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Shibata~1981, Biometrika68, 45–54! considers data-generating mechanisms be-
longing to a certain class of linear regressions with errors that are independent
and identically normally distributed+ He compares the variable selection criteria
AIC ~Akaike information criterion! and BIC~Bayesian information criterion! using
the following type of comparison+ For each fixed possible data–generating mech-
anism, these criteria are compared as the data length increases+ The results of this
comparison have been interpreted as meaning that, in the context of the data-
generating mechanisms considered by Shibata, AIC is better than BIC for large
data lengths+ Shibata’s comparison is pointwise in the space of data–generating
mechanisms~as the data length increases!+ Such comparisons are potentially mis-
leading+We consider a simple class of data-generating mechanisms satisfying Shi-
bata’s assumptions and carry out a different type of comparison+ For each fixed
data length~possibly large! we compare the variable selection criteria for every
possible data-generating mechanism in this class+ According to this comparison,
for this class of data-generating mechanisms no matter how large the data length
AIC is not better than BIC+

1. INTRODUCTION

Shibata~1981! considers data-generating mechanisms belonging to a certain
class of linear regressions with errors that are independent and identically nor-
mally distributed+ He compares AIC~Akaike information criterion! and BIC
~Bayesian information criterion! using the following type of comparison+ For
each fixed possible data-generating mechanism, these criteria are compared as
the data length increases+ The results of this comparison have been interpreted
~see, e+g+, Shibata, 1981, 1986! as meaning that, in the context of the data-
generating mechanisms considered by Shibata~1981!, AIC is better than BIC
for large data lengths+ Shibata’s comparison is pointwise in the space of data-
generating mechanisms~as the data length increases!+

A pointwise limit of a sequence of functions may have features not evident
in any element of the sequence, no matter how far we proceed along the se-
quence+ In the context of statistical theory, Hajek ~1971! states that “Especially
misinformative can be those limit results that are not uniform+ Then the limit
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may exhibit features that are not even approximately true for any finiten+”
Illustrations of this point, in the context of confidence regions and prediction
regions, are provided by Kabaila~1995! ~cf+ Pötscher, 1991, 1995!+ The sim-
plest illustration of this point, in the context of statistical theory, is provided by
the famous example due to Hodges of a “superefficient” estimator~see, e+g+,
Lehmann, 1983!+ In other words, Shibata’s comparison, which is pointwise in
the space of data-generating mechanisms, is potentially misleading+

In Section 2 we describe a simple class of data-generating mechanisms sat-
isfying Assumption 1 and Condition 2 of Shibata~1981!+ In Section 3 we de-
scribe the comparison of AIC and BIC for this simple class, using the approach
of Shibata~1981!+ In Section 4, we carry out a different type of comparison of
AIC and BIC in the context of this simple class of data-generating mecha-
nisms+ For each fixed data length~possibly large! we compare these criteria for
every possible data-generating mechanism in this class+ According to this com-
parison, for this class of data-generating mechanisms no matter how large the
data length AIC is not better than BIC+

2. A SIMPLE CLASS OF DATA-GENERATING MECHANISMS
SATISFYING ASSUMPTION 1 AND CONDITION 2

In this section we describe a simple class of data-generating mechanisms satis-
fying Assumption 1 and Condition 2 of Shibata~1981!+We use an almost iden-
tical notation to that of Shibata~1981!+ Let ,2 denote the Hilbert space of vectors
a 5 @a1,a2, + + + # ' , satisfying(i51

` ai
2 , `, with the usual inner product̂{,{&

and norm7a75 ^a,a&102+ Suppose thatf is a twice differentiable even function
with period 2p+ We can expressf as follows:

f ~t ! 5 (
k50

`

bk11

cos~kt!

k 1 1
for all t,

whereb 5 @b1,b2, + + + # ' is a vector in,2+ This is the samef as that described in
Example 3+2 of Shibata~1981!, apart from a change of scale fort+ We may
write f ~t ! 5 ^x,b& where

x 5 F1, cos~t !

2
,
cos~2t !

3
,
cos~3t !

4
, + + +G '

is a vector in,2+
Suppose that we observeY 5 @Y~t0!, + + + ,Y~tn21!# ' where

Y~tj ! 5 f ~tj ! 1 «j for j 5 0, + + + , n 2 1,

tj 5 2pj0n, and the«j ’s are independent and identicallyN~0,s2! distributed+
The data-generating mechanism is specified by~b,s!+ It is convenient to ex-
pressY as follows:
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Y 5 (
k51

` bk

k
ck 1 «,

where« 5 @«0, + + + ,«n21# ' and theck’s aren-vectors defined by

ck 5 @cos~~k 2 1!t0!, + + + ,cos~~k 2 1!tn21!# '+

Suppose thatn . 1 and defineN to be the greatest integer less than or equal
to n02+ Some basic properties of theci ’s are described in Lemma A+1, which
is stated and proved in Appendix A+ Define X~k! to be then 3 k matrix with
i th column i 21ci + The family of models fitted to the data is indexed byj [
$1, + + + ,Kn% and thekth model in this class is

Y 5 X~k!b~k! 1 «

with b~k! an unknownk-vector+ Note that this is a nested family of models+We
make the following assumption about$Kn% +

Assumption A+ $Kn% is a sequence of positive integers satisfyingKn , N for
all n, Kn 5 o~n!, andKn r ` asn r `+

Also defineMn~ j ! 5 X~ j !'X~ j ! wherej # N+ Observe that, by Lemma A+1,
Mn~ j ! is a j 3 j diagonal matrix with nonzero diagonal elements+ Clearly As-
sumption 1 of Shibata~1981! is satisfied+

Now defineMn 5 Xn
'Xn whereXn is then 3` matrix with i th columni 21ci +

Also define, for a [ ,2, 7a7Mn

2 5 ^Mna,a&+ Let b~n!~ j ! be the value ofb* 5
@b1
*, + + +bj

*,0,0, + + + # ' minimizing 7b 2 b* 7Mn

2 where j , N+ A convenient ex-
pression for7b 2 b~n! ~ j !7Mn

2 is derived in Appendix B+ We now make the fol-
lowing assumption aboutb+

Assumption B+ b has infinitely many nonzero components+

Let B denote the set ofb [ ,2 that satisfy Assumption B+ By Lemma A+1,
the N 3 N matrix in the upper left corner of 2n21Mn is a diagonal matrix with
diagonal elements 2, ~ 1

2
_!2, + + + , ~10N!2+ By Theorem 3+1 of Shibata~1981!, his

Condition 2 is satisfied+ A direct check that this condition is satisfied is pro-
vided in Appendix B+ Shibata~1981! states that his Assumption 2 can be re-
placed by his Condition 2+

Define Zb~ j ! 5 @Mn~ j !#21X~ j !'Y the least squares estimator ofb~ j !+ We
now describe two criteria whose minimization with respect toj ~1 # j # Kn!
has been suggested as providing the appropriate choice ofj and consequently
Zb~ j !+

AIC~ j ! 5 n log [s2~ j ! 1 2j, ~Akaike, 1974!

BIC~ j ! 5 n log [s2~ j ! 1 @ log~n!# j+ ~Schwarz, 1978!

Here [s2~ j ! 5 n21~Y 2 X~ j ! Zb~ j !!'~Y 2 X~ j ! Zb~ j !!+ Let Zjn and Djn denote the
smallest value ofj [ $1, + + + ,Kn% minimizing AIC~ j ! andBIC~ j !, respectively+
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3. A COMPARISON POINTWISE IN THE SPACE OF
DATA-GENERATING MECHANISMS

Define

Ln~ j ! 5 E7@ Zb~ j !',0,0, + + + # ' 2 b7Mn

2 ,

which, for fixed j, is a measure of how well@ Zb~ j !',0,0, + + + # ' estimatesb+ Note
that

Ln~ j ! 5 7b 2 b~n! ~ j !7Mn

2 1 js2+ (1)

Let jn
* denote the value ofj [ $1, + + + ,Kn% minimizing Ln~ j !+ Now consider a

choice, say, Njn, of j based on the dataY+ The measure of efficiency for this
choice chosen by Shibata~1981! is

d~ Zb~ Njn!,b!

Ln~ jn
*!
, (2)

where

d~ Zb~ j !,b! 5 7@ Zb~ j !',0,0, + + + # ' 2 b7Mn

2 +

His Theorem 2+2 implies the following result+

THEOREM 3+1+ Suppose Assumptions A and B are satisfied. Then

d~ Zb~ Zjn!,b!

Ln~ jn
*!

p
&& 1+ (3)

Shibata~1981, p+ 54! states, “Furthermore it can be shown that theBIC method
proposed by Schwarz~1978! and Akaike~1978! is also not optimal in our sense+”
In other words, ~3! does not, in general, hold if Zjn is replaced by Djn+ Shibata
~1986! has concluded that, in the context of a linear regression model that is
supposed to approximate~in a certain sense! the data-generating mechanism,
AIC is better than BIC for large sample sizes~cf+ Barron, Birge, and Massart,
1999, p+ 307!+

The results of Shibata~1981! concern the behavior of a particular measure of
efficiency asnr` pointwisein the space of data-generating mechanisms spec-
ified by ~b,s! whereb [ B+ As with the example of Hodges’s “superefficient”
estimator this is not really appropriate+ Let Njn denote a choice ofj based on the
dataY+ The measure of efficiency~2! of this choice is based ond~ Zb~ Njn!,b!+
Assuming that one insists on such a basis, one should compareZjn with Djn in the
following way+ One should fix n and examined~ Zb~ Zjn!, b!0d~ Zb~ Djn!, b!
~5 @d~ Zb~ Zjn!,b!0Ln~ jn

*!#0@d~ Zb~ Djn!,b!0Ln~ jn
*!# ! as we vary over all data-

generating mechanisms specified by~b,s!, whereb [ B, prior to lettingnr`+
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4. A DIFFERENT COMPARISON OF THE VARIABLE
SELECTION CRITERIA

The following result, which is the main result of the paper, shows that for each
sufficiently largen there exists~b,s!, whereb [ B, such that~a! BIC is as
good as or better than AIC for every data vectorY and ~b! BIC significantly
outperforms AIC for a set ofY’s with probability exceeding 0+13+ In other words,
if we fix n and examine the performance of AIC relative to BIC as we vary
over the possible data-generating mechanisms then AIC cannot be said to be
better than BIC, irrespective of how largen is+

THEOREM 4+1+ Fix $Kn% satisfying both Assumption A and n102 log~n!Kn 5
o~n!. Also fixs. For each sufficiently large n there existsb [ B such that

d~ Zb~ Zjn!,b!

d~ Zb~ Djn!,b!
$ 1

and

PSd~ Zb~ Zjn!,b!

d~ Zb~ Djn!,b!
. 2D . 0+13+

Proof+ Fix $Kn% satisfying both Assumption A andn102 log~n!Kn 5 o~n!+ The
set ofb [ B such that7b 2 b~n! ~Kn!7Mn

2 r 0 asn r ` is nonempty; roughly
speaking, we can chooseb [ B such that thenth component ofb converges to
zero asn r ` arbitrarily fast+ Fix both Db an element of this set ands2+

Restrict attention ton sufficiently large that log~n! . 2+ The key observa-
tion is that, for each fixedn, b 5 ~ Nb1, + + + , NbKn

, DbKn11, DbKn12, + + + ! [ B for ev-
ery ~ Nb1, + + + , NbKn

! [ RKn+ Note thatb depends onn; however, for the sake of
readability, this has not been included explicitly in the notation+ As proved in
Appendix C, for j 5 1, + + + ,Kn,

d~ Zb~ j !,b!

s2 5 (
i51

j

Wi 1 (
i5j11

Kn Sm i ~b!

s
D2

1
7b 2 b~n! ~Kn!7Mn

2

s2 , (4)

whereW1,W2, + + + are independent and identicallyx1
2 distributed and

mk~b! 5 ! n

2 Fbk

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG for k 5 2, + + + ,N+ (5)

Note that we can choose~ Nb1, + + + , NbKn
! so thatm2~b!, + + + ,mKn

~b! take any de-
sired values+

As proved in Appendix D, Djn # Zjn+ We now choosem2~b!, + + + ,mKn
~b! so

that AIC does not perform well by comparison with BIC+ Choose~ Nb1, + + + , NbKn
!

such thatm2~b! 5 {{{ 5 mKn
~b! 5 0+ It follows from ~4! that

VARIABLE SELECTION 917

https://doi.org/10.1017/S0266466602184052 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602184052


d~ Zb~ Zjn!,b!

d~ Zb~ Djn!,b!
5

(
i51

Zjn

Wi 1
7b 2 b~n! ~Kn!7Mn

2

s2

(
i51

Djn

Wi 1
7b 2 b~n! ~Kn!7Mn

2

s2

+

Because Djn # Zjn, d~ Zb~ Zjn!,b!0d~ Zb~ Djn!,b! $ 1+ Now 7b 2 b~n! ~Kn!7Mn

2 r 0 as
n r `; remember, Db is fixed+ Hence there existsN1 , ` such that for all
n . N1, 7 Db 2 b~n! ~Kn!7Mn

2 , 0+01s2+ Thus

d~ Zb~ Zjn!,b!

d~ Zb~ Djn!,b!
$

(
i51

Zjn

Wi 1 0+01

(
i51

Djn

Wi 1 0+01

so that

PSd~ Zb~ Zjn!,b!

d~ Zb~ Djn!,b!
. 2D $ P1 (

i51

Zjn

Wi 1 0+01

(
i51

Djn

Wi 1 0+01

. 22
for all n . N1+ As proved in Appendix E, P~ Djn 5 1! r 1 asn r `+ We stress
that this convergence is along a sequence of parameters that change withn+
Thus

P1 (
i51

Zjn

Wi 1 0+01

(
i51

Djn

Wi 1 0+01

. 22 2 P1 (
i51

Zjn

Wi 1 0+01

W1 1 0+01
. 22 r 0 asn r `+

As proved in Appendix E,

P1 (
i51

Zjn

Wi 1 0+01

W1 1 0+01
. 22 $ P~W2 . 2!P~W1 # 1+99! 1 o~1!+ (6)

Note thatP~W2 . 2!P~W1 # 1+99! is approximately equal to 0+1323923+ n

5. DISCUSSION

The purpose of this paper has been to make clear, in the most readable and
concise form, the potentially misleading nature of the comparisons of variable
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selection criteria put forward by Shibata~1981!+ For this reason we have dealt
only with ~a! two criteria AIC and BIC, ~b! a very simple concrete class of
data-generating mechanisms, and~c! a nested family of models+

Shibata~1980! has proved some properties of AIC and related criteria in a
time series context+ Inter alia he proves results similar to those of Shibata~1981!+
These and the results of Shibata~1983! concern the behavior of a particular
measure of efficiency asn r ` pointwise in the space of data-generating mech-
anisms+ Clearly, the same care must exercised with the interpretation of these
results as with the results of Shibata~1981!+ It should be noted that the meth-
odology put forward by Shibata~1981! has been quite influential~see, e+g+,
Breiman and Freedman, 1983; Polyak and Tsybakov, 1990; and the references
in these papers!+

An interesting problem for future research is to find a broad class of data-
generating mechanismsC ~C , B! such that in large samples~a! AIC is at
least as good as BIC for every element ofC and~b! AIC is better than BIC for
at least one element ofC+ The proof of Theorem 4+1 becomes inapplicable if
7b 2 b~n! ~Kn!7Mn

2 r ` as n r `+ This then raises the following question,
which is difficult to answer, for future research+ Could it be thatC can
be taken to consist of those elements ofB satisfying a condition of the type
7b 2 b~n! ~Kn!7Mn

2 r ` asn r `?
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APPENDIX A

In this Appendix we prove the following result+

LEMMA A +1+ Suppose n. 1 and define N to be the greatest integer less than or
equal to n02. Then

(a) c1, + + + ,cN11 are orthogonal n-vectors i.e., ci
'cj 5 0 for i Þ j and i, j [

$1, + + + ,N 1 1%.
(b) ck1n 5 ck for all k $ 1.
(c) c, 5 cn122, for , 5 2, + + + ,N and, for n odd, cN11 5 cN12.
(d)

ck
' ck 5 Hn for k5 1,

n

2
for k 5 2, + + + ,N

and

cN11
' cN11 5 H n

2
for n odd,

n for n even.

Proof.

~a! Note that

(
k50

n21

expFiS2p,

n DkG 5 Hn for , an integer multiple ofn,

0 otherwise+

Thus

(
k50

n21

cosS2p,

n
kD 5 Hn for , an integer multiple ofn,

0 otherwise+

We now prove thatcr11
' cs11 5 0 for r Þ s and r,s [ $0,1, + + + ,N% + This follows

from the observation that

cr11
' cs11 5 (

k50

n21

cosS2pr

n
kDcosS2ps

n
kD5

1

2
@A~r,s! 1 B~r,s!# ,
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where

A~r,s! 5 (
k50

n21

cosS2p~r 2 s!

n
kD and B~r,s! 5 (

k50

n21

cosS2p~r 1 s!

n
kD+

We remark that forn even, the result follows from the orthogonality relations
described, e+g+, by Hamming~1973, p+ 523!+

~c! Observe that

cos~~n 1 2 2 , 2 1!tj ! 5 cosS2pj 2
~, 2 1!2pj

n
D5 cos~~, 2 1!tj !+

~d! Obviouslyc1
' c1 5 n+ Now

ck
' ck 5

1

2
@A~k 2 1, k 2 1! 1 B~k 2 1, k 2 1!# 5

1

2
@n 1 B~k 2 1, k 2 1!# +

The result now follows from the observation that

B~k 2 1, k 2 1! 5 Hn for 2k 2 2 an integer multiple ofn,

0 otherwise+ n

APPENDIX B

In this Appendix we derive a convenient expression~used in Section 4! for 7b 2
b~n! ~ j !7Mn

2 + Observe that fora [ ,2, 7a7Mn

2 5 ^Mna,a& 5 ~Xna!'~Xna!+ Using the
properties of theck’s stated in Section 2, we find that forn even

Xna 5 S(
i50

` ain11

in 1 1Dc1 1 (
k52

N Fak

k
1 (

i51

` S ain1k

in 1 k
1

ain122k

in 1 2 2 kDGck

1 S(
i50

` ain1N11

in 1 N 1 1DcN11

so that

~Xna!'~Xna! 5 nS(
i50

` ain11

in 1 1D2

1
n

2 (
k52

N Fak

k
1 (

i51

` S ain1k

in 1 k
1

ain122k

in 1 2 2 kDG2

1 nS(
i50

` ain1N11

in 1 N 1 1D2

+

Similarly, for n odd,

~Xna!'~Xna! 5 nS(
i50

` ain11

in 1 1D2

1
n

2 (
k52

N11Fak

k
1 (

i51

` S ain1k

in 1 k
1

ain122k

in 1 2 2 kDG 2

+
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Now b~n!~ j ! is the value ofb* 5 @b1
*, + + +bj

*,0,0, + + + # ' minimizing 7b 2 b* 7Mn

2 where
j , N+ Restrict attention toj , N+ Define

a~b,b* ! 5 nSb1 2 b1
*1 (

i51

` bin11

in 1 1D2

1
n

2 (
k52

j Fbk 2 bk
*

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG2

+

For n even,

7b 2 b* 7Mn

2 5 a~b,b* ! 1
n

2 (
k5j11

N Fbk

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG2

1 nS(
i50

` bin1N11

in 1 N 1 1D2

,

and, for n odd,

7b 2 b* 7Mn

2 5 a~b,b* ! 1
n

2 (
k5j11

N11 Fbk

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG2

+

Clearly, 7b 2 b* 7Mn

2 is minimized with respect tob* by settinga~b,b*! 5 0+ Hence,
for n even,

7b 2 b~n! ~ j !7Mn

2 5
n

2 (
k5j11

N Fbk

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG2

1 nS(
i50

` bin1N11

in 1 N 1 1D2

,

and, for n odd,

7b 2 b~n! ~ j !7Mn

2 5
n

2 (
k5j11

N11 Fbk

k
1 (

i51

` S bin1k

in 1 k
1

bin122k

in 1 2 2 kDG2

+

That Condition 2 of Shibata~1981! is satisfied may be checked directly as follows+
Suppose Assumption B is satisfied+ Fix j . 0 and let, denote the smallesti [ $ j 1 1,
j 1 2, + + + % such thatbi Þ 0+ ConsiderN . j+ Then

7b 2 b~n! ~ j !7Mn

2 $
n

2Fb,

,
1 (

i51

` S bin1,

in 1 ,
1

bin122,

in 1 2 2 ,DG2

+

The right-hand side diverges to infinity asn r `+
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APPENDIX C

DefineZ 5 Dn
'Y whereDn is ann 3 n orthonormal matrix whosejth column is propor-

tional to cj ~1 # j # N 1 1!+ Define m~b! 5 Dn
' Xn b and observe thatZ 5 m~b! 1 h

whereh is a randomn-vector with independent and identicallyN~0,s2! distributed com-
ponents+ Using the results of Appendix B, it may be shown thatmk~b!, the kth compo-
nent ofm~b!, is given by~5!+ Using the standard methodology described by, e+g+, Bickel
and Doksum~1977, p+ 255! and the results of Appendix B, it may be shown that

d~ Zb~ j !,b! 5 (
i51

j

hi
2 1 (

i5j11

Kn

m i
2~b! 1 7b 2 b~n! ~Kn!7Mn

2

for j 5 1, + + + ,Kn+ The result~4! follows immediately from this+

APPENDIX D

In this Appendix we prove the following result+

LEMMA D +1+ Let Njn denote the smallest value of j[ $1, + + + ,Kn% minimizing
n log [s2~ j ! 1 cj where c. 2. Then Njn # Zjn.

Proof. Restrict attention toj [ $1, + + + ,Kn% + By the definition of Zjn,

AIC~ Zjn! # AIC~ j ! for all j . Zjn+

In other words,

n log [s2~ Zjn! 2 n log [s2~ j ! 1 2~ Zjn 2 j ! # 0 for all j . Zjn+

Thus

n log [s2~ Zjn! 2 n log [s2~ j ! 1 c~ Zjn 2 j ! # 0 for all j . Zjn+

In other words,

@n log [s2~ Zjn! 1 c Zjn# 2 @n log [s2~ j ! 1 cj # # 0 for all j . Zjn+

Hence Njn # Zjn+ n
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APPENDIX E

In this Appendix we derive some properties ofDjn and Zjn for large n+ We assume that
$Kn% satisfies both Assumption A andn102 log~n!Kn 5 o~n!+ We also assume that7b 2
b~n! ~Kn!7Mn

2 r 0 as n r `+ The random variableDjn is the smallest value ofj [
$1, + + + ,Kn% minimizing

n

s2 expS BIC~ j !

n
D 5 expS log~n! j

n
D (

i5j11

n Sm i ~b! 1 hi

s
D2

, (E.1)

where m i ~b! and hi are as defined in Appendix C+ Now suppose thatm2~b! 5
{{{ 5 mKn

~b! 5 0+ Thus~E+1! is equal to

expS log~n! j

n DF (
i5j11

Kn Shi

sD2

1 (
i5Kn11

n Sm i ~b! 1 hi

s D2G +
Because(i5Kn11

n ~~m i ~b! 1 hi !0s!2 does not depend onj, Djn is the smallest value of
j [ $1, + + + ,Kn% minimizing

(
i5j11

Kn Shi

s
D2

1 FexpS log~n! j

n
D2 1G (

i5j11

Kn Shi

s
D2

1 FexpS log~n! j

n
D2 1G (

i5Kn11

n Sm i ~b! 1 hi

s
D2

+

The second term is a nonnegative random variable with expected value less than or
equal to

FexpS log~n!Kn

n
D2 1GKn

which converges to zero uniformly inj [ $1, + + + ,Kn% asn r `+ Hence this second term
is theop~1! term uniformly inj [ $1, + + + ,Kn% + It is straightforward to show that the third
term is equal to log~n! j 1 op~1!, where theop~1! term is uniform inj [ $1, + + + ,Kn% ,
using the fact that

(
i5Kn11

n Sm i ~b!

s
D2

5
7b 2 b~n! ~Kn!7Mn

2

s2 +

Thus Djn is the smallest value ofj [ $1, + + + ,Kn% minimizing

(
i5j11

Kn Shi

s
D2

1 log~n! j 1 op~1!,
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where theop~1! term is uniform in j [ $1, + + + ,Kn% + Now (i51
Kn ~hi 0s!2 does not de-

pend onj and so Djn is the smallest value ofj [ $1, + + + ,Kn% minimizing

(
i51

j Flog~n! 2 Shi

s
D2G1 op~1!,

where theop~1! term is uniform in j [ $1, + + + ,Kn% + A standard argument shows that
P~ Djn 5 1! r 1 asn r `+ Similarly, it may be proved thatZjn is the smallest value ofj [
$1, + + + ,Kn% minimizing

(
i51

j F2 2 Shi

s
D2G1 op~1!,

where theop~1! term is uniform inj [ $1, + + + ,Kn% + Now defineWi 5 ~hi 0s!2+ Observe
that

(
i51

Zjn

Wi 1 0+01

W1 1 0+01
$

(
i51

min~ Zjn,2!

Wi 1 0+01

W1 1 0+01
+

Supposed . 0+ Now

5 (
i51

min~ Zjn,2!

Wi 1 0+01

W1 1 0+01
. 11 d6 5 $ Zjn $ 2% ù $W2 . d~W1 1 0+01!%

. $AIC~2! , AIC~1!% ù $W2 . d~W1 1 0+01!%+

Thus

P1 (
i51

Zjn

Wi 1 0+01

(
i51

Djn

Wi 1 0+01

. 11 d2 $ P~W2 . 2,W2 . d~W1 1 0+01!! 1 o~1!+ (E.2)

Also,

P~W2 . 2,W2 . d~W1 1 0+01!! $ PSW2 . 2,W1 #
2

d
2 0+01D+ (E.3)

The result~6! now follows from~E+2! and~E+3! whend 5 1+
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