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Abstract. A dimension invariant for isomorphism of non-singular ergodic integer actions
is presented. A result analogous to Shannon’s Theorem is used to calculate the critical
dimension of type III odometer actions. It is shown that the dimension is non-trivial and
that it is not an invariant of orbit equivalence.

1. Introduction
In the study of measure-preserving actions, Kolmogorov–Sinai (KS) entropy has been
highly useful as an invariant for isomorphism. Some efforts have been made to extend the
use of entropy and similar invariants to the non-singular domain (see, for example, [5]);
however, these attempts have not generally been very successful. The invariant we present
is not the result of broadening the definition of KS entropy, although it does seem related to
the concept of average coordinate (AC) entropy for odometer actions first presented in [3].

Our construction arose from attempts to extend the results of Maharam in [2].
These results relate the behaviour of the Radon–Nikodym derivative sequences∑n−1

i=0 (dT
−iµ/dµ)(x)

n

to the existence of measures preserved by the action of a non-singular measurable
transformation T .

The rate of growth of Radon–Nikodym sums is a fundamental invariant of an ergodic
non-singular dynamical system. In §2 we formulate a dimension which quantifies this
growth and show that it is invariant for non-singular isomorphism.

Calculations in §3 show that this critical dimension is not an invariant of orbit
equivalence. Using a result similar to Shannon’s Theorem we provide a formula for the
critical dimension for a wide class of type III product odometers on the space

X =
∞∏
i=1

Z2.

This formula coincides with that given in [3] and [4] for the AC entropy of a product
measure on X. As the range of AC entropy values within orbit equivalence classes has
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already been investigated, it is easy to produce examples of orbit-equivalent systems with
different critical dimensions. Finally in §4 we provide upper and lower bounds on the
critical dimension of a Markov odometer by generalizing the calculation techniques used
for the product measure case.

2. Definitions and notation
We use the notation ωi(x) to denote the ith the Radon–Nikodym derivatives of (T ,X,µ)

i.e. ωi(x) is that L1
µ function for which µ(T i(E)) = ∫

E
ωi(x) dµ for all µ-measurable

sets E ⊆ X.

Definition 2.1. Let (T ,X,µ) be a non-singular conservative ergodic dynamical system
with µ(X) = 1. For η > 0, let

Xη
α =

{
x ∈ X : lim inf

n→∞

(n−1∑
i=0

ωi(x)

/
nα

)
> η

}

and Xα be the invariant set
⋃

η>0 X
η
α. If µ(Xα) = 1, we say that α is a positive dimension

for (T ,X,µ).

LEMMA 2.2. For two isomorphic systems (T1,X1, µ1) and (T2,X2, µ2), if α is a positive
dimension for (T1,X1, µ1), then it is a positive dimension for (T2,X2, µ2).

Proof. Let φ be the conjugacy map between the two systems. So φ : X1 → X2 is invertible
with φ−1 ≡ ψ , so that µ1 ◦ φ ∼ µ2, µ1 ∼ µ2 ◦ ψ and of course

φ(T i
1 (x)) = T i

2 (φ(x)) µ1-a.e.

and
T i

1 (ψ(y)) = ψ(T i
2 (y)) µ2-a.e.

First note that
dµ2 ◦ ψ

dµ1
(T i

1 (x))ω
1
i (x) = ω2

i (φ(x))
dµ2 ◦ ψ

dµ1
(x).

Then take the set A ⊂ X1 (µ1(A) > 0), on which dµ2 ◦ ψ/dµ1 is bounded above and
below. So for x ∈ A we have

n−1∑
i=0

χA(T
i
1 (x))ω

1
i (x) ≤ K

n−1∑
i=0

χφ(A)(T
i

2 (φ(x)))ω
2
i (φ(x))

for some K > 0. Now by the Hurewicz Theorem, for ε < µ1(A), there is N(x) so that,
for n > N ,

(µ1(A) − ε)

n−1∑
i=0

ω1
i (x) <

n−1∑
i=0

χA(T
i

1 (x))ω
1
i (x)

≤ K

n−1∑
i=0

ω2
i (φ(x)).

The result easily follows. ✷
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Definition 2.3. If α = {supα′ : µ(Xα′) = 1} then we call α the critical dimension for
(T ,X,µ).

The reader will have noted that the proof of Lemma 2.2 is easily extended to give the
following statement.

LEMMA 2.4. If α and αA are the critical dimensions of T and the induced transformation
TA (A ⊂ X, µ(A) > 0), respectively, then α ≤ αA.

LEMMA 2.5. (i) The critical dimension of a II1 system is equal to one.
(ii) The critical dimension of a II∞ or type III system is less than or equal to one.

Proof. Both these statements follow from Theorem 1 of [2], by which we know that the
following statements are equivalent:
(a) there exists a finite T -invariant measure equivalent to µ;
(b)

lim
n→∞

1

n

n−1∑
i=0

ωi(x)

exists as a finite strictly positive real number µ-almost everywhere;
(c)

0 < lim inf
n→∞

1

n

n−1∑
i=0

ωi(x)

for µ-almost all x ∈ X. ✷

3. Odometer actions
In this section we show that the critical dimension is non-trivial; that is, it is not simply
equal to one or zero. We do this by calculating the critical dimension for type III product
odometer actions.

Definition 3.1. Let

X =
∞∏
i=1

Z2.

The odometer action on X is that invertible transformation T : X → X which is defined
by the following. If j is the least positive integer such that xj = 0, then

(T x)j = 1

(T x)i = 0 i < j

(T x)i = xi i > j.

T is not defined for x = (1, 1, 1, . . . ); T −1 is not defined for x = (0, 0, 0, . . . ).

We include the following theorem taken from [1, p. 127]. The result will be used for
the proof of Theorem 3.3.
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THEOREM 3.2. [1] Let y1, y2, . . . be mutually independent random variables with
E(yi) = 0 and E(y2

i ) = σ 2
i < ∞. Then if

∞∑
1

σ 2
i

i2
< ∞,

lim
n→∞

y1 + · · · + yn

n
= 0

for µ-almost all x ∈ X.

In this section we apply this theorem to estimate the number of zeroes in a coordinate
string of a certain length. If we take our random variables to be yi(x) = xi − µi(1), then
E(yi) = 0 and we see that

lim
n→∞

number of ones in first n coordinates − ∑n
i=1 µi(1)

n
= 0

for µ-almost all x ∈ X.
Now we begin our calculations to determine the critical dimension of a product

odometer. Let

X =
∞∏
i=1

Z2

and let T be the odometer action on X which will be equipped with a product measure

µ =
∞⊗
i=1

µi.

We will assume that µi(1) is bounded away from zero for all i ∈ N. Each x ∈ X shall be
identified with a unique sequence Sx = {n1, n2, . . . , np . . . } ⊆ N, where ni ∈ Sx if and
only if xni = 0.

Suppose for simplicity that n1 = 1. Let

[0]q = {x ∈ X : x1 = x2 = · · · = xq = 0}.
Then for all x ∈ [0]q we have that

2q−1∑
i=0

ωi(x)µ([0]q) = 1.

More generally, let Ip = 2n1 + 2n2−1 + · · · + 2np−1 − 1 be the first integer k for which
(T k(x))i = 1 for all i = 1, 2, . . . , np. Then

Ip∑
Ip−1+1

ωi(x) = ωIp−1+1(x)∏np−1
i=1 µi(0)

= µnp(1)

µnp (0)

1∏np−1
i=1 µi(0)

np−1∏
i=1

µi(0)

µi(xi)
= µnp(1)∏np

i=1 µi(xi)
.

This simple fact will allow us to obtain the following result which is clearly an analogue
of Shannon’s Theorem.
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THEOREM 3.3. Let T be a product odometer on
(
X =

∞∏
i=1

Z2, µ

)

where µi(1) ≥ ρ > 0 for each i ∈ N and let α be the critical dimension. Then for
µ-almost all x ∈ X, we have the following statements:
(i)

lim inf
p→∞ − 1

np+1

np∑
i=1

log(µi(xi)) ≤ α ≤ lim inf
p→∞ − 1

np

np∑
i=1

log(µi(xi));

(ii)

lim
n→∞

1

n

n∑
i=1

log(µi(xi)) − 1

n

n∑
i=1

µi(0) log(µi(0)) + µi(1) log(µi(1)) = 0.

Note that the right-hand inequality in part (i) of the theorem does not require the
assumption that µi(1) is bounded away from zero.

Proof. We estimate the critical dimension by first identifying a point with the sequence
[n1, n2, . . . , np . . . ] which specifies where each of the zeroes occurs on the coordinate
sequence and then examining the growth of the Radon–Nikodym derivative sums∑Ip

i=0 ωi(x), where Ip = 2n1 + 2n2−1 + · · · + 2np−1 − 1. Now

Ip∑
i=0

ωi(x) =
p∑

j=1

µnj (1)
nj∏
i=1

1

µi(xi)
.

We have the following inequality for any α ≥ 0:

∑Ip
i=0 ωi(x)

(Ip + 1)α
≤ p

2(np−1)α ∏np
i=1 µi(xi)

= 2np((logp/np)−(1/np)
∑np

i=1 logµi(xi)−α+(α/np)).

Now if

α > lim inf
p→∞ − 1

np

np∑
i=1

logµi(xi)

then

lim inf
p→∞

∑Ip
i=0 ωi(x)

(Ip + 1)α
= 0

and α is strictly greater than the critical dimension. To obtain the lower bound on the
critical dimension, note that for any n with Ip ≤ n ≤ Ip+1 we have for any α ≥ 0,

∑Ip
i=0 ωi(x)

2αnp+1
≤

∑Ip
i=0 ωi(x)

(Ip+1 + 1)α
≤

∑n
i=0 ωi(x)

(n + 1)α
.

We use the inequality
Ip∑
i=0

ωi(x) ≥ ρ

np∏
i=1

1

µi(xi)
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to show that

2np+1(−(1/np+1)
∑np

i=1 logµi(xi)−α+(logρ/np+1)) ≤ 1

(n + 1)α

n∑
i=0

ωi(x).

If

α < lim inf
p→∞ − 1

np+1

np∑
i=1

logµi(xi)

for all p ∈ N, then α is clearly less than the critical dimension. Hence we have proven (i).
To obtain (ii) note that using yi(x) = logµi(xi)−µi(0) logµi(0)−µi(1) logµi(1) the

result can be established by applying Theorem 3.2. ✷

An immediate consequence of the theorem is that for any product odometer we can
easily calculate the critical dimension provided that

lim
p→∞

np+1

np
= 1

for µ-almost all x ∈ X. Using Theorem 3.2, it can easily be shown that this condition is
satisfied for a wide class of product measures.

LEMMA 3.4. If there exists m,n ∈ N (m < n) and c > 0 such that, for all k ∈ N,

#{i ∈ {k + 1, . . . , k + n} : µi(0) ≥ c} ≥ m

then
lim

p→∞
np+1

np
= 1.

It would appear then that the critical dimension of a product odometer is intimately
related to its AC entropy. In [3], the AC entropy of a system of finite coordinate changes
(X,&,µ) (or alternatively of the odometer action on (X,µ)) is defined as

hAC(µ) = lim
n→∞

1

n
H(βn)

where this exists. Here βn is the partition of X into 2n cylinder sets of the form

(x1, x2, . . . , xn) ×
∞∏

i=n+1

Z2.

For µ a product measure, the AC entropy formula reduces to

hAC(µ) = − lim
n→∞

1

n

n∑
i=1

µi(1) logµi(1) + µi(0) logµi(0)

where the limit exists.
It should be noted that AC entropy was not formulated as an isomorphism invariant.

It is not known at this stage the extent to which AC entropy can be said to be invariant,
even within measure equivalence classes. Further, AC entropy is only defined on infinite
product spaces

∏∞
i=1 Zl(p). Hence, the critical dimension should not be confused with AC

entropy, even though in the case of product odometers the two concepts roughly coincide.
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LEMMA 3.5. For µ, a product measure on X with µi(1) ≥ ρ > 0, for all i ∈ N, if hAC(µ)

exists, then it is equal to the critical dimension of the odometer action on (X,µ).

Proof. To prove the result we will show that if the AC entropy exists, then either

lim
p→∞

np+1

np
= 1

for µ-almost all x or hAC(µ) = 0. Suppose that there is some ε > 0 such that, for some
infinite sequence pk, k = 1, 2, . . . , we have

npk+1

npk
= 1 + εk

where εk > ε. Then by Theorem 3.2

lim
k→∞

1

npk+1

npk+1∑
i=1

xi − µi(1)

= lim
k→∞

1

npk+1

( npk∑
i=1

(xi − µi(1)) +
i=npk+1−1∑
i=npk+1

(1 − µi(1)) + (0 − µnpk+1(1))

)

= lim
k→∞

1

npk+1

npk+1−1∑
i=npk+1

µi(0) = 0 µ-a.e.

However, as 0 ≤ −log(1 − t) ≤ t/ρ for t ≤ 1 − ρ, this means that

lim
k→∞

1

npk+1

npk+1−1∑
i=npk+1

logµi(1) = 0.

By Theorem 3.3(ii) this would imply that

lim
k→∞

1

npk+1

npk∑
i=1

logµi(xi) = lim
k→∞

1

(1 + εk)npk

npk∑
i=1

log(µi(xi)) = hAC(µ).

However, as εk > ε > 0, the only way for this to be true and for the AC entropy limit to
exist, would be if hAC(µ) = 0; but by Theorem 3.3(i) this would immediately imply that
the critical dimension was zero. ✷

It is easy to provide examples of type III product odometers of IIIλ product measures
on X to show that the critical dimension is not an invariant of orbit equivalence.

As a quick demonstration of this, suppose for λ ∈ (0, 1) we have

µi(0) = λ

1 + λ
, µi(1) = 1

1 + λ

for all i ∈ N. We can then vary this measure by replacing µi with µi(0) = µi(1) = 1/2
for, say, i odd. Clearly we will have two IIIλ odometers with different critical dimensions.

In fact, the product measure examples used in [3] and [4] to establish the range of
possible values of AC entropy within orbit equivalence classes allow us to state the
following result.

THEOREM 3.6. For all λ ∈ [0, 1] and all c ∈ [0, 1] there is a IIIλ product odometer action
with critical dimension equal to c.
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4. Markov odometers
Suppose µ is a Markov measure on

X =
∞∏
i=1

Z2,

that is, for each cylinder set,

Cx
n = (x1, x2, . . . , xn) ×

∞∏
i=n+1

Z2

we have µ(Cx
n ) = Kx1P

1
x1,x2

P 2
x2,x3

. . . P n−1
xn−1,xn

where K0 + K1 = 1 and P i
1,0 + P i

1,1 =
P i

0,0 + P i
0,1 = 1. Then using techniques similar to those demonstrated in the previous

section, we can provide estimates for the critical dimension of a Markov odometer. First we
introduce the notation X

j
i to represent the subset of all x ∈ X with xj = i. Now for a

Markov odometer
2k−1∑
i=0

ωi(x) = µ(Xk+1
xk+1

)

µ([0]k ∩ Xk+1
xk+1)

for all x ∈ [0]k. Further, it is easily shown that

Ip∑
Ip−1+1

ωi(x) =
µ(X

np
1 )P

np
1,xnp+1

µ(Cx
np+1)

= 2
logµ(X

np

1 )+logP
np

1,xnp+1−logKx1−∑np

i=1 logP i
xi ,xi+1 .

Then, following the same arguments used in the proof of Theorem 3.3, we establish the
following result.

THEOREM 4.1. For a Markov odometer as described above and for µ-almost all x ∈ X

we have:
(i)

α ≤ lim inf
p→∞ − 1

np
logµ(Cx

np+1
) = lim inf

p→∞ − 1

np

np∑
i=1

logP i
xi,xi+1

(ii)

lim inf
p→∞ − 1

np+1
(logµ(X

np
1 ) + logP

np
1,xnp+1

− logµ(Cx
np+1))

= lim inf
p→∞ − 1

np+1

(
logµ(X

np
1 ) + logP

np
1,xnp+1

−
np∑
i=1

logP i
xi ,xi+1

)
≤ α.

Note that we have made no assumptions regarding the weights of the measure µ to
obtain (ii). If required, lower bounds could be placed on µ(X

np
1 ) and P1,xn+1 to give a

result more like Theorem 3.3(i).
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