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Abstract. In this paper, the second order convergence of the interpolation based on
Q)5-element is derived in the case of d=1, 2 and 3. Using the integral average on
each element, the new basis functions of tensor product type is builded up and we
can easily extend it to the higher dimensional case. Finally, some numerical tests are
made to show the analytical results of the interpolation errors.
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1. Introduction

The interpolation theory of functions is very important in the numerical analysis
of finite element methods [1]. In this paper, we establish the local interpolation error
estimates of ()§-element for the scalar-valued functions living in the Sobolev spaces.

Given a set of d intervals {[0, L;| }1<i<q, the set K = 1‘[?11[0, L;] is called a cuboid.
Let Q1 be the polynomial space in the variables z1, ..., x4, with real coefficients
and of degree at most 1 in each variable. For z € K, there exists a unique vector
(t1,...,tq) € [0,1]% such that, forall 1 < i < d, x; = t;L;. In the case of dimension 1,
Q1 = Py; in the case of dimension d > 2,

Q1= {p(:c) tp(z) = Z ai17~~~7idxzf T ‘Tfid}'

0<i1,..yig<1

One readily verifies that @, is a vector space with 2¢ dimensions. Obviously, Q; is the
tensor product Lagrange finite elements. Let {7"}, 0 < h < 1, be a non-degenerate
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rectangular family of subdivisions of K. Setting I, be the interpolation operator con-
structed by ;. Its sharper interpolation error estimate is also well-known [1-3]. If the
function u is smooth enough, i.e., u € H?(K), then

lu = Tnullo i + hlu — Tyuly i < ch®|ula, k.

This estimate is optimal. Here and below ¢ > 0 is a constant independent of h. || - ||; x
and | - |; xk denote the norm and semi-norm respectively on the standard Sobolev space
Hi(K)withi=0, 1, 2.

On the other hand, we know that the approximation of order k can be achieved
as long as polynomials of degree k are used [1,4,5]. These results apply to both
the standard tensor-product polynomial spaces and the serendipity elements as well.
However, one may wonder what the fewer extra terms in the tensor-product polynomial
spaces can be added to obtain the approximate accuracy of k£ + 1 order. In this paper,
we consider a new polynomial space ) by using (); conforming element and the
fewer extra basis functions to enhance the approximation order in case of R?. Here d
quadratic polynomials of each direction variable are added in R? space. In other words,
for the case of dimension 1, the function space is

2
Q1@ span{ - %@‘—1@}-

For the case of dimension 2, the basis function space is

h2 ;
Q1@ Span{ - ?Zébiflﬁf)ia —5]7/)]'17/)]'}’

For the case of dimension 3, the basis function space is

h2 ’7'»2 /QQ
Q1@ span{ - 71@'71%, _?jwjflea —7k9k;—19k}.

Here h;, 7; and ky, are step sizes of each element in directions x, y and z respectively.
The basis functions ¢;(x), ¥;(y) and 6, (z) are linear. Setting I, be the interpolation
operator constructed by Q¢. In the cases of dimension 1 and 2, if u € H3(K), then the
following interpolation error estimate holds

Hu — IhuHQK + h]u — Ihuh,K + h2\u — Ihu’z[( < ch?’\u]&K,

(see Theorem 2.1 and Theorem 3.1 for details). In dimension 3, if u € H*(K), then
the following interpolation error estimate also holds

Hu — IhuHo,K + h\u — Ihuh,K + h2]u — Ihu‘g,]{
<c(?fuls, i + bl )

(see Theorem 4.1 for details).
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Remark 1.1. Here ) element is differ from ()2 element, where ) element only needs
2¢ + d degrees of freedom and @, element needs 3¢ degrees of freedom in the d-
dimensional case. Hence, () element is simpler than ) element. Furthermore, we
have proved that Q) element is of the convergence rate of same order as ()2 element in
this paper.

The paper is structured as follows. The convergence of the ()§ interpolation func-
tion for one dimension is provided in Section 2. The convergence of the ()§ interpo-
lation function for two dimensions is studied in Section 3. The convergence of the Q§
interpolation function for three dimensions is proved in Section 4. In Section 5, numer-
ical experiments are presented to confirm the theoretical analysis for () interpolation
function. Finally, conclusions are drawn in the last section.

2. Convergence of the (){ interpolation function: 1D case

In this paper, we always assume that Q ¢ R? with d = 1, 2, 3 is a bounded domain.

Also, we use || - ||;, and | - |;, denote the norm and semi-norm respectively on the
standard Sobolev space H'(w) withi =0, 1, 2, 3 forw C Q.

In this section, we consider J, = {I;;i = 1,--- ,ny} be a mesh of Q = (0, L) with
O=axp< a1 <+ < Tp, = L and I; = [xi_l,xi] and h; = x; — xi_1. A]SO, we define
Ti1 = %(CCZ +x;—1)withi=1,--- 'ny and set h = 12%2{11 h;.

We set that {¢g(z), ¢1(x), - ,¢n,(x)} is a set of piecewise linear functions in

(0, Ly) such that

L= Ti—1 Tit] — T
pi(x) = ———, zely ¢i(x)=———, z€li,
Ti — Tj-1 Tiy1 — X
fori=1,--- ,n1 — 1 and
TrlT — T T — Tpy—1
po(z) = ——, z€l; ¢n(x)=—"— wel,
T1— o Tny — Tpy—1

Then we establish the following @ finite element space:
Xy = span{up € C(@) N B (Qsunlr, € Q5(L), =1, ,m },
where
h2
Qi(L;) = SPan{¢i1, bi, — ?Zﬁbilﬁbi}-

Here each element only has three degrees of freedom in the 1D case. Now, we
define the interpolation operator I : H?(Q)) — X, as follows:

2
Thulr, = w(wi—1)di—1(x) + ulz;)di(x) — m@'%ﬁbifl(x)ﬁbi(ﬂ?),
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where

Ti—1

i.e. u; denotes the integral average on the element I;. From the definition of I,u, we

have

Inu(x;) = u(xy), Inu(xi—1) = u(xi—1),
Oz (Inu)(z,_1) = Opuy, Opz(Inu) (1) = Opp;.

1
L

From some simple calculations, we obtain the following integration relations.

Lemma 2.1. There hold

b b b
1ot == [ owarar < s0-ap [Copa

for each ¢ € H'(a,b), and

sl o) - 1 [ o= gt [ a0 - e
¢(“;b) S / ot = 55— | (- aPoutia

1 b )
2(b—a) /aTer (t = b) du(t)dt

for each ¢ € H?(a,b).
Next, we will give some L%, H' and H? estimates of the error e = u — Iju.
Lemma 2.2. For each u € H'(I;), there holds

h2
lel.r, < < 10z elff.1,-

Proof. From (2.1b), we have

T, 1 T;
el = [ letw) = et Pint [ Jetw) — e(wi) P

i—1 T, 1
T2

=: K1 + Ky,
where

:):1'7% zi—% 9 h2 xii% )
K < (x —xi-1) |0ze(s)|“dsdx < —Z |0pe(r)|“dr,

i—1 i—1

z;
Ky S/
xX.

i—

(x—xi)/l |0ze(s)] dsdx<—/ |0pe(r)|2dr,

1
i -3

ol
1\3\

which yields (2.5).

https://doi.org/10.4208/nmtma.2016.m1503 Published online by Cambridge University Press

(2.1a)

(2.1b)

(2.2)

2.3)

2.4)

(2.5)


https://doi.org/10.4208/nmtma.2016.m1503

Second Order Convergence of the Interpolation based on Q¢-Element

Lemma 2.3. For each u € H?(I;), there holds

h?
10x€ll5 1, < 2hi!8me(wif%)\2 + gHameH%,zi-

Proof. From (2.1b), we obtain

yyaxeyyah:/ Orel) — Ducla;_y) + drele,_y)|dr

Ti—1

§2/1 |x—xié|/l B () Pdrdz + 2yl One(z; 1 )|
x Ti—1

1—1
h? 2 2
< 7Hamf3”0,li + 2hi|8x€($i7%)| )
which yields (2.6).
Lemma 2.4. For each u € H?(I;), there holds
h4
2hi|0x e(xsz)HOI =160 —=|[0zzau HOI

Proof. From Lemma 2.1 and (2.1b), we have

(%e(xi_ )= 6uwz_l ——/ Opu(r)dr
_ " (r — )% Opau(r) b (T—x )20 peus(r)dr
th . [ TIT 2hz i—1 TrT .
i-3
Moreover,
’aﬂ?e(xi—%)’ > 3210”6909090“”3,15

Hence we deduce (2.7).

Lemma 2.5. For each u € H3(I;), there holds
2

h?
HameHOI > ZHaﬂcmuHOI

Proof. Using Lemma 2.1 and (2.1b), we have

2

| mset@Pdn = [ 10usu(a) ~ Boruldn < 5 |Oresulfy
Ti—1 Ti—1

which gives (2.8).
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From Lemmas 2.2-2.5, we conclude the following convergence results.
Theorem 2.1. For each u € H3(I;), there holds

h3
HeHO,Ii < ZzHazzzuHO,Iia (2.9)
h?
H&EGHO,IZ' < 7@”8333393/“”0,]2') (2.10)
h.
[0zzello,r; < \/—%Hﬁmullo,g. (2.11)

3. Convergence of the () interpolation function: 2D case

In this section, we consider Q = (0,L1) x (0,Ls2). Let J, = {J;;5 = 1,--- ,na}
be a mesh of (0,Ls) with 0 = yo < y1 < -+ < yn, = Ly and J; = [y;—1,y,] and
7j = yj — Yj—1. Also, we define y; 1 = S(yj +yj—1) with j = 1,--- ,ny. So that we
establish a mesh of :

Jh:{KZ]7’L:17 ,ny, .7:17 ,712},

here, K;; = I; x J; and the center of Kj; is (xi_%,yj_%), see Fig. 2.

i

Figure 1: The non-uniform mesh J;, in 2D domain.

We set that ¢o(y), ¥1(y),- - ,¥n,(y) is a set of piecewise linear functions in (0, Lo)
such that

Y —Yj—1 Yji+1 — Y
Pily) = —L—, yeJy Yy =L—>, ye Ji,
’ Yj — Yj-1 o Yit1 — Y J

forj=1,--- ,no —1and

y -y Y —Yn—
wO(y) ! yeJl; an(y)zilv yeJTLQ'

oy — Yo Yns — Yna—1
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Then we establish the following finite element space based on () element:
Xh - Span{vh S C(Q) N Hl(Q);vh‘K”‘ S QT(K’U)v 1= 17 e, N, .] - 17 e 7n2}7

where

h2 72
QI (Kij) = SPan{ébi—le—l, i1V, Givj—1, iy, — 72%—1% - 7]%‘—1%‘}-

Here each element only has six degrees of freedom in the 2D case. Now, for each
u € H?(Q2) we define the interpolation function I;u(z,y) as follows:

Ihulky; = w(@io1,Y5-1)9i-1(2)Yj-1(y) + w(@i-1,y5)di-1(x);(y)
Fu(@i, yj—1)0i (@)1 (y) + u(wi, y;)di(x); (y)

2 2
_6wa:uij Egbi—l?bi - ayyul'j ij—lea

TR
Ui = —— u(r, s)drds,
Y hiTj Y Ti—1

j—1

where

i.e. u;; denotes the integral average on the element K;;. From the definition of I;u,

we have
Ihu(xlmyl) = u(xlmyl)’ k=1— 172‘7 = .7 - 17 .j7 (313)
1 Ti
ax(lhu)(xl_% ) yj_%) = ﬁ / [axu(r7 yj—l) + amu(r7 yj)]drv (Blb)
v Jxi—1
1 [V
Oy(Ipu)(@;_1,y; 1) = —/ [Opu(zi—1,s) + Ozu(x;, s)|ds, (3.10)
2 2 27—j Yi—1
6zy(Ihu) ((L‘, y) = 8J:yuij7 6zw(1hu)(x7 y) = aa:a:uijv
Oyy(Inu) (z,y) = Oyyu, ;. (3.1d)

From some simple calculations, we obtain the following integration relations.

Lemma 3.1. For each ¢ € H'((a,b) x (c,d)), there hold
d
(b—a) / 16(z,y)Pdy
d b d b
< (b—a)? / / 0a(, ) 2dxdy + 2 / / (a,y)Pdedy,  (3.2)
b C a C a
-0 [ lo(e.p)ds
d b d b
< (d- o) / / 10,6(z,y) Pdrdy + 2 / / 6(a,y)Pdedy,  (3.3)
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/ / lu(z,y) — a>dzdy

/ / — a)?|0pu(z, y)* + (d - C)Qlayu(x,y)\Q] dxdy. (3.4)

with € [a,b] and gy € [c, d].
Next, we will give some L%, H' and H? estimates of the eror e = u — Iju.

Lemma 3.2. For each u € H*(K;;), there holds
-2 2.2
7
0,Ki; = 0,K3 0,K 4 oy €110,k - :
lellf ., by 10sel3 i,y + 5 10yelld ke, + 4] 10yl ., (3.5)

Proof. From the integration by parts, Lemma 3.1 and (3.1d), we have

2
lello,x.;

Y1 1 -1 [T Yol [Tiod Yi—1 [ 9
L L L L et
Yj—1 i1 Yj—1 Tl Yj—1 i1 Yj—1 T,_1

=: K1+ Ko+ K3 + Ky,

N
ml

)

where

Yo 1 T, 1
K :/] 2/ *le(r,y) — e(zi-1,y) + e(zi1,y) — e(xi—1,yj-1)|*dzdy
Y "

Vg [Tind )
<2 [ [ e [ oselras
Yj Zq Ti—1

j—1 i—1 2

Y. 1
- i) / " Oye(ar,5) Pds] dedy

Yj—1

h 1 1 hT.Q Y, 1
Z/ 2/ *0pe(r,y)|Pdrdy + — 3 / |0y e(wi1, s)2ds.
Yj— Yji—1

Similar results can be obtained for K5, K3 and K. Hence

H€||%,Kij =K1+ Ky + K3+ Ky

B2 hiT2 Y
< ZzHaeraKu + Z8j / [lﬁye(aﬂi_ht)\Q + \aye(xi,t)lz dt
Yj—1
2 ’ 2.2

Z ||8 6HOK + = Ha €||0K + - ] Hazy€||01<

which yields (3.5). O

https://doi.org/10.4208/nmtma.2016.m1503 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1503

Second Order Convergence of the Interpolation based on Q¢-Element 603

Lemma 3.3. For each u € H3(Kj;), there holds
HaﬂceHg,Kij < 3hz‘7'j]8me(xi_%,yj_%)]2
3 3 3
2 0rael sy + SN0 R, + T Ougilf i, (36)

)2

10yelld ke, < 3hiTjlOye(w; 1.y, 1

3 3 3
57210l 1, + 210yl ke, + HHERN el e, BT
Proof. From the integration by parts, Lemma 3.1, Lemma 3.2 and (3.1d), we have

‘|81'6H(%,K¢j

Yj T
- /yv1 /Ii1 |0ze(x,y) axe(xz_%,y]_%) + 8me(xl_%,yj_%)] dxdy

Yj T Yj
<shiryiseCe g, DP+3 [ [ lyu gl [ 0uetns)Pdsdrdy
Yj—1 Y Ti—1 Yj—-1

Yj Zq x;
+3/ / |z — 2, 1] / |Ozze(r, yj7;)|2drdxdy
Yj—1 JTi—1 2 Ti—1 2

T

3 3
< ShrOue(o,_y. ;)P + 2r0mell x, + Zh?/ uze(r,y,_y)Pdr

Ti—1

3 3 3

2

< 3hi7—j|8x€($l;% Y5
which yields (3.6). Similarly, (3.7) can be proven. O

Lemma 3.4. For each u € H3(Kj;), there holds

hitj|Owe(z;_1,y;_ 1)

hitjlOye(w;_1,y; 1)

S 3tha®‘l‘yuH0,K” + 3h?7—_]2H673yyuHaK” + 37—_]4Hayyyqu,K¢j' (3'9)

Proof. From the integration by parts, Lemma 2.1, Lemma 3.1, Lemma 3.2 and
(3.1d), we have

aze(xz‘_% ) yj_%)

1 Y
= 7__] - [amu(xi—%vyj—%) - amu(xi_%,y)]dy
1 vj T
+ / / [Opu(;_1,y) — Opu(x,y)|dzdy
hz"i‘j yio1 Jwiq 2
J G
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do [0 [ 0su(o0) - (0o 95) + Bru(r. gy )y

hiTj Yj—1 JTi—1
1 [ 1 [¥%-4
=— (Y = yj)Onyul; 1, y)dy + — (y — yj—1)Oyu(z;_1,y)dy
Tidy; g Ti Jyja ?
1 /yj /:vz ( )28 ( )d p
— xr — X; rxxU\T,Y)axray
thTj i1 xi_%
! / " / o4 29 dad
_2hz’7_j . (x_xz—l) zzxu(xvy) xray
1 Yj T4
2hz7']/ / (Y — yj-1)(Y — Yj) Ouyyu(x, y)dzdy
" 20 dd
2h oy %/ (Y — y5)° Oyyu(z,y)dzdy

1 Y;

2h'7’j e

_1
+ 2/ (y — yj—1)?Oryyu(, y)dzdy
1

(y — — ) Opayui(, y)dady
. 1

yj
- 2 (y — yj) (& — 1) Opayu(, y)dady
)(
1

j

o
[

2h iTj

1
2

(y — y;) (@ — 2;)Opgyu(x, y)dady

/,
],
o),
o,

2h iTj

j—1

1
2

1

A

Yok [Tk
/ (y— yj)(x — Ti— l)aawcz/u(ac y)dxdy

—1 Ti—1

J

(x — xl)Zazmu(x, y)dxdy

‘o T]/
7,

" 2h, iTj

Y
2th/] L
A
2h7'J Yio1

< \/ﬁ (T]'QHal‘yyuHO,Kij + hzguawxwuHO,Kij + hiTjHamyuHO,Kij>v
1]

which yields (3.8). Similarly, (3.9) can be proven. O

j—1

y
Yj
Y;
Y
Yj
Yj
Yj

z — xi_1) Oppau(z, y)dady
y

1
2
1

A
[
/.

y Yj—1 y_yj)amyyu(xvy)dxdy

Lemma 3.5. For each u € H3(Kl-j), there holds

omsell i, < 3 (P10l + 37810l ) (3.10)
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2 2
orself < 5 (WOuwstlf i, + 572 0mmylc, ). (3.11)
2 2 2 2 2 2 2
HayyeHO,Kij S 5 hl Haa:yyuHQKij + 5 i HayyyUHO,Kij . (3‘12)

Proof. From the integration by parts, Lemma 2.1, Lemma 3.1, Lemma 3.2 and
(3.1d), we have

Yj Zs
||8xy€\|g,mj = / / |8ny(£C,y) - 8xyu|2d$d?/

Yj—1JTi—1

2 2
< 2 (F00uay il + 51O, )

which yields (3.10). Similarly, (3.11) and (3.12) can be proven. O

We deduce from Lemma 3.2-Lemma 3.5 that the following convergence results.

Theorem 3.1. For each u € H3(K;;), there hold

||VV6H07K“ < hi||8xVVuH0,Kij + TjH@),VVUHQKiW (3.13)

IVellox, < 4(R2102Vullo s, + 275100y Tullo, i, + 721100 Vullo i, ), (3:14)

ij —
||6H0,K¢j < Qh?HamzuHO,Kij + 4h?Tj‘|azzyu||0,Kij
+4hi 3| Onyyullo, 5 + 377 1Byyyullo i (3.15)

4. Convergence of the () interpolation function: 3D case

In this section, we assume that Q@ = (0, L) x (0, La) x (0, L3). First, we consider
J, = {Kk;k =1, ,ng} be a mesh of (O,Lg) with) =29 < 21 < -+- < Zng = Ls
and K = [2x_1,2) and Kk = 2 — 2z,_1. Also, we define Py = (2 + 21_1) with
k=1,--- ,n3. So that we establish a mesh

Jn={Kyr;i=1,-- ny, j=1,--- ,ng, k=1,--- ng},

here, Kij; = I; x Jj x Ky and the center of Ky, is (z;_1,y;
2
We set that 0y(z), 61(z), - ,0n,(2) is a set of piecewise linear functions in (0, L3)
such that

_1,%,_1), see Figure 1.
2 2

2= Zk—1 Zk+1 — 2
Ox(2) = T z € Ki; Op(2) = T — 2 z € Kgq1,
k— Zk—1 k41 — 2k

fork=1,--- ,n3—1and

21 — % Z — Zpz—1
, z€ K1y Op(z) = ————

21 — 20 ZTL3 - anfl

(90(2) =
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Then we establish the following finite element space based on @ element:
Sy, = span{vh S C(Q) N H' ( ) 'Uh‘K”k S Ql( Z]k‘)
izl)"'anlaj_l)"'anQak_l)”'an3})

where

Q1 (Kijr) = SPan{¢i1¢j19k—1, Gi—1Vj0k—1, GiVj—10k—1, PiiOk_1, Pi—19j—10k,

h2 72 K7
Gi—1ViO0, ¢i;_10k, i)l — 72@—1% - ijj—lea - 7k9k19k}-

Here each element only has eleven degrees of freedom in the 3D case. Now, for
each u € H%(Q) we define the interpolation function Iju as follows:

Ihu(z,y, 2)| K, ),
= w(@i—1, Yj—1, 2k—1) Di—1 () —1(y)Op—1(2) + w(@i=1,Y;5, 2k—1)Pi—1(2)1; (y)Or—1(2)
Ful@i, Yj—1, 26-1) i (2) V-1 (Y)Ok—1(2) + wl@i, Y5, 25-1) P (2) (y)Or—1(2)
Fu(@i-1,Yj-1, 2k) Pi—1(2) -1 ()0 (2) + w(Ti-1,Yj, 2k) i-1 ()5 (y) Ok (2)
(@i, yj—1, 26) i () 10i—1(y) 0k (2) + (@i, yj, 28) i (2) 5 (y) Ok (2)

2 2

B 1 (2)6a) - Dyt Vi1 W) () — Dozt 051 ()04 (),

1 2k Yj T
Uijk = 7/ / / u(r, s, t)drdsdt,
hiT]”ik Zk—1 JYyj—1 Jxi1

i.e. u;;,, denotes the integral average on the element K.
From the definition of Iju;,, we have

where

Ihu(xlaymazn) — u(xl)yﬂ’hzn)a l =14 — 15 ia m :.] - 1) ja n = k - 1) k
1o

OuIh) ooy y) = g | ey, i) + Orulr a2
! 4hi Ju,

+6xu(r7 y]7 zk*l) + 63;@6(7", ij Zk)]dT,
1 (Y%
4—/ [Oyu(wi—1,$, 2p—1) + Oyu(zi—1,s, 21)
Tj Jyj_a
+0yu(xi, s, 2k—1) + Oyu(xs, s, 2)|ds,
s

/ [Ou(Ti—1,Yj—1,1t) + O.u(xi—1,y;,t)

4Ky, -

+0.u(z;, Yj—1, t) + O u(z;, Yj, t)]dt,

0, (Ihu)( 57 Jff’zkff)

0. (L) (w1, y;_ 5.7 1) =

1 yj [
833 ) 9 — 833 ) b d d b
o, /yj_1 /zi_l[ yu(r, 8, 211) + Ogyu(r, s, z1,)]drds

azy(IhU)(SC, Y, Zk—%) =
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1 2k zi
azz y Yj— at azz ) ')t d dt)
2,ﬂ,,%/z“/%l[ (ry1.8) + O . )

2k
/ / Oyzu(zi-1,s,t) + Oypu(x;i, s, t)|dsdt,
yj—

azz(lhu)(xa yj,%,z) =

ayz(Ihu)( 72/7

Qleﬁik
Y
Oy (Ipu)(z,y,2) = / / / Opyou(r, s, t)drdsdt,
Y S L P S
amm(jhu)(xvyvz) = 6zzuzjk;7 ayy IhU)(.’IJ,y, Z) = aWJuijk’
aZZ(Ihu)(xvyv Z) = azzumk 4.1

From some simple calculations, we obtain the following integration relations.

Lemma 4.1. For each ¢ € H'((a,b) x (c,d) x (e, f)), there hold

f rd
o-a) [ [ 166,02 Pdyd
© fopd b fopd b
<(b—a)2/ //\6x¢(x,y,z)\2dxdydz+2/ //\¢(x,y,z)]2dxdydz,(4.2)
. e Je Ja e Je Ja
(@=o) [ [ lotwp.2)dud:
© fopd b fopd b
(d—c)z/ //\6y¢(x,y,z)]2dxdydz+2/ / / \p(x,y, 2)|*dedydz, (4.3)
Lo e e e e Je Ja
f=e [ [ 1ot 2)Pdsdy
c fopd b fopd b
§(f—e)2/ //|8y¢(:c,y,z)|2d:cdydz+2///|¢(m,y,z)|2d:cdydz,(4.4)
P e Je Ja e Je Ja
///\u(x,y,z)—ﬁ\dedydz
< [" [ [ [0~ @t 2 + @ oPoyutey. 2

+(f = €)?|0:u(z, y, 2)[* | dedydz. (4.5)

with = € [a,b], § € [c,d] and Z € e, f].
Next, we will give some L?, H' and H? estimates of the error e = u — Iju.

Lemma 4.2. For each u € H*(K), there holds

3 2
lellg x < =% Ha ellf.r + 72||8 el + 5 F%Ha el + 5 h 7k | Onyzelld i
272 3
2
+ 8 i Haa:yeHOK + h K HawzeHOK + 17 KVkHayzeHOK (4.6)

where K = Kjjy.
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Proof. From the integration by parts, Lemma 3.1, Lemma 4.1 and (4.1), we have

lell3 = ZK

where

_[d [Yd [t :
Kl - ‘e(xvyvz) - e(xi_%7yj—lazkfl)’ d.’L'dde
€T

Zk—1 Yj—1 i—1
-y (Vi [T} Yi-g 9
§3/ / / [(:c—le)/ |Oge(r,y, z)|“dr
Zk—1 Yji—1 Ti—1 Ti—1
Y1
Hy=vi0) [ 0yelain,s,2)ds
Yj—1

E
+(z — z— 1)/ o \626(@_1,yj_l,t)lzdt}dxdydz

1
*|0pe(r,y, 2)|Pdrdydz

Yj—

3h7’ _%
/ |0pe(xi_1, s, 2)|*dsdz
21 Jyi-

th]nk

3 / |8 G(IEZ 1,Y i—1, )| dt.
Zk—1

Similar results can be obtained for K;, i = 2,--- ,8. Hence
8
2
lellg,c = K
i=1
2

3h2 3h;T Zk Yj
<SR oseln+ gt [ [ 0yelmin,s 2 +10e(ai 5,2 dsds

Zk—1 YYj-1

3hiTik2  [7F
372]]{/ Daze(xz‘—l’yj—ht)]z +[0.e(xi—1,y;j, t)|°

Zk—1
+@d%w4ﬁF+@d%wﬁﬂﬁ
2,2

3 3h7 9 3hZTJ
||8 €||0K+ —75 |0y €||0K+ 3 | 0zyell, i

https://doi.org/10.4208/nmtma.2016.m1503 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2016.m1503

Second Order Convergence of the Interpolation based on Q¢-Element 609

3h Iik

/ / 2|0.e(zi—1,5,t)> + 2|0.e(zi, 5, )|

+T]-2]8yze(xi_1, s,z‘,)]2 + Tflayze Ty S, 1) ]dsdt

3 2 2 2
7
- 10zl + 72\\8 ello.x + — ) 0uyell i

3
+§’ka32€”0,1( + Zh2’f H@meHo Kt 4T HayzeHo KT h?TfﬁiH@wzeH%’K,
which is (4.6). O

Lemma 4.3. For each u € H*(K), there holds

10zel6 i < dhiTjrrlOve(@;_1,y;_1, 2 1) + 7 | Ouwelld i + 275 |0uyelld s
AR} 10zzell§ i + B OnayuIF s + 213 K OzullF 1
+4h272nk||8myzu||0 K+ 27’ ||8xyyzu||07K + 27}/&%||8xyzzu||2,(4.7)

HayeHg,K < 4hi7jmk]8ye(xi_%,yj_;,zk_;)\Q + TZHayyeH(Q) KT 2hiH@xy€H3,K
+4’iz”ayze||(2),1<+h2 2Hazyyu‘|0K + 275 ’%HayyzUHg,K
+4h127j2’fiuawyyzu”0,l( + Qh?’fkuamyzuuo,l( + Qh?“ﬂaﬂ:yzzuuzv(“'-s)

10:61 s < hemymeldsela_yu;y, 7 )12 + REOel g + 27210yl
+4h2||8:vz€”g Kt Tz“inayzzung Kt 2h2“2||8xzzu”g K

AT Oyl s+ 2037 Oyl s+ 202 D] (4.9)

Proof. From the integration by parts, Lemma 3.1, Lemma 3.2 and (3.1d), we have

10zellg k= / |Oze(x,y,2) — Ope(@;_1,y; _1,2,_1)+ 3956(%_172/]-_1,Zk_l)Idedde
K 2 2 2 2 2 2

< 4hiTj/€k’5m€($i_%7yj_%aZk_%)\Q

+4/ “x —x, 1| Z |8me(r,y,z)|2dr} dxdydz
K 2

Ti—1

vi
+4/ [‘y_yj_l’ |Oaye(@;_1,5 z)\st} dadydz
K

Yji—1
2,
+/ 2 = 2, 1|/ Ozze( T 1:Yj1 )|2dt]dxdydz
K

< Ay Oy, 5107 )+ B2l

ZL Yj 2k
+hi7'j2/ / |8xye(:vl-é,s,z)|2d8dz+hl-7'jn%/ |0zze(x Z77,3/]77 )|2dt
Zk—1 Y Yj—1

Zk—1
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< 4hi7jmk]8me(xi_;,yj_;,zk_;)\Q + h?H@zzeHg,K + 2Tj2H6wyeH%,K + hzszQHamyeHg,K

2k
+2h; Iik/ / Ozz€ xi71 s,t)[2dsdt + h; 7' / |8xyze(xi7%,s,t)|2dt
Yi

Zk—1
< dhimjrelOpe(x;_1,y; 1,2, 1) + B ll0mell§ x + 277 | Ouyell§
+4/€%H8meH%,K + h2 2Ham:yuHo KT QhQ’%H(aszHg,K
27212 (202 Oyl i + 72N Ouyetl i + 2Byl
which yields (4.7). Similarly, (4.8) and (4.9) can be proven. O

Lemma 4.4. For each u € H*(K), there holds
|0ze(x, E

3
thTj KL

%7yj évzk; ;)

<

T]{l“inayyzaﬂﬂuHaK "’7']'2’<5/~3Hag,1zz8 UHOK + hQT ’%Hazyza UHO K)

o (| R ) M L LR

i (ME7710y D s+ 20200l ). (4.10)

g it AT P e IR (411)

%
< S (172 Oray et o+ 12Oy Dot + D222 Oyt
< ‘ ey Oz U||o, K wyyOzUll0, K ’ik zyz0z U0, K

- (hzlnamazuuaf( + 10, 0l s + 10220l i )

Yohrr (262 1100-0-ull s + 722 10y-0-ull 1 ). (4.12)

Proof. From the integration by parts, Lemma 2.1, Lemma 3.1, Lemma 4.1, Lemma
3.2 and (4.1), we have

ame(xi 1,yj 1,2 1) K1+ Ko+ K3+ Ky (4.13)

Yj
th/‘ik/ / / 8u Zﬁf,y] 1,2, 1) Opu(x,y, 1% 1)]
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1 Zk Yj Ti a( )
G [ ot
hz’Tj"‘% 2o Jyii1 Jaia * J=3 "k=3

j—

Opt( X, Yj—1, 25 )+8 u(x, Y, 2, )}

2]
thnk/ / / [ Opu(x, yj— 1,2,{77)

_ Opu(w, yj-1, Zk;—l) + &cu(% Yi-1, Zk;)}
4

1 //y/ [13( )
—OzU\T, Y552 1
hileﬁk zi_1 Jy; i1 2 z 37k 2

j—1 i—
_&Eu(az, Yj, Zk—1) + Ozu(z, y;, Zk)}
4 b

_l’_

where

1 Zk Yi Tl 5
K = Xr — T;_ ulx,y. , 2 dx
' hiTjkn, /Zk—l /y 1 |:/a:z— ( =10zl Vi ki%)

5 — 1

+/ Z (x — x;)Opzu(x, Yy, _ 1 zk_%)dx]dydz

Y T,_1
T o, ijk/ /] [/ (@ = 2-1)?Orgau(w, y, 2)da

—|—/ (x — )2 Opzau(z, y, 2 )d:c] dydz

@ yj—%—
- L= X » 9 d
hT]Kk/ / [/11 r—x; 1)/y Opayu(, s, 2)ds

Yji—
1
+(z — zi— 1)/ e Opzzu(x,y, t)dt

Zp_1 Y,_ 1
—i—(x—xi_l)/ e /] ? Opayzu(z, 5, t)dsdt

Zk—1 Yy

1 2k Yj x5
Al
hZTj"ik‘ Zk—1 Y Yj—1 T,

i—

(x — ) / Opayu(, s, 2)ds
y

[N

[N

—|—(.%' - xi—l)/ © 6zwzu(x7 Y, t)dt

1

b [Yieg
+(z — =) Opay-u(x, 5, t)dsdt
1 Jy
< e (W21 Onzatllo s + BT |Ormyullo.i
2 hz"i‘jlﬁ:k

+hikk||Ozaztlo,k + hz‘TjﬁkHamyzuHo,K),
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1 2k Yj T
Ky = / / J / [azu(xayj,%,zk_f%) — Ogu(z,y, zkié)]dxdydz

hi’i‘j/ik

Yj z;
LT s

Yj

5 (5 Y15 2, 1)+a u(z, yj,zk__)}

dxdydz

— j‘% a2
= 2hnm/ / [/y“ Y = Y1) Ouyyul(, Y, z,_1)dy

/ y y] zyyu(x Y, 2 l)d :|d(I,‘dZ

1
2

Yj
2 TJ’%/ / / )y —yj- 1)amyyu($ay72k_%)dxdydz
(4.15)

<7(27- Oy U + 72k || Oprrztt >
- 8./ ij . ]H TYY HoyK j kH Yy HO,K s

Yj Zk,l
K=~ mk/ / [/ Tz = 21e1) O, yja, 2)dz
+/ (2 — 2)?Opzu(z, Yj—1,% )dz] dxdz
Y
Ty T]Fék/ / / (21 — 2)(2 — 25—1) Opzzu(, yj—1, 2)dxdydz
1
S Y + 762 Oy )
< T (2eR10ussuloc + 3k Oryesloe
1 2 2
K4 s (2'%]{”673221’1’”0,]( + Tj/‘fkuaa:yzzuHO,K)a
16 hi’i‘j/ik
which give (4.10). Similarly, (4.11) and (4.12) can be proven. O

Lemma 4.5. For each u € H*(K), there holds

10relf i < 5 (#2000 0yl s+ 710,00yl s -+ 5210-00y1lF

T (h% 10250l s + 7219y 0rgul} e + 1102200l 1) (4.16)
|00l sc < 5 (W210u0ertul i + 7210, sl s + 5210t 1)

= (h%ﬂrazyamuuo i+ 70Dl + 721000l ) (4.17)
10yzellf i < 5 (hQHO By=ullg 5 +7'2||8 Byl i + Kill02 0y ullp, K)

T3 (h?HamayzUHO,K + B77 102y Dyt |3 4 + hzz’ik‘|azzayzu||o,1<>’ (4.18)
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HameH(%,K < h?HaﬂcamuH?)K + TJZHayamuH(%,K + “i”azamuu(%,l(v (4.19)
10yyelld i < 7 1020yyulld s + 7710y Oyyullf s + 2 110:0yyullf e (4.20)
Hazzeug,K < hZQHamazzuH(Q)K + TJZHayazzuH(Q),K + “%Hazazzu”(Q)K (4.21)

Proof. From Lemma 2.1, Lemma 3.1, Lemma 4.1 and (4.1), we have

Hazyeng,l(

<
K
+4/

K

+h27 / ‘/ Ozyu(T, 8, 2),_ 1) — Ogyu(r, s,t)|drdsdt|* drdydz

0o O
+h2 / ‘/ [ ey u(1, 8,1) — s 8 2h1) + Oyl 5 zk)]drdsdt] dxdydz
T3

Oryu(,y, 2) — Opyu(, y, zk,%)|2dwdydz

2
dxdydz

Y

Oy, Y, 2, ; ey (T, S, 2 1)drds

_hTJ

2

8
5/ / / h |Opayt(X, Y, 2 1)| +7 |8xyyu(x Y, 2 1)| )dxdydz
Yji—1

+2“k||8:vyzu||01< + k HazyzzUHOK

a

< 2’ik||8:vyzu||0,K + 5 h2‘|a:r:ryu”0K + a:ic?,lyuHO,K

8 8 K
+§h?“%||8myzu”(2),l< + _T]‘Z”QinaxyyzuH%,K + Eknaxyzzun(%,l(’

3
which yields (4.16). Similarly, (4.17) and (4.18) can be proven. Finally, (4.19)-(4.21)
can be proven by Lemma 4.1 and (4.1). O

We deduce from Lemma 3.2-Lemma 3.5 that the following convergence results.

Theorem 4.1. For each u € H*(K), there hold

vaeHOK < \/,[h Ha VVUHQK + TjHa VVUH()K + Iikua VV’U,HO K]
4
+ﬁ[hfuamkuo,[( + 720y VV U0,k + K7]|0:2:V Vullo k]
4
+ﬁ[hiTjH8myVVuHo,K + hmkH&mVVuHo,K + Tj/’ikHayzvquQK], (4.22)

IVellox < colhi |0z Vullo,x + 77110y Vullo,x + i)l 02 Vullo,x
+h'7'j‘|a:ryvu”g KT h"ikHazzquO K+ Tj’ikHayzqug,K]
+co[1 71| Ozay Vullo, + B kil 0nazVullo, i + it} |Oayy Vullo,x + 75 1|0y Vullo, k]
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Table 1: Numerical results of the 1D case using mesh T},.

Mesh | ||u — Ipullo | ||0z(w — Ipw)lo | [|[Ozz(u — Ipu)|lo | Rate Rate Rate
h | 5.0420e-3 6.2994e-2 1.1046e+0
h/2 | 6.4225e-4 1.6381e-2 5.683%e-1 2.9728 | 1.9432 | 9.5852e-1
h/4 | 8.0672e-5 4.1368e-3 2.8631e-1 2.9930 | 1.9854 | 9.8930e-1
h/8 | 1.0096e-5 1.0368e-3 1.4342e-1 2.9982 | 1.9963 | 9.9730e-1
h/16 | 1.2624e-6 2.5937e-4 7.1746e-2 2.9996 | 1.9991 | 9.9932e-1
+eolhitiy || Ouzz Vullo, i + 757 10yz2Vull§ s + hatjtie|Oay: Vullo, k], (4.23)

lellox <co > herie)|02000%ullok +co Y. hETR]102050 ullok. (4.24)
a+p+y=3 a+p+y=4

Here we set that «, 8 and v are non-negative integers.

Remark 4.1. For d-dimensional case, using the integral average and tensor product
type approach, only (2¢ + d) freedoms of degree are used on each element. Here 2¢
denotes the number of dth-linear functions. And d denotes the number of quadratic
polynomial of each direction variable.

5. Numerical experiments

In this section, we present four test problems in 1D, 2D and 3D to illustrate the
theoretical results obtained in the previous section.

Problem 1: We consider the following function:

u(z) = exp(x)z(z — 1), € [0,1]

and present the interpolation error. Here we use the following two coarse meshes
produced by the random numbers in [0,1].

T;, = {0, 0.097540, 0.63236, 0.91338, 1},
T; = {0, 0.42176, 0.65574, 0.79221, 0.91574, 0.95949, 1}

From Tables 1-2, we can see that the convergence rate are optimal in terms of three

different norms.
Problem 2: We consider the following 2D function:
u(z,y) = exp(2z +y)e(z —yly —1), =,y<€l0,1],

and also present the interpolation error on two nonuniform coarse meshes produced
by the random numbers in [0, 1] x [0, 1]. Namely

T;, = {0,0.13229, 0.26530, 0.60295, 0.87048, 1} x {0,0.058109, 0.45775, 0.86480, 1}.
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Table 2: Numerical results of the 1D case using mesh T5.

Mesh | ||u — Inullo | ||0x(u — Ipu)llo | [[Ozz(u — Ipu)llo | Rate | Rate Rate
h 1.5386e-3 2.5114e-2 6.2505e-1
?L/Q 1.9488e-4 6.4522e-3 3.1771e-1 2.9809 | 1.9606 | 9.7627e-1
?L/4 2.4442e-5 1.6243e-3 1.5952e-1 2.9951 | 1.9900 | 9.9393e-1
7L/8 3.0579e-6 4.0677e-4 7.9846e-2 2.9988 | 1.9975 | 9.9847e-1
h/16 | 3.8232e-7 | 1.0174e-4 3.9934e-2 | 2.9997 | 1.9994 | 9.9962¢-1
Table 3: Numerical results of the 2D case using mesh T},.
Mesh [ [[u — Ihullo | [V(u — Iu)|o | [VV(u — Iyu)|jo | Rate | Rate Rate
h 7.5219e-3 1.4051e-1 1.7053 e+0
h/2 | 9.9923e-4 3.8879%¢e-2 8.9263e-1 2.9122|1.8536 | 9.3393e-1
h/4 | 1.2703e-4 9.9815e-3 4.521%e-1 2.9756|1.9617 | 9.8112e-1
h/8 | 1.5948e-5 2.5122e-3 2.2686e-1 2.9937 | 1.9903 | 9.9513e-1
h/16 | 1.9957e-6 6.2911e-4 1.1353e-1 2.9984 | 1.9976 | 9.9877e-1
Table 4: Numerical results of the 2D case using mesh T7.
Mesh [ [[u — Ihullo | [V(u — Iu)|o | [VV(u — Ihu)|jo | Rate | Rate Rate
k| 9.2130e-3 | 1.5728e-1 1.9463e+0
7L/2 1.2205e-3 4.2980e-2 9.9743e-1 2.9162 | 1.8716 | 9.6447e-1
7L/4 1.5497e-4 1.1003e-2 5.0227e-1 2.9774 1 1.9658 | 9.8976e-1
?L/8 1.9449e-5 2.7673e-3 2.5160e-1 2.994211.9913 | 9.9734e-1
E/16 2.4336e-6 6.9287e-4 1.2586e-1 2.9985 | 1.9978 | 9.9933e-1

T; = {0,0.33900,0.40122, 0.72221, 1} x {0,0.069368, 0.52698, 0.77836, 0.89424, 1}

The numerical results are presented respectively in Table 3 and Table 4 in terms of
three different norms. We can see that the convergence rates are optimal on different

meshes, which confirm our theoretical analysis.

Problem 3: We consider the following 3D function:
u(z,y,z) = exp(z + 2y + 3z) sin(nz) sin(wy) sin(nz), x,y,z € [0,1],

and also present the interpolation error on two nonuniform coarse meshes produced
by the random numbers in [0, 1] x [0, 1] x [0, 1]. Namely

Ty, ={0, 0.36582, 0.62790, 0.76350, 1}
x{0,0.77198, 0.93285, 0.97274, 1}
x{0, 0.13887,0.19203, 0.69627, 1}
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Table 5: Numerical results of the 3D case using mesh T},.

Mesh [ [[u — Tullo | [V(u — Iyu)llo | [VV(u — Iu)|lo| Rate | Rate Rate
h 2.6577e+0| 2.7286e+1 3.4242e+2
h/2 | 4.8101e-1 | 1.0430e+1 1.7150e+2 | 2.4660 | 1.3875 | 9.9759-1
h/4 | 6.5984e-2 2.9168e+0 8.7361e+1 2.8659 | 1.8382 | 9.7311e-1
h/8 | 8.4389%e-3 | 7.4913e-1 4.3988e+1 | 2.9670 | 1.9611 | 9.8988e-1
h/16 | 1.0609e-3 1.8854e-1 2.2036e+1 2.9918 | 1.9904 | 9.9726e-1

Table 6: Numerical results of the 3D case using mesh T7.

Mesh [ [[u — Tullo | [V(u — Iyu)llo | [VV(u — Iu)|lo | Rate | Rate Rate
h | 1.4245e+0| 2.3035e+1 2.3572e+2
h/2 | 2.0035e-1 | 6.4588e+0 1.3139e+2 | 2.8299 | 1.8345 | 8.4323e-1

h/4 | 2.5777e-2 1.6610+0 6.7267e+1 2.9584 | 1.9593 | 9.6588e-1

h/8 3.2453e-3 4.1818e-1 3.3828e+1 2.9896 | 1.9898 | 9.9169e-1

h/16 | 4.0639e-4 1.0473e-1 1.6938e+1 2.9974 | 1.9975 | 9.9794e-1
and

15 =10, 0.093820, 0.52540, 0.53034, 1}
x{0, 0.39346, 0.48485, 0.67143, 0.86114, 1}
x{0, 0.15000, 0.34771, 0.52005, 0.58609, 0.74126, 1}.

The numerical results are presented respectively in Table 5 and Table 6 in terms
of three different norms. We can see that the convergence rates are also optimal on
different meshes, which further confirm our theoretical analysis.

Problem 4: We consider the following 2D function on the unit square domain 2

u = sin®(7x) sin®(7y),

where the real parameter o > 0 is a constant. Note that u satisfies different kinds of
smoothness conditions if the suitable choices of « are given. Here we consider five
cases in numerical experiments by choosing different values of «.

() If o =32, thenu € H*(Q) N H{ (), butu ¢ H3(Q) N H(Q).
(i) If o = I, then u € H3(Q) N H(Q), but u ¢ H*(Q) N H ().
(i) If o = §, then u € H(Q) N H(Q), butu ¢ H?(Q) N H(Q).
(iv) Ifa =L, then uw € H5(Q) N HI(Q), butu ¢ H(Q) N H(Q).
(V) If o =1, thenu € H*(Q) N HL(Q), Vn>2.

We present the interpolation error on the nonuniform coarse mesh produced by the
random numbers in [0, 1] x [0, 1]. Namely

T;, = {0,0.011902, 0.16218,0.33712, 1} x {0,0.16565,0.31122, 0.52853, 0.79428, 1}.
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Table 7: Numerical results of the 2D case v € H?(Q) N H(Q), but v ¢ H3(Q) N H(Q).
Mesh [ [[u — Thullo | [[V(u — Iu)|o | [VV (v — Iu)|jo | Rate | Rate Rate
h 9.4798e-2 9.6524e-1 1.1853e+1
h/2 | 1.5739e-2 3.7255e-1 5.3668e+0 2.5905|1.3734 | 1.1431e+0
h/4 | 2.0714e-3 9.7979%e-2 3.6887e+0 2.9257 | 1.9269 | 5.4094e-1
h/8 | 2.6429e-4 2.5270e-2 1.9538e+0 2.9704 | 1.9550 | 9.1682e-1
h/16 | 3.3658e-5 6.4308e-3 1.0063e+0 2.973111.9744 | 9.5727e-1
Table 8: Numerical results of the 2D case v € H*(Q) N H(Q), but v ¢ H*(Q) N H(Q).
Mesh [ [[u — Ihullo | [[V(u — Iau)|o | [VV (v — Iyu)|jo | Rate | Rate Rate
h 1.1018e-1 1.0765e+0 1.4643e+1
h/2 | 2.1640e-2 4.9664e-1 6.3381e+0 2.3480|1.1160 | 1.2081e+0
h/4 | 2.8794e-3 1.3125e-1 5.1547e+0 2.9099 | 1.9199 | 2.9815e-1
h/8 | 3.6010e-4 3.3674e-2 2.6398e+0 2.9993 | 1.9626 | 9.6546e-1
h/16 | 4.4983e-5 8.4743e-3 1.3293e+0 3.0009 | 1.9905 | 9.8974e-1
Table 9: Numerical results of the 2D case u € H*() N H}(Q), but u ¢ H(Q) N HJ(Q).
Mesh | ||u — Tnullo | [|V(u = Ipu)|lo | |IVV(u — Iyu)|lo | Rate Rate Rate
h 1.2083e-1 1.1809e+0 1.6894e+1
h/2 | 2.7661e-2 6.1378e-1 7.9856e+0 2.127110.94403 | 1.0810e+0
h/4 | 3.7208e-3 1.6418e-1 6.6223e+0 2.8942 | 1.9025 | 2.7006e-1
h/8 | 4.6559e-4 4.2614e-2 3.4090e+0 2.9985 | 1.9459 | 9.5798e-1
h/16 | 5.8171e-5 1.0753e-2 1.7190e+0 3.0007 | 1.9866 | 9.8776e-1
Table 10: Numerical results of the 2D case u € H°(Q) N Hy(Q), but u ¢ HO(Q) N Hg(Q).
Mesh | ||u — Tnullo | [[V(u = Ipu)|lo | |IVV(u — Iyu)|lo | Rate Rate Rate
h 1.2836e-1 1.2919e+0 1.8553e+1
h/2 | 3.4324e-2 7.2427e-1 9.8741e+0 1.9029 | 0.83488 | 9.0993e-1
h/4 | 4.6050e-3 1.9860e-1 8.3267e+0 2.8980 | 1.8667 |2.4590e-1
h/8 | 5.7433e-4 5.1784e-2 4.2041e+0 3.0032 | 1.9393 | 9.8597e-1
h/16 | 7.1724e-5 1.3095e-2 2.1218e+0 3.0014 | 1.9835 | 9.8650e-1

The numerical results are presented respectively in Tables 7-11 in terms of different
kinds of smoothness conditions. We can see that the convergence rates are almost
optimal, which confirm our theoretical analysis further. Notice that the L?-norm errors
of three different functions are not good, if the smoothness condition of the function

VV (u — Iyu) is weak.
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Table 11: Numerical results of the 2D case u € H™(Q) N HJ (), n > 2.

Mesh [ [[u — Iullo | [V(u — Iu)|o | [VV(u — Iu)|lo | Rate | Rate Rate
h 3.8218e-2 6.0287e-1 3.9051e+0

h/2 | 5.1745e-3 | 1.5451e-1 2.2912e+0 | 2.8848 | 1.9642 | 7.6925e-1
h/4 | 6.5962e-4 | 3.9074e-2 1.1777e+0 | 2.9717|1.9834 | 9.6015e-1
h/8 | 8.2856e-5 | 9.7986e-3 5.9270e-1  |2.9929 | 1.9956 | 9.9058e-1
h/16 | 1.0370e-5 2.4516e-3 2.9683e-1 2.9982 | 1.9989 | 9.9768e-1

6. Conclusions

In this work, we have presented the second order convergence of the interpolation
based on ){-element in the case of d=1, 2 and 3. Numerical experiments are made
to demonstrate the theoretical analysis. Using the integral average and tensor product
type approach, this idea can be extended to higher dimensions (d > 4). In further

work, we aim to use this element to numerical methods for PDEs.
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