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SOME SHARP BILINEAR SPACE-TIME ESTIMATES FOR THE
WAVE EQUATION

NEAL BEZ, CHRIS JEAVONS AND TOHRU OZAWA

Abstract. 'We prove a family of sharp bilinear space—time estimates for the half-

wave propagator e’V =2 As a consequence, for radially symmetric initial data, we
establish sharp estimates of this kind for a range of exponents beyond the classical
range.

§1. Introduction and statement of results. For d > 2, suppose that u, v satisfy
the homogeneous wave equations

Ou =0Ov =0,
where 0 = A, — 8,2 with (¢, x) € R x R?, with initial conditions
(u(0), 8;u(0)) = (uo, u1), (v(0), 3;v(0)) = (vo, v1).
We consider the bilinear global space—time estimates
1D% DF~ DI uv)ll o gty < Cll o, )l e s ggen—1 1005 VD gy o1+ (1)
where H* (R?) denotes the usual homogeneous Sobolev space with norm
I s ey = ID* fll L2 ey

Here, we adopt the standard notation D := /—A,, and the operators D, and
D_ are defined as

Dif(z,£) = ||t| £ |&]|f(z, &)

using the space—time Fourier transform

f(z,8) 1=/ e TTIE £(r %) dx dt.
Rd+1

Estimates (1) go back to work of Beals in [1] and Klainerman and Machedon
in [22]; certain special cases were established and used in the study of the null
forms for some nonlinear wave equations. Further special cases were proved,
and some applications presented, in [23—28] among others, and the full range
of exponents (B, B—, B+, @1, 2) for which (1) holds was found by Foschi and
Klainerman in [17].
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Although not the focus of the present paper, we mention that generalizations
of (1) where the L? norm on the left-hand side is replaced by a mixed space—
time L;]L; norm have also been extensively studied. The first progress for g =
r < 2 was made by Bourgain [10], considering bilinear estimates without the
multiplier weights but with separated frequency supports, and the sharp estimates
(in the sense of exponents) were later obtained by Wolff [40] and subsequently
Tao [39] (generalized by Lee [29]). With the multiplier weights, the full range
of exponents in the mixed-norm case was obtained (up to endpoints) by Lee and
Vargas [31] for d > 4, and by Lee ef al [30] when d = 3, leaving only some
non-endpoint cases when d = 2.

If Ou = 0 then we have the standard decomposition into (+) and (—) waves
u=2ePf, +e P f where fi are given by

u(©0) = fr + f-, ou(0) =iD(fy — f-), 2

and the half-wave propagator e’? is defined on the Schwartz space using
(spatial) Fourier inversion to be

el f(x) = /Rd e ESEl F gV dE, (1, x) € R x RY,

2m)d
Using this decomposition, the inequalities (1) can be reduced to the following

bilinear estimates for the propagator e'?:

| DPo DF= DIt (P fel'P o)l 2ty < CILE N s ey I8l e tye— 3)

and
1D DP- DI (el'P feitD g) || 2 sty < CILf | o gy 18| oy ()

In addition to the works cited above, estimates related to (3) appear in the
book [11], and applications to well-posedness problems for some nonlinear wave
equations are also discussed there.

Closely related to the estimates (3) and (4), at least in the symmetric cases
B— = B4+ and o] = ay, is the following inequality:

1€ fePgll7a gan,

2(5—7d)/27.[(2—5d)/2
I'(d/2)

x (1= y1-y5)

~X

/ FODRIEOD Pyt lly2h @72
de
@=312 gy, dy,, (5)

where ¥ := |y|~'y € S¢7!. When d > 3 the constant is sharp, and a full
characterization of extremizing initial data is known; this was first proved by
Foschi [16] in the caset d = 3, and for arbitrary dimensions in [7]. The
question of determining sharp constants and identifying extremizers for weighted

1 This is stated for the case f = g, but the same argument in [16] allows f and g to be different.
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linear and bilinear space—time estimates for dispersive and wave-like propagators
has been studied in a number of recent papers. In addition to [7, 16] already
mentioned, see [5, 12, 20, 35] (as well as [16] again) for the Schrodinger
equation, [21, 34, 36] for the Klein—Gordon equation, [6] for the wave equation,
and [8, 9, 33], as well as further references contained in these papers, for more
general propagators and spatial weights in the linear setting on L.

Our main result is the following one-parameter family of sharp bilinear
inequalities in the case of (+—) waves. Before proceeding, we introduce some
notation. For 8 € R, we write

Tp(f.8) = /R IFODPRODP (il D22
x (1= y1 -y =22 ay dy,,

defined for suitable functions f and g. Also, we write |0 = D_ D, so that

[0Bu(r, £) == |2 — |62 1Pi(r, £).

Finally, we set g := max{(1 — d)/4, (2 —d)/2}, so that B3 = (1 — d)/4 when
d >3,and B, = 0.

THEOREM 1. Letd > 2 and B > (1 —d) /4. Then
NI E"P fer L)1 72 gan, < WB, d)Ip(f, &) (6)

holds with constant

_ p(=sd+apy2 (-say2 L (d = 1/2+2p)
T'(d—1+28)

For any B > B4, the constant is optimal and equality holds if and only if

W(B.d)

&) =28 = — (7

for some L, a,c € CwithRea <0, and b € C? with |Reb| < —Rea.

Estimate (6) implicitly holds for initial data such that Jg(f, g) is finite, and
the necessity of the lower bound 8 > (1 — d)/4 is evident from the expression
for W(B, d). In order to state that the constant is sharp, the additional lower
bound 8 > (2 — d)/2 arises by evaluating Jg(f, g) on initial data satisfying (7).

When g = 0, inequality (6) recovers (5) since the duplication formula for the
gamma function gives

2(5—7d)/2n,(2—5d)/2

W(0, d) = 2(1-5d)/2;,(1=5d)/2 rd-"1/2) _
| rd-1 rdm

and the (+4) waves on the left-hand side can be freely switched with (+—)
waves. The case § = (3 —d)/4 in Theorem 1 is obviously special since the
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power of the angular weight defining J(3_4)/4 is zero, and so by Plancherel’s
theorem,

Ia—aya(fs &) = @O f 152 18150 2 ®)
Therefore, (6) recovers inequality (4) in the case

3—d 3—-d 11
(1807 18—’ ﬂ"r’alvaZ) = (07 s T )

4 4 7272

with sharp constant. In this sense Theorem 1 unifies (5) with certain cases of (4).
Of course, one may also ask for a similar unification of (5) with certain cases
of (3), by establishing analogous sharp estimates to (6) for (++) waves. It turns
out that such estimates are already essentially contained in [7] and the argument
given there for B = 0 easily extends to general 8. It is not the case that (6)
follows from the arguments in [7] and hence the main focus in this paper is
the more difficult (+—) case. For completeness, we provide a new proof of the
analogous estimates to (6) for (+-) waves in the final section, with an argument
which clearly elucidates the additional technical difficulty in the (+—) case.

Inequality (5) has been shown to imply sharp forms of certain linear L*
Sobolev—Strichartz estimates for the wave equation, by controlling the right-
hand side of (5) in a sharp manner in terms of classical homogeneous Sobolev
norms; this is done in [7] in five space dimensions, and more recently in [6] in
four space dimensions. Here we observe that if the initial data f and g are both
radially symmetric, we can use polar coordinates to calculate

94(f. g) = 21@-D/2H2p 7 4d=D)/2

rd/2)rd—-2+28) 2 2
T'(3d —5)/2+28) ||f||[_'](d—l)/4+ﬂ(]Rd)||g||H(d—l)/4+/3(Rd)

and the following sharp estimates valid in all dimensions may be obtained
immediately from Theorem 1.

COROLLARY 2. Letd > 2, B > B4 and let

243440 (d /2)T((d — 1)/2 + 28)
wd/2(d — 2 +2B8)T((3d —5)/2 +28)

CB,d) =
If f and g are radially symmetric, then

NOIPEP ferP )17 gast) < CB DI N Fyamjonn oy 18 W Fpa—vsss gays (10)

where the constant is sharp and equality holds if and only if f = \g satisfies (7)
with A, c € C, and a € C such that Rea < 0, and b = 0.

Without the additional hypothesis of radial symmetry, the estimate (10) fails
to hold for any finite constant when 8 < (3 — d)/4.
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_ PROPOSITION 3. If B < (3 —d)/4, then for any A > O there exists [ €
H@=D/44B(RAY such that

1OIB 1P £12] 2 (ga+
S 2 a1y - A

2
” f” H(d’”/‘prﬁ(]Rd)

Thus, (10) shows that the range of admissible exponents is widened when
the initial data are radially symmetric. Moreover, our expression for the sharp
constant C(8, d) clearly indicates that the range 8 > B4 cannot be further
widened, even under the radial hypothesis on the initial data. Results of this type
for initial data restricted to the radial case for estimates similar to (1) were proved
by Klainerman and Machedon in [22], and for the estimates (1) themselves
by Foschi in [15] (in the case f— = B4 = 0). The fact that certain estimates,
including Strichartz-type estimates, improve on radially symmetric data is well
known and has been studied more widely; see, for example, [3, 13, 14, 18, 19,
37, 38].

Regarding Proposition 3, we remark that in [17, Example 5.1] it is shown that
B— = (3 — d)/4is anecessary condition for (1) to hold by showing that (3) fails
in the (4++) case. To prove Proposition 3 we must consider the (+—) case, and
we use a different argument (using initial data of the form (7)) to establish this.

For a restricted range of 8 we are able to extend Corollary 2 to general
initial data without the assumption of radial symmetry, by applying some of the
techniques from [6] to make a bound on the right-hand side of (6) which does
not incur an overall loss of sharpness in the constant. In order to state this, we
introduce a collection of maps T : H@-D/4+p (R?y — L1(S9~1) defined by

1 A _
Tof@) = G /0 |fra)PrO22E ar,

forw e S 1,

COROLLARY 4. Letd > 2, B € (Ba, (5 —d)/4] and let C(B,d) be given
by (9).
G) IfB > (B —d)/4, then

NP1 f 12172 gty < CBy DI W yamryjass g (11)

and the constant is sharp, with equality if and only if f satisfies (7) with
ceC anda € C,b e C? are such that Rea < 0 and Re b = 0.
) IfB<@B—d)/dand p=2(d—1)/(3d —5+4P), then

OI1P @ felP )72 gan,

< C(B, )|STHC=4 D= £l 1o | Tpgl Lo (12)

and the constant is sharp, with equality if and only if f = Ag satisfies (7)
with A, a,c € Cand b € C? where |Reb| < —Rea.
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Corollary 4 extends Corollary 2 in two ways. Estimate (11) extends (10) to
general initial data in H@=V/4t8(R9) for B € (3 —d)/4, (5 — d)/4] (and in
the symmetric case f = g). The upper threshold (5 — d)/4 is a consequence
of our method and it is quite possible that the sharp estimate can be extended
beyond this threshold (however, it seems that a new key idea is necessary for
this).

For 8 € (B4, (3 —d)/4), the estimate (12) provides a natural substitute for
the failure of (11) which is valid for all initial data in H¢~VD/4+F(R?), thus
extending (10) for such B. Indeed, for such 8 we have p = 2(d — 1)/(3d —
54 4p) > 1 and, by Plancherel’s theorem and Holder’s inequality,

1 Wy amvjonp gay < ISTHETIIOEDNTL £l oy, (13)
with equality when f is radially symmetric.

Organization. In §2 we prove Proposition 3 and Corollary 4, and in §3 we
prove Theorem 1 for (+—) waves. Finally, in §4, we present analogous results
for (+4) waves.

§2. Proofs of Proposition 3 and Corollary 4. We begin this section with
the proof of Corollary 4 following arguments in [6]. Before proceeding, we
introduce the notation

Hu(f.8) = fS fS  feng@wr — w7 doi do,

where |-| in this context means chordal distance on S¢~! (that is, euclidean
distance on Rd) and we fix A = 3 —d — 4. Of course, A > 0 if and only if
B < (3 —d)/4, and it is reasonable to expect the behaviour of H, to change
according to the sign of A.

Proof of Corollary 4. The proof rests on the observation

(27.[)2(1
Jp(f 8) = mHA(Tﬁfs Tp8) (14)

which is easily verified.

We begin with the case 8 € ((3 —d)/4, (5§ —d)/4] for each d > 2, which
means A € [—2,0). In this case, we use the following result from [6] to
bound H;,.

LEMMA 5. Letd > 2, A € [<2,0), and let g be any L' function on S~ 1.

Then
./
Sd—1

with equality if g is constant. If, in addition A > —2, then equality holds only if
g is constant.

2

22d—5+4ﬂn—1/2r(d —2+2p)I'd/2)

H(g.8) < I'(3d —5)/2+2B)
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Remark. Strictly speaking, Lemma 5 was proved in [6] only for d > 3
however, the same argument also proves it for d = 2, using the standard
convention |SY| = 2.

Since Tg f > 0 we have that

||T}3f||L1(Sd hy = ”fHH(d D/4+B(Rd)

by Plancherel’s theorem. Thus, Lemma 5 implies that the right-hand side of (6)
with f = g is at most

CB DI N yavyoes gay

with equality if T4 f is constant on S=1, which certainly happens when | f | is
radial. An example of such a function of the form (7) is given by f =e I/,
and this establishes sharpness of the constant in (11).

The characterization of extremizers for inequality (11) follows as in [6]
without new arguments, so we give only brief details here. The idea is that any
extremizer f for (11) must be of the form (7) since we applied (6) to obtain (11),
and for such f we have

e8]
Tg f (@) = eZRec/ ¢ @Rea+2Rebw) .(3d=T)/242p 4,
0

Hence
C

Tp f(w) = (14 £ - ) 0d5)/212p

(15)

for some positive constant C and where £ := Reb/Rea € R satisfies |€| < 1
by the assumptions on a and b. For B € ((3—d)/4,(5 —d)/4) (so that
A € (=2,0)), the characterization of extremizers in Lemma 5 means Tg f is
constant and so & must be zero. Hence Reb = 0 and this gives the claimed
characterization of extremizers for (11). The remaining case 8 = (5 — d)/4 (so
that A = —2) is more subtle because there are non-constant extremizers for
the estimate in Lemma 5. However, the argument in [6, §3] yields the same
conclusion] that Re b = 0, and we omit the details.

We now move on to the case 8 € (B4, (3 —d)/4]. When 8 = 3 —d)/4
(or A = 0), inequality (12) and the characterization of extremizers follow from
Theorem 1 and (8).

In the case § € (B4, (3 —d)/4), we have A € (0,d — 1) so we apply the
sharp Hardy-Littlewood—Sobolev inequality on the sphere and characterization

1 Strictly speaking the argument in [6, §3] is for the case d = 5, but it can easily be shown to generalize
toalld > 2.
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of extremizers (due to Lieb [32]) to obtain

A/zl“((d —1-21)/2)

H,(Tgf, Tgg) <7

Ld—-1-21/2)
rd—1) \ @D
) (W) ITg fllLe I TpgliLe, (16)

for
2(d —1) _ 2(d—1)

P d =1 —x " 3d—5+48

Equality holds in (16) if and only if there exist Co, C; € C and & € R with
€] < 1 such that

T = Co
pI@) = G @ a7

C

Tsg(w) = ‘

(14 & - @)@d=D=1/2"

That inequality (12) is true with the stated constant now follows immediately
from estimate (6) in Theorem 1 and using (16). The optimality of the constant
in (12) and characterization of extremizers is deduced from the additional
observation that the functions f, g which exhaust the extremals for (6), given
by (7), also satisfy (17); this follows immediately from (15). O

Proof of Proposition 3. Fix f = fgs such that fis a function of the form (7)
withc =0,a=—1and b = (1 — §)e; with0 < § < ﬁ; that is,

o~

[ =

e lEl (=8 &

€]

As usual, e; = (1,0,...,0) denotes the first basis vector in R?. For the rest
of this section we shall let C denote an arbitrary positive constant which may
depend on d and 8 but not on §, and we use x < y (respectively, x 2~ y) to mean
x < Cy (respectively, x > Cy), where C may be different even in a single chain
of inequalities. We denote by x ~ y if both x < y and x 2 y hold.

From (15) we have that

C C

T = 0 561 - )97 — (1= (1 - 8)er - )@ /r"

where p is as in (12); note that 8 € (B4, (3 — d)/4) implies that p € (1, 2). Since
f is extremal for (12) it is enough to show that

ITg Sy g fllerser
”f”%-'](d—l)/4+ﬁ(]Rd) ”Tﬁf”Ll(Sd*l)

https://doi.org/10.1112/50025579316000012 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579316000012

SOME SHARP BILINEAR SPACE-TIME ESTIMATES FOR THE WAVE EQUATION 727

as § — 0. By changing variables, we have that

1 (1 _t2)(d73)/2 1/p
1Tp S er@ey =C</_1 = —8)ni] dt) =N,

and

1 (1 _ t2)(d—3)/2
1Tp fllp1(se-1y = C/ dt =: I(5),

L1 (1= (1= 8)n)@=D/p

so to complete the proof of Proposition 3 it suffices to prove that
1(8) z 8=/ (18)
and
L) < sU=d)/p+d=1/2 (19)

For this, we let 0 > (d — 1)/2 and change variables (s = 11— 1 =98)1)
to obtain

/1 (1 —2)d=3/2 dt ~ §d=D/2—0o /1/8 (s — D=3/ ds ~ §@-D/2—0
o (I—0=08)0n° 1 57

Applying this with 0 = d — 1 immediately yields (18). For (19), by a simple
change of variables and the fact thatif # > Othen 1 4+ (1 — §)t > 1 — (1 — )¢,

we have 1 23
d -
L) < dt,
2 N./o (1= (1= 8)n@-D/r
from which (19) follows by taking o = (d — 1)/ p. O

§3. Proof of Theorem 1.

3.1. Proof of the sharp inequality (6). We broadly follow the strategy in [5]
(which in turn was based on the approach in [4]) to reduce to evaluating a
certain integral over a submanifold of R2¢. By Plancherel’s theorem and using
the relabelling (x1, x2, y1, ¥2) = (x1, y2, ¥1, X2),

272 @)y 1P P feltPg) 17 gar

- /RM('“"W' + 31 3% FnE(=x2) FGDE(y2)

(—IX1| + [xaf + [y1] = [y2]
X &

)a’xdy
X1 +x2—y1—»n

B /RM('yl“xz' +y1 22 Fog—=y) F )& (—x2)

(—IMI + 1y2| + [y1] = |x2]
X 8

>a’xdy
X1+ y2—y1—x2
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F(x)F(y)
= | (yillxal +y1 - x2)%f
/R“" (xillx2llyilly2D1/2
5 8(|y1| + 2l = Ix1] — IX2I) dxdy
X1+y—y1—x2

for F(y) == y11"2[y2"2 F(y1)&(—y2), for y = (y1, y2) € R, and where we
have used the fact t thatif T = |y;| — |y2] and £ = y| 4 y, then
172 — 1617 = 2| = Iy1lly2l = y1 - v2l = 20y1lly2l + y1 - y2).
We now define a non-negative function on R*¢,
1 ||xz|>”2
Iyilly2l )~

Taking real parts and then applying the arithmetic—geometric mean inequality to
F(x)W(x, y)"/2 and F(y)W (x, y)~1/2, it follows that

W,y =¥(x,y) = (

272 @D P feP )17 rany
[FOPW, + [ F) Py,

1/ 5 X,y
< = | (Uyillxal + y1 - x2)% *
2 Jad (Jxtllx2lly1l1y2D172
+ i i
x8<|y1| [y2] — |x1] |x2|> dx dy
X1 +y2—y1—x2

= /RM(Iylezl + ) 'XZ)Zﬂ%S(mLT—P;J : Iyxll|__xz|x2|> dxdy,
and equality holds if and only if

Fowe, »"? = Fowix, »= "2
or equivalently

1]l F(eD@(=x2) = 311132l F(1)E(—y2) (20)

almost everywhere on the support of the delta measures; for example, this
equation is satisfied by f, g given by (7).
We now define

) (yillxal = yi - x2)% (Ixi]+ |x2] = |y1] — [y2]
Ig(y) == )
R JRY lx1[lx2] X1+x2—y1—»n

fory = (y1, y2) € R2, By changing variables (x7, y2) — —(x2, y2), to complete
the proof of the sharp inequality it suffices to prove the following key lemma.

)dxl dxy,
(21)

LEMMA 6. Fory € R* and B > (1 — d)/4 we have that

2 '((d—-1)/242p)

. (d—-3)/2+28
T(d—1+28) »2) ’

Ig(y) = (2m)@=V/

Uytlly2l = y1
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Remark. In the case f = 0, Lemma 6 was proved for d = 3 by Foschi in [16]
and for general dimensions in [7]. In each case the proof proceeds by applying an
appropriate Lorentz transformation to reduce to the case y; = —y;; we shall see
that in fact this line of argument allows us to obtain the result for more general
values of 8. We also remark that in the case 8 = 0, Lemma 6 may be seen to
hold via a direct calculation using the homogeneity of the delta measure, and is
contained in Lemma 4.1 of the earlier paper [17].

Proof of Lemma 6. In order to shorten the formulas, in what follows we
define T = |y1| + |y2] and & = y; + y;. It is then easy to see that Ig(y) equals

/ 8(o1 —|x1|)3(02—|)€2|)5(01 +Gz—t>
R2d+2 |x1] |x2] X1 +x—§

x (Iy1]lxa] — y1 - x2)*f doy doy dxy dxa

_ / / 8(o1 — x1]) 8o — wal) o f (1 (Uz) (T)
= + —
Rd+1 JRd+1 |X1| |)C2| X1 X2 S
x (Iytloy — y1 - x2)* d(“l) d(”).
X1 b%)

We now introduce the Lorentz transformation L, given by

t y(t—v-x) )

= —1

L(X> x+(y| E U-x—yt)v » (x) eRXRY, (22)
v

with v := —& /7 and

1 T
v

T A2 T @2 Ep)e (23)

It is not hard to check that

(R
(707 )= ()

that |[detL| = 1 and that the measure |x|~'8(t — |x|) is invariant under the
transformation L. Applying the change of variables (ZJ) =L"! (;'Cj ) forj=1,2,
it follows that '

| (y)_/ 5(61 — IZ1]) (63 — |53])
g R 5] 1%

sl (a) +L<sz) B L((r2 - |s|2)1/2)
X1 Eo 0
<((50)+3) )(E)
-1 X2 X1 X2
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/ 8(51 — IFi1) 8(62 — I%2) (G +6 — (2 =g
R2d+2

|x1] %2 X1+ X2

~\\ 28
x (('”') L(“f)) d67 d63 dFy d5s
- X2
1 2k
= [ o —<r2—|5|2>”2><<'y1'> ~L('X')> dx,
Re |X] -V x

where the last line follows by evaluating the integrals in &1, 6> and x| and then
relabelling X = x. We are now required to compute the quantity

-1
(P02 () =iyt = 0= (e (Bt =)o)
N X vl

for v = —&/t, y given by (23) and x on the support of the remaining delta
measure; this is contained in the following lemma.

LEMMA 7. For each yi, y» € R there exists ws € SV such that

(Iml) _L(IXI> _ nlly2l =n ‘YZ<1+1 w*)
=1 x 2 |x|
for any x € RY with 2|x| = (z? — |€]»)/2.

Assuming Lemma 7 to be true for the moment, using polar coordinates, the
definitions of 7 and &, and then rotation invariance to take w, to ey,

(yillyal = yi - yp)@=3/2+2F 28
Iﬂ(y) = YD) Sd?l(l +a).el) dw.

By changing variables, it follows that if 8 > (1 — d)/4 then the integral term is

1
|Sd_2|/ (1 + [)(d_3)/2+2'3(1 _ t)(d_3)/2 dt
-1

d—1 d—1

_ 2d—1+2ﬁn(d—1)/2F((d - 1)/2+2p)
I'd—1+2p)

]

where B is the classical beta function, and we have used the identity B(x, y) =
') (y)/'(x + y) for appropriate x and y. The claimed expression for Ig in
the statement of Lemma 6 follows. O

It only remains to prove Lemma 7.
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Proof of Lemma 7. After some straightforward calculations and simplifi-

cations we deduce that

(N Z 1
(x ) (- gPi

x( T|x|+&-x )
x(T2 = ED2 +E(x|+ & - x(T + (22— D))
. x|

(T2 - gH)12

T+E X
X b
X2 = [EP)2 4 EQ+E X (T + (@2 = D))
where we recall that x” := x/|x|. By our assumption |x| = (1/2)(r2 —E]P)1/2,

i\ (I N ayrex—yr g (14
< >'L<x)_§<|y1|(f+5'x) X =y §(1+r+2|x|)>.

-
Moreover, using the definitions T = |y1| + |y2| and & = y; + y»,

IyilT —y1-& = I|yilly2l — y1 - y2,

and

, E
T+ 2|x]|

—x. (|y1|s ~2lxly —sfi'—zyllxl)
1
= szx/ : <§(|)’1|(T +2|x]) =& - y1) = 2|x|(z + 2|x|)y1)

) ( (|y1||y2|_)’1’y2+2|x||YI|)
=X\ »n

Iyilg - x" =2y -x —§ - x

Iyl +1y2] + 2] x|
_y1<|y1||y2| — ~y2+2IXIIY2|)>
[yil+ [y2] +2]x|
o 2xIGaCx] + 1yih = yi(x] + 1y21)
[yil + ly2l + 2|x]

(1l x| 1
( L = =(ytlly2l = y1 - y2 +x"-2),
=1 X 2

’

we get

where
2|x[(2(lx] + 1y1D) = y1(lx[ + [y21))

z=2z(y1,y2) =
[vil + [y2] + 2|x]

For x such that

20x* = (@2 =€) = illy2l = y1 - v, (24)
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we claim that
Izl = [yilly2l = y1 - »2 (25)

which would complete the proof of Lemma 7 by taking w, = z'.
To see (29), first note that by expanding the square,

20| (2 (Ix] + [y1]) = y1 (x| + [y21)
= 4lx2(1x Py 12+ 1y20? = 21 - y2) + 200111y2] = y1 - y2)
x (Iy1l1yal + [x[1y1] =+ [x]1y2])

which may be rewritten as

20x 2L Py + [y2l* = 2y1 - y2)
+ (ytllyal = y1 - y2) QIvillyal + 4lxlIy1] + 4lx|ly2l) + 4lx[y111y2]) -

Using (24) repeatedly, this can be expressed as

20xPIx Py + [y215) 4+ 4xP(yillyal = y1 - y2)
+ (y1lly2l = y1 - y2) Clyilly2] + 4lx|ly1| + 4lx]ly21))

which is equal to

21X F(yilly2l = y1 - y2)(Uyil + [yl + 21x])2
= (y1lly2l = y1 - y2)2 (vl + Iyl + 21x ]2,

and from this we obtain (25). O

3.2. Cases of equality in Theorem 1. The remaining task in the proof of
Theorem 1 is to establish the claim regarding the characterization of the
extremizers. As we have already observed, since the only place an inequality
was used in the proof of (6) was in the application of the arithmetic—geometric
mean inequality, it follows that equality holds in (6) if and only if (replacing x»
and y, with —x; and —y» in (20))

Ixi[1x2] f (x1)8(x2) = [y1lly2lf (y1)&8(y2)
for almost every (x1, x2, y1, ¥2) € R4 satisfying
Xp+x2=yr+y2 and |xi|+ [x2] = |y1] + [y2l.

Equivalently, equality holds if and only if

hi(x1)ha(x2) = A(lxi| + |x2], x1 + x2) (26)
for almost every xp, xo € R? and some scalar function A, where | := |~|fand
hy :=|-|g, and, by symmetry and rescaling, we can assume that i = hy = h.
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The functional equation (26) was solved by Foschi in [16] in the case
d = 3 under the assumption that 4 is locally integrable, and this argument
was generalized to obtain the solution for all d > 2 (under the same local
integrability assumption) in [7]. In particular, the set of locally integrable
functions / satisfying (26) have the form

h(x) — ealxl—}—b-x—b—c
for some a, ¢ € Cand b € CH.

Our goal will be to show that || is locally integrable for some y > 0. Once
established, it follows from (26) that

|h(x)|)/ — ea|x|+b-x+c
for some a,c € R and b € R4 , and taking y‘l powers, we obtain the desired

form for | (x)]. It then follows that /4 /|A| is a bounded (hence locally integrable)
solution of (26) and therefore

h(x) — eia’|x|+ib’~x+ic’
|h(x)]

for some a’, ¢’ € R and & € RY. This gives the claimed characterization of
extremizers in Theorem 1.

To justify the remaining claim that || is locally integrable for some y > 0,
proceeding initially as in [7], if B is the euclidean ball centred at the origin of
radius N, then by the Cauchy—Schwarz inequality,

4
(f |h|) < Jp(f, f)f/(|x1||xz|><5—d>/2—2ﬂ
B B YJB

x (1 — xi -xé)(37d)/272’3 dxi;dxy

=Jg(f, f)(/ f (1 —-wy -wz)(3_d)/2_2ﬂdw1dwz)
sd—1 Jgd-1

N 2
y (/ +(d+3)/2-2p dr) .
0

The integral in 7 is finite when 8 < (d + 5)/4, but the integral over the sphere is
equal to

1
Ca f (1= =21 4 )2 qr,
-1

which is finite for 8 < 1.

Now suppose that g > % for which we make use of the reverse Hardy—
Littlewood—Sobolev inequality on the sphere (for a proof see [2]), which states
that if g > O then

H(8) 2 18117 5 ga1)s
where A < Oand p :=2(d — 1)/(2(d — 1) — 1) € (0, 1). Using (14), this means
I6(f: 1) = CpallTp £ 117 pgary
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where p = 2(d — 1)/(3d — 5+ 4p8) € (0, %], and thus it suffices to show that

/Blhlzl7 < CoaNITp 117 a1y (27

Applying Holder’s inequality and Minkowski’s inequality for integrals, using
1/p > 1, we obtain

N
/|h(x)|2pdx:/ </ |f(rw)|21’r2!’+dldw)dr
B 0 Sd—1
N R 1/p 4
< C,s,d,N( / ( / If(rw)lz"rz"*dldw) dr)
0 Sd—l
N
dl(/(;

P
< Cpan f | Frw) 2r2+d=D1p d’) do.
S

Since 2 + (d—1)/p > 3(d — 1) + 28, it follows that r2T@=D/r <
CynrB/2W@=D+28 tor all r € [0, N], and (27) follows.

§4. Sharp bilinear estimates for (++) waves. In this final section, we present
analogous results to Theorem 1 and Corollaries 2 and 4 for (++) waves instead
of (+—) waves.

THEOREM 8. Letd > 2 and B € R. Then

O @ fe"™P )72 gas, < W (B, d)Ip(f, &) (28)
holds with constant
2(5—7d+4ﬂ)/2n(2—5d)/2

W)= rd/2)

For B > (2 — d)/2 the constant is sharp and equality holds if and only if f = Ag
satisfies (7) for some i, a,c € C with Rea < 0, and b € C? with |Reb| <
—Rea.

Note that the range of 8 for the sharp estimates in Theorem 8 is the same
as in Theorem 1 when d = 2, but is strictly larger otherwise. This is due to the
presence of additional symmetry in the left-hand side of (28) which does not
appear to occur in (6), permitting a simpler argument for which the restriction
in Theorem 1 does not arise. This is reminiscent of recent work in [5] where
bilinear estimates (with and without complex conjugate) are studied for the
Schrodinger evolution operator e/, In that case, however, the presence of a
complex conjugate causes a change in the shape of the multiplier at the level
of sharp estimates and, moreover, the class of extremizers for the estimates
analogous to (6) and (28) is shown to be different.

Since the right-hand side of (28) is in terms of the same functional Jg(f, g),
the arguments in §2 immediately give the following corollary.
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COROLLARY 9. Letd > 2, 8> (2—d)/2 and

I'(d—2+28)

, _ H4p—1_(1-d)/2
C'(g.d)=2%""n T((3d —5)/2+2p)

(1) If f and g are radially symmetric, then
itD ¢ .itD 2 2 2
I |D|ﬂ(elt felt g)”LZ(RdJrl) < C/(,B, d) ||f||H(d—l)/4+ﬁ(Rd) ||g||H(d—l)/4+ﬂ(Rd)

where the constant is sharp, with equality if and only if f = Ag satisfies (7)
with A, c € C, and a € C such thatRea < 0, and b = 0.
(i) IfB € (3 —d)/4, (5—d)/4], then

NP P 2172 gy < € By DI N yamnyacs gy

and the constant is sharp, with equality if and only if f satisfies (7) with
ceC,anda € C,b € C? are such that Rea < 0 and Re b = 0.
(i) IfBe(2—-d)/4,B—d)/4land p=2(d —1)/(3d — 5+ 4pB), then

O @™ £ P )72 gan,
< OB, d)ISTHC =@y £l 101 Tpg | e

and the constant is sharp, with equality if and only if f = Lg satisfies (7)
with A, a,c € Cand b € C? where |IReb| < —Rea.

We end by briefly indicating how to modify the argument in §3 to prove
Theorem 8. As noted earlier, it is also possible to follow the earlier arguments
in [7, 16], but the advantage of our unified approach is that it highlights the
additional difficulty in the case of (+—) waves.

Firstly,

272 TP P e P )17 aiy

- /RM('”“YZ' =y -y FaDgE) TDEG)

<|X1| + [xa| = [y1l = [y2]
X 8

>dxdy
X{+x2—y1—y
F)F(y)
= [ (nillyal =y - y2)?
/R“d (xtllx2lly1lly2D)172

X8<IX1|+Ix2I — Iyl — |y2|> dx dy.
X1 +x2—y1— )

but in this case we do not need to relabel any indices and we take F =
(-1"2 £) ® (|-|'/*%). Proceeding exactly as in the proof of (6), we then obtain

11O1P (P feltP gy
22,‘3(27.[)1—351

2
2 ~
E< [ lial =IO Plor) dy.
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where we have used the fact that |xq||x3] — x1 - x2 = |y1||y2] — y1 - ¥2 on the
support of the delta measures in this case, and Iy is defined in (21). Hence (for
any admissible ) we need use only the 8 = 0 case of Lemma 6 to obtain (28).
From a technical point of view, Lemma 6 is substantially easier in the case 8 = 0,
and this explains why the (4+) case is easier.

Finally, the characterization of extremizers follows in precisely the same
manner, since the above argument shows that equality holds in (28) if and only
if

122l FODE02) = Iyl FODED)

almost everywhere on the support of the delta measures, and this is the same
functional equation which arose in the (4+—) case.
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