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Abstract Let f : V — U be a (generalized) polynomial-like map. Suppose that
harmonic measure = w(-, o) on the Julia set/; is equal to the measure of maximal
entropym for f : J; <=. Then the dynamicgf, V, U) is called maximal. We are going

to give a criterion for the dynamics to be conformally equivalent to a maximal one, that
is to be conformally maximal. In the second part of this paper we construct an invariant
‘harmonic’ measureu such thatdu/dw is Holder for certain dynamics. This allows

us to prove in this class of dynamical systems that- m is necessary and sufficient

for (f, V,U) to be conformally maximal. In the particular case whgris expanding

and J; is a circle, our result becomes a theorem of Shub and Sullivan; so throughout
the paper we are dealing with an analog of a theorem of Shub and Sullivan on ‘wild’
(e.g. totally disconnected); and for certain non-expanding. We also construct (under
certain assumptions) invariant harmonic measurée/ onin this respect, our work stems
from one of the works of Carleson.

0. Introduction and notation
We will be considering triples(f, V, U), where U is a topological disc and/ =
Vi1 U ... UV, is the union of topological discs whose closures are disjoint and are
contained inU. Also, f; gef f1V; is an unbranched or branched coveriig— U of
degreed; (so ‘unbranched’ means thdt = 1). By d = dy + --- + d; we denote the
degree of the magf : V — U. These dynamical systems will be called generalized
polynomial-like systems (GPL).

If k=1, d > 2, we come to a class of polynomial-like systems (PL) introduced in
[DH] and playing an important role in classification of polynomial dynamics.

Being GPL means to be quasi-conformally equivalent to a polynomial:

feGPL=3heqcU): f=h"topolyoh. (0.2
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2 Z. Balogh et al

This shows that many metric properties &f S (Muso f"(U) and J; = 9K, are
the same for a certain polynomial. This is just because metric properties such as ‘zero
area’, ‘absolute area zero’, ‘removability’ or ‘uniform perfectness’, etcqarénvariant.

Our paper is devoted to the study of the harmonic measuré, ofHowever, the
properties of harmonic measure are not usuallyinvariant. In particular, if(f, V, U)
happens to be a polynomial system, then harmonic measure equals the measure of
maximal entropy, but if(f, V,U) is a general polynomial-like system this may not
be the case. This is the case which interests us in this paper.

Basically, in this paper it is shown that harmonic measure keeps enough information
about the dynamics; for example if harmonic measure equals the measure of maximal
entropy then the dynamics is polynomial (warning: this holds only under certain
restrictions).

Now let us recall that for GPL its filled-in Julia set is always uniformly perfégdt [

[H], [MR], that is (seeP])

cap(K; N B(x,r)) > c-capB(x,r)) VxeKs, r<ro.

In particular, Green'’s functio of Ay (f) d=Gf(C\Kf can be extended to a subharmonic

function onC by puttingG(z) = 0, z € Ky. Taking Green’s functiorG with a pole at

oo, we define harmonic measure dp as the Laplacian of : w oef wy LIAG.

If 1 is an arbitrary probability measure of, then a general theorerP§ says that
there exists dacobianJ, = J,(f) on a set of fullu measure. It means that there exists
Y C J, n(J\Y) =0, and an integrable functiaf), such that for everyft C ¥ on which
f is one-to-one ontg (E), we haveu(f(E)) = fE Jydp. If Y =J we say thaju has
a Jacobian.

For any rational dynamicg, there exists on/; a measure with constant Jacobian.
Moreover, such a measure is unique and the Jacobian edualsdegf. This is a
classical result of Lyubichllyl]. This measure isf-invariant and has the maximal
possible entropy lod. The symbolm stands for this measure. If happens to be a
polynomial, then harmonic measuwiehas a constant JacobiaBr]] and som = w.

This remark along with (0.1) allows us to claim that for a GPLthere exists a unique
measure with a constant Jacobian. In factfit= hto poh, h € ge(U), p € Poly,,

thenm; oot (h~YH*w, will have Jacobiani. Clearly, such a measure is unique Hn(in
particular it does not depend @) because there is only one constant Jacobian measure
onJ,.
We call a GPL systenif, V, U), maximal if m; = wy.
We call a GPL systeny, conformally maximal if it is conformally equivalent to a
maximal system, that is
f=H'ogoH,

H : Uy — U, is a conformal isomorphism ang, V,, U,) is a maximal system. An
obvious necessary condition for this is

wr ~ my, 0.2

where the symbol’ means that measures belong to the same class, i.e. they are mutually
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absolutely continuous. IrLj/V] it was proven that (0.2) is also sufficient(f, V, U) is
a Cantor repeller.

The first part of this paper§§l-3, concerns the general criterion of conformal
maximality.

The second part of this paper is devoted to the discussion of sufficiency of (0.2)
in general. This sufficiency is proven under certain assumptions and, in particular, for
non-recurrent GPL system for which J; is totally disconnected.

Commenting on the second part, let us mention that throughout we play with ideas
from [Ly1], [Ly2], [Pq], [DPU] and [LyV]. In the first part, we base our approach on
[Lo] and [LyV].

We summarize some background material on potential theory in Appendix 1, and in
Appendix 2 we give a brief account of the thermodynamic formalism to make the paper
more accessible.

1. Main results, basic ideas, and dynamics on the circle

First we formulate a criterion for being conformally maximal and then we state
a conditional result facing the equivalence of (0.2) and conformal maximality
(Theorem 1.3). Theorem 1.4 shows that for non-recurrent dynamics there exists an
invariant harmonic measure and its density with respeeat i® Holder continuous. One

of the corollaries of Theorem 1.4 is that (0.2) implies conformal maximality for non-
recurrent dynamics. We conclude this section by considering a simpleJgasel to
illustrate the ideas of the proofs.

THEOREM 1.1. Let (f, V, U) be a GPL system. Two assertions are equivalent:

(1) (f,V,U)is conformally maximal;

(2) there exists a non-negative subharmonic functioon U, which is positive and
harmonic inU \ K, vanishes oK, and satisfies

7(fz) =d7(2). (Aut)

THEOREM 1.2. Let (f, V, U) be a PL system. Then the assertions from Theorem 1.1 are
equivalent to a third assertion:
(3) there exist a polynomiap, degp = d, and a conformal isomorphistH : U; —
H(Uy) such that
f=HopoH. (CoEg

Remark Let us mention that there are conformally maximal GPL systems which are not
conformally polynomials (that is (CoEQq) fails for them). The example isLinV]].

Theorems 1.1 and 1.2 are provedsih and§3 respectively.

Our next goal is to show that (0.2) implies the existence of the automorphic harmonic
function 7 (see (Aut)). In this respect Theorem 1.1 serves as a step in proving the
implication

wr ~my = f is conformally maximal (1.2)

Strangely enough, (1.1) is an easy corollary of Theorem 1. ifs connected and a
pretty tricky exercise in potential theory if; is a totally disconnected Julia set for any
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expandingf. Here we show this for non-recurreyit (and totally disconnected;; the
case of general; is considered inBV4]). Again, we base our approach on potential
theory in A, (f) = C\ Jr. This domain was proved to be a uniformly John domain
[BV2], [BV3].

Also, we try to remove the non-recurrency assumption. To do this we introduce a
‘ratio condition’ (R) on Green'’s functioit; of A, (f). Here it is:

G(f&) . G(f&)
GE)  GE)

Remark.(R) was proved for the case of Cantor repellerslip\]. For expandingf, it

can be proven along the same lines. For totally disconnegteahd non-recurrenf’,

the proof becomes somewhat elaborate (84]). It is probable (but not known) that

one can get (R) beyond the scope of non-recurrency; for a non-renormalizable situation
this is very plausible.

3C,e > 0Vé, £ € V \ Ky, 1| < Clé1 - &°. (R

To see how powerful (R) is, we use a result of GrisiBr] stated as Lemma A.1.1
in Appendix 1.
In Lemma A.1.1 we pukt = Go f, v = G and thusu,, = f.», u, = . Then clearly

tu(E) = o(f(E)) 1.2)

for each BorelE C J; such thatf : E — f(E) is injective.
Forx € J; denote

G(fx) def 1 IogG(fS).
G(x) 557\)59 Gé)

¢(x) = —log

By (R), the limit always exists and represents alder continuous functiow. Now
the Lemma A.1.1 and (1.2) show

w(f(E) = / e dw(x) (1.3)
E
for any Borel setE such thatf : E — f(E) is injective. So we have shown the
following assertion.
ASSERTION1. AssumgR).

Then harmonic measure has the Jacobign
such thatlog J,, is Hélder continuous. (H)

We will show later that (R) also implies that the topological pressure (see Appendix 2)
P(f, ) vanishes:
P(f,¢)=0. 1.4

To understand the ergodic properties of the harmonic measure, we consider the Perron—
Frobenius—Ruelle operatd, : C(Jr) — C(Js) (see Appendix 2). Almost periodicity
of Pr would allow us to definglg = lim,,_, o Py, andu = ¥ dw would be f-invariant
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harmonic measure with continuous density. Actually, almost periodicity is proved in
[DU] under the condition

¢ <0(= P(f, ). (1.5)
Moreover, if (1.5) heldy, would even be Klder continuous as was proved iDRU].
Condition (1.5) takes the form

G(fx) _ i G(fE)
Gx) & GE)

There is no reason for (1.6) to hold and the schemeDaf][ [DPU] is not applicable.
Still, we prove the following assertion.

>1 xels (1.6)

ASSERTION2. Let J; be totally disconnected, I€H) hold, and let

G(fx)
G(x) '

ThenP, is almost periodic orC(J) and, moreoveryg = lim Pl is Holder continuous.

= —log

In particular, there exists an invariant harmonic meagugith Holder density with
respect taw.

Remark.Let us note that in[pU], [DPU] and in Assertion 2 there are no restrictions on
critical points of f. Carleson €] was the first to construct invariant harmonic measure
in a hyperbolic situation. We consider our work as stemming fr@h [

THEOREM 1.3. Let J; be totally disconnected, and I@t) hold. There exists an invariant
harmonic measurg = g - @ with Hélder continuous densityg, ¥ > 0. If, in addition,
(R) holds andw; ~ m/, then f is conformally maximal.

THEOREM 1.4. Let f be non-recurrent and leV; be totally disconnected. The(R)
holds. In particular, there exists an invariant harmonic measure: o dw with Holder
continuous densityg.

THEOREM 1.5. Let f be non-recurrent and let/; be totally disconnected. Also, let
wy ~ my. Thenf is conformally maximal.

Let us illustrate our methods by using a simple example(BfA,, A1), where
A, C A, C A are topological annuli containing the unit cirdleandF is an unbranched
d coveringF : A, — A, F(T) = T. Formally, this is not a GPL because we map
annuli instead of discs. But the ideas are more conspicuous here because the Julia set
Jr = T and harmonic measur® = ¢ = Lebesgue measure ¢h are so simple. In
addition, F is automatically expanding offi. In this situation we can apply some basic
facts of the thermodynamic formalism (see Appendix 2).

Clearly, the measure = ¢|T has a good Jacobian, that [i8"(¢)|,& € T. The
potential ¢ = —log|F’(¢)| is Holder continuous and even real analytic. Thus, by
Lemma A.2.2 we have an invariant Lebesgue meagute o d¢ with a good density:

log p is real analytic. 1.7)
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Lemma A.2.2 does not give real analyticity, but it follows from a result of Krzyzewsky
[K]. We are grateful to the referee for the suggestion to use this result here.

To prove conformal maximality we let our main assumption (0.2) come into play. As
mrp ~ £, we havemr ~ u, which meansnr = u = pd¢ by ergodicity. Now let us
note that

F=h1loz%0h

for a homeomorphism (actually quasi-symmethy) Clearly, h* mapsmyg to m .« = .
So(h ™YYt =mp = pde, i.e. h~1 is absolutely continuous and

(h~Y) = p = real analytic.

So F andz“ are conjugated offi by a real analytic map|T. This map can be extended
as a conjugation off andz¢ into a thin annulus aroun®. From this thin annulus
it extends automatically td;. Thus F is conformally maximal (even conformally
equivalent toz9).

At this point let us recall a theorem of Shub and Sulliv88i[in that if two expanding
Blascke products are absolutely continuously conjugate on the unit circle, then they are
conjugate by a Ndbius transformation.

Our situation is quite similarm r ~ wr = [ implies that the conjugacy is absolutely
continuous and then we get the analyticity/of

Remark We would like to mention that part of the results of our paper, nargiglyproof
of Theorem 1.5, can be considered as the analo&§ffor ‘cantor-like’ limit sets.

We are going to show conformal maximality for the case of connected Julia sets. This
is formulated in the following proposition.

PROPOSITION1.6. Let U and V be two topological discsl) ¢ V, and letf : U — V
be a branched cover of degrade Suppose that we have~ m . Then f is conformally
maximal.

Proof. Let us denote by, the filled Julia set off, that isK & Muso f ().

Consider the Riemann mapping
R:C\K; - C\D,

whereD is the unit disk. Consider the annuli, = R(U \ K;), A> = R(V \ Ky) and
the mapF : Ay — A, F=Ro foR™™.

By the Schwarz reflection principle we can extend the analytic Magross the unit
circle T so that nowF is defined in the annulus containifiy Moreover,F(T) = T and
we get thatF is an expanding analytic map of the circle.

By conformality of the Riemann mapping we have that)*wr = w;. Also, by the
construction of the maximal entropy measure ligll], [FLM] (or see§1.6), we have
that (R~Y)*myp = mys. Therefore, we obtain that r ~ wp.

As in the above consideration, it follows thdt is conformally maximal (even
conformally equivalent ta?).
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This conjugacy ta — z¢ may not be true forf. On the other hand, we have a ‘one
sided conjugacy’ which is enough for conformal maximality. To see this, observe that
without loss of generality we can now think thalz) = z¢.

For the functionz; — z¢, the functionz(z) = log(|z|) satisfies property (Aut) from
Theorem 1.1. The functiom = t o R is the automorphic function corresponding fo
Applying Theorem 1.1 we are done. O

This was an illustration of how we are going to approach the proofs of Theorems 1.3—
1.5. Instead of using Lebesgue measure to start we will use harmonic measuarg;.
In many interesting casek is disconnected.

In spite of the disconnectedness, Assertion 1 above states that

(R) = log J,, is Holder continuous or/y. (1.8)
So, in our simple exampléF, A, A;) we need another approach which uses
log p is Holder continuous (1.9

instead of the much more powerful (1.7). Starting with (1.9) we can proceed as follows.
As mp = p = pdl, we haved = J, = Jy(po F)/p. Let us use the notation

y = —logp, Gt =log|z|. Then we can rewritd = |F'|(p o F)/p as

Gr(F(§))

log————== —logd =y o F — y, T. 1.10

00— %) ogd =y v, §€ (1.10)
Actually, in a neighborhood of’

Gr(F
0g 2 _joga = o PY©) — p@) + 0z — 8D, E€T.  (11D)
Gr(z)

Let us consider the following definition:
2@ = lim d"Gr(F™"2) [ m d"G(F~"zo).
n—00 n—00

Here, by{F~"} we meanany sequence of compatible branches.

The homology equation (1.11) allows us to show that this definition is corfec:
really a function (see details i§7). But then it is harmonic im; \ T, vanishes oril'
and subharmonic im;. Also, it satisfies (Aut):

T(Fz) = d1(2).

Now the criterion of conformal maximality (Theorem 1.1) finishes the proof of conformal
maximality of (F, A, A1).

This second approach will be used throughout the paper.

Let us recall the method:

(1) Find out how good is the Jacobian of harmonic measure.

(2) Provided that its logarithm is éider, we prove that lo@w/dm) is Holder (under
(0.2)). Actually, we prove the existence of invariant harmonic meaguvgth Holder
log(du/dw) in this case.

(3) The fact that lo¢dw/dm) is Holder, allows us to write a homologous equation
which is like (1.16).

(4) Using the homologous equation, we define the automorphic harnionic

(5) Theorem 1.1 then claims conformal maximality of our GPL syst¢ni/, U).
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2. A criterion of conformal maximality
Here we prove Theorem 1.1.

(2) = (1). Let T exist. Without loss of generality we assume that the period ofrer
a simple closed contowt c U \ V equals Zd:

(AT)(K)) :/ % 45 = 2nd.
X C 3n

Moreover, by the automorphic property

ot 1
[ Geds = @nmink) = Jace HNK))
3V, d

d,' di
= S @DUVinKy) =~ (AT)(Ky) = 27 d;,

where
d; = ded f|Vy).
Let us consider the harmonic conjugat®f t. By the above relation, we have that
(z) = (THDHO

is a well-defined holomorphic function & \ V.
Let us extendy from U \ V into C\ V as aC*> mapping with the only restrictions
that

p(2) =2z z~o0; ¢#0.
Pull back the standard conformal structugeon ¢(C \ V) and define

o — »«00 ONn (C\ V,
| oo onV.

Clearly,o0 = og on U (not only onV1).
The measurable Riemann mapping theorem now gives a quasi-conformal) ~ z,
7z — 00, such that
h*og = 0. (2.1)

We defineg = h™*o foh, V, = h"X(V), U, = h~*(U), and thush : U, — U is
conformal. Let us check that is a maximal system, i.e. that

Wg = My. (2.2)
To this end, consider

1 .
ro(2) 2 { loglg o hl(z), z€C\ Vg

T d| o)., zeU,.

First of all the definition is correct, as by constructior= log|¢| on U \ V. The second
line of the definition represents clearly a harmonic functioVin K, and a subharmonic
function in U,. But the first line also represents a harmonic function (nov\CinV,).
This is because (see (2.1))

(%) o h)*og = g on(C\Vg
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andg # 0. Automaticallyz,|K, = 0 andt,(z) ~ log|z|, z — oo. Thus,t, is Green’s
function G, of A (g) = C\ K, with a pole at infinity. On the other hand;, = 7, is
automorphic:

Go(82) =dG,y(z), z €V, (2.3)

because was assumed to satisfy (Aut).
Now (2.3) implies thatv, = AG, has the following property:

wg(8(E)) = A(Gy 0 g)(E) = dwy(E) (2.4)

for any BorelE C J, such thatg : E — g(FE) is injective. But as was explained §0,
there exists a unique measure satisfying (2.4), that is the measure of maximal entropy
mg. SOw, = m, and we are done.

(1) = (2). We modify the idea ofl[o]. Let us have a conformally maximal system. We
need to prove the existence of an automorphic functiorfo do this we may assume
that our systeng, V, U) is already maximal (clearly, the existence of an automorphic
function is conformally invariant). Le(x,-(g)}f.’=l denote allg-preimages oft e J,
counting with multiplicity. Letu € C(J,), and denotgy = logd. Then as the measure
of maximal entropymn is Py invariant,(P;Om)(u) = [udm, that is

d
[ Yucs@nane =d [ wan.
Je i=1 Jg

By maximality we have

d
/ > u(xi®)doE) = d/ udo. (2.5)
Jg i=1 Jg
We introduce the function
H®Gog—d-G, (2.6)

whereG(z) = [loglz — §|dw(§) + c is Green’s function. We are going to use (2.5) to
prove thatHy is harmonic inU.
Introducing the notation

0 d
—G=® and —Hy=A,
0z 0z
(2.6) gives

D(g(2))g'(z) —dP(z) = A(2).

Our purpose now is to show that € Hol(U).

Since
dw(§)

b
55—z

O(z) =

we have that

g'(@)dw(§) / dw(§)
A = | 22500 g | S5 e Hol(v Jy).
© /;g £—-g() L E—z OHVA )
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We are going to use (2.5) to remove the singularitiegtofConsider a contou€ in
U\ V. Then for everyn > 0,

/Z”A(Z)dz / dw(s)/ R (Z)anz—d/ dw(g)/ S
c I, c §—8@1) I cé—z

d
/J > i(©) do€) —d /J £ do(&) = 0
g i=1 g

according to (2.5). This proves that is holomorphic inV and it follows thatHj is
harmonic.

Two cases may occur: (afp = 0in V; (b) {z € V : Hyp(z) = 0O} is locally a
finite union of real analytic curves. If the first case occurs we@ets our harmonic
automorphic function. So let us consider (b).

Let N be a neighborhood of,, N c V,putl' = {z € N : Ho(z) = O}
ThenT = (J/_;I';, where eachl’; is a real analytic arc. Clearlyl” coversJ, (as
HplJ, = (G o g — G)|J, = 0). As J, has no isolated points we can throw away those
I, for which #J, NT;) < oo. After this operation the rest df will cover J,. So
let J, c To =/, T and let #J,NT;) = oo, i = 1,...,m. Now it is clear that
g 1(I'o) C To.

We call a cross-point any point of, which is an intersection of two different arcs
;i =1,....,m. If pgis a cross-point, then the set”(py) consists of cross-points
(as g~y C Tp). But the number of cross-points is obviously finite. So there are no
cross-points at all.

Let Oy be a thin neighborhood df, in which a holomorphic symmetry — z* with
respect tol is defined. InO; = g~10, we then get

gz" = (g2)". 2.7
Let us putG(z) = G(z) + G(z*), Ho(z) = Ho(z) + Ho(z*). Then (2.6) and (2.7) give

us
(Gog—d-G)(z) = Hoz), ze€Oi.

By definition, Hy, = 0 onTy. However, this function is symmetric with respectIig
and s0dHy/dn = 0 onTy. Thus,Hy = 0 on O, and we have a neighborhod®, of J,
in which

Gog=d-G. (2.8)
Then a standard extension ‘by means of equation’ give& s the wholeV with the

same automorphic property (2.8).
Theorem 1.1 is completely proved. O

3. Conformal equivalence to a polynomial

Proof of Theorem 1.2Me need only to show that the existence of automorphimoplies
conformal equivalence of to a certain polynomial dynamic$2) = (3). This can
be done exactly as inLyV], so we allow ourselves to be brief. Lé&tf,V,U) be
a polynomial-like system with automorphic We use the Douady—Hubbard model to
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construct(F, A,, A1), whereA, C A, C Aj are annuli containing andF : A, — Ay is
a regular covering of degreé= degf. The construction of" involves the fundamental
annulusA = U\ V for f. Ast(fz) =d-1(2), z € 3V, we can putT = 1 o ¢,
whereg is a conformal isomorphism o and (A; \ A2) N (C \ D) conjugating f and
F respectively orfA andd(A;\ Az). ThenT (Fz) =dT(z), z € 0A,N(C\ D), andT
can be extended with this property to the wholeAaf

Clearly AT =~ ¢|T. But (AT)(F(E)) = d(AT)(E) for each BorelE c T with
injective F : E — F(E). So¢ ~ AT = mpr. We can apply the considerations of
§1 to conclude thaf is conformally equivalent ta?. Now a theorem of Douady and
Hubbard DH] says thatf is conformally equivalent to a polynomial. O

4. Jy is totally disconnected and (H)> invariant harmonic measure has good density
In §1 we defined

GUD der 1 1og OUO

G(x) sl G@E
x segV\);(f

¢(x) = —log x e Jy,

which exists due to (R). Recall that is Holder ande~¥ = the Jacobian of harmonic
measurey.

We will prove thatP, is almost periodic. This would follow from general results (see
Appendix 2) if we had

P(f.¢) > supg(x). (4.1)

xelJy

As we do not have (4.1), we need to do some work. We are first going to prove
some simple consequences of two lemmas of Przytycki (see Appendix 2). We introduce
the following notation. Lef{V : ¢+ =1,...,t,} = 1, be the family of components of
f7™(U). EachV/" has multiplicitym” > 1 and) /", m" = d".

t

LEMMA 4.1. Suppose/; is totally disconnected. Let > O be fixed. Then there exists
C’ = Cj such that for any: the multiplicitym? is at mostC’e".

Proof. Fix 8, and takeCs ande from Lemma A.2.4. Clearly, we can fixy(¢) such that
Vn > ng Vt, diamV," < g (4.2)

Then
m' < dno(s) C né __ C/ nd
P Lsre =0Cge .

LEMMA 4.2. Suppose again thaf; is totally disconnected. Lét> 0 be fixed. Let
T ={V" : diamV > ¢}
Then there exist€” = Cy such that for every

cardr, < C"e®.
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Proof. Fix §. We will be using Lemma 4.1 with thi§ and Lemma A.2.3 with§; = §
ands, = 43. Fix V. Inside it there are at mogte™ = Ke™ groups ofD. EachD in
the same group is mapped onto the saBne U,,. The cardinality of each group is thus
at mostm” < C’e". If the diameter of eactd lying inside V" was at mose~#*, then
we could estimate

diamV,” < Kené X C/emS . 674118 < efnS
if n is large. Thus, if¥" € . it containsD of diameter at least~**. Using claim 3 of
Lemma A.2.3. we get

cardr, < Ke%?. O

After these general considerations, we pass to properties of the harmonic measure.
First we prove the following lemma.

LEMMA 4.3. Let J; be disconnected. (Note: not necessarily totally disconnected!) Then
there existsy > 0 such that for every and everyr

oV < e "%,
Proof. We need some geometric notation. l@tbe a contour inJ surroundingV. Let
us denote by’ the preimage o€ lying in V. Suppose thaf"~ 1V = V;, V = V\V,,
V" = f~"(V) N V. We introduce three harmonic functions. Let
W@ E oW V2, "0 Eo(de V' 2) and v'() Eo(dx, V1 \ V", 2).

We use the notatiod,, = ¢ \ J;. Let# be a harmonic function i@/ \ J; which is 1
onV NJyand 0 ondU. Then foré € V', 0"(§) > 2" (§) = (i o f")(&). In particular,

min v" >minu€) > A > 0.
geC,"v é) > i uE)=xr>

This means that"(§) <1— A for £ € C/'. So
vV'(€) <1—Ai onadV] .
Now let us consider the nest” &' vrcvrtc.oocvO *u. Applying the
consideration we have just applied ¥ to V"~1, v"=2, ..., V’, we get
V()< (A-A1)" onal.
Sow(V/*1) = v"(00) < (1 — A)" which proves the lemma. O

Let w(E, z) denote the harmonic measure BfC J; evaluated at € A, = ® \ J¢,
andw(E) = w(E, 00).

Let C be a contour close toU and surrounding it such that each component of
f~(intC) contains only ong/". Let v be a harmonic function which is 0 afi and 1
on Js. Then foré € 9V},

w(Jf NV E) = (o f)(E)

by the maximum principle.
This implies that

Eg})"';}w(-]f nve5.é§ = min v() > x>0 (4.3)
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LEMMA 4.4.1f z € V" we have
G(iz) <C-no(JNV". 4.4)
Proof. Clearly,
dist(C;', aV,") = C - (Il f'lloo) ™" (4.5)

Without loss of generality we can assume that dlam: 1. If z € C!', £ € 9V} the
formula for G(z, §) (see Appendix 1) implies that

G(z,8) < <C'-n. (4.6)

| - -
°9Gistcr, v =

Now the functions — G(z, &) andw(Jy NV}, &) are harmonic ir2) = A, \ V;* and
vanish ond2) \ aV;". On the other hand, § € V", the estimates (4.6) and (4.3) imply
that

G(z,6) <A1 Cn-wl;NV"E).

Thus, this estimate holds on the whole boundarg2pfand thus a€ = co. This proves
the lemma. 0O

The crucial estimate follows in the next lemma.

LEMMA 4.5. There exisé; > 0 andng > 0 such that fom > ng, uniformly inx € J,
Y. E.(y) e

yef—nx
yeV/'er,
Proof. Recall thatE, (y) = e?O+eUn+-+e(/""y) wherep = —logJ,. In particular,
clearly
G G
VyeJrnV', E,(y) < max € _ max ©) 4.7
gevy G(frE)  geovy G(f"E)
< K maxG(&),
E€Vr

whereK = (1/ mingcyy G(§)) < oo. Now we use Lemmas 4.1-4.4 to continue:

Z E,(y) <K - Cse™n Z w(J N V") < K - Cset® e,

yeV/er, Vier,
yef'x
If we chooses sufficiently small, we obtain our claim. O

LEMMA 4.6. Letg, = P;1. Then
0<C’1§g,l§C<oo.
Proof. One can easily check that (see Lemma A.2.2)
P;a) = w.

So we have

/ gndw =1 (48)
Jr
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Fix an integemg > 0, to be specified later, and denote foe J¢,

2(0) =Y {E.(0: f'V €1, 0<k<n—no

In other words, the sum is taken over branches such that they behave geometrically well
from depthn to depthn — ng.
Suppose now that for soni, for everyx € Jy, m < n,

gm(x) < K.

We will show thatg,(x) < K. The proof differs essentially from the proof iPfl]
because we cannot use tR€f, ¢) > supe condition which was decisive irPf1]. Still,

n—no
gi(X) —&(x) < > En k(Mg ()
k=0 yef-hreviter
n—ng
< KY > E,(y)
k=0 yef-n-bxev~*er ,
n—no
< K-GCs) e <emok. (4.9)
k=0

It is clear from the Hlder continuity ofp and from the choice of, _,, that

8@ _ o) Yzowe Jy. (4.10)
gn(w)

Also, from (4.9) we have
1-s(ngkK < /én do < 1.

Now (4.9) and (4.10) showe = ¢(no))

1-¢K
C1

< gn(x) =< Cl- (411)

Thus,
1—¢K

C

<g.(x) <Ci+¢K. (4.12)

Choosingng in such a way that(ng) < % we see thatk = 2C;(ng) guarantees that
g.(x) < K. With the boundK chosen, we can use the left inequality in (4.12) with
¢ = ¢(n1), C1 = Ci1(n1). Choosingn, large enough, we see thgt (and thusg,) is
bounded away from zero by a constant independemt of O

LEMMA 4.7. Lety be a continuous function o/ bounded away from zero afy.

(1) Then the sequende®; (¥)};2, consists of uniformly bounded away from zero and
equicontinuous functions.

(2) If ¢ is Holder, thenP) () are uniformly Hlder.
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Proof. (1) Let A = miny > 0. Let

Gy () =Y YOE.).
yefT"x
yeVi'er,
In Lemma 4.5 we proved tha, ,(x) < Cs,e™**. Combining with Py(y) = A- c?
established in Lemma 4.6, we can write

8y (x) < Cj e " (PRY) (x).

This estimate is sufficient to carry out the proof of Theorem 1Rufl].
(2) As in [Prl], Lemma 3.4 of PPU] (which is Theorem 5.1 below) finishes the
proof. O

As Przytycki's paper is not widely available, we would like to make some comments.
In the general non-expanding situation the resultdbband in [Pr1] do not give that
P () is uniformly Holder. However, Przytycki proved irPf1] that this follows from
additional information concerning the growth of the size of preimages of a ball centered
in J. This was proved inpPU] (Lemma 3.4) and we also give a different proofgh
(Theorem 5.1). The proof of Theorem 5.1 is due to the second author.

Remark 4.8The Hdlder continuity ofp = —logJ,, can be weakened in the first claim
above. The Dini conditionfo 7,(t)/tdt < oo would be sufficient ifr, denotes the
modulus of continuity ofp.

Now we are ready to prove the first claim of Theorem 1.3.

THEOREM 4.9. Let J; be totally disconnected. Let
¢ = —log J,, be Hilder continuous. H

Then there exists invariant measuyre= vy - w with Holder continuousyyg, ¥ > 0.

Proof. We apply Lemma 4.7 tay = 1. Let X = convh{P/1}. By the first part of
Lemma 4.7 X is a convex compact set ifi(J;). Note that/ h(x) dw(x) = 1 for each
h € X. By the second part, each elementXfis a Holder function. Lety € X be a
fixed point of P, : X — X. So vy is Holder continuous angy > A > 0. Let us check
that o - w is f-invariant. Fix an arbitrarys € C(J;). Then

(Yo - h, w) = (Py(Y0) - h, w) = (Py(Yo-ho f),w) = (Yo-hof o)

We can rewrite this as
(ho fio-w) = (h, Yo )
and this is exactly thef -invariance ofy - . Now we are done. O

5. Estimate of the size of preimages of the ball. An analog af@&leémma

Marfié proved in M] that under certain conditions on the critical points’ behavior, the
size of components of preimages of a sufficiently small ball (centered at the Julia set of
rational function) stays bounded. The conditions are as follows. There are no parabolic
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points and for each critical point on the Julia set its orbit does not accumulate-to
We call the last conditiosemi-hyperbolicity

We intend to prove the analog of Mi@'s result which holds without the assumption
of semi-hyperbolicity. For the sake of completeness we also sketch the prooffiégfdvia
original lemma.

We intend to work in the setting of GPL dynamics, and even in a slightly more general
setting of holomorphic repellers (see the definition below). Because ofctirevariance
of the problem, this does neither restrict nor expand the generality in comparison with
the case of rational dynamics.

So letU be afinitely connected domain with analytic boundary, ¥t ..., Vi be
finitely connected subdomaing; c U,i =1,...,k, and letf; : V; — U be branched
or regular coverings of finite degre¢. DenoteV = Uf.‘:lvi, f = 1, fi)
f:V > Uandd = dy,+---+d;. The triple (f,V,U) is called a holomorphic
repeller. The symbo|lB| denotes the diameter d&.

For the sake of simplicity we assume that

intk, =, (EI)

whereKy =(,.o f"(U). As always,J; = 9K and thus equalk; due to (EI).

The next estimate was crucial in proving the second assertion of Lemma 4.10 which
amounts to Hlder continuity of P;(v). In its turn, this Hlder continuity means the
Holder continuity of the density of invariant harmonic measure.

THEOREM5.1. Let (f, V, U) be a holomorphic repeller satisfyin@l). Then there exist
numbersA, L, D,ro > 0, such that ifB,(r) denotes any component ¢f"(B(x, r)),
x €U, r <rg then

|B,(r)| < rt/Pel. (5.1)

This result was mentioned to the third author by Feliks Przytycki. Our proof here
(belonging to the second author) is different (and may be shorter) from the proof of
Denker, Przytycki and Urbanski which recently appearedDR{)].

LEMMA 5.2. Let(f, V, U) be as above. Then there exist B such that
|By(e™*")] < e, (5.2)

Clearly, Lemma 5.2 implies Theorem 5.1. In fact, let= ¢ 4™, A’ > A. Put
N = [(A’/A)n], thenr < e 4Y and|By(e 4")| < e 8" by the lemma. On the other
hand, ife” = maxy | f’|, we have

1B,(r)| < By ™) < [fV " By(e | < TNV BN

< e~ BN+D)/2 < (e—A/n)B/ZA _ rB/2A7
if B is large with respect t@". PutD = 2A/B. If r > ¢~4" the choice ofL ~ A/D
proves (5.1).

Notation.A component off ™" (B(x, R)) containingy will be denoted byB; (R, y). The
lettersx, y will often be omitted. We call the componen®s(R), B,_1(R), ..., B(x, R)
the chainif they are sent byf one to another.
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To prove Lemma 5.2 we use the following lemmas.

LEMMA 5.3. Let (f, V, U) be as before. There exist§ such that for anyr the chain
B.(e %™, ..., B(x, e~ X") meets each critical point only once.

LEMMA 5.4.Letw = mp 01, Wherenry - W — V, 75 . V. — B(O,R), R > 2, are
branched coveringsy; with one critical point of multiplicityd; and w, with one critical
point of multiplicityd,. Denote byW, a component of ~(B(0, 1)). Then

a
mod(W \ Wy) > —— logR,
AW\ Wo) > i, g
wherea is a positive absolute constant.

LEMMA 5.5. If Wy c W are simply connected domains, thévy| < Co| W |e—c1ModW\Wo),
whereCy, c; are absolute.

Lemmas 5.4 and 5.5 are almost obvious. One just needs to notice that if a doubly
connected domai2 has a large modulus, then it contains a standard annulus whose
modulus is also large enough.

Letcy, ..., c, be all our critical points and lety, ..., d; be their multiplicities.
Now Lemma 5.3 implies Lemma 5.2. As the chadip(e=%"), ..., B(x, e X") meets
each critical point at most once, we apply Lemma 5.3 to claim that
Kn
mo Bn —Kn Bn —2Kn > ai’
AB, (e ")\ Bute™™ M) =
and so by Lemma 5.5
|B,1(€7An)| — |Bn(672Kn)| S C . CoefClaKn/dldzmdk < e*Bn-

It remains to prove Lemma 5.3.

Proof. Use induction om. If K is large enough, then'= 1’ claim holds. We know

that B,_1(e"X®=D), ..., B(x, e"K®=D) contains each critical point at most once. So
the 'k = n’ claim fails only if, say,c; € B,(e X") and simultaneously; € B,,(e "),
n > n;. By the k = ny’ assertion the chairB,, (e X™), ..., B(x, e X") meets each

critical point at most once. So by Lemma 5.4,
—Kn —Kn ak
mod(B,, (e Kny\ By, (e Kmy) > m(” —ny).
In particular, by Lemma 5.5
ciakK
didy - - - dj

wherey can be chosen as close to 0 as we wish by the choice of Krge
We have already mentioned that € B,, (e %"), and thatc; € B,(e %X") =
f=ey € By, (e7X"). Now (5.3) implies

|B,, (e ™) < C - Co exp[— (n— ”1):| <y""m, (5.3)

leg — fO7eq| <

But this is impossible ify is small enough. SeePf2] for example. Theorem 5.1 is
completely proved. O
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The next proposition is a variant of M&’s lemma M] for one critical point.

PROPOSITIONS.6. Let (f, V, U) be a holomorphic repeller witEl). Let f be semi-
hyperbolic onJ; and letc be a critical point of f on J;. Then for anye, there existss
such that

Vxeldy, ¥n, |BXS)| <e. (5.4)

Proof. Let A = dist(c, { f/c};>1). We assume\ < 1. The Koebe distortion theorem and

assumption (EI) readily imply the following assertion.

There exists}; > 0 such that for any < &,
if the chainB;;_,(2r), ..., B(x, 2r) does not meet, (5.5)
then|B;(r)| < A%, j=0,...,n.

Now we claim that:

There exists); > 0 such that for any < n,
if the chainB,_1(r), ..., B(x, r) does not meet (5.6)
butc € B,(r), then|B;(r)| < A, j =0,...,n.

Claim (5.6) is obvious fom = 1. Let it hold for 2...,n — 1. Let £y = min{m :
¢ € B,(2r)}. If Lo > n, then (5.5) implies (5.6) forn. So supposd&y < n. Choose
B(y,r) C B(x, 2r) in such a way thatf®(c) € B(y, r). Clearly

B(x,r) N B(y,r) # 0. (5.7)
The induction hypothesis fafy shows that
|B) _1(r)] < A¥

Also, (5.5) implies
|Bf _1(r)] < A*

But By _,(r) N B, _,(r) # ¥ because of (5.7) and the fact that~! : By, _1(2r) —
B(x, 2r) is univalent. We see that

|fe— frtotle] < 2AF

Both points are inBy,-1(2r). So|c — f"~‘c| < ¢c;A%*. Fork > ks, this comes to a
contradiction with the non-recurrency assumption. Claim (5.6) is proved.

To finish the proof of Proposition 5.6, let us fix a large A% < ¢/2 and let
r <8 =mni/2. Letn be the first place wheree B,(2r). Then

€
|By(2r)], |By-1(2r)], ..., |B(x,2r)| < A* < > (5.8)

On the other handB(c, 4¢) N {f/c};>1 = ¥ if ¢ is small enough and so all components
of f=/(B(c, e/2)) are small enough for alf > 0 by (5.5):

B (3)| == (5.9)

Now B, (r) lies in B,,(2r) and if m < n, (5.8) gives the required estimate. On the other
hand, B,,(r) lies in Bj(¢/2) if m > n, and so (5.9) gives the required estimate. [
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6. Non-recurrent dynamics
We are going to list here the simplifications stemming from the assumption of non-
recurrency:

V¢ e Crit(f) N Jy, ’i12f1|c — f"| > A > 0. (NR)

For simplicity, we consider only the case of totally disconnecigd

The basic fact stemming from (NR) is the following lemma which basically follows
from Proposition 5.6 and can be found in many references, e.@CJN] or in [BV2].
The notation is ing4.

LEMMA 6.1. Let (f, V, U) be a non-recurrent GPL system with totally disconnecigd
Then there exist and§ > 0 such that

diamV" < ce™. (6.1)

Another basic result implied by (NR) is somewhat more difficult. It can be found in
[BV3].

THEOREM 6.2. Let (f, V, U) be as before. Letr be Green’s function of \ J;. Then(R)
holds:

G(f&) . G(f&)

dc, e > OVEJ_, Ez eV \ Jf, G(Sl) . G(%‘z)

1 < clé1— &l (R)

Here is a corollary to Theorem 6.2.

THEOREM 6.3. Let(f, V, U) be a GLP non-recurrent system with totally disconnected
Then the Jacobiad, of harmonic measure is such thatog J, is Holder continuous.

Lemma 6.1 also has a very important corollary.

LEMMA 6.4. Let f be as before. Lep be a Hilder continuous function od; and letv
be a probabilistic measure o# with the property

ko
P(pv_v.

Then P, is almost periodic onC(J;), and if ¥ is Holder continuous orJy, then all
functions Pj(y) are uniformly Holder continuous. Moreover, there exists altir
continuous fixed pointo of P, such thatP) (/) — 0. The measurgy-v is f-invariant
and ergodic, andjo > 0 on J;.

Proof. We can repeat the proof of Theorem 1 &1] using Lemma 6.1 systematically.
For convenience, we recall the main steps in the proof of Theorem Brij.[
The first step is to show that there exists> 0 such that for any, y € J andn € N
we have
Py _
Pr(D(y) ~
While in the general case this estimate is hard to get, in our semi-hyperbolic situation
by Lemma 6.1 it becomes an easy exercise.
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The second step is to prove that we have the following formula for the topological
pressure:

1
P(f.9) = lim_ -log P, (D)(x).

foranyx € J.

At this step Przytycki uses essentially the inequaditx P(f, ¢) which we do not
need as we are helped again by Lemma 6.1.

After these steps the statement of the lemma follows in a standard way. O

Now we can prove Theorem 1.4, which is the existencefdhvariant harmonic
measure with ldlder continuous density.

First considerp def —logJ,. This is Holder continuous by Theorem 6.3. Apply
Lemma 6.4 to getf-invariant measurer = Vo - w. AS Yo > 0 and o is Holder
continuous, obviously logyg is Holder continuous and Theorem 1.4 is proved. O

7. The homology equation and conformal maximality
Here we prove Theorem 1.5 and ‘the conformal maximality’ part of Theorem 1.3. The
proof is the same. The difference is that (R) is assumed in Theorem 1.3 and we can forget
about this assumption in Theorem 1.5, because under the conditions of non-recurrency
and total disconnectedness (R) will hold (s&&8] and [BV4]).

We would like to mention that this result was proved in full generality, simultaneously
and independently by the first author and by A. Zdunik in April 1995.

We think that it is still useful to give the proof in our setting.

The setting is as follows. Given (R), we have already proved that

o(x) gef log G % lim log ¢

G(fx) i=>x T G(f2)
is Holder continuous and there exists = e¢” (the eigenvector ofP,), with Holder
continuousy and such that

Yo -w=m (7.1)
Having in mind that/,, = ¢~¢ and J,, = d, we rewrite (7.1) as followsy( = log ):
p(x)+logd =y o f(x) —yx), xelJ;. (7.2)
Having (R) in mind, we can also notice that
G
¢ G(éz)) —logd +y(f(x)) —y(x)| < clz —x/". (7.3)

Now let g; be a repelling fixed or periodic point of on J; with period ¢. Let
B = B,, be such a small disc centeredgatsuch that the component,, of F(B)
containingg; are contained i3, n = 1,..., and letB be free from critical points of
ft

Let us construct a certain harmonic function Br= BU f~1(B)U---U f~¢1(B).
First on B. We denote by = g, the inverse branch of * : B — W, C B. Now (7.3)
will give
G(g"'2)
d'G(g'z)

1‘ <Cq", (7.4)
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for someg < 1.
Now (7.4) implies that the following limit represents a subharmonic function:

U, (z) = nleood@"G(g"(z)), z€B (7.5)

such that
U, (2) <CG(2) (7.6)

andU,, is harmonic inB \ J;.
Now we defineU,, on f~/(B) as

U,(z)=d U, (f'z), j=1,...,0—1 (7.7)

Applying (7.3) and (7.2) and recalling that

. G(2)
¢(x) = lim log ,
2y, G2

we obtain
. G(2)
lim

5y, Ua @)

= VW@ x e BN Jy. (7.8)

Applying (7.2) again(B = BU fX(B)U---U f~¢D(B)), we obtain

. G .
lim %& = VW@ x e BN Jy. (7.9)
qi

zeB\J;
Now let 9 be any preperiodic point otf;. Let /6 = g;, whereg; is periodic, and let
By be the component of =" (B) containingd, where B = B,,. On By, we can define
Uy as
Up(z) =d™"Uy (f"2).

Then (7.2) and (7.3) show

G() — e VWY@ y e BN Jy. (7.10)

P Us(2)

PutVy = ¢”“)U, on By and V,, = ¢’ U, on B,,. Let us try to show that these
functions define one function o = |, By |, B,.-

In fact, (7.9) and (7.10) show thatdf andé, are two periodic or preperiodic points,
and By,, By, Vs,, Vs, are domains and functions constructed on them, then

Vo, (2) = Vo,(2)| = 0(G(2)), z € By, N By,, z— Jy. (7.11)

Lemma A.1.2 and (7.11) imply thaaV,, = AV,, on By, N By,. Thus, V,, — Vj,
is harmonic inBy, N By,, and it also vanishes oy N By, N By,. Either Vy, = Vp, on
By, N Bg,, or Jy N By, N By, is covered by finitely many real analytic curves. Suppose
J; is covered by finitely many real analytic curves. As in the proof of Theorem 1.1, we
conclude that we may only consider this situation when these curves are disjoint. Now
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let « be a holomorphic symmetry with respect to these curves. Instedd @fe are
going to work with

Vo (2) £V, (2) + Vo).

The advantage is that noW, = Vy, in By, N By,.

In any case we obtain a function on O such thatz|By = Vs (or Vy if the first
possibility ‘Vy, = V4,” always occurs).

Note thatfz* = (fz)*. So regardless of the situation and of the branclyf of,

1(z) =dt(f12), ze€O. (7.12)

It may happen thatD does not contain the wholg;. We are going to extend as
follows.

Fix a certain repelling periodic poing;. Let VY be a component off " (U)
which containsg; and which is small enough to be insid2 (recall thatJ; is totally
disconnected).

Let z € U not be a critical value off¥ and letI" be a curve inU connectingz
with a pointé € VV. Let " be free from critical values of V. Let x, y be any two
fN-preimages ot lying in V/". We use the branched coverifd’ : VY — U to lift T
to two curvesy,, y, starting atx, y respectively and lying ir,". In a neighborhoodv
of I' we can define*, ¥ by

) =d"c (7N, @) =dV(f; VD).

Here f—V, fy*N are two branches of =¥ on W, mappingW onto neighborhoods of
y*, yY respectively. Note that* andt” coincide in a neighborhood &f. This is just
because (7.12) holds. Being harmonicWf these two functions coincide iW. Thus
we definer on U such that

t(f¥2) =d"t(z), VzeVV. (7.13)
Also (7.2), (7.3) and (7.13) show that
| @ _ v e Jyr. (7.14)
vy, T@)
To build an automorphic function we first deduce from (7.14) and (7.3) that
dt(z)
Loy, T2 -

1, xel. (7.15)

Thus,7(fz) —dt(z) is harmonic inU and vanishes od,. There are two possibilities:
either
T(fz) =dt(2);
or J; is covered by finitely many disjoint real analytic curvBsand H(z) = t(fz) —
dt(z) vanishes orf".
Introducing a holomorphic symmetry with respect tol", we definet(z) = t(z) +
t(z*) and H(z) = H(z) + H(z*). Clearly, fz* = (fz)* and we see that

H(z)=0 onT.
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By symmetry,dH/dn = 0 onT and soH = 0. Thus,

T(fz) =d1(2).

An automorphic function has been built and Theorems 1.5 and 1.3 are completely
proved. O
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Appendix 1. Background on potential theory

Any subharmonic functiom on an open sdt/ of C generates a positive-finite measure

w, = Au, called its Riesz measure (here the Laplactais understood in the sense of
distributions). This measure behaves naturally under conformal change of variables (so,
actually it can be defined on any Riemann surface).

Let us assume tha& is a compact inC such thatC \ K is connected and tha is
sufficiently thick (i.e. positive capacity). Then there exists a Green's funciiomith a
pole atoo: a non-negative subharmonic function @y harmonic onC \ K, vanishing
on K and having asymptotic6(z) ~ log|z| nearoco. Its Riesz measure is called the
harmonic measure oK evaluated ato and it is denoted bw.

The harmonic measure is always supported on the boungl&ryand if E is set
intersectingd K, then we denote bw(E) = o (C\ K, E, co) the harmonic measure of
E U 3dK. Knowing the harmonic measute, one can restore the Green function as its
logarithmic potential:

G() =c+/loglz —tldw(t),

wherec = 1/ capK).

One can consider Green’s functiod-, &) with an arbitrary pole € C\ K and
the corresponding harmonic measures evaluateg aur notation will bew(E, &) =
w(C\ K, E,&). The relation between the Green’'s function and harmonic measure

becomes
1

lz — &l
If vis any harmonic function o€ \ K and continuous on the closure @f\ K, we
can obtain the value af at any pointx € C \ K by the Poisson formula:

G(z,§) = log

1
—/Iog—da)(t,s).
|z — 1]

v(x):fv(t)dw(t,x).

Finally, we state two lemmas of GrishiGf].

LEMMA A.1.1. LetV be a neighborhood of a compaktand letu, v be two subharmonic
functions onV, vanishing onK and positive and harmonic i¥ \ K. Suppose that for
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everyx € 9K there exists the limit

p(x) = lim @
£—>x  v(x)
EeV\K

and that this limit is continuous. Thefyu, = pduw,, wherepu,, u, denote the Riesz
measures of andv.

LEMMA A.1.2. Let wy, wy be two non-negative subharmonic functions Gnwith
wy > wo. Let

27
J = {z €O (w1 —wy)(z) =lim ign‘ (w1 — wo)(z +re'®)do = 0}.
r— 0

Then
Awy > Awy onlJ.

Appendix 2. Background on thermodynamic formalism

We quote some basic facts of the Sinai-Bowen—Ruelle formalism for expanding
endomorphisms. Let us assume for simplicity that our Julia set is the unit @itcle
The pressure of the functian e C(T) is denoted byP (F, ¢) (see DGS] for properties)

and is defined by

P(f, @) = sup{hv(F) + / @dv v is a F-invariant ergodic probability measn.}re
T

Recall thatp, : C(T) — C(T) is given by P,yr(x) = > p _, Vv (y)e*™® and
L, : C(T) — C(T) is defined byL, = P,_pq. ThenL, is almost periodic, if
for everyy € C(T) the sequence of function)y is bounded and equicontinuous.

LEMMA A.2.1. Suppose thafF is expanding andp is Holder continuous. Thetd,, is
almost periodic. There is a positive fixed point #g, namely a functionyg such that
LyYo = Yo. Moreover,yg = lim E;l and it is Holder continuous. There is a unique
probability measure; on T such thatl) n = n. We also haveCly — o - fT vdn
uniformly asn — oo.

The expanding case is similar to the case of a one-sided topological Markov chain
and one can find the proof of the lemma Bo] or [R].

Given a measure with good Jacobian, Lemma A.2.1 allows us to construct an
equivalentF-invariant measure. with good densitydu/dv.

LEMMA A.2.2. Suppose thaft' is expanding and is a probability measure off with
JacobianJ, such that
¢ = —log J, is Holder continuous. (A2.1)

Then there exists a unigué-invariant measure: such that

dp . .
log d—“ is Holder continuous. (A2.2)
v
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Proof. Let E, (y) = exp[Z:?;()lw(fi(y))]. F is expanding so we can easily writey(is
any point onT)
1
P(F,¢)=lim =log > E,(y).
n—oon Fry—xo
Taking a sufficiently small neighborhodd of xo and using the Elder continuity ofyp,

we see that

E.(y) 1

E,(2)
for any two pointsy, z in the same componerit, of f~"(V). This and the fact that
¢ = —logJ, imply thatzpny:m E,(y) < C> v(V,), the sum being taken over all

components off (V). Now it is clear thatP(F, ¢) < 0.
On the other hand, let us compulgv. Fix a subset C T on which F' is injective.
Then (we repeat reasoning on p. 116 Bf1])

Py()(E) = / Py(xe) dv / eI dy
F(E)

= / eIl =0 gy — y(E).
E

Decomposindr into a finite number off; on each of whichF is injective, we get
P;‘v =v. (A2.3)

Thus, the spectral radius d@f; is at least 1. Buk(P;) = e""¥ > 1. SOP(F,9) = 0
which showsP (F, ¢) = 0.
Now Lemma A.2.1 can be applied o= —log J, to obtainyg = lim,_, Pyl and

n, P;n = n. By uniquenessy = v. Clearly, u def Yodv is F-invariant and log)g is
Holder continuous becausf, is Holder continuous, angg > 0. O

For the general, non-expanding case a version of the theory has been developed by
Denker and Urbanski ifJE]. Their result essentially says that the results of the previous
two lemmas hold if we replac& by any rational mapf and replacel by the Julia set
J = Js, but making an important additional assumption that

P(f, ¢) > supe(x). (A2.4)
xely

A different proof of this result was given by Przytycki iRfl]. The difficulty in the
general case is due to the fact that we may meet critical points as we take backward
iterates of a small ball. The first step in overcoming this difficulty is to show that the
bad event of meeting critical points does not happen very often. This is expressed by
the following lemma (Lemma 1 inHr1]):

LEMMA A.2.3. For everye, 81, 82 > 0, there exist&k > 0 such that for every > 0 there

existsU,, a covering ofU by discs, such that:

(1) cardU, < Ke":, if for every B € U, we denote bys, the family of components of
f"(B) each repeated with its multiplicity; then

(2) foreveryD e B, and0 <i <n,diamf'D < ¢;

(3) cardD € B, : diamD > ¢ "2} < K22,

https://doi.org/10.1017/5014338579706104X Published online by Cambridge University Press


https://doi.org/10.1017/S014338579706104X

26 Z. Balogh et al

Remark.Actually, this type of assertion was invented by LyubidlyI], [Ly2]. We
would like to mention that now one can do slightly better. Actually, one may choose a
coveringU, such that

(1) cardU, < Kn?

holds. Just surround e Crit(f") by a disc of radius,, = e~X" with largen, in contrast
tor, = e in [Lyl]. The rest of the construction is left without change. Estimates
follow from Theorem 5.1 above or Lemma 3.4 @RU].

Forx,y € K; we define

on(x, y) = maxdist(f' (x), f'(y), i =0,...,n}.

We write B, (x, ¢) to denote the ball centered atwith radiuse in the metricp,.
We sayx, y is (n, ¢)-closeif y € B,(x,e). We will also need the following lemma
(Lemma 3 from Pr1]).

LEMMA A.2.4. For every$ > O there existCs, ¢ > 0 such that for everyg € J;, every
n > 0andyg € f"(xp), the number of points € f~"(xg) which are(n, ¢)-close toyg
is less thanCse™.
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