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The branching random walk on a regular graph turns out to be particularly easy to analyse
using results for the corresponding simple random walk. In this way, one can show that
there is an intermediate phase of weak survival if and only if the graph is nonamenable.
No such simple analysis holds more generally, and it is known that the nonamenability
equivalence does not extend to general connected graphs of bounded degree (although we
observe that it does hold for such graphs if the branching random walk is modified in
a certain natural way). The most important general class of (bounded degree, connected)
graphs for which it is thought that the equivalence may hold is that of quasi-transitive
graphs: we show that this is indeed the case.

1. Introduction

A good deal of work in recent years has studied stochastic processes, such as percolation
and various interacting particle systems, on general (infinite, connected) graphs. Typically
one kind of behaviour is observed on amenable graphs and another kind of behaviour
on nonamenable graphs. Sometimes additional conditions are imposed, without which
unexpected behaviour can occur: one nearly always assumes that graphs are of bounded
degree; more strongly, one may insist that graphs are quasi-transitive, transitive, or
transitive and unimodular; or restrict attention to special classes of graphs such as trees
or Cayley graphs.

In this paper we consider the branching random walk, particularly on quasi-transitive
graphs. Our aim throughout will be to give reasonably elementary and self-contained
proofs, although in defining the processes it is necessary to assume a little familiarity with
continuous-time Markov processes or interacting particle systems; see the books [8], [4]
and [10]. We begin with the necessary definitions and background information.

Throughout this paper, any graph G = (V, E) — consisting of a set of vertices or sites V
and a set of (undirected) edges E = V? — will be assumed to be connected and of bounded
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degree; where, as usual, the degree d(v) of a vertex v is the number of neighbours it has.
We are generally interested in infinite graphs, although our theorems will be (trivially)
true for finite graphs. A graph is said to be transitive if the automorphism group acts
transitively on the vertex set. It is said to be quasi-transitive if this action has only finitely
many orbits: informally speaking, there are only finitely many different types of vertex.
Although the extension of results from transitive to quasi-transitive graphs can be very
straightforward, there are cases where it not; as we shall see, the branching random walk
is an example of the latter.

The branching random walk on G = (V,E) is a continuous-time Markov process whose
state space is a suitable subset (see remarks following) of NV ={0,1,2,...}". We shall
denote the state at time ¢ by #, and the process evolves according to the following rules.
For eachv e V,

ni(v) — n(v) — 1 at rate n;(v),
ni(v) = n(v)+1 at rate 1 Z ne(u),

uu~v

where 4 > 0 is a fixed parameter and u ~ v denotes that u is a neighbour of v. One
typically interprets #,(v) as the number of particles at v at time t. Each particle dies at
rate 1, independently of other particles, so the number of particles at a given site decreases
at a rate equal to the number of particles at that site, 1,(v); this explains the first transition
rate given. The interpretation of the second rate is that each particle gives birth to new
particles at each neighbouring site, at rate /.

Some restriction on the starting state is necessary to prevent the process ‘exploding’,
with infinitely many particles piling up at a single site. The issue of the existence and
uniqueness of a process defined by these transition rates is discussed in detail in [14] and is
not totally straightforward. For the purposes of this paper, it will be sufficient to consider
the countable state-space process in which the total number of particles (>, 7¢(v)) is finite;
it is not hard to see that on a graph of bounded degree, the branching random walk
starting from such a state is a simple continuous-time Markov chain with only finitely
many transitions taking place in any finite time period.

The branching random walk is of interest in its own right, and also because of
comparisons with the contact process. The contact process has {0,1}" as its state space,
but otherwise is the same as the branching random walk, i.e., it has the same transition
rates, except that any transition which would cause more than one particle to be at a
site is forbidden. The branching random walk behaves similarly to the contact process in
many respects, and stochastically dominates it (see, for example, [10], for a definition of
this stochastic monotonicity). However, it is typically easier to study since it has better
independence properties: if #7 and rlf’) are branching random walks with starting states o
and f respectively, then n} + nf is a branching random walk with starting state o + f; no
result of this kind holds for the contact process.

We will be most interested in the branching random walk starting from a single particle
at the origin (some distinguished vertex of our graph), which we denote by #°. The key
concepts, which we now introduce, describe the long-term behaviour of the process. We
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say that the branching random walk survives globally if
P(n? = 0 for sufficiently large ) < 1,
and that the branching random walk survives locally if
P(n?(0) = 0 for sufficiently large ¢) < 1.

If the process survives globally but does not survive locally we say that it survives weakly.
Essentially identical definitions are also made for the contact process. For each process
we then define two critical values:

:n? survives globally},

>0
>0 : 2 survives locally}.

It is well known that, for either process on an infinite connected graph of bounded
degree, 1; and A, take positive finite values (see, for example, the remarks preceding
Proposition 1.1 of [14]). If 4; < A, then there is a phase of weak survival. A fundamental
problem is to classify those graphs for which this phase exists. For the contact process the
answer is only known for a few specific graphs. For Z¢ (any d > 1) it follows from results
of Bezuidenhout and Grimmett [1] that A; = 1,. For a certain class of trees, including
all homogeneous trees of degree d > 3, we have 41 < A (see [13], [9], [19]). In general,
one expects that on ‘large’ or rapidly growing graphs we have A; < A, and that on
‘small’ graphs one has 4; = 4,. In order to make this notion precise we need a further
definition.

Given a graph G = (V, E) we define the Cheeger constant of G by

|0ES]

sev|S] 7
0<IS|<

15(G) =

(L.1)

where 0gS denotes the edge-boundary of S, i.e., the set of those edges which have one
endpoint lying in S and the other in V' \ S. We say that a graph is amenable if and only if
1£(G) = 0. For a general background about processes and amenability, see, for example,
[11] or [18].

It was conjectured in [13] that A; < 4, for the contact process on any nonamenable
tree of bounded degree (although the terminology used there is a little different) and
conjectured in [12] that the branching random walk on a graph has 1; < 4, if and only
if the contact process does. Both of these conjectures were shown to be false in [14].
Of particular relevance to this paper is the fact, established in [14], that there exist
nonamenable trees of bounded degree where the branching random walk has no phase of
weak survival, and amenable trees of bounded degree where it has such a phase. These
trees arise naturally from branching processes, but they are not quasi-transitive.

Conjecture 5.1 of [14] states that, for both the branching random walk and the contact
process on a quasi-transitive graph, there is a phase of weak survival if and only if the
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graph is nonamenable. In this paper we shall show that this conjecture holds for the
branching random walk. This will be our principal result, Theorem 3.1.

2. Connections with spectral radii and simple random walks

In this section we shall see that the upper critical value for the branching random walk,
A2, 18 closely related to the spectral radius of a certain operator. We shall also state a
result about the spectral radius of the simple random walk and see what this implies
about the branching random walk.

Let G = (V,E) be a graph, assumed to be connected and of bounded degree, as stated
at the start of Section 1. Let A be the adjacency matrix of G. Then, for any two vertices
x and y, A"(x,y) (the (x, y)th entry of the matrix A") is equal to the number of walks of
length n from x to y. Let O be some distinguished vertex of G, and let M, = A"(0,0)
be the number of walks of length n from O to itself. Then M,,, > M, M,,, so a standard
supermultiplicativity argument shows that

lim MY =M (2.1)
exists and is equal to sup, M,'". Note that if G is bipartite then M, =0 for n odd;
otherwise lim,,_,ooM,l/ " exists. Note also that, for any vertices x and y, if there is a walk
of length d, from O to x and one of length d, from O to y, then we have

An+2dx+2dy(0’0) 2 An+dx+dy(x’ y) 2 AH(O,O),
for any n. Therefore
lim [4"(x, )] """ = M,
n—oo

provided that, if the graph is bipartite, the limit is taken using only values of n of the
appropriate parity.

As we indicated when defining the branching random walk, one can explain the rate
at which #,(v) increases by considering each particle to give birth to new particles at each
neighbouring site at rate A, with all particles and all neighbouring sites being treated
independently in this regard. In this way, whenever #,(v) increases by 1 one can think of a
new particle’s being born at v; moreover, this particle has a parent, which is necessarily a
particle at some neighbour of v. Now suppose that we label each new particle’s by a pair
(v, t), where v is the vertex at which the particle sits, and ¢ is the time at which the particle
is born. If the process starts from a single particle at the origin (labelled (0, 0)) then, for
each particle (v,1t), there is a chain of descendants of (0,0), (vo, to),..., (vn, ts), With each
v; a neighbour of vy, to <ty < - <ty v90=0, ty =0, v, =v and t, = t. Forgetting the
times, to each new particle we have associated a finite walk starting at the origin, in this
case vy * ** Uy

One can make the argument of the preceding paragraph rigorous via the graphical
representation of the process. The details of this representation are a little involved, so
we refer the interested reader to the first part of Section 3 of [14]; it is adapted from the
well-known graphical representation of Harris for the contact process [7]; see also [4] or
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[10]. Nevertheless, it is hoped that the description of the previous paragraph is sufficient
for an understanding of this paper.

The point of view just outlined also enables us to see the independence property of
the branching random walk referred to earlier: if #? and nf are independent branching
random walks with starting states « and f§ respectively, then n} + nf is a branching random
walk with starting state o + f. This also holds for a (countably) infinite decomposition,
so the process from any starting state can be viewed as the superposition of numerous
independent branching random walks, each starting from just one particle.

The point of view just outlined, and some standard calculations, allow one to relate M
directly to A,, giving the following lemma. We give only a sketch of the proof and refer
the reader to Lemma 3.1 of [14] for further details. The branching process comparisons
referred to in the sketch are of a similar flavour to those described in detail in the proof
of Proposition 3.2.

Lemma 2.1. Let 1, be the upper critical value for the branching random walk on a graph
G and let M be as in (2.1). Then

Ja=1/M.

Sketch of proof. Consider the branching random walk starting from a single particle at
0. As just described, each new particle that appears at some vertex v, at any time, is
associated to some walk from O to v.

For every particle that appears at a vertex u, and for each neighbour w of u, the particle
at u gives birth to some random number of new particles at w before the particle at u
itself dies. This random number has expectation A. So it is easily seen, by induction on the
length of walks, that expected number of particles associated to a given walk of length n
(starting at the origin) is A". The number of walks from the origin to itself, of length n, is
approximately M", so the expected total number of particles that are born at the origin
associated to all walks of length n is approximately M"2". It is not too hard to see from
this, using some branching process comparisons, that with positive probability the origin
is infected at arbitrarily large times if AM > 1 and not if AM < 1.

It is useful to characterize the quantity M, of (2.1), in terms of the norm and spectral
radius of a certain operator. Given two functions on the vertices of our graph, f,g : V —
R, define an inner product by

(f.8) = (Zf(v)g(v))

velV

and a norm by

11, = (. )2

and let (V) consist of those functions with finite norm. Consider 4 as a linear
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endomorphism of (V) in the obvious way, so Af is defined by
Af(x) =" f(y).
yiy~x
It is clear that 4 is a bounded operator with ||A4] < A, where A is the maximum degree

of G. The following lemma is well known, at least in slightly variant forms. A proof is
included for completeness, and is adapted from a proof of a similar result in Gerl [5].

Lemma 2.2. Let A be the adjacency matrix of a graph G, regarded as a linear operator on
I,(V), and let M be as in (2.1). Then

1Al = p(4) = M,

where p(A) is the usual spectral radius of A, lim,_..|A"|/".

Proof. Observe that

(f.4g) =2 > f(x)g)

edges xy
= (Af.g),

so A is self-adjoint. Therefore, we have that ||4| = p(A4), by the following standard
argument:

|A|I> = sup (Af, Af)
I lh=1

= sup (4°f,f)
I7l2=1
< 147

Since, for any operator A, we have ||A4?|| < |A||>, we see that |A|*> = |4%| and, by
induction, |A4%"|| = |4|* for any n; from which we conclude, using the definition of p(A)
given above, that p(4) = ||A].

To see that || 4| is equal to the quantity M, we take any € > 0, and we may then find a
function f of finite support with [|f], = 1 and [|Af] > [[A]| —e. We see that

IAfI> = (Af,Af)
= (4’1, 1)
< (1471 |- (2.2)
We then have
l4f1* = (I4f12)°

< 14°f 1%, by (2.2),

= (A*f, 1), by self-adjointness,

< 1A% .
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Similarly, for any n, we have that (42'f,f) > ||Af|*". Hence

|All — e < (A¥f, )M
1/2:1

= > f® > ATnf)
(f)

Xesupp| yesupp (f)

— M as n — oo.

Since this is true for any e > 0, we see that ||A| < M. However, since A"(0,0) < [|A"],
we certainly have M < p(A4), so M = p(A) = ||A]. O

We now state a result of Gerl [5] concerning the simple random walk on a graph G.
Recall that the simple random walk on a connected locally finite graph is a discrete-time
Markov chain whose state space consists of the vertices of graph. At each step the state
jumps to one of the neighbours of the current state, chosen uniformly at random. The
spectral radius of such a walk is defined to be o(P) = lim,_,.,[P>"(0, 0)]'/?", where P is
the transition matrix of the walk and O is some distinguished vertex. This is also equal to
the usual spectral radius, much as above, when P is regarded as an operator. (A slightly
different norm has to be used, to make P self-adjoint. See [5] for further details. The
study of Markov chains as linear operators on normed spaces is highly developed: see,
for example, [16].) In [5], the graphs (of bounded degree) for which the spectral radius
is less than 1 are characterized. We state the theorem only for the simple random walk,
although it was originally stated for more general (strongly reversible) walks.

Theorem 2.3. (Gerl) The simple random walk on a connected graph of bounded degree has
spectral radius less than 1 if and only if the graph is nonamenable.

This theorem, and the preceding observations, immediately enable us to determine when
A1 < Ay for graphs in one particular class, namely the class of regular graphs. Recall that
a graph is said to be regular of degree d if every vertex has degree d.

Theorem 2.4. Suppose that G is a regular graph of degree d. Then the branching random
walk on G satisfies Ay < A, if and only if G is nonamenable.

Proof. Since every vertex of G has d neighbours, every particle in the branching random
walk, regardless of its location, gives birth to new particles at rate Ad. It also dies at rate 1.
Therefore the total number of particles behaves as a simple continuous-time branching
process. This is easy to analyse, either via an embedded discrete-time branching process,
or using the jump chain which is just a simple random walk on N with jump probabilities
1/(Ad + 1) and Ad/(Ad + 1). We see that, starting from a single particle, there is a positive
probability that the total number of particles never reaches 0 if and only if id > 1.
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Therefore 4; = 1/d. Since we have 1, = 1/p(A) by Lemmas 2.1 and 2.2, we see that
M <lp<epld)<d

©p<;A> <1 (2.3)

However, (1/d)A is just the transition matrix for the simple random walk on G so, by
Theorem 2.3, condition (2.3) holds if and only if G is nonamenable. ]

The proof just given clearly only applies to regular graphs. We know from the examples
mentioned in the Introduction that the result does not extend, even as a one-way
implication, to all connected graphs of bounded degree. However, it is interesting to
note in passing that, if we modify the definition of the branching random walk in a
certain simple way, then the result does extend, and the proof just given applies essentially
unchanged to all such graphs.

Define the modified branching random walk to have the same state space as the branching
random walk and the following transition rates:

n(v) = n(v) —1 at rate n,(v),
1
n(v) - n(v)+1 atrate 2y M’?z(u)»

uu~v
where d(u) is the degree of a vertex u. One can interpret this as each particle’s giving
birth to new particles at rate 4, with each new particle going to one of the neighbouring
vertices chosen uniformly at random. Therefore, the total number of particles behaves as
a simple continuous-time branching process, even if the graph is not regular, and we have
A1 = 1. The analogue of Theorem 2.4 is the following, much more general, result.

Theorem 2.5. Let G be a connected graph of bounded degree. Then the modified branching
random walk on G has Ay < 4 if and only if the graph is nonamenable.

Proof. Let P be the transition matrix for the simple random walk on G. Then the
expected number of particles born at the origin corresponding to walks of length n
is exactly A"P"(0,0) so, exactly as in the proof of Lemma 2.1, we have A, = 1/a(P),
where o(P) is the spectral radius of the walk as defined above. Since 1; =1, we see
that /; < 4, if and only if ¢(P) < 1 which, by Theorem 2.3, occurs if and only if G is
nonamenable. Ul

What we have called the modified branching random walk has been used as the
definition of the branching random walk by some authors, such as Schinazi [17]. In [17],
Ay 1s related to a variant of the spectral radius, so Theorem 2.5 in essence just combines
results of Gerl [5] and Schinazi [17].

It has been generally observed (e.g., [15]) that it is not always obvious how best to
generalize a process defined on lattices or general transitive graphs to quasi-transitive
or more general classes of graphs. The fact that Theorem 2.5 holds for the modified
branching random walk suggests that this modified definition is in some ways a better
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one. Note that the two versions of the branching random walk are equivalent, via a
reparametrization, for regular graphs. However, our original branching random walk
has some significant advantages: it is, for example, closest in definition to the contact
process on the same graph, and stochastically dominates it. Of course, the definition of
the contact process on general graphs could be modified to bring it into line with the
modified branching random walk, but then it would lose the important desirable property
of self-duality (see [8] for a definition and an explanation of why the contact process has
this). This claim is very easily seen by considering almost any small example. Take, for
instance, the modified contact process on the graph P,, with vertex set {0, 1,2} in which
there are two edges, {0,1} and {1,2}. Identify the state of the process at any time with
the subset of vertices that are in state 1 and let &Y denote the modified contact process
with starting state X and parameter 4 = 1. Let B = {0,2} and let C = {1}. Then we have
for small t that

P(EPNC#0)=2t+0(t), P(ENB#0)=t+o()

so self-duality fails.

In the last part of this section, we prepare the ground for our main theorem of Section 3
by establishing a fundamental property of nonamenable graphs. This property is the key
part of Gerl [5], and also appears elsewhere in variant forms. We include it here, in a
straightforward way, for completeness. Given a graph G = (V, E) of bounded degree and
a function f € [,(V), define

1/2
1l = | D (F&)=f))
{xy}€E

We shall prove the following theorem. In the remainder of this section, including the
statement of this theorem, graphs are no longer assumed to be connected. We shall later
need to apply Theorem 2.6 to a graph, G*, which may have two connected components.

Theorem 2.6. Let G = (V, E) be a nonamenable graph of bounded degree. Then there exists
¢ > 0 such that, for any function f € L(V),

£y = € If1 (2.4)

Note that the definition of nonamenability is exactly the statement (2.4) in the case
when f is an indicator function. In order to prove Theorem 2.6 we shall first prove the
equivalent statement for /; norms. Define

111, =100, If g = Y 1f)—fO)l

veV {x,y}€E

Proposition 2.7. Let G = (V,E) be a nonamenable graph. Then, for any g € l;(V),

gl py, = welgl; (2.5)

where 1 is the Cheeger constant defined by (1.1).
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Proof. By taking limits, it is sufficient to prove that (2.5) holds for functions g of finite
support. Given such a g, let the set of values (including 0) taken by g be {my,...,m,} with
my <mp <---<m, We proceed by induction on n. Clearly the statement holds when
n =1 (when f =0). Now suppose n > 1 and the statement holds for smaller values of n.
By replacing g by —g if necessary, we may assume m, > 0. Let W = {v € V :g(v) = m,}
and define a function g~ by

_ m,_y ifveWw,
g ()= .
g(v) otherwise.

Note that m,_; > 0, since one of the values taken by g is 0. Now, it is clear that
gl = Il = g —ma D)WL gl = 18y, = 00— ma )2 W] (26)

Since g~ takes only n — 1 values, equation (2.5) holds, by the induction hypothesis, with
g replaced by g—. Combining this fact with (2.6) and the fact that |0g W| > 1g|W| gives
(2.5) as required. O

Proof of Theorem 2.6. Let G be as in the statement of the theorem, with isoperimetric
constant iz and maximum degree A. Take f € I,(V) and apply Proposition 2.7 with g = £2.
Then we have

IF12 = 120, < w21,

=1 Y120 =10

xy€E
=1z Yy 1(f(x) = FON () + £ ()
xyeE
’ 1/2 1/2
< | Y (F)—f)’ > )+ 1))
xyeE xyeE

< 2815 £ 1 o, I 1

the penultimate inequality using Cauchy—Schwartz and the last inequality using the fact
that (f(x) + f(»))* < 2(f?(x) + f%(y)). Dividing both sides of the above by If1,, we obtain

111y < 281 (£,
giving (2.4) with ¢ = 2Au. L]

We close this section with a remark on the proof of Theorem 2.6. Looked at slightly
differently, this theorem asserts that, if there is an f with HfHD(Z)/HfH2 small, then there is
a set W with [0 W|/|W| small; yet the proof does not really give us a simple recipe for
finding such a W. The Cauchy-Schwartz inequality muddies the waters somewhat, and
a proof without it might be rather desirable. On the other hand, the converse is trivial:
given a W with |0g W |/|W| small, just set f = 1y .
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3. Proof of the main theorem

In this section we shall prove the following theorem, which extends Theorem 2.4 to quasi-
transitive graphs. The branching random walk referred to throughout this section is the
unmodified one defined in Section 1.

Theorem 3.1. Let G be a quasi-transitive connected locally finite graph. Then the branching
random walk on G has two phase transitions, i.e., J1 < Ay, if and only if G is nonamenable.

Our first goal is to identify the value of 4; for quasi-transitive graphs. For such a
graph, G, the automorphism group acts on the vertex set with finitely many orbits; let
these orbits be denoted (y,...,0,. We shall say that a vertex in orbit ¢; has type i. For
1 <i,j<n,let A(i, j) be the number of neighbours of type j that each vertex of type i
has. We shall refer to 4 as the quotient adjacency matrix. A’ (i, j) counts the number of
walks of length n starting from some fixed vertex of type i and finishing at any vertex of

type j.

By the Perron—Frobenius theorem (see, for example, [3]), A has a largest positive
eigenvalue, u, and associated positive eigenvector (yy,...,7,); furthermore, for any i, j, we
have

lim sup(ffn(i, j))l/n = U (3.1)
n—ao0

It is not too hard to see that A; is the reciprocal of p, as we now show.

Proposition 3.2. Let A; be the lower critical value for the branching random walk on a
quasi-transitive graph G. Let A be the quotient adjacency matrix of G and let u be its
largest eigenvalue. Then

/11 = 1/,u.

Proof. Consider the branching random walk on G with parameter 1. Suppose firstly that
A < 1/u, and choose € > 0 so that A(u+ ¢) < 1. Then (3.1) implies that, for sufficiently
large n, the total number of walks of length n starting from the origin is at most (i + €)",
and so the expected number of new particles that appear, resulting from a single initial
particle at the origin and associated with walks of length n, is at most A"(u + €)", much as
in the proof of Lemma 2.1. Summing over n, the expected total number of new particles
to appear is finite, implying that the process almost surely does not survive.

Now suppose that A > 1/u, and again consider the branching random walk starting
from a single particle at the origin. Suppose, without loss of generality, that the origin is of
type 1. Let X, be the number of particles arising at all vertices of type 1 whose associated
walk (described at start of Section 2) has length n. As in the proof of Lemma 2.1, the
expected number of particles associated to each such walk is 4", so EX, = i"/f"(l,l).
Then (3.1) implies that, for some n, we have EX, > 1.

At the start of Section 2, it was explained how each particle can be regarded as having
a chain of ancestors leading back to some particle which was present at time 0. Now, in
this way, each of the X, particles associated to walks of length n has a certain number
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of descendants associated with walks of length 2n, and this number of descendants has
the same distribution as X,. So we see that, conditional on X, = x, X5, is at least
the sum of x independent random variables, each having the same distribution as X,.
Iterating this observation, we can see that (Xj,)r>0 dominates a branching process with
offspring distribution equal to the distribution of X,. This branching process has a
positive probability of survival, so there is a positive chance that there are infinitely
many particles born at the vertices of type 1; this implies via standard and straightfor-
ward arguments (see, for example, [14, Lemma 3.1]) that the branching random walk
survives. L]

We are now in a position to prove our principal theorem.

Proof of Theorem 3.1. Let G = (V,E) be a quasi-transitive locally finite (and hence
bounded degree) nonamenable graph. The critical values 4; and A, are characterized by
Lemma 2.1 and Proposition 3.2, and in order to show that 1; < A, we must show that
M < p, or equivalently ||A| < u, where A4 is as in Lemma 2.2.

For each x € V, let i(x) denote its type so that x € Oyy). The fact that (y,...,7y,) 1s an
eigenvalue of the quotient adjacency matrix with eigenvalue y means that, for each x € V,

Z Yi(y) = HVi(x)- (3.2)

yiy~x

Now let f € L(V). Using (3.2) twice to substitute for u, we obtain

IS = Y (f)

yev
=Y (Z i ) (f(y))

yeV \Xx:x~y i(y)
= i Y . (f(y))2

xevV yiy~x iy

2
=3 (5 (z )
er Z:z~X yiy~x Wy

So we see that

ISR 14T =Y (Z yim) (Z Vo) ) - (Z f(y))2

. i(y)
ZiZ~X ) y~X P~X
xel vy =

=3y P ) f(y)f(Z)]

XEV yiy~xziz~x

=> > {—W’(f(mﬁ + 00 (7(yy))? —Zf(yl)f(yz)}
x€V {y1.y2}: Yi(y1) Vi(y)
Yi,y2~X
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- Y )W{ﬂyl) _ f(mr

xeV {yy}: Vi Vi)
yi.ya~x
2 2
> (miny)” > <f(X)_f(y)), s
i WeE(G) Yi(x) Yi(y)

where, in the last line, G* is the graph with the same vertex set as G and whose edge set,
E(G?), consists of those pairs of distinct vertices, {x, y}, with the property that there is a
path of length exactly 2 from x to y in G. It is easy to see that G is also nonamenable
and of bounded degree. Therefore, applying Theorem 2.6 to this graph and the function
g given by g(x) = f(x)/yix), we see that there is a constant C > 0, independent of f, so
that the right-hand side of (3.3) exceeds CHgHg; that is

LIFI5 = IAf15 = Cligl.

However, || gH; > |\f Hg/D, where D is another constant, independent of f, namely D =
(max; ;)%>. So we obtain, for some constant k = k(G),

LIS = 1AF 2 = KIFIE.

which implies that | 4| < \/u? —k < p, thereby showing that A; < A,.
The converse, namely that if G is nonamenable then 1; = 1,, is much easier. In that
case, for any € > 0, we can find a finite set of vertices A with |0gA|/|A| < e. For such an

A, define f by
Yi(x) if x € A,
f(x)= .
0 otherwise.

Now let int(4) consist of those vertices in 4 which do not have a neighbour outside 4.
Note that |int(4)|/|4] > 1 —e. Equation (3.2) implies that if x € A then Af(x) = uf(x).
Therefore

IAFI2 > 12 (1712 = el (max ) ),

from which we deduce

Af |12 i\ 2
1471, Rt (34)
17115 min; y;
Since the right-hand side of (3.4) can be made arbitrarily close to u?> by an appropriate
choice of e, we see that ||4| = u, and hence 1; = 4. ]

As remarked in the Introduction, the equivalent of Theorem 3.1 for the contact process
remains a significant open problem. Neither direction is known, except for very special
classes of graphs either explicitly defined (e.g., Z¢) or defined in terms of a certain concrete
construction (the class of trees in [19]). Equivalent problems for other stochastic processes
also remain open. For example, in percolation, it is widely believed (see, e.g., [11]) that
on transitive locally finite connected graphs, one has p. < p, if and only if the graph
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is nonamenable; where p. is the threshold for the existence of an infinite component
and p, is the threshold for the uniqueness of such components. A proof of Burton and
Keane [2] (see also [6]) shows that amenability implies p. = p,, but the converse remains
a celebrated and tantalizing open problem.
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