the remaining 7 types occur with the required

frequencies among the 3-tuples of H , we can proceed in an analogous way. Note that the

proof for the type (Y ,X,X) is implicitly contained in the proof above.

Let 0 � ε < 1/2 be a constant and let ε′ > 0. We give an algorithm which efficiently

certifies that a random 3-uniform hypergraph H from Hn,p, where p = nε/n3/2 has low

discrepancy with respect to ε′. First, we check almost-d-regularity with d = n(1/2)+ε. Note

that the expectation of the number of occurrences of a given vertex at a given coordinate

of a random H is n2p = n(1/2)+ε = d. As in Lemma 2.1, the number of occurrences of
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each vertex is concentrated at the expectation with high probability. As ε < 1/2 and

constant, simple expectation calculations together with Markov’s inequality show that

the remaining two requirements of almost-d-regularity hold. Thus the check of almost-d-

regularity succeeds with high probability, and the algorithm continues.

We approximate the λ̄s of all projection and product graphs of H , and certify that they

are o(1). This check is positive with high probability, which follows from Corollary 3.1 and

the remarks on Gn,p in the preceding section. Note that the application of Corollary 3.1(b)

requires p = nε/n3/2.

The algorithm is correct, as Fact 2.3 and the preceding Theorem 3.2 imply low

discrepancy of H with respect to ε′.

4. Applications to random unsatisfiable k-Sat instances

We consider propositional formulas over a standard set of n propositional variables

Varn = {x1, . . . , xn}. For a variable x, we call x positive literal and ¬x negative literal.

The set of k-clauses over Varn, Clausen,k , is simply the k-fold Cartesian product of

positive and negative literals over Varn. Thus clauses are allowed to contain the same

literal twice, or x and ¬x together. However, this is only a technical concession, and

using different common notions of clauses would not change our results. Altogether

we have that |Clausen,k| = (2n)k . Clauses that contain only positive literals (negative

literals, respectively) are called all-positive clauses (all-negative clauses, respectively). The

probability space of random k-Sat instances, Formn,k,p, is obtained by selecting each clause

independently with probability p.

It is natural to make a k-uniform hypergraph in the sense of Section 3 from a k-Sat

instance: the vertex set is always the set of variables, Varn (note: not the set of literals),

and the k-tuples of the hypergraph are obtained by substituting ¬x with x in the clauses.

Similarly, each subset of clauses of a formula induces a hypergraph. When we use

terminology originally introduced for hypergraphs for subsets of clauses of a formula, we

view this subset as a hypergraph, as described.

In [9], the following Lemma 4.1 is proved for random 3-Sat instances with a linear

number of clauses. The proof uses approximation algorithms based on semidefinite

programming. Our subsequent Lemma 4.1 is weaker than the result from [9], in that we

assume that the number of clauses is superlinear. However, our proof method is different

from that of Feige. Despite being of independent interest because of its conceptual

simplicity, its purpose is to introduce the technique of the subsequent 4-Sat result.

Let a be a truth value assignment for Varn. Then Fa denotes the set of variables assigned

false by a and Ta the set of variables assigned true.

Lemma 4.1. We consider the probability space Formn,3,p, where p = nε/n2 and 1 > ε > 0

constant. For a random formula F , the following statements can be efficiently certified.

(a) All satisfying assignments a for F have

|Fa| = (n/2)(1 + o(1)) and |Ta| = (n/2)(1 + o(1)).
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(b) All satisfying assignments a for F satisfy the following statements; recall the hypergraph

notion of type introduced at the beginning of Section 3.

(i) For the hypergraph from the all-positive clauses of F , the asymptotic fraction of

3-tuples of each of the types

(Fa, Fa, Ta), (Fa, Ta, Fa), (Ta, Fa, Fa), (Ta, Ta, Ta)

is 1/4.

(ii) For the hypergraph from the all-negative clauses, we have the analogous statement

with the types

(Ta, Ta, Fa), (Ta, Fa, Ta), (Fa, Ta, Ta), (Fa, Fa, Fa).

(iii) For the hypergraph from the clauses with the first literal negative and the remaining

two literals positive, we get the analogous statement for the types

(Ta, Fa, Ta), (Ta, Ta, Fa), (Fa, Fa, Fa), (Fa, Ta, Ta).

(iv) For the hypergraph from the clauses with the first two literals negative and the third

literal positive, we get the analogous statement with the types

(Ta, Ta, Ta), (Ta, Fa, Fa), (Fa, Ta, Fa), (Fa, Fa, Ta).

(v) For the remaining possibilities of placing positive and negative literals in clauses,

symmetric statements hold.

Note that (a) means that we can efficiently certify that none of the assignments which

assign true or false to at least (n/2) · (1 + δ) variables, with δ > 0 constant, satisfies

a random F . Note that (b) implies that the number of clauses with exactly 2 literals

becoming true under the satisfying assignment a is negligible.

Proof. (a) We run the following algorithm. Let H be the hypergraph made up from the

all-positive clauses of F . Certify that all three projection graphs of H have low discrepancy

with respect to a given sufficiently small ε′ > 0. We use the algorithm from the end of

Section 2. We need a d′ for almost-d′-regularity of the projection graphs. We take

d′ = 2np · n = 2nε.

Certify that H is almost d-regular, where d = nε is the expected degree of a given vertex

at a given position of the 3-tuples.

First, observe that with high probability the certifications are successful. Let G be a

projection graph of H . Then G is a random graph from Gn,p′ , where

p′ = 2np · (1 + o(1)) = 2nε/n · (1 + o(1)).

First we have p′ � 2np and

p′ � 2np −
(

2n

2

)
· p2 = 2np · (1 + o(1))

as ε < 1. Note that {x, y} is an edge of the projection graph on the first and second

coordinate if and only if H has one of the 2n 3-tuples (x, y, u) or (y, x, u) for u ∈ Varn.
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From Lemma 2.1 we know that G is almost d′-regular and has low discrepancy with high

probability. The algorithm explained at the end of Section 2 certifies this. As almost-

d-regularity of H holds with high probability, we can certify it. Thus the algorithm is

successful with high probability.

We still have to prove the correctness of the algorithm. Assume that the algorithm

has been successful for F . We show that the certified properties imply that F is not

satisfied by any assignment a with |Fa| � n · (1/2 + δ) where δ > 0. In order to obtain a

contradiction, we assume that a is an assignment with |Fa| � n · (1/2 + δ), and δ > 0 is a

constant. Then, in each of the three projection graphs of H , we have that the edges inside

Fa are asymptotically a fraction of at least (1/2 + δ)2 of all edges. Together with the

certified almost-d-regularity of H , this implies that each of the following types of 3-tuples,

(Fa, Fa,−), (Fa,−, Fa) and (−, Fa, Fa),

makes up an asymptotic fraction of (1/2 + δ)2 of the 3-tuples of H . As a is a satisfying

assignment, we have that the vacant position in these 3-tuples must be filled with a

variable from Ta. We therefore know that we have a fraction of (1/2 + δ)2 of 3-tuples of

each of the types

(Fa, Fa, Ta), (Fa, Ta, Fa) and (Ta, Fa, Fa)

in H.

Looking at the projection graph on the first and second coordinate, we see, using almost-

d-regularity of H , that we have a fraction of at least 2 · (1/2 + δ)2 = 1/2 + 2δ + 2δ2 edges

between Fa and Ta. By low discrepancy, this fraction should be 2 · (1/2 + δ) · (1/2 − δ) =

1/2 − 2δ2. This is a contradiction as long as δ does not approach 0.

Running the same algorithm for the hypergraph made up from the all-negative clauses,

we can also conclude that |Ta| � 1/2 + δ does not hold for any satisfying assignment a.

(b(i)) We run the algorithm from (a). To prove the correctness of the algorithm, let F be

a formula for which the certification has been successful. Let α = 1/2 · (1 + o(1)). Assume

that a is a satisfying assignment of F and |Ta| = αn. As we have certified low discrepancy

of the projection graphs of H , we get as in (a) that the asymptotic fraction of the number

of 3-tuples from H of each of the following types is 1/4:

(Fa, Fa, −), (Fa, −, Fa), (−, Fa, Fa), (Ta, Ta, −), (Ta, −, Ta), (−, Ta, Ta).

As a satisfies F , we know that we get an asymptotic fraction of 1/4 of the 3-tuples of

each of the types

(Fa, Fa, Ta), (Fa, Ta, Fa), and (Ta, Fa, Fa).

Now 3/4 of the 3-tuples from H are used up, because the preceding types correspond to

disjoint sets of 3-tuples. We only have a fraction of 1/4 of the 3-tuples for the remaining

partially specified types above. This can only be achieved with 1/4 of the 3-tuples being

of type (Ta, Ta, Ta).

(b(iii)) We first run the algorithm from (a). We look at the set of clauses of F whose

first literal is negative and whose remaining two literals are positive. Let K be the
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hypergraph from these clauses. We certify low discrepancy of the projection graphs and

almost-d-regularity of K , where d is as above. The certification is successful with high

probability.

Let F be such that efficient certification has taken place. Let a be a satisfying assignment

of F . We have that |Fa| = αn where α = 1/2 · (1 + o(1)). From low discrepancy and almost-

d-regularity of K , we get that the asymptotic fraction of 3-tuples of K of type (−, Fa, Fa)

is 1/4. As a is a satisfying assignment of F , the first position in the corresponding 3-tuples

must be filled with a variable from Fa, and we get 1/4 of 3-tuples of type (Fa, Fa, Fa).

Now, from low discrepancy of the projection graphs and almost-d-regularity of K , we

know, further, that only a negligible fraction of the remaining 3-tuples has a type with

two Fas. We know also that the 3-tuples of one of the types

(Ta, Fa, −) or (Ta, −, Fa)

have a Ta in the vacant position. By looking at the projection graph on the second and

third position and almost-d-regularity, we have that the fraction of 3-tuples of these types

altogether is 1/2. Moreover, each type occurs for a fraction of 1/4, as we see from the first

and third and from the first and second position and low discrepancy of the corresponding

projection graphs. We now have 1/4 of the 3-tuples of each of the types

(Fa, Fa, Fa), (Ta, Ta, Fa), (Ta, Fa, Ta).

Looking at the projection graph on the second and third position, we must still have the

type (−, Ta, Ta) with a fraction of 1/4 among the 3-tuples of K , because such a type has

not yet occurred. The vacant position must be filled with Fa, and the claim follows.

We omit the remaining cases, which can be dealt with similarly.

Now we come to clause size k = 4. When considering the space Formn,4,p with p = nε/n2,

the number of clauses is, with high probability, asymptotically n2+ε. Splitting each clause

into two halves of two literals each, we get a graph with n2 vertices and n2+ε random

edges. Discrepancy certifications as in [15] certify the unsatisfiability of a random formula.

Not much is known for sparser random 4-Sat instances, and the simple trick described

no longer works when the degree of most of the n2 vertices of the graph is 0. However,

an analogue of Lemma 4.1 can be proved for sparser random 4-Sat instances.

Theorem 4.2. For a random formula F from Formn,4,p, where p = nε/n5/2 and 1/2 > ε > 0,

we can efficiently certify the following properties.

(a) All satisfying assignments a of F have the property that |Ta| and |Fa| is asymptotically

n/2.

(b) All satisfying assignments a of F satisfy the following statement. Among the 4-tuples

of the hypergraph made from the all-positive clauses of F , the asymptotic fraction of

4-tuples of each of the following types is 1/8. The types are all possibilities of having

an odd number of variables from Ta:

(Fa, Fa, Fa, Ta), . . . , (Ta, Fa, Fa, Fa), and (Ta, Ta, Ta, Fa), . . . , (Fa, Ta, Ta, Ta).
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As in Lemma 4.1, we get analogous statements for all kinds of clauses containing

negative literals. The types occurring are always such that an odd number of literals per

clause is true under a.

Proof. (a) We look at the 4-uniform hypergraph made up from the all-positive clauses

of a given random F . We consider the projection hypergraph on the first three positions of

this hypergraph. That is, we simply forget the last coordinate and consider the remaining

3-uniform hypergraph. Call this hypergraph H . Then H is a random 3-uniform hypergraph

with edge probability p′ = 1 − (1 − p)n = nε/n3/2 · (1 + o(1)). With the algorithm as stated

at the end of Section 3, we certify low discrepancy of H . Moreover, we certify that H

has asymptotically the same number of 3-tuples as we have 4-tuples in the 4-uniform

hypergraph. We certify the analogous properties for the projection hypergraph on the last

three positions, H ′.

Let δ > 0 and let a be a satisfying assignment with |Fa| � (1/2 + δ) · n. As H has low

discrepancy, we know that H has an asymptotic fraction of (1/2 + δ)3 among its 3-tuples

which are of type (Fa, Fa, Fa). Moreover, the type (Fa, Fa, Fa, Ta) among the 4-tuples

must be a fraction of (1/2 + δ)3, as we assume a to be satisfying. Looking at H ′ and the

type (Fa, Fa, Ta) in this hypergraph, we can derive a contradiction as in Lemma 4.1(a), if

δ > 0 is a constant.

We do the same for the 4-uniform hypergraph obtained from the all-negative clauses

to exclude assignments with asymptotically more variables set to true than false.

(b) Our certification algorithm now runs as follows. We first run the algorithm from (a).

After this we certify low discrepancy of all four 3-uniform projection hypergraphs obtained

from the hypergraph made up from the all-positive clauses. We apply the algorithm from

the end of Section 3, which is successful with high probability because the 3-uniform

projection hypergraphs are random hypergraphs. After this we certify low discrepancy

of all 6 projection graphs obtained from the hypergraph of the all-positive clauses. Note

that, for each pair of positions, we get one projection graph. These projection graphs

are random graphs. We apply the algorithm from the end of Section 2 to certify low

discrepancy of these projection graphs. Again we can assume that the certification is

successful.

From (a) we know that any satisfying assignment a has asymptotically n/2 variables

set to true and false. From low discrepancy of the 3-uniform projection hypergraphs and

the assumption that a is a satisfying assignment, we get that the fraction of 4-tuples of

each of the types

(Fa, Fa, Fa, Ta), (Fa, Fa, Ta, Fa), (Fa, Ta, Fa, Fa), (Ta, Fa, Fa, Fa)

is 1/8. The number of edges inside Fa in each of the projection graphs must be

asymptotically 1/4. Therefore only a negligible fraction of the 4-tuples that are not

of the 4 types mentioned is of a type with two Fas. This is because, for each pair of

positions, we already have a fraction of 1/8 + 1/8 = 1/4 with Fa in both positions. This

implies that the remaining fraction of 1/2 of the 4-tuples must be of one of the types

(Ta, Ta, Ta, Fa), (Ta, Ta, Fa, Ta), (Ta, Fa, Ta, Ta), (Fa, Ta, Ta, Ta), (Ta, Ta, Ta, Ta).
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In all 6 projection graphs we have an asymptotic fraction of 1/2 of the edges between Ta

and Fa. From the types above we already have a fraction of 1/4 and we need another

1/4. Thus we need an asymptotic fraction of 1/4 of the 4-tuples of one of the types

(Ta, Ta, Ta, Fa) or (Ta, Ta, Fa, Ta).

The same applies to the first two positions. As the 4-tuples corresponding to these types

are disjoint, the type (Ta, Ta, Ta, Ta) can asymptotically not occur. Since, in each projection

graph, we get a fraction of 1/4 of the edges inside Ta, we can conclude that each type

with 3 Tas occurs with a fraction of 1/8.

Now let us come to the l-Out-of-k-Sat problem. For 2-Out-of-5-Sat we get the following

result.

Corollary 4.3. For F from Formn,5,p where p = nε/n7/2, we can efficiently certify that F is

unsatisfiable in the 2-Out-of-5-Sat sense. Here 1/2 > ε > 0.

Proof. Our certification algorithm works as follows. Let F be a given random 5-Sat

instance. Let E be the subset of clauses of F such that the literal in the last position

is a positive literal, x. Let D be the random 4-Sat instance obtained from E by simply

deleting the variable in the last position. D is a random 4-Sat instance from Formn,4,p′ with

p′ = np · (1 + o(1)). Thus the preceding theorem is applicable and we apply the algorithm

to D. Next we look at the 5-uniform hypergraph H of the all-positive clauses of F. We

certify low discrepancy of the projection hypergraph on the last 3 positions of H with the

algorithm from the end of Section 3. Our probability assumptions imply that certification

is successful.

Now, let F be such that it has been successfully certified by the algorithm. We show

that F is unsatisfiable in the 2-Out-of-5-Sat sense. Assume that a is an assignment

which satisfies F in the 2-Out-of-5-Sat sense. Then a satisfies D in particular. From our

certification we know that, in the 4-uniform hypergraph from the all-positive clauses of

D, we have asymptotically 1/8 of the 4-tuples of each of the types

(Fa, Fa, Fa, Ta), (Fa, Fa, Ta, Fa), (Fa, Ta, Fa, Fa), (Ta, Fa, Fa, Fa).

Thus, in the 5-uniform hypergraph H we have 1/8 of each of the types

(Fa, Fa, Fa, Ta, Ta), (Fa, Fa, Ta, Fa, Ta), (Fa, Ta, Fa, Fa, Ta), (Ta, Fa, Fa, Fa, Ta),

because otherwise a would not satisfy F in the 2-Out-of-5-Sat sense. From the certified

low discrepancy of the projection hypergraph on the last 3 positions of H , we get that

we can only have a fraction of 1/8 of the 3-tuples of type (Fa, Fa, Ta). As above, we have

derived a fraction of 1/4 and hence we have a contradiction.

For l = 2 and k = 4 the 3-Sat result [11] implies efficient certification of unsatisfiability

for n3/2+ε many 4-clauses in the 2-Out-of-4-Sat sense. But, looking at the 6 projection

graphs, one can even get down to n1+ε random 4-clauses. The interested reader can

fill in the required details easily. Given that we can efficiently certify unsatisfiability
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of random k-Sat instances with n(k/2)+ε clauses, the following natural generalization of

current knowledge comes to mind. In order to certify unsatisfiability in the l-Out-of-k-Sat

sense, n(k/2)+ε−l random clauses are enough. We leave this as a likely conjecture.

5. Certifying Not-All-Equal-3-Sat unsatisfiability

A 3-Sat instance is satisfied by the assignment a in the Not-All-Equal-3-Sat sense if and

only if each clause contains at least 1 literal that is true under a and at least 1 literal that

is false. In the Not-All-Equal context we modify our set of clauses, Clausen,k , in that we

do not allow double occurrences of literals inside clauses, or x and ¬x both in one clause.

The Not-all-Equal-3-Sat problem is well known to be NP-complete. The probability

space Formn,3,m consists of all formulas with exactly m different clauses. Each formula is

equally likely. It is well known that, for Formn,3,p and Formn,3,m, most properties holding

in one of these spaces with high probability hold in the other one too, provided p is such

that the expected number of clauses is m. We are in line with common usage if we assume,

without checking the actual details, that this applies to the properties of interest to us.

We are interested in random inputs to the Not-All-Equal-3-Sat problem. The problem

for random instances according to the space Formn,3,m is investigated in [2]. The authors

show that there exist values c = c(n) such that, for any ε > 0, formulas with at most

(1 − ε) · c · n clauses are satisfiable, whereas formulas with at least (1 + ε) · c · n clauses are

unsatisfiable with high probability. They show more precisely that 1.514 � c � 2.215.

Our result is the efficient certification of unsatisfiability in the Not-All-Equal sense for a

linear number of random 3-clauses. It is based on the following probabilistic observation.

Lemma 5.1. Let ε > 0. Let F be a random formula from Formn,3,p, where p = c/n2 and c

is a sufficiently large constant. With high probability we have that, for all assignments a, a

fraction of at most 3/4 + ε of the all-positive clauses is satisfied by a in the Not-All-Equal

sense.

Proof. Let a be a fixed assignment and assume that a assigns true to αn variables and false

to (1 − α)n variables. The number of all-positive clauses of a random formula consisting

only of literals set to true follows the binomial distribution with parameters (α · n(1 +

o(1)))3 and p. The number of all-positive clauses consisting of literals set to false follows the

binomial distribution with parameters ((1 − α)n(1 + o(1)))3 and p. The expectation of the

number of clauses consisting only of literals set to true or to false is (α3 + (1 − α)3) · c · n.
This expectation is at least (1/4) · c · n. As in the proof of Lemma 2.1(b), we use equation

(2.5) (the Chernoff bound) to show that the number of clauses of interest is concentrated

at the expectation. Picking c sufficiently large but constant, we can show that this is even

the case for all 2n assignments.

We need the following fact from [18].

Fact 5.2. There exists a polynomial time deterministic algorithm which, for each 3-Sat

instance F , finds a truth value assignment that satisfies at least 0.878 · Opt(F) clauses of F
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in the Not-All-Equal sense. Here Opt(F) is the maximum over all truth assignments of the

number of clauses of F which can be satisfied in the Not-All-Equal sense.

Based on this fact we obtain the following algorithm.

Algorithm 5.3. The input to the algorithm is an instance F of the Not-All-Equal-3-Sat

problem. Let P be the set of all-positive clauses of F . Run the algorithm from Fact 5.2 on

the set of clauses P . Let S be the set of clauses satisfied in the Not-All-Equal sense by the

assignment found by the algorithm. If |S | < 0.877 · |P | then the algorithm answers that F

is unsatisfiable in the Not-All-Equal sense. Otherwise the algorithm fails, in that it gives an

inconclusive answer.

The algorithm is correct in that it never finds that a formula is unsatisfiable which

is satisfiable in the Not-All-Equal sense. This is because, from Fact 5.2, we know for

Opt(P ) the maximum number of all clauses from P satisfiable in the Not-All-Equal

sense, that Opt(P ) � 1/0.878 · |S |. As 0.877/0.878 < 1, the correctness of the algorithm

follows. Completeness in the sense that, for random F from Formn,3,p with p = c/n2

and sufficiently large c, the algorithm determines unsatisfiability with high probability,

follows from Lemma 5.1. From this lemma, we know with high probability that, for all

assignments, the fraction of all-positive clauses satisfied in the Not-All-Equal sense is at

most 3/4 + ε with ε > 0 a small constant, provided we pick c sufficiently large. Therefore

the algorithm must answer unsatisfiable with high probability.

Now, we move to the Half-k-Sat problem, as introduced in [3]. In this problem we

consider clauses with an even number of literals k which, as in the Not-All-Equal case,

have no double occurrences of literals, or x and ¬x inside a clause. A formula is satisfied

in the Half-k-Sat sense if, in each clause, exactly half of the literals are set to true and the

other half are set to false. The problem is also NP-complete: see [3]. In [3] it is shown

that unsatisfiability can be efficiently certified for clause size k = 4 and p = log2 n/n
3.

Using our Not-All-Equal-3-Sat algorithm above, it is trivial to get an algorithm certifying

unsatisfiability in the Half-4-Sat sense of random formulas from Formn,4,p where p = c/n3.

Deleting the last literal from each clause gives a random 3-Sat instance from Formn,3,p′

with p′ = c′/n2. For sufficiently large c′, we can certify that this instance is unsatisfiable

in the Not-All-Equal-3-Sat sense, and the result follows.

6. Certifying non-3-colourability

Now we concentrate on a graph-theoretic NP-complete problem, k-colourability. A graph

G = (V , E) is called k-colourable if there exists a colouring f :V → {1, . . . , k} such that no

edge of G is monochromatic under f. The decision version of the problem is to decide

whether a particular graph is k-colourable for a natural number k. Karp proved in 1972

[19] that it is NP-complete for any fixed k � 3. As for satisfiability problems, there exist

threshold values ck = ck(n) such that random graphs from Gn,p become not k-colourable

with high probability when the edge probability p passes ck/n.
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Krivelevich [20] proposed an algorithm for deciding k-colourability whose expected

running time is polynomial in the probability space Gn,p if p � c/n, where c = c(k) is a

sufficiently large constant. Like the satisfiability problems considered here, p is chosen

such that the graph is not k-colourable, with high probability. Therefore the algorithm

efficiently certifies non-k-colourability in our sense. Here, we propose a direct application

of a known approximation algorithm which gives a polynomial time algorithm that

certifies non-3-colourability with high probability for a random G from Gn,p, if p = c/n

and c is sufficiently large.

Let a k-partition of the graph G be a partition of the set of vertices of G into k subsets.

Max-k-Cut is the problem: find a k-partition with a maximal number of crossing edges,

i.e., edges whose ends belong to different subsets of the partition. We need the following

result from [14, 21].

Fact 6.1. There exists a polynomial time deterministic algorithm which, for each graph G =

(V , E), finds a k-partition of G such that the number of crossing edges for this partition is

at least dk · Opt(G) for dk > 1 − 1
k

and dk tending to 1 − 1
k

+ 2ln k
k2 when k tends to infinity.

In particular, we have that d3 � 0.8002. Here Opt(G) is the maximum number of crossing

edges over all k-partitions.

Our result is based on the following observation.

Lemma 6.2. Let ε > 0. Let G be a random graph chosen according to Gn,p where p = c/n

and c is sufficiently large. With high probability we have, for all 3-partitions of G, that the

number of crossing edges is at most (2/3) · |E| · (1 + ε).

Proof. The number of edges in G is a random variable following the binomial distribution

with parameters n(n − 1)/2 = n2/2 · (1 + o(1)) and p. Using equation (2.5) (the Chernoff

bound), we see that the number of all edges of G is cn/2 · (1 + o(1)) with high probability.

For all 3-partitions of G, the maximal number of pairs of vertices i, j belonging to

different blocks of the 3-partition is obtained when the sizes of the blocks are equal. Then

the number of such pairs is at most(
n

2

)
− 3

(
�n/3�

2

)
=

1

3
· n2 · (1 + o(1)).

Thus, for any fixed 3-partition, the number of crossing edges is a random variable

following the binomial distribution with parameters m � (1/3) · n2 · (1 + o(1)) and p = c/n.

Therefore equation (2.5) (the Chernoff bound) shows that with high probability the number

of crossing edges is at most

1

3
· n2 · c/n · (1 + ε′) =

2

3
· c · n

2
· (1 + ε′)

for any ε′ > 0 and sufficiently large c. Moreover, for even larger c, we have from equation

(2.5) that, with high probability, for all 3-partitions of G, the number of crossing edges is
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at most

2

3
· c · n

2
· (1 + ε′) <

2

3
· |E| · (1 + ε).

Based on this lemma, we consider the following algorithm.

Algorithm 6.3. The input to the algorithm is a graph G = (V , E) chosen according to Gn,p.

Run the algorithm from Fact 6.1 on G. Let q be the number of crossing edges in the partition

found by the algorithm. If q < 0.8 · |E| then the algorithm answers that G is not 3-colourable.

Otherwise the algorithm fails, i.e., it gives an inconclusive answer.

Note that the 3-colourability of the graph G = (V , E) induces a 3-partition of G such

that all edges in E are crossing edges. Thus, if the approximate solution for the Max-3-Cut

problem obtained by the algorithm from [14] contains at most 0.8 · |E| crossing edges,

then each 3-partition of G contains fewer than |E| edges and G is not 3-colourable.

Therefore the algorithm is correct. Completeness in the sense that, for a random graph G

from Gn,p with p = c/n and sufficiently large c, the algorithm certifies non-3-colourability

with high probability, follows from Lemma 6.2.

7. Conclusions

For the Not-All-Equal-3-Sat problem, we have shown how the direct application of

an approximation algorithm yields an algorithm certifying the unsatisfiability of a

random instance. This application is possible because the approximation ratio of the

algorithm for the naturally associated maximization problem is larger than the fraction

of the number of clauses a maximal solution has with high probability in a random

instance. It may be worthwhile to look for other problems on random instances where

approximation algorithms can be applied in this sense. However, we often have bounds

on the approximation ratio, making this impossible. For example, for random instances

of 3-Sat with high probability, each assignment satisfies a fraction of 7/8 of all clauses.

However, the best-known approximation algorithm of the corresponding maximization

problem has an approximation ratio � 7/8. This implies that we know nothing concerning

unsatisfiability if we apply such an algorithm to a random formula. The algorithm can

only find that a fraction of 7/8 of all clauses can be satisfied, and it might still be that the

formula is satisfiable. In [17] bounds on approximation ratios are derived which show that

the 3-Sat situation seems to be rather typical, and that the Not-All-Equal-3-Sat situation

is an exception. Already for Not-All-Equal-k-Sat where k � 4, bounds from [17] imply

that our method no longer works.

Recently, Feige [9] reversed the direction of what we do for Not-All-Equal-3-Sat.

Assuming that the certification of unsatisfiability is hard for random 3-Sat instances

with a sufficiently large linear number of clauses, interesting bounds on approximation

ratios for several problems are obtained. The investigation uses the observation stated in

Lemma 4.1 as a starting point. It is an obvious question whether one can obtain bounds
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on approximation ratios from intractability assumptions about random k-Sat instances

with larger k. Theorem 4.2 might be a starting point here. Lemma 4.1 and Theorem 4.2

can be seen as an efficient reduction of unsatisfiability to solving equations over the 2-

element field (up to an asymptotically but not algorithmically negligible remainder). In [4],

approximation algorithms for the maximum number of satisfiable equations over a finite

field are considered. Can we apply these algorithms in the present context? Or, conversely,

can we derive new bounds on the approximation ratio from intractability assumptions

for random k-Sat instances? Note that intractability assumptions for random instances

are much stronger than complexity-theoretic assumptions, which usually refer only to the

worst case.

As the Laplacian matrix allows easy certification of low discrepancy properties of

random graphs, it seems worthwhile to think about calculating the λ̄ of random graphs

with a linear number of edges. The case of edge probability p = nε/n considered here

is relatively simple because of almost-regularity. For sparser random graphs, almost-

regularity does not hold. To prove Lemma 4.1 for a linear number of clauses, Feige resorts

to the approximation algorithm for the maximum cut by Goemans and Williamson. Using

a so far unproven conjecture, such as λ̄ being small for random graphs with a linear

number of edges, should give a different (simpler?) proof of this result.

Finally we ask if the theory of quasi-random graphs, and in particular quasi-random

hypergraphs, which is also concerned with the efficient certification of low discrepancy

properties, can contribute to the context of the present paper.
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