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Abstract. Let f : V → U be a (generalized) polynomial-like map. Suppose that
harmonic measureω = ω(·,∞) on the Julia setJf is equal to the measure of maximal
entropym for f : Jf ←↩. Then the dynamics(f, V ,U) is called maximal. We are going
to give a criterion for the dynamics to be conformally equivalent to a maximal one, that
is to be conformally maximal. In the second part of this paper we construct an invariant
‘harmonic’ measureµ such thatdµ/dω is Hölder for certain dynamics. This allows
us to prove in this class of dynamical systems thatω ≈ m is necessary and sufficient
for (f, V ,U) to be conformally maximal. In the particular case whenf is expanding
and Jf is a circle, our result becomes a theorem of Shub and Sullivan; so throughout
the paper we are dealing with an analog of a theorem of Shub and Sullivan on ‘wild’
(e.g. totally disconnected)Jf and for certain non-expandingf . We also construct (under
certain assumptions) invariant harmonic measure onJf . In this respect, our work stems
from one of the works of Carleson.

0. Introduction and notation
We will be considering triples(f, V ,U), where U is a topological disc andV =
V1 ∪ · · · ∪ Vk is the union of topological discs whose closures are disjoint and are

contained inU . Also, fi
def= f |Vi is an unbranched or branched coveringVi → U of

degreedi (so ‘unbranched’ means thatdi = 1). By d = d1 + · · · + dk we denote the
degree of the mapf : V → U . These dynamical systems will be called generalized
polynomial-like systems (GPL).

If k = 1, d ≥ 2, we come to a class of polynomial-like systems (PL) introduced in
[DH] and playing an important role in classification of polynomial dynamics.

Being GPL means to be quasi-conformally equivalent to a polynomial:

f ∈ GPL⇒ ∃h ∈ qc(U) : f = h−1 ◦ poly ◦ h. (0.1)
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2 Z. Balogh et al

This shows that many metric properties ofKf
def= ⋂

n≥0 f
−n(U) and Jf = ∂Kf are

the same for a certain polynomial. This is just because metric properties such as ‘zero
area’, ‘absolute area zero’, ‘removability’ or ‘uniform perfectness’, etc areqc-invariant.

Our paper is devoted to the study of the harmonic measure ofJf . However, the
properties of harmonic measure are not usuallyqc-invariant. In particular, if(f, V ,U)
happens to be a polynomial system, then harmonic measure equals the measure of
maximal entropy, but if(f, V ,U) is a general polynomial-like system this may not
be the case. This is the case which interests us in this paper.

Basically, in this paper it is shown that harmonic measure keeps enough information
about the dynamics; for example if harmonic measure equals the measure of maximal
entropy then the dynamics is polynomial (warning: this holds only under certain
restrictions).

Now let us recall that for GPL its filled-in Julia set is always uniformly perfect [E],
[H], [MR ], that is (see [P])

cap(Kf ∩ B(x, r)) ≥ c · cap(B(x, r)) ∀ x ∈ Kf , r ≤ r0.

In particular, Green’s functionG of A∞(f )
def= C\Kf can be extended to a subharmonic

function onC by puttingG(z) = 0, z ∈ Kf . Taking Green’s functionG with a pole at

∞, we define harmonic measure onJf as the Laplacian ofG : ω
def= ωf def= 1G.

If µ is an arbitrary probability measure onJf , then a general theorem [Pa] says that
there exists aJacobianJµ = Jµ(f ) on a set of fullµ measure. It means that there exists
Y ⊂ J , µ(J \Y ) = 0, and an integrable functionJµ such that for everyE ⊂ Y on which
f is one-to-one ontof (E), we haveµ(f (E)) = ∫

E
Jµ dµ. If Y = J we say thatµ has

a Jacobian.
For any rational dynamicsf , there exists onJf a measure with constant Jacobian.

Moreover, such a measure is unique and the Jacobian equalsd = degf . This is a
classical result of Lyubich [Ly1]. This measure isf -invariant and has the maximal
possible entropy logd. The symbolm stands for this measure. Iff happens to be a
polynomial, then harmonic measureω has a constant Jacobian [Br ] and som = ω.

This remark along with (0.1) allows us to claim that for a GPLf , there exists a unique
measure with a constant Jacobian. In fact, iff = h−1 ◦ p ◦ h, h ∈ qc(U), p ∈ Polyd ,

thenmf
def= (h−1)∗ωp will have Jacobiand. Clearly, such a measure is unique onJf (in

particular it does not depend onh) because there is only one constant Jacobian measure
on Jp.

We call a GPL system(f, V ,U), maximal ifmf = ωf .
We call a GPL systemf , conformally maximal if it is conformally equivalent to a

maximal system, that is
f = H−1 ◦ g ◦H,

H : Uf → Ug is a conformal isomorphism and(g, Vg, Ug) is a maximal system. An
obvious necessary condition for this is

ωf ≈ mf , (0.2)

where the symbol ‘≈’ means that measures belong to the same class, i.e. they are mutually
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Conformally maximal polynomial-like dynamics 3

absolutely continuous. In [LyV ] it was proven that (0.2) is also sufficient if(f, V ,U) is
a Cantor repeller.

The first part of this paper,§§1–3, concerns the general criterion of conformal
maximality.

The second part of this paper is devoted to the discussion of sufficiency of (0.2)
in general. This sufficiency is proven under certain assumptions and, in particular, for
non-recurrent GPL systemsf for which Jf is totally disconnected.

Commenting on the second part, let us mention that throughout we play with ideas
from [Ly1], [Ly2], [Po], [DPU] and [LyV ]. In the first part, we base our approach on
[Lo] and [LyV ].

We summarize some background material on potential theory in Appendix 1, and in
Appendix 2 we give a brief account of the thermodynamic formalism to make the paper
more accessible.

1. Main results, basic ideas, and dynamics on the circle
First we formulate a criterion for being conformally maximal and then we state
a conditional result facing the equivalence of (0.2) and conformal maximality
(Theorem 1.3). Theorem 1.4 shows that for non-recurrent dynamics there exists an
invariant harmonic measure and its density with respect toω is Hölder continuous. One
of the corollaries of Theorem 1.4 is that (0.2) implies conformal maximality for non-
recurrent dynamics. We conclude this section by considering a simple caseJf = T to
illustrate the ideas of the proofs.

THEOREM 1.1. Let (f, V ,U) be a GPL system. Two assertions are equivalent:
(1) (f, V ,U) is conformally maximal;
(2) there exists a non-negative subharmonic functionτ on U , which is positive and

harmonic inU \Kf , vanishes onKf and satisfies

τ(f z) = dτ(z). (Aut)

THEOREM 1.2. Let (f, V ,U) be a PL system. Then the assertions from Theorem 1.1 are
equivalent to a third assertion:
(3) there exist a polynomialp, degp = d, and a conformal isomorphismH : Uf →

H(Uf ) such that
f = H−1 ◦ p ◦H. (CoEq)

Remark.Let us mention that there are conformally maximal GPL systems which are not
conformally polynomials (that is (CoEq) fails for them). The example is in [LyV ].

Theorems 1.1 and 1.2 are proved in§2 and§3 respectively.
Our next goal is to show that (0.2) implies the existence of the automorphic harmonic

function τ (see (Aut)). In this respect Theorem 1.1 serves as a step in proving the
implication

ωf ≈ mf ⇒ f is conformally maximal. (1.1)

Strangely enough, (1.1) is an easy corollary of Theorem 1.1 ifJf is connected and a
pretty tricky exercise in potential theory ifJf is a totally disconnected Julia set for any
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4 Z. Balogh et al

expandingf . Here we show this for non-recurrentf (and totally disconnectedJf ; the
case of generalJf is considered in [BV4]). Again, we base our approach on potential
theory inA∞(f ) = C \ Jf . This domain was proved to be a uniformly John domain
[BV2], [BV3].

Also, we try to remove the non-recurrency assumption. To do this we introduce a
‘ratio condition’ (R) on Green’s functionG of A∞(f ). Here it is:

∃C, ε > 0∀ ξ1, ξ2 ∈ V \Kf ,
∣∣∣∣G(f ξ1)

G(ξ1)
:
G(f ξ2)

G(ξ2)
− 1

∣∣∣∣ ≤ C|ξ1− ξ2|ε. (R)

Remark.(R) was proved for the case of Cantor repellers in [LyV ]. For expandingf , it
can be proven along the same lines. For totally disconnectedJf and non-recurrentf ,
the proof becomes somewhat elaborate (see [BV4]). It is probable (but not known) that
one can get (R) beyond the scope of non-recurrency; for a non-renormalizable situation
this is very plausible.

To see how powerful (R) is, we use a result of Grishin [Gr ] stated as Lemma A.1.1
in Appendix 1.

In Lemma A.1.1 we putu = G◦f , v = G and thusµu = f∗ω, µv = ω. Then clearly

µu(E) = ω(f (E)) (1.2)

for each BorelE ⊂ Jf such thatf : E→ f (E) is injective.
For x ∈ Jf denote

ϕ(x) = − log
G(f x)

G(x)

def= − lim
ξ→x

ξ∈V \Kf
log

G(f ξ)

G(ξ)
.

By (R), the limit always exists and represents a Hölder continuous functionϕ. Now
the Lemma A.1.1 and (1.2) show

ω(f (E)) =
∫
E

e−ϕ(x) dω(x) (1.3)

for any Borel setE such thatf : E → f (E) is injective. So we have shown the
following assertion.

ASSERTION1. Assume(R).

Then harmonic measure has the JacobianJω

such thatlogJω is Hölder continuous. (H)

We will show later that (R) also implies that the topological pressure (see Appendix 2)
P(f, ϕ) vanishes:

P(f, ϕ) = 0. (1.4)

To understand the ergodic properties of the harmonic measure, we consider the Perron–
Frobenius–Ruelle operatorPϕ : C(Jf ) → C(Jf ) (see Appendix 2). Almost periodicity
of Pf would allow us to defineψ0 = limn→∞ Pnϕ 1, andµ = ψ0 dω would bef -invariant
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Conformally maximal polynomial-like dynamics 5

harmonic measure with continuous density. Actually, almost periodicity is proved in
[DU] under the condition

ϕ < 0(= P(f, ϕ)). (1.5)

Moreover, if (1.5) held,ψ0 would even be Ḧolder continuous as was proved in [DPU].
Condition (1.5) takes the form

G(f x)

G(x)
= lim

ξ→x
G(f ξ)

G(ξ)
> 1, x ∈ Jf . (1.6)

There is no reason for (1.6) to hold and the scheme of [DU], [DPU] is not applicable.
Still, we prove the following assertion.

ASSERTION2. Let Jf be totally disconnected, let(H) hold, and let

ϕ = − log
G(f x)

G(x)
.

ThenPϕ is almost periodic onC(J ) and, moreover,ψ0 = lim Pnϕ 1 is Hölder continuous.

In particular, there exists an invariant harmonic measureµ with Hölder density with
respect toω.

Remark.Let us note that in [DU], [DPU] and in Assertion 2 there are no restrictions on
critical points off . Carleson [C] was the first to construct invariant harmonic measure
in a hyperbolic situation. We consider our work as stemming from [C].

THEOREM 1.3. Let Jf be totally disconnected, and let(H) hold. There exists an invariant
harmonic measureµ = ψ0 ·ω with Hölder continuous densityψ0, ψ0 > 0. If, in addition,
(R) holds andωf ≈ mf , thenf is conformally maximal.

THEOREM 1.4. Let f be non-recurrent and letJf be totally disconnected. Then(R)
holds. In particular, there exists an invariant harmonic measureµ = ψ0 dω with Hölder
continuous densityψ0.

THEOREM 1.5. Let f be non-recurrent and letJf be totally disconnected. Also, let
ωf ≈ mf . Thenf is conformally maximal.

Let us illustrate our methods by using a simple example of(F,A2, A1), where
A2 ⊂ Ā2 ⊂ A1 are topological annuli containing the unit circleT, andF is an unbranched
d coveringF : A2 → A1, F(T) = T. Formally, this is not a GPL because we map
annuli instead of discs. But the ideas are more conspicuous here because the Julia set
JF = T and harmonic measureω = ` = Lebesgue measure onT are so simple. In
addition,F is automatically expanding onT. In this situation we can apply some basic
facts of the thermodynamic formalism (see Appendix 2).

Clearly, the measureω = `|T has a good Jacobian, that is|F ′(ξ)|, ξ ∈ T. The
potential ϕ = − log |F ′(ξ)| is Hölder continuous and even real analytic. Thus, by
Lemma A.2.2 we have an invariant Lebesgue measureµ = ρ d` with a good density:

logρ is real analytic. (1.7)
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6 Z. Balogh et al

Lemma A.2.2 does not give real analyticity, but it follows from a result of Krzyzewsky
[K ]. We are grateful to the referee for the suggestion to use this result here.

To prove conformal maximality we let our main assumption (0.2) come into play. As
mF ≈ `, we havemF ≈ µ, which meansmF = µ = ρ d` by ergodicity. Now let us
note that

F = h−1 ◦ zd ◦ h
for a homeomorphism (actually quasi-symmetry)h. Clearly, h∗ mapsmF to mzd = `.
So (h−1)∗` = mF = ρ d`, i.e. h−1 is absolutely continuous and

(h−1)′ = ρ = real analytic.

SoF andzd are conjugated onT by a real analytic maph|T. This map can be extended
as a conjugation ofF and zd into a thin annulus aroundT. From this thin annulus
it extends automatically toA1. Thus F is conformally maximal (even conformally
equivalent tozd ).

At this point let us recall a theorem of Shub and Sullivan [SS] in that if two expanding
Blascke products are absolutely continuously conjugate on the unit circle, then they are
conjugate by a M̈obius transformation.

Our situation is quite similar:mF ≈ ωF = l implies that the conjugacyh is absolutely
continuous and then we get the analyticity ofh.

Remark.We would like to mention that part of the results of our paper, namely§7, proof
of Theorem 1.5, can be considered as the analog of [SS] for ‘cantor-like’ limit sets.

We are going to show conformal maximality for the case of connected Julia sets. This
is formulated in the following proposition.

PROPOSITION1.6. Let U andV be two topological discs,U ⊂ V , and letf : U → V

be a branched cover of degreed. Suppose that we haveω ≈ m . Then f is conformally
maximal.

Proof. Let us denote byKf the filled Julia set off , that isKf
def= ⋂

n≥0 f
−n(U).

Consider the Riemann mapping

R : C \Kf → C \ D,

whereD is the unit disk. Consider the annuliA1 = R(U \ Kf ), A2 = R(V \ Kf ) and
the mapF : A1→ A2, F = R ◦ f ◦ R−1.

By the Schwarz reflection principle we can extend the analytic mapF across the unit
circle T so that nowF is defined in the annulus containingT. Moreover,F(T) = T and
we get thatF is an expanding analytic map of the circle.

By conformality of the Riemann mapping we have that(R−1)∗ωF = ωf . Also, by the
construction of the maximal entropy measure in [Ly1], [FLM ] (or see§1.6), we have
that (R−1)∗mF = mf . Therefore, we obtain thatmF ≈ ωF .

As in the above consideration, it follows thatF is conformally maximal (even
conformally equivalent tozd ).
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Conformally maximal polynomial-like dynamics 7

This conjugacy toz→ zd may not be true forf . On the other hand, we have a ‘one
sided conjugacy’ which is enough for conformal maximality. To see this, observe that
without loss of generality we can now think thatF(z) = zd .

For the functionz → zd , the functionτ(z) = log(|z|) satisfies property (Aut) from
Theorem 1.1. The functionτ1 = τ ◦ R is the automorphic function corresponding tof .
Applying Theorem 1.1 we are done. �

This was an illustration of how we are going to approach the proofs of Theorems 1.3–
1.5. Instead of using Lebesgue measure to start we will use harmonic measureω on Jf .
In many interesting casesJf is disconnected.

In spite of the disconnectedness, Assertion 1 above states that

(R)⇒ logJω is Hölder continuous onJf . (1.8)

So, in our simple example(F,A2, A1) we need another approach which uses

logρ is Hölder continuous (1.9)

instead of the much more powerful (1.7). Starting with (1.9) we can proceed as follows.
As mF = µ = ρ d`, we haved = Jµ = J`(ρ ◦ F)/ρ. Let us use the notation
γ = − logρ, GT = log |z|. Then we can rewrited = |F ′|(ρ ◦ F)/ρ as

log
GT(F (ξ))

GT(ξ)
− logd = γ ◦ F − γ, ξ ∈ T. (1.10)

Actually, in a neighborhood ofT

log
GT(F (z))

GT(z)
− logd = (γ ◦ F)(ξ)− γ (ξ)+O(|z − ξ |), ξ ∈ T. (1.11)

Let us consider the following definition:

τ̂ (z) = lim
n→∞ d

nGT(F
−nz)

/
lim
n→∞ d

nGT(F
−nz0).

Here, by{F−n} we meanany sequence of compatible branches.
The homology equation (1.11) allows us to show that this definition is correct:τ̂ is

really a function (see details in§7). But then it is harmonic inA1 \ T, vanishes onT
and subharmonic inA1. Also, it satisfies (Aut):

τ̂ (F z) = dτ̂ (z).
Now the criterion of conformal maximality (Theorem 1.1) finishes the proof of conformal
maximality of (F,A2, A1).

This second approach will be used throughout the paper.
Let us recall the method:
(1) Find out how good is the Jacobian of harmonic measure.
(2) Provided that its logarithm is Ḧolder, we prove that log(dω/dm) is Hölder (under

(0.2)). Actually, we prove the existence of invariant harmonic measureµ with Hölder
log(dµ/dω) in this case.

(3) The fact that log(dω/dm) is Hölder, allows us to write a homologous equation
which is like (1.16).

(4) Using the homologous equation, we define the automorphic harmonicτ̂ .
(5) Theorem 1.1 then claims conformal maximality of our GPL system(f, V ,U).
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8 Z. Balogh et al

2. A criterion of conformal maximality
Here we prove Theorem 1.1.

(2)⇒ (1). Let τ exist. Without loss of generality we assume that the period ofτ over
a simple closed contourC ⊂ U \ V equals 2πd:

(1τ)(Kf ) =
∫
C

∂τ

∂n
ds = 2πd.

Moreover, by the automorphic property∫
∂Vi

∂τ

∂n
ds = (1τ)(Vi ∩Kf ) = 1

d
1(τ ◦ f )(Vi ∩Kf )

= di

d
(1τ)(f (Vi ∩Kf )) = di

d
(1τ)(Kf ) = 2π di,

where
di = deg(f |Vi).

Let us consider the harmonic conjugateτ̃ of τ . By the above relation, we have that

ϕ(z) = e(τ+iτ̃ )(t)

is a well-defined holomorphic function inU \ V .
Let us extendϕ from U \ V into C \ V as aC∞ mapping with the only restrictions

that
ϕ(z) = zd, z ∼ ∞; ϕ 6= 0.

Pull back the standard conformal structureσ0 on ϕ(C \ V ) and define

σ =
{
ϕ∗σ0 on C \ V,
σ0 on V.

Clearly,σ = σ0 on U (not only onV !).
The measurable Riemann mapping theorem now gives a quasi-conformalh, h(z) ∼ z,

z→∞, such that
h∗σ0 = σ. (2.1)

We defineg = h−1 ◦ f ◦ h, Vg = h−1(V ), Ug = h−1(U), and thush : Ug → U is
conformal. Let us check thatg is a maximal system, i.e. that

ωg = mg. (2.2)

To this end, consider

τg(z)
def= 1

d

{
log |ϕ ◦ h|(z), z ∈ C \ Vg;
(τ ◦ h)(z), z ∈ Ug.

First of all the definition is correct, as by constructionτ = log |ϕ| onU \V . The second
line of the definition represents clearly a harmonic function inUg \Kg and a subharmonic
function inUg. But the first line also represents a harmonic function (now inC \ Vg).
This is because (see (2.1))

(ϕ ◦ h)∗σ0 = σ0 on C \ Vg
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Conformally maximal polynomial-like dynamics 9

andϕ 6= 0. Automaticallyτg|Kg = 0 andτg(z) ∼ log |z|, z →∞. Thus,τg is Green’s
functionGg of A∞(g) = C \Kg with a pole at infinity. On the other hand,Gg = τg is
automorphic:

Gg(gz) = dGg(z), z ∈ Vg, (2.3)

becauseτ was assumed to satisfy (Aut).
Now (2.3) implies thatωg = 1Gg has the following property:

ωg(g(E)) = 1(Gg ◦ g)(E) = dωg(E) (2.4)

for any BorelE ⊂ Jg such thatg : E → g(E) is injective. But as was explained in§0,
there exists a unique measure satisfying (2.4), that is the measure of maximal entropy
mg. Soωg = mg and we are done.

(1)⇒ (2). We modify the idea of [Lo]. Let us have a conformally maximal system. We
need to prove the existence of an automorphic functionτ . To do this we may assume
that our system(g, V ,U) is already maximal (clearly, the existence of an automorphic
function is conformally invariant). Let{xi(ξ)}di=1 denote allg-preimages ofξ ∈ Jg
counting with multiplicity. Letu ∈ C(Jg), and denoteϕ0 = logd. Then as the measure
of maximal entropym is P ∗ϕ0

invariant,(P ∗ϕ0
m)(u) = ∫

u dm, that is

∫
Jg

d∑
i=1

u(xi(ξ)) dm(ξ) = d
∫
Jg

u dm.

By maximality we have

∫
Jg

d∑
i=1

u(xi(ξ)) dω(ξ) = d
∫
Jg

u dω. (2.5)

We introduce the function

H0
def= G ◦ g − d ·G, (2.6)

whereG(z) = ∫
log |z − ξ | dω(ξ)+ c is Green’s function. We are going to use (2.5) to

prove thatH0 is harmonic inU .
Introducing the notation

∂

∂z
G = 8 and

∂

∂z
H0 = A,

(2.6) gives
8(g(z))g′(z)− d8(z) = A(z).

Our purpose now is to show thatA ∈ Hol(U).
Since

8(z) =
∫
Jg

dω(ξ)

ξ − z ,

we have that

A(z) =
∫
Jg

g′(z) dω(ξ)
ξ − g(z) − d

∫
Jg

dω(ξ)

ξ − z ∈ Hol(V \ Jg).
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10 Z. Balogh et al

We are going to use (2.5) to remove the singularities ofA. Consider a contourC in
U \ V . Then for everyn ≥ 0,∫

C

znA(z) dz =
∫
Jg

dω(ξ)

∫
C

g′(z)zn dz
ξ − g(z) − d

∫
Jg

dω(ξ)

∫
C

zn dz

ξ − z

=
∫
Jg

d∑
i=1

(xi(ξ))
n dω(ξ)− d

∫
Jg

ξn dω(ξ) = 0

according to (2.5). This proves thatA is holomorphic inV and it follows thatH0 is
harmonic.

Two cases may occur: (a)H0 ≡ 0 in V ; (b) {z ∈ V : H0(z) = 0} is locally a
finite union of real analytic curves. If the first case occurs we getG as our harmonic
automorphic function. So let us consider (b).

Let N be a neighborhood ofJg, N̄ ⊂ V , put 0 = {z ∈ N : H0(z) = 0}.
Then 0 = ⋃n

i=10i , where each0i is a real analytic arc. Clearly,0 coversJg (as
H0|Jg = (G ◦ g −G)|Jg = 0). As Jg has no isolated points we can throw away those
0` for which #(Jg ∩ 0`) < ∞. After this operation the rest of0k will cover Jg. So
let Jg ⊂ 00 =

⋃m
i=10i and let #(Jg ∩ 0i) = ∞, i = 1, . . . , m. Now it is clear that

g−1(00) ⊂ 00.
We call a cross-point any point ofJg which is an intersection of two different arcs

0i , i = 1, . . . , m. If p0 is a cross-point, then the setg−n(p0) consists of cross-points
(as g−100 ⊂ 00). But the number of cross-points is obviously finite. So there are no
cross-points at all.

Let O0 be a thin neighborhood of00 in which a holomorphic symmetryz→ z∗ with
respect to00 is defined. InO1 = g−1O0 we then get

gz∗ = (gz)∗. (2.7)

Let us putĜ(z) = G(z)+G(z∗), Ĥ0(z) = H0(z)+H0(z
∗). Then (2.6) and (2.7) give

us
(Ĝ ◦ g − d · Ĝ)(z) = Ĥ0(z), z ∈ O1.

By definition, Ĥ0 ≡ 0 on 00. However, this function is symmetric with respect to00

and so∂Ĥ0/∂n ≡ 0 on00. Thus,Ĥ0 ≡ 0 onO1 and we have a neighborhoodO1 of Jg
in which

Ĝ ◦ g = d · Ĝ. (2.8)

Then a standard extension ‘by means of equation’ gives usĜ on the wholeV with the
same automorphic property (2.8).

Theorem 1.1 is completely proved. �

3. Conformal equivalence to a polynomial

Proof of Theorem 1.2.We need only to show that the existence of automorphicτ implies
conformal equivalence off to a certain polynomial dynamics,(2) ⇒ (3). This can
be done exactly as in [LyV ], so we allow ourselves to be brief. Let(f, V ,U) be
a polynomial-like system with automorphicτ . We use the Douady–Hubbard model to
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construct(F,A2, A1), whereA2 ⊂ Ā2 ⊂ A1 are annuli containingT andF : A2→ A1 is
a regular covering of degreed = degf . The construction ofF involves the fundamental
annulusA = U \ V for f . As τ(f z) = d · τ(z), z ∈ ∂V , we can putT = τ ◦ ϕ,
whereϕ is a conformal isomorphism ofA and (A1 \ A2) ∩ (C \ D) conjugatingf and
F respectively on∂A and∂(A1 \A2). ThenT (Fz) = dT (z), z ∈ ∂A2 ∩ (C \D), andT
can be extended with this property to the whole ofA2.

Clearly 1T ≈ `|T. But (1T )(F (E)) = d(1T )(E) for each BorelE ⊂ T with
injective F : E → F(E). So ` ≈ 1T = mF . We can apply the considerations of
§1 to conclude thatF is conformally equivalent tozd . Now a theorem of Douady and
Hubbard [DH] says thatf is conformally equivalent to a polynomial. �

4. Jf is totally disconnected and (H)⇒ invariant harmonic measure has good density
In §1 we defined

ϕ(x) = − log
G(f x)

G(x)

def= lim
ξ→x

ξ∈V \Kf
− log

G(f ξ)

G(ξ)
, x ∈ Jf ,

which exists due to (R). Recall thatϕ is Hölder ande−ϕ = the Jacobian of harmonic
measureω.

We will prove thatPϕ is almost periodic. This would follow from general results (see
Appendix 2) if we had

P(f, ϕ) > sup
x∈Jf

ϕ(x). (4.1)

As we do not have (4.1), we need to do some work. We are first going to prove
some simple consequences of two lemmas of Przytycki (see Appendix 2). We introduce
the following notation. Let{V nt : t = 1, . . . , tn} = τn be the family of components of
f −n(U). EachV nt has multiplicitymnt ≥ 1 and

∑tn
t=1m

n
t = dn.

LEMMA 4.1. SupposeJf is totally disconnected. Letδ > 0 be fixed. Then there exists
C ′ = C ′δ such that for anyn the multiplicitymnt is at mostC ′enδ.

Proof. Fix δ, and takeCδ andε from Lemma A.2.4. Clearly, we can fixn0(ε) such that

∀ n ≥ n0 ∀t, diamV nt ≤
ε

2
. (4.2)

Then
mnt ≤ dn0(ε) · Cδ · enδ = C ′δenδ.

�

LEMMA 4.2. Suppose again thatJf is totally disconnected. Letδ > 0 be fixed. Let

τ ′n = {V nt : diamV nt ≥ e−nδ}.
Then there existsC ′′ = C ′′δ such that for everyn

cardτ ′n ≤ C ′′e8nδ.
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12 Z. Balogh et al

Proof. Fix δ. We will be using Lemma 4.1 with thisδ and Lemma A.2.3 withδ1 = δ
andδ2 = 4δ. Fix V nt . Inside it there are at mostKenδ1 = Kenδ groups ofD. EachD in
the same group is mapped onto the sameB ∈ Un. The cardinality of each group is thus
at mostmnt ≤ C ′enδ. If the diameter of eachD lying insideV nt was at moste−4nδ, then
we could estimate

diamV nt ≤ Kenδ · C ′enδ · e−4nδ < e−nδ

if n is large. Thus, ifV nt ∈ τ ′n it containsD of diameter at leaste−4nδ. Using claim 3 of
Lemma A.2.3. we get

cardτ ′n ≤ Ke8nδ. �
After these general considerations, we pass to properties of the harmonic measure.

First we prove the following lemma.

LEMMA 4.3. Let Jf be disconnected. (Note: not necessarily totally disconnected!) Then
there existsδ0 > 0 such that for everyn and everyt

ω(V nt ) ≤ e−nδ0.

Proof. We need some geometric notation. LetC be a contour inU surroundingV . Let
us denote byCnt the preimage ofC lying in V nt . Suppose thatf n−1V nt = Vj , V̂ = V \Vj ,
V̂ n = f −n(V̂ ) ∩ V nt . We introduce three harmonic functions. Let

un(z)
def= ω(V nt , V̂ n, z), v̂n(z)

def= ω(A∞, V̂ n, z) and vn(z)
def= ω(A∞, V nt \ V̂ n, z).

We use the notationA∞ = Ĉ \ Jf . Let û be a harmonic function inU \ Jf which is 1
on V̂ ∩ Jf and 0 on∂U . Then forξ ∈ V nt , v̂n(ξ) ≥ ûn(ξ) = (û ◦ f n)(ξ). In particular,

min
ξ∈Cnt

v̂n(ξ) ≥ min
ξ∈C

û(ξ) ≥ λ > 0.

This means thatvn(ξ) ≤ 1− λ for ξ ∈ Cnt . So

vn(ξ) ≤ 1− λ on ∂V nt .

Now let us consider the nestV n
def= V nt ⊂ V n−1 ⊂ · · · ⊂ V 0 def= U . Applying the

consideration we have just applied toV n to V n−1, V n−2, . . . , V ′, we get

vn(ξ) ≤ (1− λ)n on ∂U.

Soω(V n+1
t ) = vn(∞) ≤ (1− λ)n which proves the lemma. �

Let ω(E, z) denote the harmonic measure ofE ⊂ Jf evaluated atz ∈ A∞ = Ĉ \ Jf ,
andω(E) = ω(E,∞).

Let Ĉ be a contour close to∂U and surrounding it such that each component of
f −n(int Ĉ) contains only oneV nt . Let v be a harmonic function which is 0 on̂C and 1
on Jf . Then forξ ∈ ∂V nt ,

ω(Jf ∩ V nt , ξ) ≥ (v ◦ f n)(ξ)
by the maximum principle.

This implies that

min
ξ∈∂V nt

ω(Jf ∩ V nt , ξ) ≥ min
ξ∈∂U

v(ξ) ≥ λ > 0 (4.3)
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LEMMA 4.4. If z ∈ V nt we have

G(z) ≤ C · nω(J ∩ V nt ). (4.4)

Proof. Clearly,
dist(Cnt , ∂V

n
t ) ≥ C · (‖f ′‖∞)−n. (4.5)

Without loss of generality we can assume that diamU < 1. If z ∈ Cnt , ξ ∈ ∂V nt the
formula forG(z, ξ) (see Appendix 1) implies that

G(z, ξ) ≤ log
1

dist(Cnt , ∂V
n
t )
≤ C ′ · n. (4.6)

Now the functionsξ → G(z, ξ) andω(Jf ∩ V nt , ξ) are harmonic in�nt = A∞ \ V nt and
vanish on∂�nt \ ∂V nt . On the other hand, ifξ ∈ ∂V nt , the estimates (4.6) and (4.3) imply
that

G(z, ξ) ≤ λ−1 · C ′ · n · ω(Jf ∩ V nt , ξ).
Thus, this estimate holds on the whole boundary of�nt and thus atξ = ∞. This proves
the lemma. �

The crucial estimate follows in the next lemma.

LEMMA 4.5. There existδ1 > 0 andn0 > 0 such that forn ≥ n0, uniformly inx ∈ Jf ,∑
y∈f −nx
y∈V nt ∈τ ′n

En(y) ≤ e−n·δ1.

Proof. Recall thatEn(y) = eϕ(y)+ϕ(fy)+···+ϕ(f
n−1y), whereϕ = − logJω. In particular,

clearly

∀ y ∈ Jf ∩ V nt , En(y) ≤ max
ξ∈V̄ nt

G(ξ)

G(f nξ)
= max

ξ∈∂V nt
G(ξ)

G(f nξ)
(4.7)

≤ K max
ξ∈∂V nt

G(ξ),

whereK = (1/minξ∈∂U G(ξ)) <∞. Now we use Lemmas 4.1–4.4 to continue:∑
y∈V nt ∈τ ′n
y∈f −nx

En(y) ≤ K · Cδenδn
∑
V nt ∈τ ′n

ω(Jf ∩ V nt ) ≤ K · Cδe10nδe−nδ0.

If we chooseδ sufficiently small, we obtain our claim. �

LEMMA 4.6. Let gn = Pnϕ 1. Then

0< C−1 ≤ gn ≤ C <∞.
Proof. One can easily check that (see Lemma A.2.2)

P ∗ϕ ω = ω.
So we have ∫

Jf

gn dω = 1. (4.8)
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Fix an integern0 > 0, to be specified later, and denote forx ∈ Jf ,

ĝn(x) =
∑
{En(y) : f kV nt 6∈ τ ′n−k, 0≤ k ≤ n− n0}.

In other words, the sum is taken over branches such that they behave geometrically well
from depthn to depthn− n0.

Suppose now that for someK, for everyx ∈ Jf , m < n,

gm(x) ≤ K.

We will show thatgn(x) ≤ K. The proof differs essentially from the proof in [Pr1]
because we cannot use theP(f, ϕ) > supϕ condition which was decisive in [Pr1]. Still,

gn(x)− ĝn(x) ≤
n−n0∑
k=0

∑
y∈f −(n−k)x∈V n−kt ∈τ ′n−k

En−k(y)gk(y)

≤ K

n−n0∑
k=0

∑
y∈f −(n−k)x∈V n−kt ∈τ ′n−k

En−k(y)

≤ K · Cδ
n−n0∑
k=0

e−δ(n−k) ≤ ε(n0)K. (4.9)

It is clear from the Ḧolder continuity ofϕ and from the choice ofτ ′n−k, that

ĝn(z)

ĝn(w)
≤ C1(n0) ∀ z,w ∈ Jf . (4.10)

Also, from (4.9) we have

1− ε(n0)K ≤
∫
ĝn dω ≤ 1.

Now (4.9) and (4.10) show(ε = ε(n0))

1− εK
C1

≤ ĝn(x) ≤ C1. (4.11)

Thus,
1− εK
C1

≤ gn(x) ≤ C1+ εK. (4.12)

Choosingn0 in such a way thatε(n0) ≤ 1
2, we see thatK = 2C1(n0) guarantees that

gn(x) ≤ K. With the boundK chosen, we can use the left inequality in (4.12) with
ε = ε(n1), C1 = C1(n1). Choosingn1 large enough, we see thatĝn (and thusgn) is
bounded away from zero by a constant independent ofn. �

LEMMA 4.7. Letψ be a continuous function onJf bounded away from zero onJf .
(1) Then the sequence{Pnϕ (ψ)}∞n=0 consists of uniformly bounded away from zero and

equicontinuous functions.
(2) If ψ is Hölder, thenPnϕ (ψ) are uniformly Hölder.
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Proof. (1) Let λ = minψ > 0. Let

ĝn,ψ(x) =
∑

y∈f −nx
y∈V nt ∈τ ′n

ψ(y)En(y).

In Lemma 4.5 we proved that̂gn,ψ(x) ≤ Cδ1e
−nδ1. Combining withPnϕ (ψ) ≥ λ · C−1

established in Lemma 4.6, we can write

ĝn,ψ(x) ≤ C ′δ1
e−nδ1(P nϕ ψ)(x).

This estimate is sufficient to carry out the proof of Theorem 1 of [Pr1].
(2) As in [Pr1], Lemma 3.4 of [DPU] (which is Theorem 5.1 below) finishes the

proof. �

As Przytycki’s paper is not widely available, we would like to make some comments.
In the general non-expanding situation the results in [DU] and in [Pr1] do not give that
Pnϕ (ψ) is uniformly Hölder. However, Przytycki proved in [Pr1] that this follows from
additional information concerning the growth of the size of preimages of a ball centered
in J . This was proved in [DPU] (Lemma 3.4) and we also give a different proof in§5
(Theorem 5.1). The proof of Theorem 5.1 is due to the second author.

Remark 4.8.The Hölder continuity ofϕ = − logJω can be weakened in the first claim
above. The Dini condition

∫
0 τϕ(t)/t dt < ∞ would be sufficient ifτϕ denotes the

modulus of continuity ofϕ.

Now we are ready to prove the first claim of Theorem 1.3.

THEOREM 4.9. Let Jf be totally disconnected. Let

ϕ = − logJω be Hölder continuous. (H)

Then there exists invariant measureµ = ψ0 · ω with Hölder continuousψ0, ψ0 > 0.

Proof. We apply Lemma 4.7 toψ = 1. Let X = convh{Pnϕ 1}. By the first part of
Lemma 4.7,X is a convex compact set inC(Jf ). Note that

∫
h(x) dω(x) = 1 for each

h ∈ X. By the second part, each element ofX is a Hölder function. Letψ0 ∈ X be a
fixed point ofPϕ : X→ X. Soψ0 is Hölder continuous andψ0 ≥ λ > 0. Let us check
thatψ0 · ω is f -invariant. Fix an arbitraryh ∈ C(Jf ). Then

〈ψ0 · h, ω〉 = 〈Pϕ(ψ0) · h, ω〉 = 〈Pϕ(ψ0 · h ◦ f ), ω〉 = 〈ψ0 · h ◦ f, ω〉.
We can rewrite this as

〈h ◦ f,ψ0 · ω〉 = 〈h,ψ0 · ω〉
and this is exactly thef -invariance ofψ0 · ω. Now we are done. �

5. Estimate of the size of preimages of the ball. An analog of Ma˜né’s lemma
Mañé proved in [M ] that under certain conditions on the critical points’ behavior, the
size of components of preimages of a sufficiently small ball (centered at the Julia set of
rational function) stays bounded. The conditions are as follows. There are no parabolic
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points and for each critical pointc on the Julia set its orbit does not accumulate toc.
We call the last conditionsemi-hyperbolicity.

We intend to prove the analog of Mañé’s result which holds without the assumption
of semi-hyperbolicity. For the sake of completeness we also sketch the proof of Mañé’s
original lemma.

We intend to work in the setting of GPL dynamics, and even in a slightly more general
setting of holomorphic repellers (see the definition below). Because of theqc-invariance
of the problem, this does neither restrict nor expand the generality in comparison with
the case of rational dynamics.

So letU be a finitely connected domain with analytic boundary, letV1, . . . , Vk be
finitely connected subdomains,V1 ⊂ U , i = 1, . . . , k, and letfi : Vi → U be branched
or regular coverings of finite degreedi . DenoteV = ⋃k

i=1Vi , f = (f1, . . . , fk),
f : V → U and d = d1 + · · · + dk. The triple (f, V ,U) is called a holomorphic
repeller. The symbol|B| denotes the diameter ofB.

For the sake of simplicity we assume that

intKf = ∅, (EI)

whereKf =
⋂
n≥0 f

−n(U). As always,Jf = ∂Kf and thus equalsKf due to (EI).
The next estimate was crucial in proving the second assertion of Lemma 4.10 which

amounts to Ḧolder continuity ofPnϕ (ψ). In its turn, this Ḧolder continuity means the
Hölder continuity of the density of invariant harmonic measure.

THEOREM 5.1. Let (f, V ,U) be a holomorphic repeller satisfying(EI). Then there exist
numbersA,L,D, r0 > 0, such that ifBn(r) denotes any component off −n(B(x, r)),
x ∈ U , r ≤ r0, then

|Bn(r)| ≤ r1/DeLn. (5.1)

This result was mentioned to the third author by Feliks Przytycki. Our proof here
(belonging to the second author) is different (and may be shorter) from the proof of
Denker, Przytycki and Urbanski which recently appeared in [DPU].

LEMMA 5.2. Let (f, V ,U) be as above. Then there existA,B such that

|Bn(e−An)| ≤ e−Bn. (5.2)

Clearly, Lemma 5.2 implies Theorem 5.1. In fact, letr = e−A
′n, A′ ≥ A. Put

N = [(A′/A)n], then r ≤ e−AN and |BN(e−AN)| ≤ e−BN by the lemma. On the other
hand, if eT = maxU |f ′|, we have

|Bn(r)| ≤ |Bn(e−AN)| ≤ |f N−nBN(e−AN | ≤ eT (N−n)e−BN
≤ e−B(N+1)/2 ≤ (e−A′n)B/2A = rB/2A,

if B is large with respect toT . PutD = 2A/B. If r ≥ e−An the choice ofL ∼ A/D
proves (5.1).

Notation.A component off −n(B(x, R)) containingy will be denoted byBxn (R, y). The
lettersx, y will often be omitted. We call the componentsBn(R), Bn−1(R), . . . , B(x, R)

the chain if they are sent byf one to another.
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To prove Lemma 5.2 we use the following lemmas.

LEMMA 5.3. Let (f, V ,U) be as before. There existsK such that for anyx the chain
Bn(e

−Kn), . . . , B(x, e−Kn) meets each critical point only once.

LEMMA 5.4. Let π = π2 ◦ π1, whereπ1 : W → V , π2 : V → B(0, R), R > 2, are
branched coverings,π1 with one critical point of multiplicityd1 andπ2 with one critical
point of multiplicityd2. Denote byW0 a component ofπ−1(B(0,1)). Then

mod(W \W0) ≥ a

d1d2
logR,

wherea is a positive absolute constant.

LEMMA 5.5. If W0 ⊂ W are simply connected domains, then|W0| ≤ C0|W |e−c1 mod(W\W0),
whereC0, c1 are absolute.

Lemmas 5.4 and 5.5 are almost obvious. One just needs to notice that if a doubly
connected domain� has a large modulus, then it contains a standard annulus whose
modulus is also large enough.

Let c1, . . . , ck be all our critical points and letd1, . . . , dk be their multiplicities.
Now Lemma 5.3 implies Lemma 5.2. As the chainBn(e−Kn), . . . , B(x, e−Kn) meets

each critical point at most once, we apply Lemma 5.3 to claim that

mod(Bn(e
−Kn) \ Bn(e−2Kn)) ≥ aKn

d1d2 · · · dk ,

and so by Lemma 5.5

|Bn(e−An)| = |Bn(e−2Kn)| ≤ C · C0e
−c1aKn/d1d2···dk ≤ e−Bn.

It remains to prove Lemma 5.3.

Proof. Use induction onn. If K is large enough, the ‘n = 1’ claim holds. We know
that Bn−1(e

−K(n−1)), . . . , B(x, e−K(n−1)) contains each critical point at most once. So
the ‘k = n’ claim fails only if, say,c1 ∈ Bn(e−Kn) and simultaneouslyc1 ∈ Bn1(e

−Kn),
n > n1. By the ‘k = n1’ assertion the chainBn1(e

−Kn1), . . . , B(x, e−Kn1) meets each
critical point at most once. So by Lemma 5.4,

mod(Bn1(e
−Kn1) \ Bn1(e

−Kn)) ≥ aK

d1d2 · · · dk (n− n1).

In particular, by Lemma 5.5

|Bn1(e
−Kn)| ≤ C · C0 exp

[
− c1aK

d1d2 · · · dk (n− n1)

]
≤ γ n−n1, (5.3)

whereγ can be chosen as close to 0 as we wish by the choice of largeK.
We have already mentioned thatc1 ∈ Bn1(e

−Kn), and thatc1 ∈ Bn(e
−Kn) ⇒

f (n−n1)c1 ∈ Bn1(e
−Kn). Now (5.3) implies

|c1− f (n−n1)c1| ≤ γ n−n1.

But this is impossible ifγ is small enough. See [Pr2] for example. Theorem 5.1 is
completely proved. �
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18 Z. Balogh et al

The next proposition is a variant of Mañé’s lemma [M ] for one critical point.

PROPOSITION5.6. Let (f, V ,U) be a holomorphic repeller with(EI). Let f be semi-
hyperbolic onJf and letc be a critical point off on Jf . Then for anyε, there existsδ
such that

∀ x ∈ Jf , ∀ n, |Bxn (δ)| ≤ ε. (5.4)

Proof. Let1 = dist(c, {f jc}j≥1). We assume1 < 1. The Koebe distortion theorem and
assumption (EI) readily imply the following assertion.

There existsδk > 0 such that for anyr < δk,
if the chainBxn−1(2r), . . . , B(x,2r) does not meetc,
then |Bj(r)| ≤ 1k, j = 0, . . . , n.


 (5.5)

Now we claim that:

There existsηk > 0 such that for anyr < ηk,
if the chainBn−1(r), . . . , B(x, r) does not meetc
but c ∈ Bn(r), then|Bj(r)| ≤ 1k, j = 0, . . . , n.


 (5.6)

Claim (5.6) is obvious forn = 1. Let it hold for 2, . . . , n − 1. Let `0 = min{m :
c ∈ Bm(2r)}. If `0 ≥ n, then (5.5) implies (5.6) forn. So supposè 0 < n. Choose
B(y, r) ⊂ B(x,2r) in such a way thatf `0(c) ∈ B(y, r). Clearly

B(x, r) ∩ B(y, r) 6= ∅. (5.7)

The induction hypothesis for̀0 shows that

|By`0−1(r)| ≤ 1k

Also, (5.5) implies
|Bx`0−1(r)| ≤ 1k.

But Bx`0−1(r) ∩ By`0−1(r) 6= ∅ because of (5.7) and the fact thatf `0−1 : B`0−1(2r) →
B(x,2r) is univalent. We see that

|f c − f n−`0+1c| ≤ 21k.

Both points are inB`0−1(2r). So |c − f n−`0c| ≤ cf1αf k. For k ≥ kf , this comes to a
contradiction with the non-recurrency assumption. Claim (5.6) is proved.

To finish the proof of Proposition 5.6, let us fix a largek: 1k ≤ ε/2 and let
r < δ = ηk/2. Let n be the first place wherec ∈ Bn(2r). Then

|Bn(2r)|, |Bn−1(2r)|, . . . , |B(x,2r)| ≤ 1k ≤ ε

2
. (5.8)

On the other hand,B(c,4ε) ∩ {f jc}j≥1 = ∅ if ε is small enough and so all components
of f −j (B(c, ε/2)) are small enough for allj ≥ 0 by (5.5):∣∣∣Bcj

(ε
2

)∣∣∣ ≤ ε. (5.9)

Now Bm(r) lies inBm(2r) and ifm ≤ n, (5.8) gives the required estimate. On the other
hand,Bm(r) lies in Bcj (ε/2) if m > n, and so (5.9) gives the required estimate. �
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6. Non-recurrent dynamics
We are going to list here the simplifications stemming from the assumption of non-
recurrency:

∀ c ∈ Crit(f ) ∩ Jf , inf
n≥1
|c − f nc| ≥ 1 > 0. (NR)

For simplicity, we consider only the case of totally disconnectedJf .
The basic fact stemming from (NR) is the following lemma which basically follows

from Proposition 5.6 and can be found in many references, e.g. in [CJY] or in [BV2].
The notation is in§4.

LEMMA 6.1. Let (f, V ,U) be a non-recurrent GPL system with totally disconnectedJf .
Then there existc andδ > 0 such that

diamV nt ≤ ce−nδ. (6.1)

Another basic result implied by (NR) is somewhat more difficult. It can be found in
[BV3].

THEOREM 6.2. Let (f, V ,U) be as before. LetG be Green’s function ofC \Jf . Then(R)
holds:

∃ c, ε > 0∀ ξ1, ξ2 ∈ V \ Jf ,
∣∣∣∣G(f ξ1)

G(ξ1)
:
G(f ξ2)

G(ξ2)
− 1

∣∣∣∣ ≤ c|ξ1− ξ2|ε. (R)

Here is a corollary to Theorem 6.2.

THEOREM 6.3. Let (f, V ,U) be a GLP non-recurrent system with totally disconnectedJf .
Then the JacobianJω of harmonic measureω is such thatlogJω is Hölder continuous.

Lemma 6.1 also has a very important corollary.

LEMMA 6.4. Let f be as before. Letϕ be a Hölder continuous function onJf and letν
be a probabilistic measure onJf with the property

P ∗ϕ ν = ν.
ThenPϕ is almost periodic onC(Jf ), and if ψ is Hölder continuous onJf , then all
functionsPnϕ (ψ) are uniformly Hölder continuous. Moreover, there exists a H¨older
continuous fixed pointψ0 ofPϕ such thatPnϕ (ψ)→ ψ0. The measureψ0 ·ν is f -invariant
and ergodic, andψ0 > 0 on Jf .

Proof. We can repeat the proof of Theorem 1 of [Pr1] using Lemma 6.1 systematically.
For convenience, we recall the main steps in the proof of Theorem 1 in [Pr1].

The first step is to show that there existsC > 0 such that for anyx, y ∈ J andn ∈ N

we have
Pnϕ (1)(x)

P nϕ (1)(y)
≤ C.

While in the general case this estimate is hard to get, in our semi-hyperbolic situation
by Lemma 6.1 it becomes an easy exercise.
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The second step is to prove that we have the following formula for the topological
pressure:

P(f, ϕ) = lim
n→∞

1

n
logPnϕ (1)(x),

for any x ∈ J .
At this step Przytycki uses essentially the inequalityϕ < P(f, ϕ) which we do not

need as we are helped again by Lemma 6.1.
After these steps the statement of the lemma follows in a standard way. �
Now we can prove Theorem 1.4, which is the existence off -invariant harmonic

measure with Ḧolder continuous density.

First considerϕ
def= − logJω. This is Ḧolder continuous by Theorem 6.3. Apply

Lemma 6.4 to getf -invariant measureµ = ψ0 · ω. As ψ0 > 0 andψ0 is Hölder
continuous, obviously logψ0 is Hölder continuous and Theorem 1.4 is proved. �

7. The homology equation and conformal maximality
Here we prove Theorem 1.5 and ‘the conformal maximality’ part of Theorem 1.3. The
proof is the same. The difference is that (R) is assumed in Theorem 1.3 and we can forget
about this assumption in Theorem 1.5, because under the conditions of non-recurrency
and total disconnectedness (R) will hold (see [BV3] and [BV4]).

We would like to mention that this result was proved in full generality, simultaneously
and independently by the first author and by A. Zdunik in April 1995.

We think that it is still useful to give the proof in our setting.
The setting is as follows. Given (R), we have already proved that

ϕ(x)
def= log

G(x)

G(f x)

def= lim
z→x log

G(z)

G(f z)

is Hölder continuous and there existsψ0 = eγ (the eigenvector ofPϕ), with Hölder
continuousγ and such that

ψ0 · ω = m (7.1)

Having in mind thatJω = e−ϕ andJm = d, we rewrite (7.1) as follows (γ = logψ0):

ϕ(x)+ logd = γ ◦ f (x)− γ (x), x ∈ Jf . (7.2)

Having (R) in mind, we can also notice that∣∣∣∣log
G(f z)

G(z)
− logd + γ (f (x))− γ (x)

∣∣∣∣ ≤ c|z − x|ε. (7.3)

Now let qi be a repelling fixed or periodic point off on Jf with period `. Let
B = Bqi be such a small disc centered atqi such that the componentsWn` of f −n`(B)
containingqi are contained inB, n = 1, . . . , and letB be free from critical points of
f `.

Let us construct a certain harmonic function onB̂ = B ∪ f −1(B)∪ · · · ∪ f −(`−1)(B).
First onB. We denote byg = gqi the inverse branch off −` : B → W` ⊂ B. Now (7.3)
will give ∣∣∣∣G(g

n−1z)

d`G(gnz)
− 1

∣∣∣∣ ≤ Cqn, (7.4)
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for someq < 1.
Now (7.4) implies that the following limit represents a subharmonic function:

Uqi (z) = lim
n→∞ d

`nG(gn(z)), z ∈ B (7.5)

such that

Uqi (z) ≤ CG(z) (7.6)

andUqi is harmonic inB \ Jf .
Now we defineUqi on f −j (B) as

Uqi (z) = d−jUqi (f j z), j = 1, . . . , `− 1. (7.7)

Applying (7.3) and (7.2) and recalling that

ϕ(x) = lim
z→x
z∈B\Jf

log
G(z)

G(f z)
,

we obtain

lim
z→x
z∈B\Jf

G(z)

Uqi (z)
= e−γ (x)+γ (qi ), x ∈ B ∩ Jf . (7.8)

Applying (7.2) again(B̂ = B ∪ f −1(B) ∪ · · · ∪ f −(`−1)(B)), we obtain

lim
z→x
z∈B̂\Jf

G(z)

Uqi (z)
= e−γ (x)+γ (qi ), x ∈ B̂ ∩ Jf . (7.9)

Now let θ be any preperiodic point onJf . Let f mθ = qi , whereqi is periodic, and let
Bθ be the component off −m(B) containingθ , whereB = Bqi . On Bθ we can define
Uθ as

Uθ(z) = d−mUqi (f mz).
Then (7.2) and (7.3) show

lim
z→x

z∈Bθ\Jf

G(z)

Uθ(z)
= e−γ (x)+γ (qi ), x ∈ Bθ ∩ Jf . (7.10)

Put Vθ = eγ (qi )Uθ on Bθ and Vqi = eγ (qi )Uqi on B̂qi . Let us try to show that these
functions define one function onO =⋃

θ Bθ
⋃
i B̂qi .

In fact, (7.9) and (7.10) show that ifθ1 andθ2 are two periodic or preperiodic points,
andBθ1, Bθ2 Vθ1, Vθ2 are domains and functions constructed on them, then

|Vθ1(z)− Vθ2(z)| = o(G(z)), z ∈ Bθ1 ∩ Bθ2, z→ Jf . (7.11)

Lemma A.1.2 and (7.11) imply that1Vθ1 = 1Vθ2 on Bθ1 ∩ Bθ2. Thus,Vθ1 − Vθ2

is harmonic inBθ1 ∩ Bθ2, and it also vanishes onJf ∩ Bθ1 ∩ Bθ2. Either Vθ1 ≡ Vθ2 on
Bθ1 ∩ Bθ2, or Jf ∩ Bθ1 ∩ Bθ2 is covered by finitely many real analytic curves. Suppose
Jf is covered by finitely many real analytic curves. As in the proof of Theorem 1.1, we
conclude that we may only consider this situation when these curves are disjoint. Now
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let ∗ be a holomorphic symmetry with respect to these curves. Instead ofVθ we are
going to work with

V̂θ (z)
def= Vθ(z)+ Vθ(z∗).

The advantage is that noŵVθ1 ≡ V̂θ2 in Bθ1 ∩ Bθ2.
In any case we obtain a functionτ on O such thatτ |Bθ = V̂θ (or Vθ if the first

possibility ‘Vθ1 = Vθ2’ always occurs).
Note thatf z∗ = (f z)∗. So regardless of the situation and of the branch off −1,

τ(z) = dτ(f −1z), z ∈ O. (7.12)

It may happen thatO does not contain the wholeJf . We are going to extendτ as
follows.

Fix a certain repelling periodic pointqi . Let V Nt be a component off −N(U)
which containsqi and which is small enough to be insideO (recall thatJf is totally
disconnected).

Let z ∈ U not be a critical value off N and let0 be a curve inU connectingz
with a point ξ ∈ V Nt . Let 0 be free from critical values off N . Let x, y be any two
f N -preimages ofz lying in V nt . We use the branched coveringf N : V Nt → U to lift 0
to two curvesγx, γy starting atx, y respectively and lying inV Nt . In a neighborhoodW
of 0 we can defineτ x, τ y by

τ x(t) = dNτ(f −Nx t), τ y(t) = dNτ(f −Ny t).

Here f −Nx , f −Ny are two branches off −N on W , mappingW onto neighborhoods of
γ x, γ y respectively. Note thatτ x and τ y coincide in a neighborhood ofξ . This is just
because (7.12) holds. Being harmonic inW , these two functions coincide inW . Thus
we defineτ on U such that

τ(f Nz) = dNτ(z), ∀ z ∈ V Nt . (7.13)

Also (7.2), (7.3) and (7.13) show that

lim
z→x
z∈U\Jf

G(z)

τ (z)
= e−γ (x), x ∈ Jf . (7.14)

To build an automorphic function we first deduce from (7.14) and (7.3) that

lim
z→x
z∈U\Jf

dτ (z)

τ (f z)
= 1, x ∈ Jf . (7.15)

Thus,τ(f z)− dτ(z) is harmonic inU and vanishes onJf . There are two possibilities:
either

τ(f z) ≡ dτ(z);
or Jf is covered by finitely many disjoint real analytic curves0 andH(z) = τ(f z) −
dτ(z) vanishes on0.

Introducing a holomorphic symmetry∗ with respect to0, we defineτ̂ (z) = τ(z) +
τ(z∗) andĤ (z) = H(z)+H(z∗). Clearly,f z∗ = (f z)∗ and we see that

Ĥ (z) = 0 on0.
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By symmetry,∂Ĥ/∂n = 0 on0 and soĤ ≡ 0. Thus,

τ̂ (f z) = dτ̂ (z).
An automorphic function has been built and Theorems 1.5 and 1.3 are completely
proved. �
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Appendix 1. Background on potential theory
Any subharmonic functionu on an open setU of C generates a positiveσ -finite measure
µu = 1u, called its Riesz measure (here the Laplacian1 is understood in the sense of
distributions). This measure behaves naturally under conformal change of variables (so,
actually it can be defined on any Riemann surface).

Let us assume thatK is a compact inC such thatC \K is connected and thatK is
sufficiently thick (i.e. positive capacity). Then there exists a Green’s functionG with a
pole at∞: a non-negative subharmonic function onC, harmonic onC \ K, vanishing
on K and having asymptoticsG(z) ≈ log |z| near∞. Its Riesz measure is called the
harmonic measure onK evaluated at∞ and it is denoted byω.

The harmonic measure is always supported on the boundary∂K and if E is set
intersecting∂K, then we denote byω(E) = ω(C \K,E,∞) the harmonic measure of
E ∪ ∂K. Knowing the harmonic measureω, one can restore the Green function as its
logarithmic potential:

G(z) = c +
∫

log |z − t | dω(t),

wherec = 1/ cap(K).
One can consider Green’s functionsG(·, ξ) with an arbitrary poleξ ∈ C \ K and

the corresponding harmonic measures evaluated atξ ; our notation will beω(E, ξ) =
ω(C \ K,E, ξ). The relation between the Green’s function and harmonic measure
becomes

G(z, ξ) = log
1

|z − ξ | −
∫

log
1

|z − t | dω(t, ξ).

If v is any harmonic function onC \K and continuous on the closure ofC \K, we
can obtain the value ofv at any pointx ∈ C \K by the Poisson formula:

v(x) =
∫
v(t) dω(t, x).

Finally, we state two lemmas of Grishin [Gr ].

LEMMA A.1.1. LetV be a neighborhood of a compactK and letu, v be two subharmonic
functions onV , vanishing onK and positive and harmonic inV \ K. Suppose that for
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everyx ∈ ∂K there exists the limit

ρ(x) = lim
ξ→x
ξ∈V \K

u(x)

v(x)

and that this limit is continuous. Thendµu = ρ dµv, whereµu,µv denote the Riesz
measures ofu andv.
LEMMA A.1.2. Let w1, w2 be two non-negative subharmonic functions onO with
w1 ≥ w2. Let

J =
{
z ∈ O : (w1− w2)(z) = lim inf

r→0

∫ 2π

0
(w1− w2)(z + reiθ ) dθ = 0

}
.

Then
1w1 ≥ 1w2 on J.

Appendix 2. Background on thermodynamic formalism
We quote some basic facts of the Sinai–Bowen–Ruelle formalism for expanding
endomorphisms. Let us assume for simplicity that our Julia set is the unit circleT.
The pressure of the functionϕ ∈ C(T) is denoted byP(F, ϕ) (see [DGS] for properties)
and is defined by

P(f, ϕ) = sup

{
hν(F )+

∫
T

ϕ dν : ν is aF -invariant ergodic probability measure

}
.

Recall that Pϕ : C(T) → C(T) is given by Pϕψ(x) =
∑

Fy=x ψ(y)e
ϕ(y) and

Lϕ : C(T) → C(T) is defined byLϕ = Pϕ−P(F,ϕ). Then Lϕ is almost periodic, if
for everyψ ∈ C(T) the sequence of functionsLnϕψ is bounded and equicontinuous.

LEMMA A.2.1. Suppose thatF is expanding andϕ is Hölder continuous. ThenLϕ is
almost periodic. There is a positive fixed point forLϕ , namely a functionψ0 such that
Lϕψ0 = ψ0. Moreover,ψ0 = lim Lnϕ1 and it is Hölder continuous. There is a unique
probability measureη on T such thatL∗ψ0

η = η. We also haveLnϕψ → ψ0 ·
∫

T
ψ dη

uniformly asn→∞.

The expanding case is similar to the case of a one-sided topological Markov chain
and one can find the proof of the lemma in [Bo] or [R].

Given a measureν with good Jacobian, Lemma A.2.1 allows us to construct an
equivalentF -invariant measureµ with good densitydµ/dν.

LEMMA A.2.2. Suppose thatF is expanding andν is a probability measure onT with
JacobianJν such that

ϕ = − logJν is Hölder continuous. (A2.1)

Then there exists a uniqueF -invariant measureµ such that

log
dµ

dν
is Hölder continuous. (A2.2)
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Proof. Let En(y) = exp[
∑n−1

i=0 ϕ(f
i(y))]. F is expanding so we can easily write (x0 is

any point onT)

P(F, ϕ) = lim
n→∞

1

n
log

∑
Fny=x0

En(y).

Taking a sufficiently small neighborhoodV of x0 and using the Ḧolder continuity ofϕ,
we see that

En(y)

En(z)
≈ 1

for any two pointsy, z in the same componentVn of f −n(V ). This and the fact that
ϕ = − logJν imply that

∑
Fny=x0

En(y) ≤ C
∑
ν(Vn), the sum being taken over all

components off −n(V ). Now it is clear thatP(F, ϕ) ≤ 0.
On the other hand, let us computeP ∗ϕ ν. Fix a subsetE ⊂ T on whichF is injective.

Then (we repeat reasoning on p. 116 of [Pr1])

P ∗ϕ (ν)(E) =
∫
Pϕ(χE) dν

∫
f (E)

eϕ◦(f |E)
−1
dν

=
∫
E

eϕ◦(f |E)
−1◦f e−ϕ dν = ν(E).

DecomposingT into a finite number ofEi on each of whichF is injective, we get

P ∗ϕ ν = ν. (A2.3)

Thus, the spectral radius ofP ∗ϕ is at least 1. Butr(P ∗ϕ ) = eP(F,ϕ) ≥ 1. SoP(F, ϕ) ≥ 0
which showsP(F, ϕ) = 0.

Now Lemma A.2.1 can be applied toϕ = − logJν to obtainψ0 = limn→∞ Pnϕ 1 and

η, P ∗ϕ η = η. By uniqueness,η = ν. Clearly,µ
def= ψ0 dν is F -invariant and logψ0 is

Hölder continuous becauseψ0 is Hölder continuous, andψ0 > 0. �
For the general, non-expanding case a version of the theory has been developed by

Denker and Urbanski in [DE]. Their result essentially says that the results of the previous
two lemmas hold if we replaceF by any rational mapf and replaceT by the Julia set
J = Jf , but making an important additional assumption that

P(f, ϕ) > sup
x∈Jf

ϕ(x). (A2.4)

A different proof of this result was given by Przytycki in [Pr1]. The difficulty in the
general case is due to the fact that we may meet critical points as we take backward
iterates of a small ball. The first step in overcoming this difficulty is to show that the
bad event of meeting critical points does not happen very often. This is expressed by
the following lemma (Lemma 1 in [Pr1]):

LEMMA A.2.3. For everyε, δ1, δ2 > 0, there existsK > 0 such that for everyn ≥ 0 there
existsUn, a covering ofU by discs, such that:
(1) cardUn ≤ Kenδ1, if for everyB ∈ Un we denote byBn the family of components of

f −n(B) each repeated with its multiplicity; then
(2) for everyD ∈ Bn and 0≤ i ≤ n, diamf iD < ε;
(3) card{D ∈ Bn : diamD ≥ e−nδ2} ≤ Ke2nδ2.
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Remark.Actually, this type of assertion was invented by Lyubich [Ly1], [Ly2]. We
would like to mention that now one can do slightly better. Actually, one may choose a
coveringUn such that
(1′) cardUn ≤ Kn2

holds. Just surrounda ∈ Crit(f n) by a disc of radiusrn = e−Ln with largen, in contrast
to rn = e−enδ1/2 in [Ly1]. The rest of the construction is left without change. Estimates
follow from Theorem 5.1 above or Lemma 3.4 of [DPU].

For x, y ∈ Kf we define

ρn(x, y) = max{dist(f i(x), f i(y)), i = 0, . . . , n}.
We write Bn(x, ε) to denote the ball centered atx with radius ε in the metricρn.

We sayx, y is (n, ε)-close if y ∈ Bn(x, ε). We will also need the following lemma
(Lemma 3 from [Pr1]).

LEMMA A.2.4. For everyδ > 0 there existCδ, ε > 0 such that for everyx0 ∈ Jf , every
n > 0 andy0 ∈ f −n(x0), the number of pointsz ∈ f −n(x0) which are(n, ε)-close toy0

is less thanCδenδ.
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