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The derivation and numerical implementation of a linearized version of the gyrokinetic
(GK) Coulomb collision operator (Jorge et al., J. Plasma Phys., vol. 85,2019, 905850604)
and of the widely used linearized GK Sugama collision operator (Sugama et al., Phys.
Plasmas, vol. 16, 2009, 112503) is reported. An approach based on a Hermite—Laguerre
moment expansion of the perturbed gyrocentre distribution function is used, referred to as
gyromoment expansion. This approach allows the considering of arbitrary perpendicular
wavenumber and expressing the two linearized GK operators as a linear combination of
gyromoments where the expansion coefficients are given by closed analytical expressions
that depend on the perpendicular wavenumber and on the temperature and mass ratios
of the colliding species. The drift-kinetic (DK) limits of the GK linearized Coulomb and
Sugama operators are also obtained. Comparisons between the gyromoment approach
and the DK Coulomb and GK Sugama operators in the continuum GK code GENE are
reported, focusing on the ion-temperature-gradient instability and zonal flow damping,
finding an excellent agreement. It is confirmed that stronger collisional damping of the
zonal flow residual by the Sugama GK model compared with the GK linearized Coulomb
(Pan et al., Phys. Plasmas, vol. 27, 2020, 042307) persists at higher collisionality. Finally,
we show that the numerical efficiency of the gyromoment approach increases with
collisionality, a desired property for boundary plasma applications.
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1. Introduction

Understanding the plasma dynamics of the tokamak boundary is necessary to address
some of the most crucial problems fusion is facing today and, for instance, to ensure
the success of future devices, such as ITER (Shimada et al. 2007; Holtkamp 2009). In
fact, the boundary region, which extends from the external part of the closed flux surface
region (typically referred to as the edge) to the scrape-off layer (SOL) where the magnetic
field lines intercept the machine vessel walls, sets the particle and heat exhaust, helium
ash removal and the overall confinement of the device. Most often, drift-reduced fluid
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models (see, e.g. Zeiler, Drake & Rogers 1997) implemented in a number of simulation
codes (Dudson et al. 2009; Halpern et al. 2016; Tamain et al. 2016; Paruta et al. 2018;
Zhu, Francisquez & Rogers 2018; Stegmeir et al. 2019; Giacomin, Stenger & Ricci 2020)
are used to simulate SOL turbulence. However, the applicability of Braginskii-like fluid
models is questionable for describing the whole boundary region, since they assume
kA << 1 and k; p; < 1, where kj and k, are the parallel and perpendicular components
of the wavevector k to the equilibrium magnetic field lines, 4,,, is the electron mean free
path and p; is the ion Larmor radius. In particular, the k4, < 1 assumption is expected
to no longer be satisfied in larger and hotter machines near and inside of the edge, such as
ITER (Holtkamp 2009). For this reason, an enormous effort is being put in by the fusion
community to extend core gyrokinetic (GK) codes, which are based on particle in cell
(PIC) or grid-based methods (Dimits et al. 1996; Idomura, Tokuda & Kishimoto 2003;
Gorler et al. 2011; Villard et al. 2013; Chang et al. 2017), to simulate the boundary region.
However, despite much recent progress, the application of core GK models and codes in
the boundary region is challenged, for instance, by the nature of collisions. Collisions are
expected to play an important role in the boundary region as they can substantially affect
the properties of trapped electron (TEM) and ion temperature gradient (ITG) modes (Belli
& Candy 2017), the suppression of short wavelength structure (Barnes et al. 2009), TEM
turbulent fluxes, the damping of zonal flows (ZF) (Pan, Ernst & Crandall 2020; Pan, Ernst
& Hatch 2021) and the growth rate of pedestal microtearing modes (Pan et al. 2021).

An accurate description of binary Coulomb collisions dominated by small angle
deflection is provided by the nonlinear Fokker—Planck operator, that we refer to as
the Coulomb collision operator (Rosenbluth, MacDonald & Judd 1957). The nonlinear
Coulomb collision operator is an integro—differential operator that acts on the full particle
distribution function. Because of the complexity of the nonlinear Coulomb collision
operator, its version linearized around a Maxwellian distribution function is usually
considered (Rosenbluth er al. 1957; Helander & Sigmar 2002; Hazeltine & Meiss 2003).
However, despite being simpler than the nonlinear collision operator, the numerical
implementation of the linearized Coulomb collision operator is still challenging. This
inherent difficulty primarily stems from the evaluation of the component of the linearized
collision operator that contains velocity-space integrals of the perturbed distribution
function. As a matter of fact, it is only recently that the implementation of a linearized
GK Coulomb collision operator has been reported in the ‘GK electromagnetic numerical
experiment’ (GENE) code (Pan et al. 2020, 2021).

Because of the complexity associated with dealing with the Coulomb collision operator,
simplified model collision operators have been developed (Dougherty 1964; Hirshman
& Sigmar 1976; Abel et al. 2008; Sugama, Watanabe & Nunami 2009; Sugama et al.
2019). In particular, Sugama et al. (2009) derived an approximated linearized collision
operator, that we refer to as the Sugama operator, extending the work of Abel et al.
(2008) to multiple ion species plasmas. This operator is designed such that it conserves
particle, momentum and energy and, in addition, it fulfils the self-adjoint relations for
unlike species, a useful property when solving collisional transport problems based on
the DK equation (Rosenbluth, Hazeltine & Hinton 1972). While the Sugama operator has
been tested in neoclassical and turbulent studies at low collisionalities (Nakata et al. 2015;
Nunami et al. 2015), its deviation with respect to the Coulomb operator (Crandall et al.
2020; Pan et al. 2020, 2021) is expected to increase when applied at higher collisionalities,
such as the ones in the plasma boundary. We remark that the first GK Coulomb operators
with exact field terms rather than simplified models, including finite Larmor radius (FLR)
effects, were formulated in Li & Ernst (2011), Madsen (2013), Pan & Ernst (2019) and
Jorge, Frei & Ricci (2019).
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Advanced numerical algorithms have been developed for the implementation of these
collision operators (Xu & Rosenbluth 1991; Dimits & Cohen 1994; Barnes et al. 2009;
Landreman & Ernst 2012, 2013; Nakata et al. 2015; Hager et al. 2016; Belli & Candy
2017; Crandall et al. 2020; Pan et al. 2020), since numerical errors can potentially yield
spurious noise and break the conservation laws producing artificial instabilities. Among
the different numerical schemes, Monte-Carlo techniques are used in some PIC codes (Xu
& Rosenbluth 1991; Dimits & Cohen 1994; Kolesnikov et al. 2010), while GK continuum
codes and some PIC codes adopt a velocity-space grid-based discretization method
(Dorf et al. 2014; Hager et al. 2016; Pan et al. 2020; Crandall et al. 2020). We remark
that, recently, a novel conservative discontinuous Galerkin method has been developed
and applied to a nonlinear Dougherty collision operator in Francisquez et al. (2020),
and presents the potential of being generalized to more advanced collision operators.
Novel spectral methods have yielded significant improvements in accuracy and speed in
neoclassical and GK codes (Landreman & Ernst 2012, 2013; Held et al. 2015; Belli &
Candy 2017). Also, orthogonal polynomial expansion techniques have been used in the
numerical treatment of velocity-space derivatives (Donnel et al. 2019).

Recently, to provide a theoretical and numerical framework able to predict and study
efficiently the dynamics of the boundary region, a GK model valid at an arbitrary level
of collisionality has been developed by Frei, Jorge & Ricci (2020). This model is based
on expanding the full distribution function on a Hermite—Laguerre polynomial basis. By
projecting the GK equation onto the same basis, the evolution of the distribution function
is reduced to the one of the coefficients of its expansion, referred to as gyromoments.
To describe collisional effects, while Frei et al. (2020) presents a nonlinear full-F GK
Dougherty collision operator for like species, a nonlinear full-F Coulomb collision
operator has been derived in Jorge er al. (2019) using the same Hermite—Laguerre
gyromoment approach. This operator is valid at arbitrary wavelengths perpendicular to
the magnetic field, and arbitrary mass and temperature ratios. Coupled with the full-F
nonlinear GK operator in Jorge et al. (2019), the gyromoment hierarchy in Frei et al.
(2020) reduces, in the drift-kinetic (DK) limit, to an improved set of Braginskii-like
fluid equations where only the lowest-order gyromoments are considered (Jorge, Ricci
& Loureiro 2017), while a progressively more detailed kinetic representation is obtained
by increasing the number of gyromoments.

The goal of the present paper is twofold. First, we derive the linearized GK Coulomb
collision and the GK Sugama operators within the Hermite-Laguerre gyromoment
expansion. For treating the case of the GK Coulomb collision operator, we leverage
the techniques introduced by Jorge et al. (2019). Using a spherical harmonic moment
expansion technique of the particle distribution function, we perform the gyroaverage
of the linearized Coulomb operator analytically, removing the fast particle gyromotion,
and project the result onto the Hermite—Laguerre basis. One of the advantages of the
Hermite—Laguerre decomposition is that it allows one to reduce velocity integrals in the
linearized collision operators, which are treated numerically in, for example, Crandall
et al. (2020) and Pan et al. (2020), to closed algebraic expressions that depend only on the
perpendicular wavenumber, on the temperature and mass ratios of the colliding species and
on the gyromoments. The DK limits of the GK Coulomb and Sugama operators are also
derived. Second, expressed in a form suitable for a numerical treatment, we implement
these operators in a numerical simulation code. We test and compare the GK Sugama
and DK Coulomb collision operators against the widely used GK continuum code GENE
(Jenko et al. 2000), focusing on the ITG linear growth rate and collisional ZF damping.
We report a good agreement with GENE, and show, in particular, that the new linearized
GK Sugama produces a larger collisional damping of the ZF residual compared with the
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GK Coulomb. Finally, we illustrate the numerical efficiency of the gyromoment approach
against GENE as the collisionality increases, a desired property for boundary plasma
applications. We remark that, while only valid for small deviations from equilibrium,
the linearized GK operator presented in this work opens the way to a future numerical
implementation of the full-F nonlinear GK Coulomb operator (Jorge et al. 2019).

The structure of the paper is as follows. We first introduce the gyromoment approach
to the linearized GK model in §2. In § 3, we derive the Hermite—Laguerre expansion
of the linearized GK Coulomb and GK Sugama operators that we express in terms of
gyromoments. We describe the numerical implementations of the collision operators in
§ 4. Then, we test the linearized GK collision operators considering the ITG instability and
collisional damping of the ZF residual in § 5. By performing direct results comparisons
with GENE, § 6 illustrates the numerical efficiency of the gyromoment approach as the
collisionality increases. We conclude in § 7.

2. Gyrokinetic model equation

We consider the electrostatic GK Boltzmann equation in the presence of magnetic
field, density and temperature gradients. We use the gyrocentre phase-space coordinates
Z = (R, u,v,0), where R=r— p, is the gyrocentre position (with a the species
index), with r the particle position and p,(R, 1, 0) = b x v/$2, the gyroradius of
species a (b =B/B and $2, = q,B/m,), n = mavi/ [2B(R)] is the magnetic moment,
v, = b - v is the component of the velocity parallel to the magnetic field, and 6 is the
gyroangle. We linearize the GK Boltzmann equation by assuming that the gyrocentre
distribution function of species a, F, = F,(R, 4, vj), is a perturbed Maxwellian, that
is Fy = Fuyy + 84. With g, = g,(R, 1, vy, ), the perturbation with respect to the local
Maxwellian distribution function Fy, = N exp(—sj, — x,)/(1*/?v3,) such that g,/Fy, <
1, with N = N;(R) = N,(R) the background gyrocentre density, s, = v/vn(R), X, =
uB(R)/T,(R) and v%ﬂ (R) = 2T,(R)/m, the thermal velocity based on the equilibrium
temperature 7,(R). The linearized electrostatic GK Boltzmann equation that describes
the time evolution of g,(k, f) = f dRg.(R, t) exp(—iR - k) can be written as (Hazeltine &
Meiss 2003)

0 . u d -
5&1 + iwp.hy + vV by — ;S(b . VB)a—v”ha — i} Jo(Dan/Xa) 9 Fya = Xb:cab’ (2.1)

where ¢ = ¢ (k, 1) is the Fourier component of the electrostatic potential and we introduce
the non-adiabatic part, h, = h,(k, i, v, 1), of the perturbed gyrocentre distribution
function g,, that is

hy = gu + %FMaJo(bNx—aw. 2.2)

In (2.1), we define V| = b -V, wp, = v3, (x, + 2sﬁa)a)3/(2[2a), with wg = (b x VInB) -
k, and o}, = [wy + o7, (X, + sﬁa —3/2)], with oy =bx VInN -k/B and wr, = b x
V InT, - k/B. Finite Larmor radius effects are taken into account through the zeroth-order
Bessel function, Jo(b,/X,), where b, =k vr,/$2, is the normalized perpendicular
wavevector, with k;, = |k — (b - k)b|. On the right-hand side of (2.1), we define the
linearized GK collision operator between species a and b, Cy, = Cop (R, 11, v)),

1 2n
Cab - <Cab>R - g/‘ dQCaba (23)
0
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that describes the effects of small-angle Coulomb collisions between particle species a
and b. While the linearized collision operator C,;, is the focus of § 3, we remark that

(...)r= OZn dé ... /(2m) denotes the gyroaverage operator evaluated at the gyrocentre
position (the subscript R indicates that the integral over the gyroangle should be computed
holding R constant). We remark that the linearized GK collision operator is defined
as a function of the gyrocentre phase space, i.e. Cy = Cup(R, i, v), and it is therefore
gyrophase independent.

The linearized Boltzmann equation is closed by the GK quasineutrality condition that
determines self-consistently the electrostatic potential,

2 B
S E - Rae =Yg [ dud o s 2.4

where a, = bi /2, and IH(x) = Ip(x)e™ with I the modified Bessel function.

In order to approach the solution of the GK system, (2.1) and (2.4), we use a
Hermite—Laguerre moment expansion of the gyrocentre perturbed distribution function g,
(Mandell, Dorland & Landreman 2018; Frei et al. 2020). Then, by projecting (2.1) onto the
complete Hermite—Laguerre basis polynomials, we reduce its dimensionality removing the
(4, vy) dependence. More precisely, we decompose the perturbed gyrocentre distribution
function, g,, onto a set of Hermite—Laguerre polynomials (Jorge et al. 2017, 2019; Frei

et al. 2020),
oo 00 H . L ’
>3 b, 25
J27p!
p=0 j=0

where the Hermite—Laguerre velocity moments of g, are defined as

. 1 B H, aL‘ a
Nf’U:]V/ du dvy do— aM

- il (2.6)

with N, = [ du dvy d0Bg,/m, the gyrocentre density. In (2.5), we introduce the Hermite
and Laguerre polynomials, H,, and L;, via their Rodrigues’ formulae (Gradshteyn & Ryzhik

2014)
H,(x) = (—1)Pex2% (e-x2> , 2.7)

et d/ el
Li(x) = j—!@(e x') (2.8)

and we note their orthogonality relations over the intervals, ] — 0o, co[ weighted by e,
and [0, +oo[ weighted by e ™, respectively,

/ dxH, () H, (x)e™ = 2"ply/md?, (2.9)

f N drL(x)Ly (e ™ = & (2.10)
0

We denote the Hermite—Laguerre coefficients, N in (2.5), as the gyromoments. We
remark that any function, ' = f(u, v)), that satisfies

B .
/ dpdvy dd— | f?e Il < 400, (2.11)
ny
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can be decomposed onto the orthogonal basis defined by the Hermite—Laguerre
polynomials (Wong 1998). This is, in particular, fulfilled by the perturbed gyrocentre
distribution function g,, and also by its non-adiabatic part, A,.

We now project (2.1) and (2.4) onto the Hermite—Laguerre polynomial basis. For this
purpose, we note that the Bessel function J, (appearing in both (2.1) and (2.4) and arising
from FLR effects) and, more generally J,,, with m > 0, can be conveniently expanded onto
associated Laguerre polynomials, L (x) = (—1)"d"L,,(x)/dx™, such as (Gradshteyn &
Ryzhik 2014)

bu a " ]C” b
Jm<ba¢x7)=( S ) >t L) @12)

where we introduce the velocity-independent expansion coefficients

1 b 2n
Ka(ba) = — (—) g b4, (2.13)
n! \ 2

We refer to IC,(b,) as the nth-order kernel function, with velocity-independent argument
b, (Frei et al. 2020). In fact, (2.12) allows us to isolate the velocity dependence, ,/x,,
appearing in the argument of the Bessel function J,, from fluid quantities such as b,.
Multiplying the GK Boltzmann equation, (2.1), by the basis element BH,(s,)L;(x,)/
/27p!, and integrating over the velocity space yields the gyromoment hierarchy equation,

LRV vV |/ Py \/En”‘lj
ar ¢ 2 ‘

— vV lnB[(J+1)\/P+ I+ (G4 D/pr ™ = j/p + 10— ol ]

T, . . .
2 [+ D(p+ 2 + @+ Dt +/p(p — D

q.B
+(2j + Dn? — jn?~" — (j+ Dn?*']

+ V) m@ R e VR e

V2
=y cu (2.14)
b

52
—ig {/cjagaw + wr, [IC]- (—” — 53) +8) (2 + DK —jKim — (G + 1)ch+1)} }

where we define CZ, = CZZ(R, 1) as the Hermite—Laguerre gyromoment expansion of the
linearized GK collision operator C,,

A B H, (5L,
cg;,:/ 0 dp duy - )
my /27p!

In (2.14), the non-adiabatic gyromoments 77, are defined by

Hp (sHu)Lj (xa)

Cap- (2.15)

. 1 B
n’ = —/ dpdvydf—h, (2.16)
N, my,
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and can be expressed in terms of the gyromoments N” by projecting (2.2) onto the
Hermite—Laguerre basis, yielding

= NV + ;_:/c,wg. 2.17)

Finally, the GK quasineutrality condition projected onto the Hermite—Laguerre basis is
expressed as

2 0 00
2 % (1 - K (ba)> ¢ = quNe > Kub )N (2.18)
a ¢ n=0 a n=0

The linearized gyromoment hierarchy, (2.14), with the GK quasineutrality condition
(2.18), describes the evolution of the gyromoments as it results from the interplay of
Landau damping, magnetic gradient drifts, magnetic trapping and, finally, the driving
density and temperature gradients, wy and wy,. Collisional effects are expressed by the
collisional gyromoment of the GK collision operator C? defined in (2.15). Contrary to
the GK Boltzmann equation, given in (2.1), that depends on the phase-space coordinates,
the gyromoment hierarchy, (2.14), constitutes an infinite system of fluid-like equations for
the variables N”/, which are only functions of the Fourier mode wavevector k and time .

We remark that (2.14) is equivalent to the previous Hermite—Laguerre moment hierarchy
derived by Mandell et al. (2018), where the probabilist’s Hermite polynomials, He,(x),
are used instead, defined by He,(x) = 277/?H,(x/2) (with H,(x) in (2.7)), albeit with
collisional effects modelled by a linearized GK Dougherty operator (Dougherty 1964),
which is characterized by a sparse Hermite—Laguerre representation.

3. Linearized collision operator models

In general, a linearized collision operator between particles of species a and b, C,p, is
obtained by linearizing a nonlinear collision operator, C'-. Nonlinear collision operators
are usually defined on the full particle distribution function expressed in the particle phase
space (r, v). This is because collisions occur at the particle position # (rather than at
the gyrocentre position R). Given fy, = fu.(, v), the particle Maxwellian distribution
function of species a, and f, = f,(r, v) its small amplitude perturbation, f,/fi, < 1, the
linearized collision operator, C,, = C (¥, v) = Cu(fa, f»), can be expressed as

Cw = CT + CF, 3.1)
where we introduce the test component of the linearized collision operator, CI, =
Cr (r,v) = CL (f.(r,v)) = C"(f., fup), and the field component, Cf, = C*, (r,v) =
Ct (fy(r, v)) = CV(fira, f5). Local conservation properties of the collision operator

constraint the test and field components. In fact, while particle conservation is satisfied
by both test and field components (Xu & Rosenbluth 1991), such that

/ dvCl, = f dvCh, =0, (3.2)

the momentum and energy conservations require that
/ dvm,vC!, + / dvmyvC;,, = 0, (3.3)

/ dvm,v*C?, + / dvm,v*C;, =0, (3.4)
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respectively. We remark that the velocity integrals in (3.2)—(3.4) are evaluated at constant
r, and that local conservation laws do not hold in the gyrocentre coordinates (R, w, vy, 0),
because of the difference between the gyrocentre and particle positions, being r — R =
p,(R, 1, 0). As an example of the implication of the difference between r and R, we
consider the zeroth-order gyromoment of the GK linearized collision operator. In Fourier
space and performing the velocity at constant R, one has

B , "
/dv(cjb(r, V), = 231/ dk/dv,, d,um—<exp(1k-pa)CZb(k, 1, vy, 0)), X

00 B .k. j ‘
zzn/ de/dv dum—<(lj—'pa)cgb(k,u,v”,9)> kR
=0 ¢ )

R

(3.5)

Since C7, conserves particles, i.e. [ dvC’, =0, we expect only the j = 0 term in the
j sum to vanish when the gyroaverage is performed, and the j # 0 terms to give finite
contributions as the particle gyroradius p, = p,(R, 1, #) depends on the gyroangle 6.
In fact, (3.5) does not vanish, and the linearized GK collision operator yields classical
gyrodiffusion in gyrocentre phase space. On the other hand, in the DK limit, where finite
k - p, effects in the collision operator are neglected, i.e. (C, (7, v))g = (Cup(R, v))g, the
local conservation laws, in (3.2)—(3.4), for the gyrocentre positions are satisfied.

In the following, of the present section, we derive the Hermite—Laguerre expansion
of two advanced linearized GK collision operators, that are the linearized GK Coulomb
collision operator (Jorge et al. 2019) and the linearized GK Sugama collision operator
(Sugama et al. 2009). First, following the procedure outlined in Jorge et al. (2019) in
§ 3.1, we derive the linearized GK Coulomb collision operator using a spherical harmonic
moment expansion. This allows us to perform the gyroaverage and the expansion of the
Coulomb collision operator in terms of gyromoments analytically at arbitrary order in the
perpendicular wavenumber. We also obtain the DK limit by explicitly taking the zeroth
gyroradius limit, i.e. k- p, — 0. Similarly, we project the GK Sugama collision operator
(Sugama et al. 2009) onto the Hermite—Laguerre basis in § 3.2, and derive its DK limit.

3.1. Linearized GK Coulomb collision operator

Starting from the nonlinear Coulomb collision operator, the test component of the
linearized Coulomb collision operator around a local particle Maxwellian distribution
function, fy;, is given in the particle pitch-angle coordinates (r, v, &,0) (with v the
modulus of v and & = v /v the pitch angle) by (Rosenbluth et al. 1957; Helander & Sigmar
2002; Hazeltine & Meiss 2003)

MVap V1 |:(2avG(be) + (1 o %

v2

CL(f) =

) a.H (be)) dufa

ny b

1 2 2 2 my,
—FBUG(be)E o T 0,G(fu)0,fu + m—b8nbefa} . (3.6)

In (3.6), we introduce the Rosenbluth potentials H(f) = 2f dv'f(v')/u and G(f) =
[ dv'f(v)u (with u = [v — v'), the collision frequency between species a and b, vy, =
4/TNyg*q2 In A/(3m!/>T3?)] and the spherical angular operator L*f = 3,(v?d,f) —
v>V2f. Finally, we note that the thermal velocity is defined as v2, = 2T,/m,. When

evaluated with a Maxwellian distribution function, analytical expressions of the
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Rosenbluth potentials can be obtained, and are given by H(fi) = 2nyerf(s,)/v and
G(fuw) = mpup[(1 + 2s§)erf(sb)/sl7 + erf'(s,)]1/2, with s, = v/vg, the error function,
erf(x) = 2 [ dse™//m and its derivative, erf (x) = 2e ™ //T.

The field component of the linearized Coulomb collision operator, expressed in the
particle coordinates (r, v, &, 0), is

2vab UTana

ny

my

[M%am—Hw»—Q—
m

) vo,H(fp) + %4751)%“]?,] .
my

(3.7)
We refer to (3.6) and (3.7), respectively, as the exact test and field components of the
Coulomb collision operator between species a and b (Rosenbluth et al. 1957). We remark
that, while the test component, (3.6), contains velocity derivatives evaluated at constant
r, the field component, (3.7), has additional velocity-space integrals contained in the
Rosenbluth potential to evaluate holding » constant.

Since the gyrocentre coordinate transformation mixes spatial and velocity coordinates,
such as r = R+ p,(R, i, 6), and challenges the analytical and numerical treatments of
the exact field component, ad hoc field components have been developed to implement
collisional effects in GK codes (Abel et al. 2008; Sugama et al. 2009, 2019). Following
closely the method adopted in Jorge et al. (2019), we overcome the difficulty associated
with the evaluation of the exact Coulomb collision operator by using a spherical harmonic
moment expansion of the particle distribution function. Ultimately, this allows us to
evaluate the exact test and field components of the linearized gyroaveraged Coulomb
collision operator, C,, = (C,p)g, at arbitrary order in the perpendicular wavenumber.

Ch(fy) =
b

3.1.1. Spherical harmonics moment expansion and gyroaverage

In order to derive an expression of the linearized Coulomb collision operator ready for
an expansion in the Hermite—Laguerre basis, following Ji & Held (2006) and Jorge et al.
(2019), the perturbed particle distribution function of species a, f, = f,(x, v), is expanded
in the spherical harmonics basis as

SRSV

fo= 320 M V)L (), (3.8)

p=0 j=0 J
with o = pl(p+j+1/2Y/12°(p+1/2)4!] and s, = v/vg,. We remark that the
quantities M{;f are defined below in (3.14). In (3.8), the velocity-space basis,
y? (sa)LfH/ z(si), is the product between associated Laguerre polynomials, L} +1/ 2(sf),

defined as (Gradshteyn & Ryzhik 2014)

J

L) =YLy, (3.9)

=0

with

D+ 1/2)!

TG =D+ p+ 120
and the pth-order traceless symmetric spherical harmonic tensors, Y”(s,). The spherical
harmonic tensors have the property that V2Y? =0, such that £2Y? =p(p+ 1)Y”
and YP(v) = v YP () (0 = v/v) (Jorge et al. 2019), and can be explicitly defined by
introducing the spherical harmonic basis, e””, that satisfies the orthogonality relation

(3.10)
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epl‘ﬂ epm —_ ( 1)1718]1‘[

—WL

Y?(s,), on that basis is

(Snider 2017). The expression of the spherical harmonic tensors,

273/2p!

VD =5 ST 1/ Z Y)'(§.0)e", (3.11)
where

e gy | @D 1M

Yp(é,e)_\/ a(p + )] P ()e™, (3.12)

are scalar harmonic functions, with Pp'(§) = (=1)"(1 —&§*)"/*d"P,(£)/dg" the
associated Legendre polynomials, being with P,(§) = d’[(§* — 1)7]/d&7/[2¢p!] the
Legendre polynomial (Gradshteyn & Ryzhik 2014). We remark that (3.11) is particularly
useful for performing analytically the gyroaverage of the Coulomb collision operator since
the 6 dependence of Y” is isolated in v (&, 0). The spherical harmonic basis, used in the
expansion, given in (3.8), satisfies the orthogonality relation (Snider 2017)

/ dse LI () Y ()L A Y LT () - TP = 8,80, (313)

with T? an arbitrary pth-order tensor. We note that the dot product, appearing in (3.8) and
(3.13), between two pth-order tensors, T” and R”, i.e. T’ - R”, yields a scalar.

Projecting the spherical harmonic basis and using (3.8), one deduces that the expansion
coefficient M? = M?(r), defined as the spherical harmonic particle moments of species a,
are given by

1
m = — f duf, Y7 (s ) L2 (s2). (3.14)

with n, the particle density background of species a, with n, = N,.
Using the spherical harmonics particle moment expansion of f,, one can obtain the
spherical particle moment expansion of the Rosenbluth potentials, H(f,) and G(f,) (Jorge

et al. 2019),
an, Y’ (§,) - MY [Izp*z’”” -
H(f,) = + s (3.15a)
ZZZG w1 | g T
o LMy - V(S
G = 2mv
(fy) = 2m, ”’I,ZOJZZG, D)
1 Izp+2z+4 , 1 12p+21+2
% - +SZ+ Iim _ — +Szbvlil+3 ’
[(2p+3)( g e —-D\ &
(3.15b)

with §, = s,/s, and the upper and lower incomplete gamma functions defined by I* =
Jo dss®DP2e= ) /mand I = [ dss*~D72e™ )/, respectively. In deriving (3.15), the
associated Laguerre polynomials, L,p +/ z(s,z,), are expanded using (3.9).
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The velocity derivatives of the Rosenbluth potentials appearing in the field component
of the Coulomb collision operator, (3.7), can be analytically evaluated using (3.15), and
are given by

9 4 0o oo ] Y ij I2p+2m+2
8_stb(fb)— nbzzz - (sb) |: (p+1)— Sp —i—psp Izm+1:|

Sl Wl f
(3.16a)

02 o LM S [ ((p+ Dp 2 (P
—G =2 b +SPIZZ+1
aﬁM)mm;;;JQHD 2p+3) g3 T

p(p 1) 2p+2l+2 5

- ST 3.16b

<2p—1>( A (16

respectively. The spherical harmonic expansion of f,, (3.8), can also be inserted into the
test component of the Coulomb operator, given in (3.6). This finally yields the spherical
harmonic moment expansion of the test and field components of the linearized Coulomb
collision operator C,,

Cor = Z Zf MY Y (D), (3.17a)
p=0 j=0 /

%ZZZMWYWW (3.17b)
p=0 j=0 J

where the test and field speed functions, v / and vab , are defined in Appendix A. We
remark that the v dependence of C/, and CF ", 1s entirely contained in the speed functions,
while the angular (0, &) dependence is isolated in the spherical harmonic tensor Y”(v).

We now focus on evaluating the gyroaverage of the test component of the linearized
Coulomb operator in (3.17a). Since the gyroaverage of C,,, which appears in the
linearized GK equation (2.1), is performed at constant R, the spatial dependence of
M?(r) is first expressed as a function of R. Since r = R+ p,, the gyroaverage can
be carried out in Fourier space by observing that M”(r) = [ dkMZe*r«e®R and by
using the Jacobi—Anger identity to express the phase factor difference exp(ik - p,) =
>, i (bay/x)e™ (Gradshteyn & Ryzhik 2014). Thus, in Fourier space, the linearized
test component of the Coulomb collision operator at R can be written as

Car = ZZ Z Dot 7 )73, (b )V (3.18)

(CT) o ii i i i 2T[3/2p‘ F Tpj "J (b \/_)
iR 2 G\ 2(p+ 12y et e

x ("Y€, 0)), MY - ™. (3.19)
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The scalar harmonic functions Y;”(é, 0) can then be expanded in terms of associated
Legendre polynomials PI’;’ (&), as indicated by (3.12). Thus, (3.19) can be written as

Gl R | t1/2p!
(C(Y;h)R = Z Z Z _jFMa UTII;Jlme(\/x_ab )\/i
p=0 j=0 m=—p 9P —1/2)!

(p—Imh',
(p+Imht”
We remark that the same gyroaverage procedure can be applied to the field component In

fact the gyroaverage of the field component is given by (3.20), having replaced v 7 (v) by
v (v) and M7 by M ie.

oo 0o )4
F\ _ i Fpj:m n'/2p!
ol 1;0 J:Zomzz,, of et P O 5y =

(p—Imh',
(p+Imht"*
3.1.2. Gyrokinetic Hermite—Laguerre expansion
Equations (3.20) and (3.21) are in a suitable form for the projection onto the

Hermite-Laguerre basis, C%X = C (k, 1), defined (2.15). We focus first on the expression
for the test component in (3.20). This yields

CTk — Cle(k ) i i Xp: L n!/2p! (p— |m|)!ij . e IZZZ?
« L ol N2 =D (pImD! T 2T
(3.22)

PrEMY . e (3.20)

PU(EM - ™. (3.21)

where we introduce,
Ly = f AVF 310V Vo (V/Xaba) P E) H (5)0) Li (). (3.23)

A similar expression can be obtained for the field component, C%, having replaced v,
by v'” in (3.23), and M? by M? in (3.22). In order to express the Hermite—Laguerre
projection of the linearized GK Coulomb collision operator, given in (3.22), in a closed
analytical form in terms of gyromoments, the spherical harmonic particle moments, M?,
defined in (3.14), must be written as a function of the gyromoments N”/, and the velocity
integral contained in (3.23) must be evaluated.

As a first step, we relate the spherical harmonics particle moments, M in (3.14), to the
gyromoments N”/ defined in (2.6). To proceed, we transform the velocity-space integral in
(3.14) to a phase-space integral, i.e.

. 1
MY (r) = — / dv / drs(r — ), ») Y (s) L2 (D). (3.24)
ng
The coordinate transformation # = ¥ (R, i, 0) = R+ p,(i, 0) in (3.25) allows us to
write
. 1 B
M (r) = — f d6 dp dvy dR—8(r — R — p )fu (¥, v) Y7 (s) L' (s2), (3.25)
n, My
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Gyrokinetic collision operators using a moment approach 13

where f, (¥, v) = f,(F (R, i, 8), v(i, vy, 8)). We now aim to express the perturbed particle
distribution function, f,(#', v), in terms of the perturbed gyrocentre distribution function,
84(R, i, vy). The scalar invariance of the total particle and gyrocentre distribution
functions yields

Jo',0) = (R, i, v)) + Fua(R, 1, v)) — fua(¥, 0). (3.26)

Since the gyrocentre coordinates (R, u, v, ) are obtained through a perturbative
coordinate transformation from the particle phase-space (r, v), within a perturbation
approach known as Lie-transform perturbation method (Cary 1981; Brizard & Mishchenko
2009; Frei et al. 2020), the functional form of any function F, defined on (R, w, vy, 8), can
be expressed in terms of the functional form of a function f, defined on (r, v), by f = TF,
where the operator 7 is known as the pull-back operator (Frei er al. 2020). Taking the
case of f = fiy, and F = Fy, such that fy,, = 7 F), in (3.26), and at the leading order
in € ~ep/T, K 1, one derives that the perturbed particle and gyrocentre distribution
functions are related by

Jo(r', 0) = ga(R, p, vy) — % (@) = (P)g (R) Fusa- (3.27)

Since ¢ — (p)r ~ (k.ps)*edp/T,, the last term in (3.27) can be omitted in DK collision
operators but, in general, it cannot be neglected in GK collisional theories, that consider
ki ps ~ 1. The difference between the particle and gyrocentre Maxwellian distribution
functions (Madsen 2013) leads to polarization effects in the collision operator (Xu &
Rosenbluth 1991; Dimits & Cohen 1994). On the other hand, we remark that polarization
effects are neglected in the nonlinear full-F GK Coulomb collision operator developed
in Jorge et al. (2019), where it is assumed that €,e¢ /T, < €* (with €, ~ v;;/£2; ~ €?), an
ordering that we do not consider here (the same ordering is considered in the nonlinear GK
Dougherty collision operator derived in Frei et al. (2020)). We also note that polarization
effects are also neglected in the linearized GK Coulomb operator developed in Li & Ernst
(2011). Using (3.27) in the definition of the spherical harmonics particle moments given
in (3.14), we can write

2
M(r) = ml(r) + > mll(r). (3.28)

i=1

with
j 1 B P22
m(r) = N dé dp dy o (8. Y'(84)), L; (s3), (3.29a)
J _ 4a B P Torp+1/2, 2
m (r) = - d6 du dv, — (@R + )Y (), LT (52) Fia: (3.295h)
. a B .

m,(r) = NqT d6 dpudvy— (($)r (R) Y7 (s.)), L2 (s2) Py, (3.29¢)

where we introduce the adjoint gyroaverage operator at the particle position r,

2n de
(S)I=f ﬂ/ dRS(R + p, — &R, vy, i, 0), (3.30)
0

defined over any gyrocentre phase-space function £&. We remark that the operator in
(3.30) is the adjoint of the gyroaverage operator at constant R, such that [ dR (x)z& =
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[ dx (& )j X, and plays a central role in polarization and magnetization effects in the field
equations of GK theories (Frei et al. 2020).
We now focus on evaluating the velocity integrals in m? defined in (3.29a). As a first

step, we compute (g, Y” (sa))i in Fourier space, such that

4

, 1 B 7 d .
mn = [ ak [ 0o e [ S ek g VL et

- Z( iy / dk / a0 deUH—ga(k 1 o) (b

n=—0o0

R S
X ge Y(sa)Lj (s;)e™™, (3.31)
0

where we use the Jacobi—Anger identity and where the p/ and s/ notation indicate
that these quantities have to be evaluated at 6’. The velocity integrals in (3.31) can be
performed by expanding the Bessel functions J, into associated Laguerre polynomials,
thanks to (2.12), and by using the definition of the gyromoment, given in (2.6). A basis
transformation between associated Legendre and Laguerre polynomials to Hermite and
Laguerre polynomials is necessary to express m? as a function of the gyromoments N?.
This basis transformation (and its inverse) can be expressed as (Jorge et al. 2019)

p+m+2j j+1(p+m)/2]
s‘;’P;(g)LfH/z(sf) = Z Z T;I;mHl(Sus)Lk(X‘Y)XT/Z, (3.32a)
=0 k=0
I+m~+2k k+| (I4+m)/2]
Hi(sy) L (x)x"? = Z Z (TR P E LT (s), (3.32b)

where the closed analytical expression of the coefficients Tl’,fm can be found in Jorge et al.

(2019), and the coefficients (T~")”" of the inverse basis transformation, (3.32b), are given
by

2l 1/2 _ ! min(j+[(p+m)/2],m+k)
Vr2ip+ 1/ (p=mt T din 1l < p+m+ 2],

G+p+ 10 (p+m! ~ "

(T I)P]m —

(3.33)
with [-] the Iverson bracket, defined by [A] = 1 if A is true, and O otherwise. The basis
transformation given by (3.32a) yields the gyromoment expansion

n!/2p! o (p=mD!

e = e 00 = —Zp(_‘) (p+ Im])!

2(p —1/2)! Mme™, (3.34)

where we introduce

pHIm|+2j j+L(p+Im))/2] oo n+|m|+h m|
- nly/2%! (b,
M= SN ST N g e VS8 (—) K, (bONE". (3.35)

nhs; p/\m| )
¢=0 =0  n=0 s$=0 (n+|m)!
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In (3.35), the numerical coefficients d""

nksy *
and associated Laguerre polynomials,

which arise from the product between Laguerre

n+m+k

LI 0Li(ox" = Y dip Ly(x), (3.36)
s=0
are given by the closed formula (Jorge et al. 2019),

n k K
A =Y 3N L P PLO A + kA sy + m), (3.37)

=0 k;=0 s;=0

with the coefficients Lz defined in (3.10).
We now turn to the polarization terms in (3.28), i.e. nﬁ{pl and nﬁgz defined in (3.290)
and (3.29¢), respectively. Following the same steps considered in the evaluation of m”, we

first compute the terms in (d) R+p)Y (sa)>j and ((¢p)g (R)Y? (sa))j. Using the coordinate
transformation » = R + p,,, we obtain

(R + p) Y (5], =6 () (Y (s))] . (3.38)

while using the Jacobi—Anger identity
(d)x R Y (s2))} = / dk Y (1)) ()Jo(bun/T)Ta(by /%) (€7 Y7 (s,))! €7, (3.39)

Equations (3.38) and (3.39) allow us to perform analytically the velocity integrals
contained in (3.290) and (3.29¢). We first use the orthogonality relation, given in (3.13),
and expand Y? in associated Legendre polynomials with (3.11), while expressing the
Bessel functions in associated Laguerre polynomials according to (2.12). Finally, we use
the basis transformation given in (3.32a). This yields

| = _‘f;‘l’ 5080, (3.40a)
: 4 1/2p) — /D!
| = 9a® 3 iy [ P =1 DY i gont (3.40b)
“@ T =, 2(p =1\ (p+ mD! ¢

where we introduce the coefficients

pim’ __
=

(3.41)

fHL(p+Im /2] oo s+im'|+h [m’|
! pZ Z Z 0h <ba> S!ICs(ba)ICs’(ba) |m'|
2

pilm| \ & Ty b’
h=0 s=0 =0 (S + |m |) :

The electrostatic potential ¢, appearing in (3.40), can be self-consistently expressed as a
function of N’ using the GK quasineutrality condition, (2.18).

As a last step, we compute the velocity integral in Ig,l,’iﬁj defined in (3.23). To proceed,
we first expand the Bessel functions J,, in terms of associated Laguerre polynomials,
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according to (2.12), and use the inverse basis transformation given in (3.32b), to obtain

00 ntk l+m+2f f+|(1+m)/2]

o =20 2 > (THi"dy

n=0 f=0 g=0 h=0

/ dvFyesSLE 2 (vl PRE)PT(E), (3.42)

where the product of associated Laguerre and Laguerre polynomials is expressed as a
single series of Laguerre polynomials thanks to (Jorge et al. 2019),

n+k
Ly (c)Li(xa) = ) Ly (xa), (3.43)
f=0
where
n k f
di =y Z L L 2Ly + K+ )1 (3.44)

n1=0 k=0 fi=0

Finally, using the orthogonality relations (Gradshteyn & Ryzhik 2014)

: 11 111 _ 28£ (p+m)'
/_1 dEP(§)P;(§) = 2+ D) (p—m)! (3.45)

and e . e = (— 1)’”5’_",” (Snider 2017), the Hermite-Laguerre expansion of the

linearized GK Coulomb collision operator, CX = C% (k, 1), is obtained,

2
Cli = Clb+Cli+ > (Cle .+ Cl.) (3.46)
i=1

with the Hermite—Laguerre expansion of the test and field components, C% and C*/% | given

by

oo oo oo kt+n p fHL(I+m)/2] a 2p(p')2 C_ln;d
cT = G 2D g
v ;;;fz()mz ; ol 2p)! 2p+1)
T b (Ba\" g
e (5 vz, e

ktn p fH+LUI+m)/2] a

00 00 o0 mzp( !)2 E[Z’
C£S=ZZZZZ Z ol (2;7)! (2p4kfl)

=0 n

_\ptm
§ (T7)" n1kC,(ba)
20 (n+m)!

(_) Mi]m Fpjt [p <l+m+ Zf] , (3.48)
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respectively, and the associated polarization contributions,

oo n+k s+|1/2] ( )OhO

T
Carpt = q“¢ZZ > d Kby ﬁ pIon, (3.494)

n=0 s=0 h=0

oo n+k s+1/2] (T )OhO
Chy = ¢ZZ > d Kby \/_l proon, (3.49b)
n=0 s=0 h=0 l
co oo p oo ntk fHL1+m)/2] 2 im
2 w22 (pl) 1 I
= dag o :
T, [Z:O: ,:Zo ; go = ; ol 2p)! 2p+1) /21
—m n!kC,(ba) ( ba " 1\ptm — ijt
X dnkfm (E) (T ) Vb [p <l+m+ Zf] (3496‘)

n+k f+[(+m)/2]

Z a, 2’ (p!)? 1 H}fjm
—~ = g Cp! Cp+ DV

p
Cargr = ;—Z‘PZZZZ
=0

p=0 j=0 m=0 n=0 f
m n!IC"(b“) bu " 1\ptm - Fpjt
X dnkfm <E) (- )'1} v, [p <l+m+ Zf] , (3.49d)

where a,, =2 for m > 1 while gy = 1. In (3.47)—(3.49), we introduce the velocity-
integrated speed functions

1

i = L, (3.50)
d=0
i = ZLfd prod (3.51)

T T Fpjd Fj .
where b4 — = [ dost™y Yy and B = [ dost™y ! Fye. Closed  analytical

*ab
expressions for vab*d and vab*d are reported in Appendix A. We remark that the
Hermite—Laguerre expansions of the test and field components, (3.47) and (3.48),
respectively, can be further written in terms of the gyromoments using the definition of
M2 and MP™ given in (3.35). The remaining quantities in (3.47)—(3.49) are numerical
coefficients.

Equation (3.46), with (3.47)—(3.49), define the gyromoment expansion of the linearized
GK Coulomb collision operator. This operator is valid for arbitrary mass and temperature
ratios. It retains FLR effects associated with the difference between the particle and
gyrocentre positions, ¥ and R, at arbitrary perpendicular wavenumber. These enter
explicitly in the linearized GK Coulomb collision operator through terms proportional
to K, (by) in the test and field components. Coupled with the quasineutrality equation,
(2.18), and the definitions of the different numerical factors appearing in (3.47) and (3.48),
C% can be numerically implemented, and be used as a collision operator model in the
linearized gyromoment hierarchy, (2.14), to describe collisions between like and unlike
species.

3.1.3. Drift-kinetic limit of Coulomb collision operator
The DK limit of the GK linearized Coulomb collision operator, given in (3.46), can
be deduced by neglecting the FLR effects in the test and field components as well as the
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polarization terms. For instance, in the zero gyroradius limit, (3.27) reduces to f;, = g,.
In addition, the gyromoment expansion of the spherical harmonic particle moments, M?/,

given in (3.28), reduces to
. 1/2p) 4
mi= | TP A0, (3.52)
2°(p —1/2)!

where
p+2j j+1p/2]
M!;J:Z Z TS /2¢gIN%". (3.53)
g=0 h=0

Neglecting also FLR effects in (3.20), such that (C,(r, v))g = (Cip(R, v))g, and
projecting the resulting expression onto the Hermite—-Laguerre basis, we obtain the
linearized DK Coulomb collision operator with the test and field components given by

0o 42k k+[1/2] ¢

" 2 Ly (T )i et
C“b - ZZ Z Z (2]))‘0_1)] (2p+ 1) \/21_ Ma Viab > (354)

j=0 p=0 =0 d=0

oo I4+2k k+[1/2] ¢ (Tfl)l?f

»(ply? I -
Flk __ td lk Pl S Lp]
Cab - Z Z Z Z (Zp)‘o_p] (Zp 4 1) \/ﬁ Mb V*ab ’ (355)

j=0 p=0 =0 d=0

respectively. Equations (3.54) can also be obtained by taking explicitly the zero gyroradius
limit of (3.46). We remark that the DK linearized Coulomb collision operator obtained
here is equivalent to the DK collision operator derived in Jorge, Ricci & Loureiro (2018).

3.2. Gyrokinetic Sugama collision operator

The Sugama collision operator model (Sugama et al. 2009) is an advanced model collision
operator that approximates the full linearized Coulomb collision operator such that it
conserves particle, momentum and energy. It also satisfies the H-theorem and is subject to
the self-adjoint relations for the test and field components, i.e.

dv}%CZb (g2) = fMa CZ,, (f) (3.56a)
7, [ alect gy =1, [ wlict . (3.56b)
fMu f

The Sugama collision operator model extends the Abel et al. (2008) collision operator to
the general case of collisions between different species, and reduces to it in the case of like
species, i.e. a = b. We remark that, because the difference with the Sugama and Coulomb
operator is expected to increase at high collisionality, the Sugama operator was recently
improved and extended to the regime of high-collisionality in Sugama et al. (2019). In this
work, we focus on the original Sugama operator, presented in Sugama et al. (2009), but
remark that the gyromoment expansion can be applied also to the improved Sugama by
following the same analytical procedure detailed below.
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In the particle coordinates (r, v, &, 6), the test component of the Sugama collision
operator, C!, (f,) = CI,(r, v), is defined by

Cap(f) = Cop(f) + Z s (3.57)
where
C5,(f) = —vh () L%, + iai ( (v)v“FaM <f“ )) (3.58)
aM
and

1 m, 1 /1S » 3\ 1 2 S
X, = Ow — Dfua T_/ dv'v'C,, (fo) - v + <sa — E) —/ dv3saCa,,(fa) ,
o ’ (3.59)

0Tafo) cj,,(FaMsj)} , (3.60)

4 a ea —1 2 a a\Ja 3 2
X, = _33% Mafl(Jthz)l?z [”Tiv cul(f) + T(f) (su ) i )] 3.61)

= 0w — 1) [T uo(fa) + Cop(fua®) +

withu,(f,) = [ dvof/ne. 8Tu(f) = T [ dvf,(252/3 = D/, 6y = /T + 12/ L+ 1),
t=T1,/Ty, X = v/ = /T/0 and 0 = m,/my. In (3.57), we introduce the pitch-angle
scattering (also denoted as deﬂection) and energy diffusion frequencies defined by

a,,(v) = vy lerf(s,) — (D(sb)]/s and v (v) = 2vabq§(sb)/sa, respectively, with @ (x) =
[erf(x) — xerf' (x)]/(2x?) the Chandrasekhar function. The closed analytical expressions
for C5, (fuav) and C5,(s*fu,) appearing in (3.60) are given by (Sugama et al. 2009)

Co,(fuav) = — (1 + %) fuavly (0)s20, (3.624)

Csb(sifMa) - Valsza [erf(sb) — S (1 + X ) erf,(sb)] . (362b)

We remark that C5,, given in (3.58), is actually equivalent to the test component of
the linearized Coulomb operator in (3.6), for the case of like-species collisions. More
precisely, C5, in (3.58) is obtained by using the analytical equilibrium Rosenbluth
potentials, H(fy») and G(fy), in (3.6) and neglecting the term proportional to (1 —
Ta/Tb)-

The field component of the Sugama collision operator is constructed from the test
component C!,, in (3.57), such that the local conservation laws, (3.2)~(3.4), and the
self-adjoint relations, (3.56), are satisfied. Sugama et al. (2009) shows that this is the case
if the field component, C%, (f;,) = CZ, (r, v), is given by

o Vab (ﬁ?)

7 Cap (Fuaa®) = Wan (s Co (), (3.63)

Chfy) = —
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where Cfb is test component of the Sugama collision operator, given in (3.57). From (3.57),

one has
4vy, 3V @(sp)  x O — 1)
a v (1 3.64
Cl (fuav) = b( +x ) 3\/—f [ 5, + (1 + x2)2 (3.64a)
4y, 3
Czb(fMasz) = - \v/i aJMa |: fX2Sa {erf(sh) - sberf((sb)(l + Xz)}
2X (eab - 1) 2 3
- ——= 1. 3.64b
ICESRRE (s“ 2 o
The quantities, V[ f,] and W[ f;,], appearing in (3.63), are defined by
dv bt
Valfsl = — —Cy (uvv) (3.65)
Yab fM
T,
Waplfil = -2 / a0 22T (fps?), (3.66)
Nab S
where y,, and 7, are given by
4vab ngmg X Ta 2
b = — — + , 3.67
v 3ﬁ<1+x2>3/2(n X) Gon

B 4v,,  3xn,T, Ta+ ) (3.68)
T =3 /ma+ e\, %) '

We remark that C} (fyv) and C} (fus;) correspond to CT, (fis,v) and C7, (fius?), given
in (3.64), with a replaced by b.

In order to express the linearized GK Sugama collision operator in the gyrocentre phase
space coordinates (R, w, vy, 0), Sugama et al. (2009) considers the non-adiabatic part A,
of the perturbed particle distribution function f;,, which is defined by

Ja(r, v) = ha(R, p, vy) — %(ﬁ(r)fm- (3.69)

Then, to evaluate the velocity derivatives contained (3.57) on h, and to perform the
gyroaverage, the GK transformation (Xu & Rosenbluth 1991; Abel et al. 2008)

Cay = (exp(ik  p,) Cop (ha exp(—ik - p,)))g (3.70)

is used. This yields the test component of the GK Sugama operator C, = C, (k, i1, v)),
Cl = C5 (h,) + RS, + Z)‘(gb, 3.71)
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with C3, defined in (3.58) and

k2
Ry = =gt [V (20} +0) + 000t | (3.72)
S 3
X)) = 0w —1)Fuya [JoSaRg;l, + xR 7, (sfl - 5) Rgi:| , (3.73)

5 _ v _
ng =w—1) [UTacjb(FMamaU/Ta) (Jouua +1 U—LMM) + Jocjb(FMasi)Ta] , (3.74)
II

8vab(9ab - 1)2X

v - — J() 3 =
ng = — Mam |:JOSal/l||u + J1\/X_aula =+ sz (SZ — E) Tui| s (375)
with
1
Rup = / ~Cop(Fuamavy/T2) (3.76a)
Rlﬁ = _/ ah(FMamavH/T ), (3.76b)
1 ha 2
Ry, = py / Fur ngb(FMas(f) (3.76¢)
and
_ 1
Ujg = n_/ dvlohesya, (3.77a)
1
Uig=— / dv]; /x.ha, (3.77b)
ny
- 1 2(, 3
T,=— | dvloh,= (s, — =), (3.77¢)
ng 3 2

being Jo = Jo(byo/x,) and J; = J; (byy/Xa).
The GK field component of the Sugama operator C, = C/, (k, 1, v)), expressed in terms
of hy, is also obtained by applying the transformation in (3.70) to (3.63). It yields,

— v - _
C(fb = _CaTb(FMavH)JOVIIab - Cfb(FMavu)J] U_J”_Vabi - C:b(FMasi)JOWab, (3.78)
where
- m,my hy,
Via = dv Jo Cba(FMbU”) (3.79a)
yabTa
_ “ h
ww=mwfdhlﬂ%@mww (3.79)
ToYab Mb V|
- T, hy,
Wap = — dvly—=-Cj, (Fins3) (3.79¢)
Nab Mb
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3.2.1. Gyrokinetic Hermite—Laguerre expansion

We now perform the Hermite—Laguerre expansion of the test and field components of
the GK Sugama collision operator given in (3.71) and (3.78), respectively. Since the GK
Sugama operator is formulated in terms of 4, the Hermite—Laguerre expansion is written
in terms of the non-adiabatic part of the gyromoments nﬁj , defined in (2.16), which can be
expressed as a function of the gyromoments N?, thanks to (2.17).

The Hermite—Laguerre expansion of the test part of the GK Sugama collision operator
is obtained by projecting (3.71) onto the Hermite—Laguerre basis. The velocity integrals
necessary for the projection are performed analytically in pitch-angle coordinates using
the basis transformation from Hermite—Laguerre polynomials to Legendre and associated
Laguerre polynomials given in (3.32a) and (3.32b). It is found that the gyromoment
expansion of the test component of the GK Sugama operator is given by

3
Cof = CF + R+ X (3.80)

n=1

where

142k k+11/2) p+2, 2] h —1\Ph
00 I4+2k k+11/2] p+2j j+p/2] »(p)2 L (T 1)" Tg.r,/zgg!_spjd o

Gr=22.2 2 2 2 5 ;gdzl_ulk oprny G

j=0 p=0 h=0 g=0 r=0 d=0

and
gh
b2 00 o0 [42k k+[1/2] p+2j j+1p/2] T 1) (

" A
1k _ _Ya Ik P g8
Rab - 4 ; ; ng(; hXZ(; rgo: — \/ﬁ /—pr! abl ﬁj'

The details of the calculations leading to the expressions of C3 and R% | given in (3.81) and

(3.82), respectively, are reported in Appendix B. In (3. 81) the Sugama Velocity integrated
speed function is introduced, 1% = b4 — p(p 4+ 1)v22 (expressions for v-2 and )

can be found in (B10) and (B11), respectively). In (3.82), we introduce the coefficients

(3.82)

rs1hy
abJ_ - Z ZLsleihl ibl_ ’ (383)
S[—O h]
with
8}"
grsih _ g <‘—)Ilg+2+31+h1 + ﬁDg+2+sl+h1)
abl (2g _|_ 1) ab
+ % (1—)2317(g+r)/2+2+51+h1 _ ‘_)Jlgg+r)/2+2+51+hl> ’ (3.84)
where
2 1 2
r+ DO +2) , forg=r+2,
Qr+1)Q2r+3)2r+5)
2 _
& = 20r +2r=D) (3.85)
Rr—1DQ2r+1)Q2r+3)
2r(r—1)
, forg=r—-2
Rr—3)2r—1HQ2r+1)
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and the speed 1ntegrated energy and deflection functions, v”k 4 f * ds,s*v! (vyesi/ JT

Sq Vab
and 9% = 4 [ ds,e~*'s%*VD (v)//7, with closed analytical expressions,
4v
Sk _ ab
Yo = (Ey” — xely?) . (3.864)
_ 4v,p _ | 1,
= [E’;f ~ e geﬁf], (3.860)

respectively. Finally, the X" terms in (3.80) are defined by

Xl = 00— D [UFRY, + UIRYE + TIRY). (3.87a)
Xgll;k = (Ou — 1) ('FabOHL_tHa + }_bl”uLa + 'FabET) (3.87b)
v 8Uab(9ab - l)zx — _ -
3k _ I Ik Ik
Xy = _m Ufuge + UL, + TXZTL T,|, (3.87¢)

where we introduce

n+j s+p/2] h

00 00 00 1h
LR 2030 3 D 9P SRR S A

p=0 j=0 n=0 s=0 h=0 h=

oo oo oo ntj+ls+|p/2] h

A0 s
CEED303) 3 M 9 oI RIS

p=0 j=0 n=0 s=0 h=0 #n=0
(3.88b)
Oh
1605 oo o ol 2 (T ) .
Rb=—5am D003 3 S thdy e Katb
X T p=0 j=0 n=0 s=0 h=0 #m=
x [Eb — x(1+ Dl | n? (3.88¢)
and
51
U = Kk(ba)ﬁ, (3.89)
b
ut = 3 (Ki(ba) — Kio1(ba)) 87, (3.90)
52
Th = (ﬁ - 5°> Ki+ 8] [k + DKy — ki — (k4 D] - (3.91)
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In (3.87h), we define

2 1+X2 oo nt+k [4+2s s+11/2] ¢t T 1 l; ]
Fon = _¥ 220 dy L, (\/2_)1 Kb, (3.92a)

oo n+k+1s+1/2] ¢ ( ) b ]C (b )
jE‘lk —_2(1 2 dl LO Is a ||2+f], 3.92h
abl| ( + X ) ng(; i nks™1t, \/21_1 (Vl + 1) Vab ( )
oo n+k s+[1/2)] ¢ ( l)Or

8a
fé];)E: =i ZZ Z Z nks

nOsO t=0 =

ls K. (b a)Lm [E(tzlb x (I + Xz)etﬁ_l]

(3.92¢)
with
_ = nY
iiyg = ;/Cj(ba)ﬁ, (3.93a)
i1, = Z/c (ba) (¥ — n2*1), (3.93b)
Z/c (by )[ + 2% — ju%=t — (j+ l)ngj“:|. (3.93¢)

In deriving (3.88) and (3.92), the closed expressions of C3 >, (fuav) and Cjb (stM,,), given in
(3.62), are used.

We now consider the Hermite—Laguerre expansion of the field component of the GK
Sugama operator given in (3.78). Similarly to the test part of the collision operator, we
multiply (3.78) by the Hermite—Laguerre basis and integrate the result over the velocity
space in pitch-angle coordinates using the basis transformation from Hermite—-Laguerre
polynomials to Legendre and associated Laguerre polynomials, expressed in (3.32a) and
(3.32b). This yields

Cﬂk = _vﬁﬁb‘_/llab - f}ﬁb Vi — WabV_Vi’,Z, (3.94)
where we introduce
40, (1+x2) o dY Y
Vi = ——= ZZ 2 lCn(ba)V;‘b, (3.95q)
n=0 s=0
oo n+k+1 b ]C (b)
Vi, =Y L’“ Tk, (3.95b)
n=0 s=0 212(n+1)
oo n+k
Wi = ZZ ! oI W, (3.95¢)
n=0 s=0
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with
dy,, S2FEL2 n 1 2% (O — 1)(3/2 + hy)!
Vi =3/ 2 2 ZL},h T, | =5 (Bl — xely™) + =7
a I 2 ab ab
g e =t X 3J/m(1 + x?)32
x[l>0Uk> 0], (3.96)
s+1/2]
s 4vab9ab(1 + 2) j 1 1
Tip = Z Zthl Eay ' = X€u)
_ YarXOap G —1) <00 (3.97)
3/m (L)
8v b9 U 0]
v DIDICHCO T RPN
h=0 h;=
8V, Oup —
&b x O — 1) (25250 — 8%51) . (3.98)

3/ L+ )7

Finally, performing the velocity integrals in (3.79) using the gyromoment expansion for 4,
and the expressions of CJ (Fyv)) and CL, (Fyps3), given in (3.64), yields

2m, G A .
Vi = =010 — L+ 1/X)Y_ > > B I, (by)n Vi, (3.99)
ab =0 j=0 n=0 s=0 ¥ Zp!
_ 2mb oo oo oo ntj+l dl- b
Vi = W K, (b)Y T, (3.100)
xyab;;; 2 oD ’

~
+
s
=

W, = I i i i s IC (D)W (3.101)

i

The Hermite-Laguerre expansion of the test and the field components C/* and Cf/*, given
in (3.80) and (3.94), respectively, can also be expressed in terms of N”f thanks to (2.17).
Similarly to the linearized GK Coulomb operator, collisional FLR effects enter through
the terms proportional to /C,(b,).

3.2.2. Drift-kinetic limit of the Sugama collision operator

We now consider the DK limit of the GK Sugama collision operator. This limit can
be deduced by neglecting FLR effects in (3.80) and (3.94), which appear through the
kernel functions /C,(b,). In addition, f, = g, follows from (3.27) in the DK limit, such that
n” = NP, Hence, we obtain the DK limit of the Hermite-Laguerre expansion of the test
component,

3
Cit = C35F + > Xy, (3.102)

n=1
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where C3F is given by (3.81) with n% = N”, and

IIpJ 200
.2 (878, .
1lk _ 0 § abl p] ab?2 NP
o = 1)[ (0 3( )ZW }

(3.103a)

14 x?) 2u T, 1%
X2 = (6, — 1 _(— laylik | Z7a “abd 3.103h
w = O )|: 5 om a1 T T, Jou ( )

4, 2 ST 2 5250
X = (0 — e | Y2t ST 20 32( Lk —3?5;> ,
3/ [ (L+x)" v, T, (1+ x> \ V2

(3.103¢)

where 1, /vy, = N°/+/2 and 8T,/T, = (v/2N?° — 2N°")/3. In (3.103), we define

k+\_l/2J h
e = = Z Zthl )y > 0Uk > 0], (3.104)
h=0 h=
k+11/2] h
Ly = — Z Z% VIED — x (14 x3) . (3.105)
h=0 h=

Similar considerations lead to the DK limit of the Hermite-Laguerre gyromoment
expansion of the field component, given in (3.94), that is

CF — _29ab9ha@ 1+ x> ii (1+ UXZ)V”‘V”"NW
ab X0 Vab /21” =0 =0 /pr! ab ¥ ba''b

ii o WEW?, (3.106)
j=0

21 ' T nah

4. Numerical implementations

Within the adopted Hermite—-Laguerre gyromoment method, the numerical evaluation
of the collision operators leads to the calculation of large sums of algebraic coefficients
such as the ones appearing, for example, in (3.47). In the numerical implementation
of the GK pseudospectral method proposed by (Mandell et al. 2018) where a GK
Dougherty collision operator is considered, a closed analytical formula is used for the
lowest-order coefficients from the products between Laguerre polynomials (such as
dgsl and dgkf defined in (3.37) and (3.44), respectively). On the other hand, a Fourier
dealiased scheme is employed to numerically compute the integral representation of
the higher-order coefficients. This method can be generalized to obtain dy;,. and dy, .

but it is unpractical for the basis transformation coefficients T;l,]fm that appear in the
operators considered here. This is because of the rapid increase in magnitude of these
coefficients and the enhancement of the oscillatory nature of the basis functions (such
as the Hermite polynomials) with the order of the polynomial basis. In fact, due to
the presence of positive and negative numerical coefficients of different magnitude that
eventually cancel each other, the Hermite—Laguerre formulation of the present collision
models is highly sensitive to round-off errors. This becomes particularly pronounced as the
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FIGURE 1. Magnitude (with sign) of the coefficients of the basis transformation T;fgq in
(3.32a) as a function of p when g = 1, 2 and 4.

order of the polynomials basis increases. As an example, figure 1 displays the magnitude
(with sign) of a few of the basis transformation coefficients, in particular 777 defined
in (3.32a). An increase of 40 orders is observed by going from p = 1 to polynomials of
order p = 50. We note that similar issues are observed in the numerical implementation
of spectral methods based on generalized Laguerre polynomials in the energy variable
v? (Belli & Candy 2011). In addition, it should be mentioned that convergence tends
to be relatively slow when using Laguerre polynomials in v because they have very
similar shapes for the bulk of the distribution (Landreman & Ernst 2013). As a matter
of fact, we find that the use of double and/or quadruple precision is not sufficient
to carry out the evaluation of the coefficients required for the Coulomb and Sugama
operators.

To avoid spurious unphysical effects associated with precision loss in the linearized
collision operators, we evaluate the closed analytical expressions of the numerical
coefficients and perform the sums numerically using a multiple precision arithmetic
package. To avoid redundancy, the species-independent numerical coefficients that depend
on the mass and temperature ratios of the colliding species (5.7, 5" and v defined
in Appendices A and B) are computed once and stored. Then, given the normalized
perpendicular wavenumber b,, the mass and temperature ratios, the GK linearized
collision operators can be obtained by performing linear combinations of the previously
computed numerical coefficients.

Because of FLR effects, infinite sums arise in the GK Coulomb and Sugama operators
from the expansion of the Bessel functions, J,, in terms of associated Laguerre (see
(2.12)). These sums appear in the Hermite—Laguerre projections, such as the ones in (3.47)
and (3.88). For their numerical implementations, we truncate these sums at a finite N > 0.
While a large number of terms in the FLR terms might a priori be needed for a good
convergence, the nature of the kernel function, K, defined in (2.13), ensures that only a
small number of terms contribute in the sums at a given perpendicular wavenumber. This
is because the kernel functions /C, decreases rapidly with n, as I, ~ 1/n! for large n for
all b,, and K, ~ b>"/n! when b, < 1 (Frei et al. 2020). Additionally, since the maximum
of K, occurs at b, = 2./n, as a rule of thumb, one can choose N such that N > bﬁ /4.
Figure 2 displays the relative error of the diagonals elements of the GK Coulomb operator
corresponding to the gyromoments (blue lines) (p, j) = (0, 0) and (orange lines) (p, j) =
(1, 1), for typical values of the normalized perpendicular wavenumber in the ion gyroscale
when (solid lines) b, = 0.5 and (dotted lines) b, = 1, as a function of N. The relative error
is computed with respect to the N = 4 case. As observed, the error decreases linearly with
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FIGURE 2. Relative error of the diagonal elements, (blue lines) (p,j) = (0,0) and (orange
lines) (p,j) = (1, 1), of the GK Coulomb, when (solid) b, = 0.5 and (dotted) b, =1, as a
function of N. The relative error is measured with respect to the N = 4.

N, and it is of the order of < 0.1 % or smaller at N = 3, when b, = 1. A similar behaviour
is found with the GK Sugama operator.

Finally, we discuss the coupling between gyromoments introduced by the GK
Coulomb collision operator. By mapping the gyromoments into a one-dimensional
array, the GK Coulomb operator can be represented in matrix form, relating the
projection of the collision operator with the gyromoments. Given (P,,J,) < 0o, we
can construct the collisional matrix by defining the one-dimensional gyromoment array
as [N NOUNO2 O NY NIOONITUNI2D O NPOD L NPl and the one-dimensional
index (p,j) = (J, + 1)p 4+ 1 + . Figure 3 displays the block matrix obtained from the
GK Coulomb collision operator for like-species when b, = 0.5 for (p,j) < (P,, J,). It
can be seen that the pth Hermite blocks is coupled with the / = p 4+ 2n block (with n
a positive integer). We remark that the block structure of the matrix representing the
Coulomb collision operator results from the vanishing basis transformation coefficients
T’f’jfm. Notice also the negative elements in the diagonal with a magnitude that increases

with [ at fixed p, yielding damping of higher-order gyromoments. A similar block matrix
is obtained for the GK Sugama.

5. Numerical tests

This section presents the numerical tests and benchmarks of the implementation of the
GK Coulomb and Sugama collision operators. First, we numerically investigate the linear
growth rate of the ITG instability in § 5.1. For this test, we consider both the linearized
GK Coulomb and Sugama collision operators and various perpendicular wavenumbers
and levels of collisionality. As a second test, in § 5.2, we address the collisional damping
of ZF. We benchmark our results against the DK linearized Coulomb and GK Sugama
collision operators (Crandall et al. 2020) currently available in the public release of the
GK continuum code GENE (Jenko et al. 2000), finding good agreement.

5.1. lon-temperature gradient instability

Belonging to the class of ion-gyroscale gradient-driven drift-wave instability, the ITG
mode is widely recognised as the main candidate to explain the level of anomalous ion heat
transport observed experimentally in the tokamak core (Garbet et al. 2004). As a matter
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matrix coefficients

k(1 k)

FIGURE 3. Block matrix obtained from the GK Coulomb collision operator for like species
when b, = 0.5. We show, on the vertical axis, the one-dimensional index I(p, j) = (J, + Dp +
1 4+ j and, on the horizontal axis, the one-dimensional index k(l, k) = (J, + )+ 1 + k.

of fact, the collisionless theory of the ITG mode in core conditions is well established
and documented (see, e.g. Romanelli 1989; Hahm & Tang 1989; Romanelli & Briguglio
1990; Chen, Briguglio & Romanelli 1991). On the other hand, the role of the ITG mode is
less clear in the edge and in the SOL region due to the limitation of Braginskii-like fluid
models that are most often applied in these regions (Hallatschek & Zeiler 2000; Mosetto
et al. 2015). While a complete collisional theory of ITG modes using the gyromoment
approach will be subject of a future publication, we consider here the slab growth rate of
this mode, as a function of the collisionality and the perpendicular wavenumber, when the
GK Coulomb and Sugama collision operators are used. We also perform a comparison
with GENE.

We focus on a shearless slab configuration and measure the relative strength of the
ion temperature and density gradients by the dimensionless parameter n = Ly /Ly,, where
Ly =|V.InN|~'and L; = |V, InT;|~'. We assume that the electrons are adiabatic, and
consider only like-species collisions, C; = Cj;, neglecting the ion—electron collisions since
they occur on a time scale larger by a factor O(./m;/m,) than the ion—ion collisions.
We neglect magnetic gradient drifts and particle trapping, considering therefore the
slab ITG branch. We define the normalized ion—ion collisionality by the parameter
v = Lyv;;/cs, with cf = T,/m; the ion sound speed, and we impose 7, = T;. We normalize
the perpendicular wavenumber, &k, to p; = ¢,/$2; and the linear growth rate y to ¢,/Ly.
The parallel wavenumber is fixed at k; = 0.1/Ly. We solve the gyromoment hierarchy, in
(2.14), with (P, J) = (20, 8) for the ion species by applying a closure by truncation such
that N = 0 for (p,j) > (P,J). We have carefully checked that the considered number of
ion gyromoments provide a sufficient resolution of the velocity space for the numerical
tests carried out in this section. We note the slab ITG mode relies mainly on parallel
dynamics and thus emphasizes the faster convergence of the Hermite expansion in v
relative to the Laguerre expansion.

The numerical results are shown in figure 4. We consider the full linearized GK
Coulomb collision operator given in (3.46), and the GK Sugama collision operator, with
test and field components defined in (3.80) and (3.94), respectively. The temperature
gradient strength is fixed at n = 3, and a scan in the perpendicular wavenumber &, is
performed at different collisionalities. The GK Coulomb is represented by the solid blue
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FIGURE 4. Comparisons between the GK Coulomb (solid blue lines) and GK Sugama (solid
red lines) operator models, given in (3.54), (3.80) and (3.94), and GENE (markers), as a function
of the perpendicular wavenumber, k) for different collisionalities. The collisionless solution
(dotted lines) is shown for comparison. A good agreement is found with the GENE operators.
Here, n = 3.

lines, and the GK Sugama by the red solid lines, while their DK limits are shown for
comparison by the dashed lines. Markers represent GENE results with the DK Coulomb
and GK Sugama. First of all, we note that a good agreement is found between our results
and GENE. We have also successfully compared the DK Sugama operator model with
GENE (comparison not shown). This shows the ability of the gyromoment approach to
accurately describe FLR collisional damping in advanced GK collision operators. From
a more physical perspective, we observe that the GK Sugama yields an underestimate
of the ITG growth rate (of the order of 15 % or less) compared with GK Coulomb for
wavelengths smaller than the one corresponding to the peak growth rate. We also note,
by comparing the DK operators, that FLR collisional effects provide a strong damping
and that the DK Sugama follows closely the DK Coulomb, similar to results obtained for
TEMSs (Pan et al. 2020, 2021). In principle, comparison with the GK Coulomb operator in
GENE (Pan et al. 2020) is also possible when it becomes publicly available.

To conclude our analysis of the ITG mode, we illustrate the effect of the collisional

polarization terms in the GK Coulomb collision operator, expressed by Ziz:1 (Cﬂ’;i + Cf,f’;i)

appearing in (3.49). We remark that C% | + C/5, = 0 for like species, such that only the
Cli, and Cl ) terms in the polarization contribute in the GK linearized Coulomb operator.
We perform a scan of the growth rate at a fixed collisionality (v = 0.1), as a function of the
perpendicular wavenumber k; for different temperature gradient strengths 7. The results
are shown in figure 5 where the growth rates with the GK Coulomb that include and
exclude the polarization terms are shown by the solid black and red lines, respectively. It
is observed that the collisional polarization terms have a negligible effect on the ITG peak
growth rate. On the other hand, the difference increases up to 15 % for short wavelengths.

5.2. Collisional damping of ZF

Zonal flows can reduce the particle and heat exhaust from the core in magnetised plasma
confinement devices (Hasegawa, Maclennan & Kodama 1979; Hammett et al. 1993).
These self-generated, primarily poloidal and axisymmetric, flows help to shear apart
structures that propagate radially, caused by the growth of an instability driven by, e.g.
a steep pressure gradient. In fact, ZF regulate and, ultimately, can suppress the turbulent
transports driven by, for example, TEM and ITG modes (Candy & Waltz 2003; Ernst et al.
2004).
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FIGURE 5. Effects of polarization given in (3.49) in the GK Coulomb collision operator on
the ITG growth rate for different temperature gradients as the function of the perpendicular
wavenumber k| when v = 0.1.

The collisionless damping of self-generated ZF driven by ITG turbulence to a
non-vanishing residual in the large radial wavelength limit has been addressed and
calculated by Rosenbluth & Hinton (1998), in a seminal work that considers a large aspect
ratio and circular flux surface geometry. Later, including the effects of ion collisions
modelled by a pitch-angle scattering operator, Hinton & Rosenbluth (1999) showed that
the ZF component of the electrostatic potential, ¢,(7), decays to a smaller value than
the one predicted by the collisionless theory on long time scales. Hinton—Rosenbluth’s
analytical prediction,

¢-(1)
¢-(0)

has been the subject of numerous tests and benchmarks of GK codes (see, e.g. Idomura
et al. 2008; Merlo et al. 2016). In (5.1), we introduce @ = 1/(1 + 1.61¢*//€) and
a = 3ng*v'/? /(e A3?), where A ~ In[16(e/vt)!/?] and ¥ = 0.61v;. In addition, € is the
local inverse aspect ratio and g is the safety factor. As an extension of the work by Hinton
& Rosenbluth (1999) to arbitrary collisionality, Xiao et al. (2007) retains the velocity
dependence of the deflection frequency, v? (v), appearing in the pitch-angle scattering
operator, as well as a momentum restoring field component, in the limit of ZF with
perpendicular wavelength larger than the ion poloidal Larmor radius. In fact, Xiao et al.
(2007) shows that the time dependence of the collisional decay of the ZF residual is
predicted by

= w exp (wzazt) [l —erf (watl/z)] , (GR))

0.0 _ B [1+1‘@
9.0 1+ " O+p

with B =¢€2/q*, O =1.635¢"* +¢€2/2+0.360¢>/> and I = 0.4(1.46\/€ + 1.32¢).
Since the pitch-angle scattering is the dominant collisional damping process in a large
aspect ratio tokamak (Hinton & Rosenbluth 1999), energy diffusion — neglected in (5.2)
— is expected to play a subdominant role. Equation (5.2) provides an accurate analytical
estimate to benchmark the ZF collisional damping using the DK Coulomb and DK Sugama
collision operators.

As a test of the implementation of the collisional gyromoment hierarchy, given in (2.14),
we consider a shearless, toroidal circular concentric flux surface geometry, with an initial

exp(—=(1 4+ B)I'v;t/[© + ﬁ])} ; (5.2)
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FIGURE 6. Collisional ZF damping using (blue solid line) the DK Coulomb collision operator
given in (3.54) and (red solid with markers) the GENE results. The Hinton—Rosenbluth
collisional damping, (5.1), is shown by the black line, and the collisional damping predicted by
Xiao, Catto & Molvig (2007), given in (5.2), is plotted by the solid green. A good agreement is
found between GENE results and the gyromoment approach. Here, the parameters are k, = 0.05,
€=0.1,g=14and vy = 3.1.

zonal density perturbation radially varying with a wavevector k = k,Vr. Density and
temperature equilibrium gradients are neglected. A finite number of ion gyromoments,
(P,J) = (30, 15), are evolved and electrons are assumed adiabatic. We consider a level
of ion—ion neoclassical collisionality that is in the Pfirsch—Schliiter regime, i.e. v >~ 3.1.
In this parameter regime, collisions smear out fine structures in vy, which develop at low
collisionality because of passing ions and finite orbit width effects, and might require a
larger number of gyromoments (Idomura et al. 2008).

Figure 6 shows the ZF collisional damping predicted by the gyromoment approach (blue
solid line) using the DK Coulomb collision operator and its comparison with GENE results
(red line with cross markers). We also plot Hinton and Rosenbluth’s, (5.1), and Xiao’s,
(5.2), predictions. An excellent match is observed between the gyromoment approach
and GENE simulation. In addition, the collisional ZF damping agrees with the analytical
prediction, given in (5.2). Ultimately, the Hermite-Laguerre spectrum at t = 10/v;;, in
figure 7, reveals that the velocity-space dependence of the ion distribution function is well
resolved. We remark that the decay of the spectrum is slower along the Hermite direction
compared with the Laguerre direction. This is primarily because of the ballistic mode
response of the passing ion population (Idomura et al. 2008).

We now focus on the collisional ZF damping when the linearized GK Coulomb and
GK Sugama collision operators are considered. The results are shown in figure 8, for (a)
k, = 0.1 and (b) k, = 0.5. The ZF damping by the GK Sugama operator is compared with
GENE. Other parameters are the same as in figure 6. The GK Coulomb collision operator
yields a smaller collisional damping of the ZF residual than the one predicted by the GK
Sugama. The same qualitative result was obtained in Pan et al. (2020, 2021), but in the low
collisionality (banana) regime. We remark that the GK Sugama agrees well with GENE
simulations. The observed difference between GK Coulomb and Sugama operators in the
ZF residual collisional damping suggests that higher ion particle and heat fluxes can be
expected in nonlinear simulations that use the GK Sugama operator rather than the GK
Coulomb, particularly in the v;, 2 1 Pfirsch—Schliiter regime. However, the opposite trend

~

in TEM turbulence was observed in Pan et al. (2021).
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FIGURE 7. Modulus of the normalized Hermite—Laguerre spectrum of the ZF residual at
vt = 10 taken from figure 6 on a logarithmic scale.
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FIGURE 8. Collisional ZF damping using (blue solid line) the GK Coulomb collision operator,

given in (3.46), (red solid) the GK Sugama, given in (3.80), and (red solid with markers) GENE
when (a) k, = 0.1 and (b) k, = 0.5. Others parameters are the same in as figure 6.

Furthermore, we note that larger oscillations in the gyromoment approach are observed
compared with GENE when k, increases. This is related to the large number of
gyromoments required to accurately resolve the resonant passing particle dynamics and
finite orbit width effects during the geodesic mode oscillation. The low resolution does
not influence the collisional damping of the ZF residual.

6. Convergence test

The numerical tests in § 5 illustrate the ability of the gyromoment approach to model
collisional effects using advanced linearized GK collision operators. Additionally, the
direct comparisons with the GK continuum GENE code show that the Hermite—Laguerre
approach is able to resolve the velocity dependence of the distribution functions in the
presence of collisions, as shown in figure 7, with a finite number of gyromoments even
when a simple closure by truncation is adopted.

As we now show, the number of gyromoments necessary to describe the distribution
function decreases with the collisionality, as collisions provide a natural way to smear
out any sharp velocity-space structures and damp the higher-order gyromoments in the
Hermite—Laguerre spectrum. Thus, in the high collisional regime, only the lowest-order
gyromoments are necessary, while, as the collisionality decreases, a larger number of
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FIGURE 9. Absolute error of the ITG linear growth rate as a function of the number of
gyromoments, (P,J) (red), and the number of velocity-space grid points, (NUH,NM) used in
GENE (black), for increasing collisionality regimes. We display, on the same horizontal axis,
the gyromoment and GENE errors as a function of the discretization along the parallel direction
given by P for the gyromoment method and N, for GENE (a), and as a function of the
discretization along the perpendicular direction given by J for the gyromoment method and
N, for GENE (b), respectively. Collisions are modelled by the DK Coulomb operator. Here,
ki =0.5,k =0.1and n = 3.

gyromoments is necessary to resolve the essential kinetic effects in order to retrieve the
collisionless solution (see, e.g. dotted black line in figure 4). We remark that the presence
of kinetic effects related to, for example, finite magnetic gradient drifts, passing ions,
particle trapping and finite orbit width, can highly affect the velocity-space structures,
and ultimately deteriorates the convergence of the Hermite—Laguerre spectrum, when
collisions are subdominant. These fine scale structures require a fine velocity-space
resolution.

Contrary to velocity-space grid methods, the Hermite—Laguerre gyromoment approach
features a spectral convergence rate. This convergence rate is faster than any algebraic
schemes that characterize the grid methods (Boyd 2001), though some basis functions
converge faster than others, depending on the velocity-space structure present in the
distribution function (Landreman & Ernst 2013). To illustrate the convergence properties
of the gyromoment method, we compute the absolute error on the ITG growth rate as a
function of the ion Hermite—Laguerre resolution (P, J). Similarly, by using GENE, we
consider convergence study with the number of velocity-space grid points, defined by N,
and N, (with N, the number of grid points in the parallel velocity-space direction vy, and
N,, the number of grid points in the perpendicular velocity-space direction ) for different
collisionality using the DK Coulomb collision operator. We first note that the difference
between the most resolved growth rate evaluated by GENE and by the gyromoment method
is less than 3 % in all cases. The results are shown in figure 9 (k; = 0.5, k; = 0.1 and
n = 3). The convergence with respect to the parallel and perpendicular velocity direction
refinement are plotted on the left-hand and on the right-hand panel, respectively.

As observed in figure 9, the gyromoment approach features a convergence rate in both
velocity-space directions that is sensitive to the collisionality v (as discussed above), while
the velocity-space grid method, used in GENE, shows a convergence rate that is much
less sensitive to v. In fact, while in both methods, fewer number of gyromoments and
grid points in velocity-space are required in the high collisional regime as the perturbed
distribution function does not feature sharp velocity-space structures, the effect of collision
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is much stronger on the number of gyromoments required than on grid points. While the
increase of the convergence rate of the gyromoment method with v is clearly visible in
figure 9, we notice that the GENE error also decreases with the collisionality v, but is
much less visible. We remark that, in the case of slab ITG mode, the perturbed distribution
function does not feature sharp velocity-space structures which appear, e.g. in the ballistic
mode response from passing particles and in the trapping of particles in velocity-space
(Idomura et al. 2008). However, preliminary studies show that the same conclusion on the
convergence rate of the gyromoment approach can be made even if stronger kinetic drives
are present. Thus, the convergence study we carried out suggests that the gyromoment
approach offers a particularly efficient numerical scheme to simulate the plasma boundary,
where the collisionality is larger (with respect to the strength of velocity-space structure
drive) than in the core, compared with a finite difference. A careful analysis of the
description of fine velocity-space structure using the gyromoment approach will be subject
of a future publication.

7. Conclusion

In this work, we report on the derivation and numerical implementation of a linearized
version of a full-F nonlinear GK Coulomb collision operator (Jorge et al. 2019) based
on a Hermite—Laguerre moment decomposition of the perturbed gyrocentre distribution
function. Thanks to a spherical harmonic moment expansion technique, the gyroaverage
of the linearized Coulomb collision operator is analytically evaluated, projected onto the
Hermite—Laguerre basis, and ultimately expressed in terms of gyromoments. The obtained
linearized GK Coulomb collision operator is valid at arbitrary perpendicular wavenumber,
and at arbitrary mass and temperature ratios of the colliding species. Within the same
formalism, we have projected the linearized GK Sugama collision operator (Sugama et al.
2009) onto the same basis. Additionally, neglecting the FLR effects, the DK Coulomb
and DK Sugama collision operators are deduced. One of the main advantages of the
Hermite—Laguerre decomposition coupled with a basis transformation is that velocity
integrals in the linearized GK collision operator models can be evaluated analytically,
while a numerical approach is needed in continuum GK codes (Crandall et al. 2020; Pan
et al. 2020). It follows that the collision operators are expressed as linear combinations
of gyromoments, where the coefficients are only functions of perpendicular wavenumber,
mass and temperature ratios. These coefficients can be evaluated numerically thanks to
closed analytical formulae.

The implementation of the collision operator is described and numerical tests focused
on the ITG growth rates and collisional ZF damping are reported. In particular, we
show that the collisional damping of the ZF residual, predicted by the GK Sugama
operator, is larger than the one obtained using the GK Coulomb operator. This points
out that, since ZF residual plays an important role in the self-regulation of turbulent
transport, the choice of collision operator might affect the predictions of the nonlinear
level of particle and heat fluxes. Additionally, the gyromoment approach is tested and
benchmarked, for the first time, against the continuum GK code GENE (Jenko ef al. 2000),
reporting an excellent agreements between the DK Coulomb and GK Sugama operator.
The comparisons between spectral and velocity-space grid approach to collisional GK
modelling illustrate the main advantage of the Hermite—Laguerre approach, i.e. its ability
to reduce the number of required gyromoments, as the plasma collisionality increases. This
hints that the gyromoment formulation provides an ideal framework for the development of
a multifidelity scheme to simulate the turbulent plasma dynamics in the boundary region
of tokamak devices where collisions play an important role and cannot be ignored (Frei
et al. 2020).
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Finally, we remark that the Hermite—Laguerre expansion presented here can be easily
applied to other GK collision operators, such as the improved GK Sugama operator
(Sugama et al. 2019). Ultimately, it allows for comparisons between collision operator
models over a wide range of physical phenomena.
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Appendix A. Coulomb speed functions

We report the analytical express10ns of the speed functions, v / and vah , appearing

in (3.17a). The speed function v " associated with the test component of the Coulomb
operator is given by

J

v =D Ly (AD)
=0
with
£(sp) &’ ol
Vfgil — s 5l+p Z |:ers(bsb) @ erf(s,) ubn:| (A2)
n=0 a a
where we introduce the coefficients
4 —1
aZéo = (TT ), (A3a)
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with o = m,/my,, T = T,/T,, and x = vy, /vy, = /T /0. Using (A2), a closed analytical
expression for

STpid _ +2d |\ Tpi
Vo = / dvs? v Fa (A4)
can be derived. Performing the integral over the speed v variable, one obtains
2
—de 2 : § : jtdjinp 'pi d/nnp
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The speed function v " associated with the field component of the Coulomb operator is

given by
3—2%%, (A9)
with
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Appendix B. Hermite-Laguerre expansion of Casb and Rf;b

We report the details of the Hermite-Laguerre expansion of CS,, RL, C5F and R
given in (3.81) and (3.82), that appear in the test component of the hnearlzed GK
Sugama operator, (3.80). The derivation below can be used as an example to derive the
Hermite—Laguerre expansions of the remaining terms in the GK Sugama collision operator
given in (3.87) and (3.95).

In order to obtain the gyromoment expansion of C5, given in (3.58), we first expand £,
as

=22 Boncoymigop, )05, B1)

p=0 j=0 ]

with ¢, = /7'/2p!/[2°(p — 1/2)!], and H? defined by
HY =, / dvh,siP, (&)L (s2). (B2)

Using the basis transformation, (3.32) with m = 0, the coefficients H” are related to the
non-adiabatic moments n’* by

p+2j j+1p/2]
HY =c, > Y T8/25gmnt". (B3)
g=0 h=0
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We remark that c,s°P,(§) = (Y’)g - €™ (or equivalently (Y?), -, as the spatial
dependence of Y” on s, = v/vg(R) is neglected), and is motivated by the fact that the
velocity-space derivatives, contained in (3.57), can be easily evaluated using the pitch
angle and energy variables (&, s,). In fact, inserting (B1) into (3.57) and expanding the
associated Laguerre polynomials in monomial basis thanks to (3.9) yields

Cohh) =) Fi,MCp HIP,E)vf (v), (B4)
P J

where the speed dependent frequency, v, P (y) = v”p "(v) —p(p+ l)v T (v), with
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and
v (v) = v ZL,’j,s"“fl Vi (v), (B7)

Multiplying (B4) by the Hermlte—Laguerre basis, using the basis transformation in (3.32b)
with m = 0, and performing the velocity integrals in the pitch-angle coordinates yields
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where the speed integrated frequency v U*ab is defined by
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with 0277 = [ dvF st 2057 (v) and 9% = [ dvFs2 v (v). We derive the closed
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analytical expressions of vD’Zd and vﬂfl’é using (A8), yielding
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VT = 2x 2x
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and

—||17Jd 4””” PJ]" p+d-+ji—n—1 phn _pd-ji—
Viab = ]Jl abEE +a X ope eZb ’ (Bll)

11_0 n=0

respectively. Finally, expressing the coefficients H? appearing in (B8) in terms of n*
thanks to (B3), the gyromoment expansion of C5,, i.e. C3¥ given in (3.81), is obtained.
We now aim to derive (3.82) defined by

Lk K d Hl(sHa)Lk(xa)

@ T 402 J2p!

Because of the speed (v) dependence of the deflection and energy diffusion frequencies,

vD (v) and v »(v), respectively, the velocity integral in (B12) can be computed in
pitch-angle coordlnates To this aim, we use the Hermite—Laguerre expansion of the
non-adiabatic part of the distribution function, A, (see (2.16)), which can be written in
terms of Legendre and associated Laguerre polynomials thanks to the basis transformation
in (3.32b) with m = 0, such that

ha [ vh (v) (2v“ + vL) +v, (v)vl] (B12)

S O
Fyan” 25 P ()L (s)). (B13)
p=0 j=0 r=0 s=0
Using again the same basis transformation in (B12) with (B13) yields
B2, o kL2 ) i 1p/2) s (T 1) ( —1)"
Lk 1 )
Ra :_4QaZZZ Z Z Z ZZ s L o «/2”_17' Ny

p=0 j=0 g=0 h= r=0 s=0 s5;=0h=0

/ dg / dsaefsgsz+g+4+231+2h1Pr(g)Pg(%-)

X

E\N

x [v5@) (€ +1) + vl - £3)]. (B14)

Finally, using the Legendre orthogonality relation and the identity given by, respectively,

r

f déP,(6)P.(5) = (B15)

2g +1
f QEP(E)P(E)E = d, B16)

with d; defined in (3.85), and 1ntroducmg the speed integrated frequencies, vgb =

4 [ ds,s2vl, (e )y and D0F =4 [ ds,e™ 5208 (v)//T with closed formulae
found in (3.86), the Hermlte—Laguerre expansion of R}, i.e. R is derived and is given
in (3.82).
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