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Abstract. 'We answer in the negative a question of Viviane Baladi: in contrast to
its deterministic or averaged versions, the random zeta function has no meromorphic
extensions, hence no poles which would describe the Lyapunov exponents of the
corresponding random transfer operator. In fact we show that the sequence of traces of
the random iterates of this operator does not determine almost surely these exponents.

1. Introduction
Given a dynamical system f : X — X with a weight g : X — [0, co) (usually the inverse
of the Jacobian of T w.r.t. some reference measure on X), the Ruelle zeta function is

(@=ep-) = Y g )

n>1 xeX:T"x=x

where g (x) = g(x)---g(T" 'x). This is a natural generalization of the Artin—-Mazur
zeta function [2] obtained by taking g = 1.

In good cases, equation (1) converges on some disk to a holomorphic function which
can be extended to a meromorphic function on a larger disk |z| < R and the poles of that
extension have a dynamical interpretation:

the poles of ¢ are exactly the inverses of the eigenvalues in |z| > R™! )
of the transfer operator £ acting on a suitable function space.
The transfer operator L is the key object in the study of the ergodic and statistical
properties of (T, X, m). It is defined by

Lp)x) = Y 2 - ().
yef~lx)

See [6] for background reading on this subject.
We shall be concerned with random dynamical systems, i.e. instead of iterating a fixed
map f : X — X, we consider a family of maps f,, ® € 2, (2, P) being a probability
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space, together with an automorphism 7' : (2,P) — (2, P) and we study the random
orbits, i.e. the sequences

X, fo), f200), f2(x) ...

where f? = fra-1, 0--- o f,. The weight function is also allowed to depend on w, i.e. it
becomes a function g, (x). We set gg’) (x) = ng_1w(fa')’_l x)) - gux).

A large part of the theory extends to the random setting, see [1,3,7-11] and the
references therein. In particular, Ruelle [12], considering the case of an i.i.d. perturbation
of a given dynamical system, proved that if one defines an averaged zeta function

far(2) = exp— ) = /Q Yo g dP)

n>1 xeX: flx=x

and an averaged transfer operator

Lot = [T g 601 P @)

st

then, in a good setting, one still has the relationship equation (2).
Now, in the ii.d. case, T : (2, P) — (2, P) is ergodic and the moduli of the
eigenvalues of L,y are exactly the Lyapunov exponents of the cocyle L,,,

Lo®)X) = Y 2oy PO

yefo ()

In particular, the moduli of the eigenvalues of L£,, can be determined almost surely by
looking at a fixed w. Baladi [4] defined the random zeta function

lo(2) =exp— ) < > e

n>1 xeX:flix=x

and asked whether the relationship equation (2) still holds in the random (non-averaged)
form.

We answer Baladi’s question in the negative, by considering a natural and simple
example she suggested [5]. We prove the following for this class of example.

° Almost surely, the random zeta function cannot be extended beyond its disk of
holomorphy. Thus it does not define poles at all.

° Except for the largest one, the Lyapunov exponents cannot be read off almost surely
from the sequence of the coefficients in the series defining ¢, (z).

The simple setting is as follows. Let X = {1, Z}Z, fo = f : X — X be the left shift
J((xnnez) = (Xnt1)nez and 8o ((Xn)nez) = Aw(xo, x1), with A, € M2(R) a random
matrix.

Now, the random transfer operator L, is just the random matrix A, and the random
zeta function is

Cu() = exp— ) - tr(4])

n>1

with AZ) = AT"_Ia) tee Aw.
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We shall prove the first point above by only assuming that A,, is a ‘non-degenerate’
i.i.d. random perturbation of a hyperbolic matrix.

For the second point we assume additionally that the matrices are diagonal and that the
law of the perturbation is smooth enough.

To make precise statements, we need a few definitions.

1.1.  Definitions and results. Let (20, P) be a probability space and define a random
matrix M, i.e. a measurable map M : (29, P) — M>(R) such that:
° for any non-trivial polynomial Q in the coefficients of M, P(Q(M) = 0) = 0;
e P(M|=D=1

Let P = PZ, let T be the left shift on @ = % and let M : @ — M>(R) be defined
by M(w) = M(wp). The sequence M, M o T, ... defined on (2, P) is the i.i.d. process
generated by (20, P, M).

Fix e > 0. Forw € Q, let A(@) = A(d+eM(@) (1), where A is the unique
positive number such that »

limsup |AZ |17 =1, P-as. inw, (3)

n—0o0
with A” the random product A(T" " !w) o - -- 0 A(w) (A? =1d).

THEOREM 1. Assume that ¢ > 0 is small Then P-almost surely, the series
exp — ZZ:O (2" /n) tr(A?) converges in the unit disk to a function £, (z) and the unit circle
is its natural boundary: one cannot analytically extend this function to any connected open
set strictly containing the unit disk.

COROLLARY 1. Assume that € > 0 is small. Then P-almost surely, {,(z) has no
meromorphic extension beyond the unit disk.

For our second result, let 0 < A1, A2 < 1 and 0 < € < 1/2 and assume that the random

matrix M is (mo“ mozz) where a = log(1 + emy) and b = log(1 + emy;) are random

variables such that the law of (a, b) € R?is Q := q(x,y)dx dy where g is Lipschitz and
satisfies logg € L'(Q).

Define A, (A) as A, except that % is replaced with A.

Let 7; :  — CN be defined by T; (@) = (tr(AL(Xi)))neN.

THEOREM 2. If Qq, Qy C Q have full measure then
T1(21) N Tr () # 9.

COROLLARY 2. There does not exist a function F : CN — R such that, for a.e. w and all
A in a set with at least two points,

F((tr(Ag(M))nen) = 2.

We believe these results to be much more general and, in particular, not to be restricted
to the i.i.d. case. To support this belief, we point out that according to the Pélya—Carlson
Theorem [13, Theorem 5.2, p. 381], if A, is an arbitrary (thus not necessarily i.i.d. or
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even mixing) process of random matrices with integer coefficients, then ¢, satisfies the
conclusion of Theorem 1 except if it is rational, clearly an exceptional case.
Specifically, we make the following conjecture.

CONJECTURE. Let A be a random matrix process. Assume that it is not ‘exceptional’
(in particular, not periodic). Then the conclusions of both Theorems 1 and 2 hold.

2. Proof of Theorem 1
2.1.  Strategy of proof. Observe first that |tr A”| < 2||A"||, therefore the (random) radius
of convergence, liminf,_ o [n~! tr(A")|~1/", of the series defining ¢, (z) is at least 1,
proving the (trivial) part of the theorem.

To prove the interesting part, we proceed by contradiction. We assume that there is a
positive probability that ¢, (z) can be extended analytically to some connected open set U,
containing strictly the unit disk (no regularity is assumed for the map w +— U,,).

CLAIM 1. Under this assumption, there exist Q, C 2 with positive measure my, a
point By on the unit circle, constants C, < 00 and k. > 0 such that, for all v € Q,
forallk =0

1

o < Cye™k, ©))

ko
> (4) #ucal)

£=0

We defer the proof of this claim to the next subsection. For now, let us explain how
we are going to use it to bring about the contradiction. The idea is that the randomness
of the matrices A, together with the hyperbolicity, implies that the sequence (tr(A")),>0
is essentially stationary and non-constant. This will contradict the very rigid constraint of
equation (4). To show this, we shall consider a linear combination of the series ¢, for @’s
differing only in one of the matrices Ar»y, n > 0, in order to deal with just one term in
equation (4).

To define these alternate w’s, we shall need six independent copies of the i.i.d. process
(Q,P, M). Set @ = Q° = Ql0.1..5) P = PO and 7 (@) = &° € Q.

Let @ € Q, := 7~ 1(2,) and n be a large integer to be specified later.

The alternate @’s, @ and °, P * will be obtained from & € by setting w = 7 (@),
o = 7(®Y(@)) and 0/ =7 (P) (@) for j =1,...,4 where
- .
oi@ =a withaj = {7k T f "
', itk =mn,

o; being the permutation on {0, 1, 2, 3, 4, 5} that exchanges i and 5 and leaves the rest
fixed.
‘We shall find coefficients ¢y, ..., ¢4 such that

4
Zc,- tr(Ak, — A —w(ak, —Ak) =0

i=1
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for all k # n + 1. Therefore, using equation (4) with k = 2(n 4 1), we shall get, provided

a),wo,...,w4eQ*,

|tI‘(AZ;1 — AZ)+1)| < 10max|c¢;] - C*E*K*(n+])
14

from which we shall obtain a contradiction.

0

Let us see immediately how the condition w, w", .. ., = Q. can be satisfied.

LEMMA 3. For P-almost all & € Q.. for all sequences of integers ny /' 0o, there exists a
subsequence my such that, for all large k,

D), (@), DY (@), ..., Dy 11 (@) € Q.

Proof. Observe first that each CDL is an automorphism of (€2, PP) because of the product
structure of .

Now, let k > 1. Fix §; > 0 such that the §;-neighborhood B(S2, §x) satisfies
P(B(Q2, &) \ Q) < 1/2". Define my to be the smallest nj, j > 1, such that, for all
p=>n;,da, @i,(cb)) < 8. Observe that

> P({@ € Qu : 3D, (@) ¢ Qu))
k>1
< ZI@({J) € Q1 D), (&) € B(Q, &) \ Qu}) < 0. 35)
k>1

By the Borel-Cantelli Lemma, this means that for P-almost all & € S~2*, for all k large
enough, CIDfnk (w) € 52* fori =0, ..., 4. But this is the statement of the lemma. O

2.2. Proof of Claim 1. To begin with, we observe that {,(z) can be extended to
some connected domain strictly containing the unit disk D; C C iff Z,(z) =
anl (z"/n) tr(A%) also can. Obviously, if Z,, can be extended then just use {,, = exp oZ,,
to extend ¢, to the same domain.

Conversely, assume that ¢, can be extended to some open connected domain U 2 Dj.
¢, has only finitely many zeros in any compact subset of U. Therefore there exists § on
the unit circle S' and € > 0 such that ¢, extends to an analytic, non-vanishing function on
D1 U B(B, €). This set being simply connected, there exists a unique analytic logarithm of
Lo on this set taking the value 0 at z = 0. But on D; this logarithm must coincide with Z,,.
Therefore we do have a non-trivial extension of Z,,. The equivalence is proved.

To continue, we prove that one can find g, € S l'and e, > 0 such that Z,, extends to
D1 U B(Bs, €4) with positive probability. Indeed, let 81, B>, ... be a dense sequence in S 1
and consider the measurable subsets

Q(n) = {w € QL : Z, can be analytically extended to D1 U B(8,, 1/n)}.

The assumption implies that the measure of |, €2(n) is strictly positive. As this is a
countable union, there exists some 7 such that P(2(n)) > 0, i.e. Z, can be extended to
D1 U B(Bx, €) (setting B, = B, and €, = 1/n).
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To conclude, we follow [13, pp. 305-306]. Let Y(z) = Z(—B«z/(1 + 2)). As z
—B+z/(1 + z) maps D; univalently to the half-plane Rez > —1/2 with S' mapped to
Rez = —1/2, Y is analytic on the disk Dj,> and on the boundary of this disk only
w = —1/2 can be singular. This point —1/2 is the image of S, therefore it is not singular.

Y having no singular point on |z| = 1/2, the radius of convergence of Y is strictly greater
than 1/2. Thus,

1
27|b"| < Cpe™™" (6)

for some C, < oo and «, > 0 if we write Y (z) = ano bpz". Finally,

o= (175
Zﬁ*t(") )(1+)Z(n+r)
n>1 r=0
Zzﬁ*tn( D ora+ )( )(
r>0n>1

k—r k—r
22’3 tr_(f: ) )”(1+z)<k>( 'Z (k=n+r)

(—

r>0k>r+1 k r
T tr Ak r k
—(l—l—z)ZZz( 1)k'3* ( )<
k>1r= r
tr(A*
= (142 Y Dk Zﬂ* ( )(>
k>0
But, together with equation (6), this implies the claim. a

2.3.  Estimation of the traces. Fix 0 < € < 1/100 such that
IM(T" )11 = M(T"")11] > 100 @)

for a set of integers n with density at least 99/100, for almost all @. This is possible
because of the non-degeneracy of the measure P and the independence between M (T" w)
and M(T" ") (recall that ®° = 7 (®%(®)) and w = 7 (»)).
After discarding a subset with zero measure from 2, > @, we can assume that, if
v:= (), forall large n
TN < ALV < etD" ®)

1
n _ n
A"y = | A" || (:l:Ze)

where £2¢ represents a number in (—2¢, 2¢€).

and

The first fact is just that the largest Lyapunov exponent of the cocycle A is zero (recall
equation (3)). The second fact follows from the forward invariance under all matrices
A(w), w € Q, of the cone C1 = {(x,y) € R? : |y| < 2¢|x|} which contains v.
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Define
. AaD()
= 1
CENES Tan T

Observe that w depends on w. By hyperbolicity this limit exists and satisfies

1 1
— < AL wl < 5,
4n on

+2¢
Al w = ||AL.w]| ( )
foralln > 0.

This follows from the forward invariance under all matrices A(a))_l, w € , of the
cone C_ = {(x, y) € R? : |x| < 2¢|y|} which contains ((1))

(v, w) is a basis of RZ. Let (v*, w*) be the dual basis (both vectors depend on w).
Remark that v, = (1 & 2¢, +2¢) and w* = (£2¢, 1 £ 2¢).

We have, by definition,

n * n * n
tr(A,) =v" - A, v+w - Ayw
Let us compute
1 1
AT v — AR v = (Agugo — Arng). Al

1 0
= AE(ManO - Man). <0 l) AZ)'U
3

Now, writing M» Mrpn, = (m:,j),-j, we getas All.v = ||A?U.v||(i12€ )

0
/ 2 /
my, + 2em
11 12
ATy — ATy = €A A7 3 .
@ @ ¢ mh, + 2em!
21 3 22

Likewise,

1
+ 2em/,
12 11
AL — AT w = e A Al w| (f .
3y, & 2emy,

Therefore,
trA:’Uf{l — trAZ)Jrl = (1 £ 4e)eAl|AL v||(m); £€) £ (1 L4e)eA|A" w||
» , 2e A
=€eA|A,.v||(m, £6¢€) £ ETH
= eA|Al v||(m}, £ 7€)
for all large n. In particular, for a set of integers n with density at least 99/100, we have

|tr A:’Uf{l —tr APFl > Aem (/2932 9)

using equation (7).
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2.4. Conclusion of the proof of Theorem 1. We would like to find random coefficients
C1, ..., Cq such that

4
Zc,» tr(A*, — AL) = w(ak, — A).
i=1

As Apk,i = Agk,, fork <n + 1, it is enough to have

4
Y CiApuiiy — Aguri ) Arng = (A, o — Afn,). (10)
i=1

CLAIM 2. Maybe after increasing C, there is a sequence of integers n with density at least

99/100, such that, for each n in this sequence, one can find cy, . .., c4 € Rwith |c;| < Cx

which satisfy equation (10).

We first prove that the claim implies Theorem 1.

For a.e. ® € §, there are arbitrarily large integers n taken in the subsequence given by
the above claim and such that estimates (8) and (9) hold and o0, ... 0% e Q..

Observe that, setting #;, = Z?:o o tr(A’;,- — Aﬁ)) with co = —1, we have fork =n + 1,

ltag1] = |r(A"TT — ALY = 93 A~ (/20D 2,

0,..., 0" € Q,, equation (4) with k = 2(n + 1) gives

On the other hand, as w, w
ltar1] < 10max [¢;| - Cy(n 4 1)+ 20FD,

Thus,

93A
—(kx/2)(n+1) 1 > 2 0
¢ (n = IOCfG s

a contradiction for large n, proving the theorem.
We now prove the claim.

Proof of Claim 2. Observe that equation (10) is a linear equation in cy,...,c4. Each
coefficient of that equation is a given quadratic polynomial, with coefficients -1, in the
entries of the matrices:

M(T"w), M(T" ' w), M(T"&%), M(T" o) (=1,...,4).
It follows firstly that the determinant
AM(T"w), M(T" ' w), M(T" &%), M(T"H "))

(which we will write as A(n) for short) associated to equation (10) is a fixed polynomial
in the coefficients of the above-mentioned matrices.
Now, if A(T"w) = 0, A(T"w) = 1d and if

n+1 .1 n+1_ 2

ntl 3 (0 0 nrl 4 _ (00
AT w)_(l 0) and A(T w)-(o 1), an
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then equation (10) obviously has a unique solution; therefore, A(n) is a non-trivial
polynomial.

By the non-degeneracy assumption of the probability P and the product structure of P,
the non-trivial polynomial A(n) is almost surely non-zero. Therefore, there exists C > 0
such that |[A(n)| > C for a set of integers n with density at least 99/100.

On the other hand, observe that with the random matrix A being uniformly bounded,
there exists a uniform bound C’ on the Euclidean norm of the columns of the coefficients
in equation (10).

Using Cramer’s Formula for solving equation (10), we see that for these n the solution
satisfies |c;| < C/4/C < C, by enlarging C,.

This proves the claim. |

3. Proof of Theorem 2
Recall that 0 < A} < Ap < 1, € > 0 and that

£4(@) 0 ., ea(w)+~~+a(T”’1w) 0
Aw()»)=( 0 Aeb(w)> and A,(}) = 0 1 gh(@)++b(T" )

(12)
CLAIM 3. There exists a measurable map t : (2, P) — (2, P) such that ©,[P < P and
tr(Ag,(A2)) = tr(A(A1)7,,)
foralln > 0 and P-a.e. w.
In particular, P(t(€2)) > 0, implying Theorem 2. Indeed,
T1(Q1) N Ta(R2) O T1(21 NTR) = Ta(r7'Q1 NQy).
We now prove the claim.

Proof of Claim 3. We assume, without further loss of generality, that @ = [[,.yR x R
with P =[],y Q (recall that Q is the law of (a, b)).
Define 7 ((ay, by)yen) =: (@, b)) ,enN as follows. Let

n> On
8y = log(1 4 (A8 — Amyebot-Fba=(@otFany  forall p > 0
and §; = 0. Set
a, = an — 8p—1 + 8y — Sp—1,
by, = by.
Observe that
tr(A”, (A1) = et tay +A’1’eb6+”'+b;1 = a0t Fantdu 4 krlzebo+---+bn
= 0t (31 jygbotbu gy gbottb
= tr(Al (12)).

Now,

dvP 1—[ q(a),, b))
dP NQ(an: by)
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We must prove that the above infinite product is convergent. We have

q(ay, by) < log <1 L 9@ by) — q(an, bn)) < Klay —anl

q(an, by) Q(an,bn) q(an, by)
Using the law of the iterated logarithm [14, p. 48] to estimate the i.i.d. sums ag + - - - + a,,
by + -+ by, we get

a;l —a, = O()\lﬁleb0+"'+bn*(d0+“'+an)) — O(ASECnO'G) — O(pn)

for any p € (A3, 1) (the O-estimate above contains a factor depending on w).
On the other hand, let p” € (p, 1) and compute

S P(w: g(T"0) < o) = 3 Pl q@) < o) < /Q

n>0 n>0

logg

log o/ dP < o0

as logg € L'(Q) so that logg € L'(P). Therefore, by the Borel-Cantelli Lemma,
qg(T"w) > C(w)p'" for all n > 0 and some C(w) > 0 a.e. (observe that g > 0 a.e.
as logg € L'(P)). Therefore,

Kla, — ay,| K 3 "
2 o = c(w)2<p/> =

n>0 n>0

Thus, the infinite product converges and 0 < dt,P/dP < oo.
This proves the claim and therefore the theorem. a
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