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SEPARABLE MODELS OF RANDOMIZATIONS
URI ANDREWS AND H. JEROME KEISLER

Abstract. Every complete first order theory has a corresponding complete theory in continuous logic,
called the randomization theory. It has two sorts. a sort for random elements of models of the first order
theory, and a sort for events. In this paper we establish connections between properties of countable models
of a first order theory and corresponding properties of separable models of the randomization theory. We
show that the randomization theory has a prime model if and only if the first order theory has a prime
model. And the randomization theory has the same number of separable homogeneous models as the first
order theory has countable homogeneous models. We also show that when 7" has at most countably many
countable models, each separable model of T is uniquely characterized by a probability density function
on the set of isomorphism types of countable models of 7. This yields an analogue for randomizations of
the results of Baldwin and Lachlan on countable models of w;-categorical first order theories.

§1. Introduction. A randomization of a first order structure M, as introduced
by Keisler [13] and formalized as a metric structure by Ben Yaacov and Keisler [4],
is a new structure MR with two sorts, a sort for random elements of M. and a sort
for events in an underlying probability space. Given a complete first order theory
T. the theory T® of randomizations of models of 7 forms a complete theory in
continuous logic, which is called the randomization theory of 7. One would expect
that a first order theory and its randomization would be model theoretically similar.
We continue the tradition in [4] and [2] of examining which properties of a theory are
preserved in its randomization. In particular, [4] showed that w-categoricity, having
a countable or separable saturated model, w-stability, and stability are preserved,
and Ben Yaacov [2] showed that dependence is preserved.

This paper owes much to the paper Vaught [21], “Denumerable Models of Com-
plete Theories”. We will cite [21] for results on first order theories that were originally
published there. The reader may also consult standard model theory texts, such as
Section 2.3 in [§].

In this paper we show that 7% has a prime model if and only if 7" has a prime
model. TR never has a prime model that is minimal. but 7% has a prime model that
is minimal over its events (see Definition 9.6) if and only if 7" has a prime model
that is minimal. We show that the number of separable homogeneous models of
TR is equal to the number of countable homogeneous models of 7. We also show
that every countable model of 7" is homogeneous if and only if every separable
model of T® is homogeneous over its events (see Definition 9.1). And unless T is
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w-categorical, T® has continuum many nonisomorphic separable models that are
homogeneous over events but are not homogeneous. In the case where 7' has at
most countably many countable models (up to isomorphism), we show that the
separable models of T® are exactly the completions of product randomizations
(see Definition 7.1) of the countable models of 7. This uniquely characterizes each
separable model of TR by a probability density function on the set of isomorphism
types of countable models of 7.

We were motivated by the theorem of Baldwin and Lachlan [1] which shows
that every w;-categorical theory in a countable language has countably many
countable models, and all countable models are homogeneous. Moreover, these
countable models are characterized by the dimension of the strongly minimal set,
that takes values in N U {oo}. Our results yield a version of the Baldwin-Lachlan
theorem for randomizations of w,-categorical theories. If T is w;-categorical, then
every separable model N of TR is characterized by a countable sequence of reals
505 S1»- - -8, € [0, 1] such that Zk<w s = 1, and is homogeneous over events. The
model A should be interpreted as the result of sampling from the k-dimensional
model of 7" with probability s; for each k < w.

This paper is organized as follows. In Section 2 we review some notions we
will need from the literature, including the key notion of the Borel randomization
(M[O’U, L) of a first order structure M. Section 3 contains results about prime
models. In Sections 4 and 5 we prepare the way for our main results by examining in
detail the strongly separable models— those that are embeddable in Borel random-
izations of countable models. Our results about separable homogeneous models
are in Section 6. In Section 7 we introduce product randomizations. Section 8
contains our characterization of the separable models of 7% when T has at most
countably many countable models, and Section 9 contains results about models
that are homogeneous over events, and about prime models that are minimal over
events.

This paper is the result of merging two earlier submissions to the Journal of
Symbolic Logic at the suggestion of the editors—a submission by the second author
alone containing the results of Sections 3 on prime models and 6 on separable
homogeneous models, and a submission by both authors containing the remaining
results.

§2. Preliminaries. We refer to [3] and [5] for background in continuous model
theory, and follow the notation of [4]. We assume familiarity with the basic notions
about continuous model theory as developed in [3], including the notions of a
theory, structure, prestructure, formula, and model of a theory. In particular, the
universe of a prestructure is a pseudometric space, and the universe of a structure is
a complete metric space. In continuous model theory, the analogue of a countable
structure is a separable structure, that is, a structure whose universe is a separable
metric space. A prestructure is said to be separable if its universe is a separable
pseudometric space. We remind the reader that formulas take truth values in [0, 1].
and are built from atomic formulas using continuous connectives on [0, 1] and the
quantifiers sup, inf.

We assume throughout that L is a finite or countable first order signature, and
that 7" is a complete theory for L whose models have at least two elements. As in
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[4]. by a countable model of T we mean a model of 7" whose universe is either finite
or of cardinality w. A tuple is a finite sequence.

2.1. The theory TR. A randomization of a model M of T is a two-sorted contin-
uous structure with a sort K whose elements are random elements of M, and a sort
B whose elements are events in an underlying probability space. The probability of
the event that a first order formula holds for a tuple of random elements will be
expressible by a formula of continuous logic.

Formally, the randomization signature LR is the two-sorted continuous signature
with sorts K and B, an n-ary function symbol [¢(-)] of sort K” — B for each first
order formula ¢ of L with n free variables, a [0, 1]-valued unary predicate symbol
u of sort B for probability, and the Boolean operations T, L, M, LI, = of sort B. The
signature L® also has distance predicates dp of sort B and dg of sort K. In LR, we
use B. C, ... for variables or parameters of sort B, and B = C means dg(B.C) = 0.

A prestructure for 78 will be a pair N' = (K, B) where K is the part of sort K
and B is the part of sort B. We call B the event sort of N. In this paper we will
only need to consider prestructures of a special kind— the Borel randomizations
and their (pre-)substructures. Borel randomizations are closely related to Boolean
valued ultrapowers.

We let £ be the family of Borel subsets of [0, 1), and let ([0.1). £. A) be the usual
probability space! where / is the restriction of Lebesgue measure to £. The phrase
“almost all ¢” will mean “for all # in a set B € £ of A-measure one”. Given a
model M of T, we let MI*! be the set of £L-measurable functions with countable
range from [0, 1) into M. Intuitively, an element of M) is an experiment in which
an element of M is chosen at random. The elements of M) are called random
elements of M.

DEFINITION 2.1. The Borel randomization of M is the prestructure (M), £)
for LR whose universe of sort K is M) whose universe of sort B is £. whose
measure u is given by u(B) = A(B) for each B € £, and whose [y (-)] functions are

[w(®)] = {r €[0.1) : M = y(f(1))}.

(So [ (F)] € L for each first order formula y (%) and tuple f in M[*D). Its distance
predicates are defined by

dg(B.C) = u(BAC), dk(f.g) = u([f # g]).
where A is the symmetric difference operation.

Fact 2.2 ([4], Theorem 2.1). There is a unique complete theory TR for LR called
the randomization theory of T. such that for each model M of T. (M"Y L) is a
premodel of TR,

It follows that for each first order sentence ¢, if T |= ¢ then TR = o] = T. In
both the first order and continuous settings, = denotes elementary equivalence. We
will use M, H to denote models of the complete first order theory 7" with universes
M and H. and use N and P to denote continuous structures or prestructures with

n [4] the set [0. 1] is used instead of [0. 1). The set [0. 1) is more convenient here because it can be
partitioned into intervals of the form [r, s).
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signature LX. By a pair in a prestructure N' = (K, B) we mean a pair (f, B) such
that f € K and B € B. We sometimes abuse notation by writing (f, B) € A instead
of “(f, B) is a pair in /.

We extend the notions of embedding and elementary embedding to prestructures
in the natural way. Given prestructures P, N, we write & : P C N if i is a mapping
from P into A/ which preserves the truth values of atomic formulas, and 4 : P < N
(h is an elementary embedding) if h preserves the truth values of all formulas. If
h: P C N where h is the inclusion mapping. we write P C N and say that P is
a pre-substructure of N'. If h: P < N where & is the inclusion mapping, we write
P < N and say that P is an elementary pre-substructure of N. If h : P C N, or
even h: P < N, h preserves distance but is not necessarily one-to-one. Note that
compositions of elementary embeddings are elementary embeddings.

REMARK 2.3. It is easily seen that if H < M. then (K%Y, £) < (MOD 2).

We write h: P =2 N if h : P < N and every element of NV is at distance zero from
some element of 7(P). We say that P and A are isomorphic, and write P =2 N, if
h:P =N for some /.

~

REmMARK 2.4. The isomorphism relation = is an equivalence relation on
prestructures.

PrROOF. It is clear that the relation = is reflexive and transitive. To show that
& js symmetric, suppose i : P = N. Pick a random element k(g) of P for each
random element g of AV, and an event k(B) of P for each event B of V. such that
(h(k(g)) =gand h(k(B)) = B. Thenk: N = P. -

We say that N is a reduction of P if P = N and the distance relations dk. dg
for N are metrics. For every prestructure P, one can obtain a reduction of P by
identifying elements that are at distance zero from each other. Note that if P and A/
are reduced structures, then P = A has the usual meaning, that there is a bijection
from P to N that preserves truth values of (atomic) formulas. In general, P is
isomorphic to NV if and only if a reduction of P is isomorphic to a reduction of A/

We call N a completion of P if N is a structure obtained from a reduction of
‘P by completing the metrics. Every prestructure P has a completion, and any two
completions of P are isomorphic. Following [4], we say that P is pre-complete if a
reduction of P is already a structure (i.e., its metrics are already complete).

Facr 2.5 ([4]. Corollary 3.6). For each model M of T, the Borel randomization
(MOD L) is precomplete.

Fact 2.6 ([4]. Theorem 2.7). Every model or precomplete model N = (K. B) of
TR has perfect witnesses. i.e.,

(i) for each first order formula ¢(x, ) and each g in K" there exists f € K such
that

[o(f.8)] = [Gxe)(@)]:
(ii) for each B € B there exist f,g € K such that B = [f = g].

COROLLARY 2.7. Let N' = (K. B) be a precomplete model of TR and let f.g € K
and B € B. Then there is an element h € K that agrees with f on B and agrees with g
on —B, thatis, [h =f]M B =B and[h=g] M -B = -B.
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PrOOF. By Fact 2.6 (ii), there exist d, e € K such that B = [d = e]. The first order
sentence

(V) (Vo) (vx)(Vy)F2)[(x =y = z=u) A (x # y = z = )]
is logically valid, so we must have
[F)d=e—z=f)A(d#e—z=g)]]=T.
By Fact 2.6 (i) there exists h € K such that
[d=e—h=f]=T, [d#e—h=g]=T.

sod =e] C [h=f]and[d #e] C [h = g]. 4

Fact 2.8 (Strong quantifier elimination, [13]. See Theorem 2.9 in [4]). Every
formula @ in the continuous language LR is T R-equivalent to a formula with the same
free variables and no quantifiers of sort K or B.

It follows that if P. N are premodels of 7R and P C N, then P < N. We will
also need the following result about presubstructures of Borel randomizations.

FacT 2.9 ([13]. See Proposition 2.2 in [4]). If (K.B) € (M"Y L), B is atomless.
and (K. B) has perfect witnesses, then (IC,B) is a premodel of TR (so (IC.B) <
(MOV L) by Fact 2.8).

2.2. First order types. We assume familiarity with the first order notion of a
type being realized in a structure. S, (7) is the set of all complete types for T in
n variables. Given a first order structure M and a tuple @ in M, the structure M
with an added symbol for each element of @ is denoted by M or (M. &@). and the
complete theory of M is denoted by Tz. We say that M is countable saturated if
M is countable and for each tuple & in M, every type in S, (T) is realized in M.
M is countable homogeneous if M is countable, and for all n-tuples &, bin M. if
Mgz = Mg then (Ve € M)(3d € M)Mgz. = M; ,. Note that if M is countable
saturated or homogeneous, then so is M for each tuple @ in M. We will use the
following classical results for first order theories with countable signatures.

Fact 2.10 (Morley and Vaught [17], and Keisler and Morley [14]: see also [8].
Section 2.4).

(i) Every countable model of T has a countable homogeneous elementary
extension.
(ii) Any two countable homogeneous models of T that realize the same types are
isomorphic.
(iii) If M is countable homogeneous and Mz = M then Mz = M;.
Fact 2.11 (Vaught [21]). T has a countable saturated model if and only if
U, Su(T) is countable.

L, 1s the infinitary logic with signature L, countable conjunctions and disjunc-
tions, negations, and the usual quantifiers 3x, Vx (for background see [12]). We say
that an L, sentence ¢ defines a countable structure M with signature L if for
every countable structure A with signature L we have H = ¢ if and only if H = M.
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FacT2.12 (Scott [18]). For every countable structure M, there is an L, ,, sentence
@ that defines M.

2.3. Continuous types. For each n-tuple f of elements in a continuous prestruc-
ture NV, the type tp(f) of f in \V is the function p from formulas to [0, 1] such that
for each formula @ (%), we have ®(%)? = O(F)V.

By quantifier elimination (Fact 2.8), the n-typesin TR of sort B do not depend on
the theory T at all, and can be identified with the n-types in the continuous theory
of atomless measure algebras (B, T, L., U, =, u(-)). Formally, we have

REMARK 2.13. Let N, P bg models _gf TR and let B, C be_:[uples of sort B in N
and P respectively. Then 1p(B) = tp(C) if and only if u(z(B))N = u(z(C))” for
every Boolean term 7.

By Fact 2.6 (ii), in a model of T® we can always replace an element of sort B by
a term [f = g]. Thus every type in T® of sort B can be obtained from a type in
TR of sort K. The space of continuous n-types in T® with variables of sort K will
be denoted by S, (7TR). For each premodel N = (K. B) of TR and n-tuple f in K.
the type tp(f) of f is the unique element p € S,(7T*) such that for each first order

—
s

formula ¢ ()
(uleODY = (ule@)])?.

We say that a type p € S,(TR) is realized in a premodel N if we have p = 1p(f)
for some n-tuple fin \V. By the Compactness Theorem, every type p € S,(TR) is
realized in some separable model of T,

A continuous prestructure N is w-homogeneous if for every pair of n-tuples f, g in
N which realize the same type in N, and every h in A/, there exists k in A such that
(f.h) and (g k) realize the same type in \'. We say that \ is separable homogeneous
if N is separable and w-homogeneous.

The paper [4] gave a useful connection between the types of TR and the Borel
probability measures on the space of types of T'. Let R(S,, (7)) be the set of Borel
probability measures on S, (7).

Fact 2.14. Every measure v € R(S,(T)) is regular. that is, for each Borel set B,
the measure of B is approximated above by the measures of open supersets of B, and
below by the measures of compact subsets of B.

Proor. S,(T) is a compact Polish space. Every Borel probability measure on a
compact Polish space is regular (See. for example, [6]). -

Fact 2.15 ([4]. Corollary 2.10). For every p € S,(TR) there is a unique measure
vy, € R(S,(T)) such that for each formula ¢(7) of L.

vpy({g € Su(T) : (V) € q}) = (u[p(?)])".

Moreover, for each measure v € R(S,(T)) there is a unique p € S,(TR) such that
V=,

We will sometimes use Fact 2.15 to build types of TR,

ExaMPLE 2.16. For each first order type ¢ € S,(T). there is a unique type
q* € S,(T®) such that v, is the point mass at ¢, that is, v, ({g}) = 1.
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Let po. p1. ... be a finite or countable sequence of first-order types in S, (7) and
let o, a1, . .. be elements of [0, 1] such that ), a; = 1. Then there is a unique type
p € Sy(TR) such that v,({p;}) = o, for each i. We denote this type by

p= Z&il’f~

REMARK 2.17. Let p = >, a;p; be as in Example 2.16, and let M be a model
of T.

(i) Suppose N is a model of TR If each type p is realized in A, then p is

realized in V.

(ii) If each type p; is realized in M. then the type p = >, o, p} is realized in
(MIOD ).

(iii) Ifl_'_:is a tuple in MOV then 1p(f) = 3, a; p? where {d. d....} is the range
of f, and for each i, p; = ip(a@;) and o; = A({¢: £(z) = a@;}).

(iv) In particular, if f(s) has the constant value @ for all 7 € [0, 1), then #p(f) =
(tp(@))*.

Proor. (i) Foreachi, letf; realize the type p; in V. Using Corollary 2.7 countably
many times and taking a limit, we can obtain a family of pairwise disjoint events
A; in NV such that u(A;) = «; for each i, and a tuple f in A such that for each i,
agrees with f; on A;. Then f realizes 3, a; p¥ in V. (ii)~(iv) follow easily from the
definitions involved. =

§3. Prime models. In this section we show that 7" has a prime model if and only
if its randomization theory T® has a prime model.

Let AV be a first order or continuous structure with a countable signature and
let U be the complete theory of A/. By definition. A is prime if N is elementarily
embeddable in every model of U. We will call a prestructure prime if its completion
is prime. We define an n-type p € S,(U) to be principal if p is realized in every
model of U. For continuous theories, [3] gave a different definition of principal
type, but the above definition is equivalent to theirs by Theorem 13.4 in [3]. We use
the following results from the literature.

Facr 3.1 (Vaught [21]; see also [8]. Section 2.3).

(i) A model M of T is prime if and only if M is countable and every type which
is realized in M is principal.
(ii) Any two prime models of T are isomorphic.
(iii) T has a prime model if and only if every formula o (¥") which is consistent with
T belongs to a principal type.
(iv) A4 type in S,(T) is principal if and only if it contains a maximal consistent
formula.

Fact 3.2 ([3]. Corollary 13.7.). Let U be a complete continuous theory with a
countable signature.

(i) A model N of U is prime if and only if N is separable and every type which is
realized in N is principal.
(ii) Any two prime models of U are isomorphic.
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LEMMA 3.3. Let M be a countable model of T. M is prime if and only if (MY, L)
is prime.

PROOF. Suppose first that M is not prime. By Fact 3.1 there is a tuple & in M and
a countable model H of T such that the type of @ in M is not realized in H. One
can then check that the type of the constant function at @ in MV is not realized
in (#°V, £), so by Fact 3.2, (M £) is not prime.

Now suppose that M is prime. By Fact 3.2, it is enough to show that for every
tuple f in MOV, the type p of fin (M1, £) is realized in every model of TR. By
Remark 2.17 (iii), p = >, a; p}. where oy = A({1: f(1) = @}) and p; = 1p(a@;) in
M. Since M is prime, each type p; is realized in every model of 7. By Fact 3.1,
each type p; contains a maximal consistent formula. It follows that p? is realized in
every model of TR, By Remark 2.17 (i). p is realized in every model of TX. =

THEOREM 3.4.

(i) T has a prime model if and only if TR has a prime model.
(ii) 4 model N of TR is prime if and only if N is isomorphic to the Borel
randomization of a prime model of T .

ProoF. (i) Suppose T has a prime model M. Then (M®D L) is prime by
Lemma 3.3.

For the converse, suppose that T does not have a prime model, but T does
have a prime model A/. We will arrive at a contradiction, completing the proof. By
Fact 3.1. there is a formula o (¢") which is consistent with 7" but does not belong to a
principal type. Then T = (37)p (7). so TR = [(30)@(¥)] = T. By Fact 2.6, there is
a tuple f in AV such that N = u([o(F)]) = 1. Let p = 1p(f). Then u([p(3)])? =
By Fact 3.2, p is principal. Now consider an arbitrary countable model H of 7.
Since p is principal, p is realized by some tuple g in (%%, £). By Remark 2.17
(iii). p = >, o p; for some sequence of types p; € S,(7) and some sequence of
numbers o; € [0, 1] such that >, a; = 1 (the types p; need not be distinct). Take
an i such that o; > 0. We have A({¢: ip((g)(¢)) = pi}) > a; > 0. s0 p; is realized in
H. Thus p; is realized in every countable model of 7', and hence is a principal type.
But since u([(7)])? = 1. and g realizes p in (HI%D. L), H = o(g(¢)) for almost
all ¢. Therefore (%) belongs to a principal type p;. This is a contradiction, and
completes the proof of ().

(i) Let A/ be a model of TR. By Lemma 3.3, if A is isomorphic to the Borel
randomization of a prime model of 7' then A is prime. For the other direction,
suppose N is prime. By (i), 7" has a prime model M. By Lemma 3.3, (M, £) is
a prime model of 78, and hence by Fact 3.2 (ii), N = (M £). -

We will now show that the randomization theory 7R cannot have a minimal
prime model. This is a place where the model theory of TR differs from first order
model theory.

PrOPOSITION 3.5. TR does not have a minimal prime model. In fact. for every prime
model N' = (K, B) of TR, and any element B € B such that N' = 0 < u(B) < 1, N/
has an elementary substructure which does not contain B.

ProOF. By Theorem 3.4, T has a prime model M. By Lemma 3.3 and Fact 3.2
(i), N = (MOD £). It is well-known and easy to see that since ([0.1). £, 1) is
atomless, for each B € £ such that 0 < A(B) < 1 there is a /-atomless o-algebra
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A C L such that A is independent of B with respect to 4. Let (M4, A) be the
prestructure where M+ is the set of .A-measurable functions from [0, 1) into M.
By Example 3.4 in [4]. (M, A) is a full precomplete randomization of M, thus
has perfect witnesses by Proposition 2.5 in [4]. By Fact 2.9, (M4, A) is a premodel
of TR and (M4, A) < (MI®V ). Since A is independent of B and u(B) > 0.
(M, A) does not contain B. .

84. Strongly Separable Models.

DErFINITION 4.1. A premodel A of TR is called strongly separable if N is
elementarily embeddable in (%%, £) for some countable model A of T'.

From this point on, our main focus will be on strongly separable models of TR,

By Corollary 3.8 in [4]. every strongly separable premodel of T is separable.
Example 3.10 of [4] gives an example of a theory T and a separable model of T®
that is not strongly separable. More such examples can be found using Corollary
5.3 below.

Theorem 3.12 of [4] shows that every separable model of TR is strongly separable
if and only if 7" has a countable saturated model. The results in Sections 3 and 4
of [4] give some information about the separable premodels of 7R in the case that
T has a countable saturated model. In this section we will obtain results about the
strongly separable premodels of T® in the general case that T is not assumed to
have a countable saturated model. These results will be used in Sections 6 through 9.

LemmaA 4.2. A model H of T is countable if and only if the Borel randomization
(HIOD, L) is separable.

ProOF. Suppose first that H is countable. Let A be the algebra generated by the
set of all subintervals of [0, 1) with rational endpoints. and let F be the set of A-
measurable elements of H[*!) with finite range. A is countable and dense in £. As
shown in [4], Lemma 3.7, F is countable and dense in V). Therefore (K1), £) is
separable.

Now suppose that H is uncountable. Then the set C of constant functions from
[0.1) into H is an uncountable set of elements of (H[O*l), L) such that the distance
between any two elements of C is one, so (’H[O’l), L) is not separable. -

PROPOSITION 4.3. A premodel N of TR is strongly separable if and only if N is
separable and N is elementarily embeddable in the Borel randomization of some model
of T.

Proor. If NV is strongly separable, then by definition., N is elementarily embed-
dable in (#!*V, £) for some countable model # of T'. By Corollary 3.8 in [4]. \V is
separable. Alternatively, by Lemma 4.2, (K%, £) is separable. so \ is separable.

For the other direction, suppose that N' = (K, B) is separable and /: N <
(MOD ) for some model M of T. Let Ky be a countable dense subset of K.
Since each f € M!%! has countable range in M. there is an elementary submodel
H < M that contains the range of /(g) for each g € K. Then /() C HIV. Ttis
clear that HI%Y is closed in MV so 71(K) C HI*V. By Facts 2.2 and 2.8, we have
(HIOD £) < (MY £) so h: N < (H®V, £) and thus N is strongly separable.

To clarify the relationships between different strongly separable premodels of TR,
we will fix once and for all a model M, of T such that every countable model of
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T is elementarily embeddable in M. The existence of such a model follows from
the Compactness Theorem. We denote the Borel randomization of M, by

Now = (MY, £).

It follows from Proposition 4.3 that a premodel N of T is strongly separable if
and only if it is separable and elementarily embeddable in N.

For each presubstructure NV C N,,. we will now construct three associated
prestructures, the reduction AN° of N in N.. the completion N of N, and the
closure N of N in N. Up to isomorphism, these prestructures will not depend
on our choice of M ..

We first introduce the reduction mapping o on N . For each random element
fe /\/lLO(;l) and event A € L, let f* and A’ be the equivalence classes

= {ge M%) dk(f.g) =0}. A°={Be L:dg(A.B)=0}.

We let (N, )° be the prestructure obtained from N, by replacing each pair in
(f.A) € N by (f°, A?). Note that (N, )° is a reduction of V.. By Fact 2.5, N, is
precomplete, so (N, )° is also a completion of N, and is thus a model of TR.

When we apply the reduction mapping o to a presubstructure N' = (K, B) C N..
we obtain a reduction’> N = (K°,B°) of N, which we call the reduction of N in
Noo. The advantage of working within the same prestructure N, is that we always
have P C N C N, implies P° C N?, and P < N < N, implies P’ < N°.

For each N' = (K.B) C N. the completion of N in (N4,)? is the continuous
structure N = (K", B”) whose universe is the closure of the universe of N’ in
(NMso)?. Thus N is precomplete if and only if N = N?. In particular we have
(Noo)" = (Noo)?. We also let (£, 1°) be the Lebesgue measure algebra, where A°
is the unique measure on £° such that 1°(B°) = A(B) for each B € L.

For each N C N, the closure of N in N is the prestructure N/ C N, with
universe sets

K ={fe MOV f* e K"}, BY={BeL:B eB"}

We say that P is dense in N if P C N C P, In particular, A is dense in N/,

In the next remark we collect some easy observations about A", N°, N </ and
NN,

REMARK 4.4. For all presubstructures P, ' C N, we have

(i) o : N=ZN?and N < N
(ii) If P is dense in AV, then P/ = N/, PN = N, and P < N. In particular,
P < P
(ili) If P C N, then the following are equivalent:

P<N, P <N’ PN PN

(iv) N is precomplete. If N is precomplete. then N = N/,

(v) fN < Ny. then N = (M) and N is a model of TR,

(vi) If N < N and N is separable, then N, N, N, and N are strongly
separable.

2The paper [4] used the notation N for the reduced prestructure of N in Noo.
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Proor. Part (i) follows from Theorem 3.7 in [3].

(i) First check that K¢ is the topological closure of K in M%) and B is the
topological closure of B in L. It follows that P/ = N and P" = . Now apply
(i) toget P < N.

(iii) Observe that by (ii) we have P < P/ and N’ < N, The equivalences follow
from that observation and (i).

(iv) Suppose (g.B) € (N“)". Then (g.B) € (Ny)”. By Fact 2.5, N is precom-
plete. so (g.B) € (N,)°. and there exists (f,A) € N such that (g.B) = (f, A)°.
Hence (f.A) € N/ and (g.B) € (N)°. so N is precomplete.

If \V is precomplete, then (N)* = N = N7, so N = N,

(v) Since A is dense in N, (ii) gives N\ = (M)A, (iii) gives N < (Noo)”.
and since N is complete it is a model of TX.

(vi) Suppose N < Noo. Then by (iii). N/ < (Nao) = Nao. By (i) and (i), N <
NN < (Noo)”. By (1) and Fact 2.5, N = (N )? = (Noo)”. By Remark 2.4, 2 is
symmetric, s0 (Vo) =2 M. Therefore N° and N are elementarily embeddable
in NV.. By Proposition 4.3, if A/ is separable then N, N/, N°, and N are strongly
separable. -

The next theorem shows that every precomplete strongly separable model of 7%
is isomorphic to one whose event sort is all of L.

THEOREM 4.5. Let N' = (K.B). Suppose N is precomplete and elementarily
embeddable in (MY, L). Then N is isomorphic to an elementary presubmodel of
(MIOV L) whose event sort is all of L.

PrOOF. The elementary embedding of A into (M), £) induces an elementary
embedding

g N < (MOY ).
Since NV is precomplete, the restriction of the Lebesgue measure algebra (£, A°)
to g(B°) is a measure algebra (g(B°).1°). Since N is elementarily embeddable
in (MY £), (g(B°).2°) is atomless. In both (g(B°),2°) and (L£°,1°). every
ideal is countably generated. Therefore, by Maharam’s theorem ([15]), these mea-
sure algebras are isomorphic. That is, there is a measure-preserving Boolean
isomorphism

h o (g(B%).A%)) = (L%, 2°).

h can be extended to an elementary embedding h:g(N°) < (M@’U, L)° as follows.
For each A € g(B°). let h(A) = h(A). For each f € g(K?). let h(f) be the unique
element of (M), £) such that

(Ve € M)[A(F) = ] = h([f = c]").

where ¢ is the reduction of the constant function with value ¢. Then for every first
order formula ¢(¥) and tuple f in g(K).

Le(h(®)] = h([e(D]).
It follows that the composition / o g is an elementary embedding

hog: N° < (MO £y
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such that (% o g)(B°) = £°. Since N is precomplete, we have
N 2N = (hog)N°) = ((hog)K?).L%) = (K. L),
where K is the set of f € MI*V such that f* € (7 o g)(K?). =

DEFINITION 4.6. Let H be a countable model of 7. We say that (K. A) is a
countable part of (HV, £) if (K, A) is countable. (K, A) < (HV, £). (K. A) has
perfect witnesses, and f~!(c) € A for each f € K and ¢ € H (that is. f is A-
measurable). For each ¢ € [0. 1), we let K(¢) be the substructure of # with universe
K(t) ={f(z): f € K}.

Note that by Remark 4.4, if P is a countable part of (%), £) then
P <Pl < (1Y, L)

We now prove a collection of lemmas that will allow us to prove things about an
arbitrary strongly separable model A/ of T® by first using Theorem 4.5 to get a
prestructure N < (H%D, £) such that N = A and AV has event sort £, then taking
a countable part (K, A) of (#®V, £) that is dense in NV, and working with the first
order structures K(7), ¢ € [0, 1). These lemmas will be used repeatedly in Sections 6
through 9.

LEMMA 4.7. Suppose H is a countable model of T, N < (K%Y, L), and N has
perfect witnesses. Then there exists a countable part (K. A) of (H"V), £) that is dense
inN.

PrOOF. By Proposition 4.3, A is separable. Therefore there is a countable pre-
structure (Ko, Ag) C N that is dense in /. By listing the first order formulas and
using the fact that A/ has perfect witnesses, we can construct a chain of countable
prestructures (K., A,).n € N such that for each n:

L (’CneAn) Cc (’Cn+laAn+l) CN:

e for each first order formula ¢ (x, y) and tuple g in K, there exists f € K, 1 such

that
[ (£.8)] = [Bxp)(@)]:
e Foreach B € A, there exist f, g € K1 such that B = [f = g];
o Vee H)Vf e K,){t : f(t) = c} € A1
The union

(K. A) =K. A)

n

is a countable part of (H*V, £). and (K. A) is dense in . -

LemMA 4.8. If H is a countable model of T. and (K. A) is a countable part of
(HIOD L), then K(1) < H for almost all t.

Proor. We note that for each ¢ € H, the set
{t:a € K(1)}

is Borel, because it is equal to the countable union of the sets h—!(a) where h e K.
Since (K. A) < (HID, £), for each first order formula ¢ (7, v) and each tuple f in
K. we have

1([Bv)p(f.v)]) = sup u([p(f. g)]).
gcll
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Therefore for each ¢(i7, v) and each @ € H", for almost all 7 we have
ifde K(t)" andH = (Jv)p(d.v) then (3b € K(1))H = o(a.b).

Since H is countable, it follows that for almost all #, for every formula ¢ (i7, v) and
every @ € H" we have

ifde K(t)" and " = (Jv)p(d.v) then (3b € K(1))H = o(a.b).
Then by the Tarski-Vaught condition, we have K(¢) < H for almost all 7. -

LemMA 4.9. Suppose H is a countable model of T, and (K., A) is a countable part
of (HI"V . L). Let

Kt ={f e HV : £(z) € K(¢) for almost all t}.

Then K C K*. If A is dense in L. then K¢ = KC*.

The hypothesis that A is dense in L is necessary in Lemma 4.9. One can easily get
an example to show this using Proposition 3.5 and Lemma 4.7.

PROOF OF LEMMA 4.9. Let g € K. Then there is a sequence g, of elements of
IC that converges to g. Therefore for each » > 0 there is an n, € N such that
dx (gy,.g) < r.Then

At gt) =g, (0)}) >1—rand {r : g(¢t) e K(t)} D {t : g(t) =g, (1)}

Since this holds for every r > 0, we have g € *. This shows that T D K.

We now assume that A is dense in £, and prove that K* C K. For each element
a € H. let a be the constant function a(7) = a in H®). We show next that there is
a function in K¢ that agrees with a(¢) whenever possible. Pick an element h € K.

CLamM 1. Foreach a € H, the set
Bs={r:aeK()}
is Borel, and the function

a(¢). whent ¢ B,.
ap(1) = .
h(z)  otherwise

belongs to K.

ProOOFOF CLamM 1. Let « € H. Foreachf € IC, let
Bur={t€[0.1) : f(¢) = a}.

List the elements of IC, IC = {f}.f>....}. Foreach n, f, is A-measurable, so B, s, € A.
Hence the set

B, =|JBus, ={r: a € K(1)}

is Borel.
Let ag = h, and inductively define a, by

f,(1) when ¢ € By, .
an(t) = .
a,_1(z) otherwise.
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Since (K. .A) is a premodel of T®, we see by induction on 7 that a, belongs to K.
Moreover, we have

a(t) whent € lJ,,-,Ba,.
a,(t) = ) =
h(z) otherwise.

Therefore, for all ¢ we have a,(¢) = ap(¢) for all sufficiently large 7. It follows that
dx (a,.ap) converges to zero, so Claim 1 holds.

We now let g € KT and show that g’ € K. There is a set B € £ such that
A(B) = 1 and g'(¢) € K(¢) for all t € B. Define g by

"(t) whent € B,
() = &V |
h(t)  otherwise.

Then g € IV, g(r) € K(¢) for all ¢, and dk(g.g') = 0. So to prove g’ € K¢
it suffices to find a sequence g,.n € N of elements of K¢ such that dg(g,.g)
converges to 0.

Let H = {a'.a*....}. Let gy = h, and inductively define g, by

a(t when g(¢) = a”,
o [0 g(0)
g, 1(1) otherwise.

Cramm 2. g, belongs to K¢ for each .

PrROOF OF CLAIM 2. We argue by induction on n. We have gy = h € K by hypothesis.
Suppose that g,_; € K. Since A is dense in £, we have

(’CA) ) (’C(’I’A(’l) _ (]CCI’L:) = (H[O’U,ﬁ).

Therefore (K. L) is a premodel of T®. By Claim 1, aj belongs to K. Since
g € HI®Y we have {¢ : g(r) = a"} € L. It follows that g, € K¢, and Claim 2 is
proved.

For each n > 0,if t € B,» and g(¢) = a” then for all m > n we have

g(t) = a" = ay (1) = gu(1).
Therefore for each m > 0,

m

lgn =g] 2 {r: g(t)e{a'.....a"}}n | JBa.
n=1

Hence lim,,, 00 1([gn = g]) = 1. s0 lim,, o0 dk(gn.g8) =0and g € el -

Lemma 4.10. Suppose H is a countable model of T. (K. A) and (K'. A’) are
countable parts of (HIOD £). and K and K' have the same closure in HV). Then
K(t) = K'(t) for almost all t.

Proor. We will show that for each @ € H, the statement [a € K(¢) if and only
if a € K’'(¢)] holds for almost all ¢. Since H is countable, this will imply that
K(t) = K'(t) for almost all ¢.

Suppose that, on the contrary, there is an « € H and a Borel set B of positive
measure such that forall # € B, a € K'(¢) \ K(¢). Then there is an element f € K’
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and a Borel set C C B such that A(C) > Oandforallz € C.f(¢) = a. Since K is dense
in the closure of K, there is an element g € K such that dk(f.g) < A(C). But then
there must exist ¢ € C such that g(¢) = f(¢#) = a. so a € K(¢). This contradiction
completes the proof. -

Lemma 4.11. Suppose H is a countable model of T and (K. A) is a countable part
of (HI"V)_ ). Then for each tuple £ in K and each L, formula (7). the set

[e()]* = {z: K1) = o(f(1))}.
belongs to the c-algebra o (A) generated by A.

ProOF. We argue by induction on the complexity of the formula ¢. When ¢ is a
first order formula, we have

[p (D] € A
Suppose the result holds for all subformulas of . If ¢ = A, yy. then

[ = [\ w1 = v O]~
k k
which is a countable intersection of sets in o(A) and hence belongs to o(A). If

p = —y, then
[e@®1F = [ @ = -y HIF € a(A).
Finally, if ¢ = (3v)y, then

[eD1F = [Go)y(E)]* = [JIv{ 2",

ge

which is a countable union of sets in 7 (A) and hence belongs to o (A). -

85. Purely Atomic Types.

DEFINITION 5.1. We call a type p € S,(TR) purely atomic if there is a finite or
countable set {go. ¢q1....} € S,(T) such that Y, v,({g;:}) = 1. A type p € S,(T*)
is called atomless if the corresponding measure v, is atomless.

Note that no type can be both purely atomic and atomless. If in \V, tp(f) is purely
atomic, 1p(g) is atomless, and u([h = f]) = u([h = g]) = 1/2, then ¢p(h) is neither
purely atomic nor atomless.

The next proposition relates purely atomic types to strongly separable models of
Tk,

PROPOSITION 5.2.  For each type p € S,(TR), the following are equivalent.

(i) p is purely atomic.
(ii) p is realized in some strongly separable model of TR.

(iii) p is realized in the Borel randomization of some model of T .

PrOOF. Assume (i). There is a finite or countable set of types {go. q1. ...} C S, (T)
such that >, v,(g;) = 1. By compactness, there is a countable model H of 7" such
that for each i, g, is realized by some n-tuple @; in H. Let f be an n-tuple in HOD
such that A([f = a@;]) = v,(¢;) for each i. Then f realizes p in the strongly separable
premodel (V. £) of TR, so (ii) holds.
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The implication from (ii) to (iii) is trivial. Assume (iii). Then some n-tuple f real-
izes p in the Borel randomization (M%), £) of some model M of T'. By definition,
the range of f is a countable set {d, @....} C M". Therefore 3, v,({tp(@)}) = 1,
so p is purely atomic and (i) holds. -

COROLLARY 5.3. Suppose p is an atomless type in TR. Then p can be realized in a
separable model of TR that is not strongly separable.

PrOOF. By the compactness theorem, p can be realized in a separable model A
of TR, Since p is atomless, it is not purely atomic, so by Proposition 5.2, N is not
strongly separable. -

We will now refine the construction p = ), «; p} introduced in Example 2.16, by
removing terms of measure zero and combining duplicates. This construction will
be used to analyze purely atomic types in TX.

DEFINITION 5.4. Let p € S,(T®). We say that p = >, a;p; is a nice
decomposition of p if

e 1. p1....are pairwise distinct types in S, (7T):

e a; c (0,1] for each i;

(] Zi o = 1.

Note that any two nice decompositions of an n-type p € S,(TR) are the same
up to the ordering of the terms. Thatis. if p = >, a;p; and p = >, frgj are nice,
then

{aopg.c1pi ...} = {pogs. frai - .-}

LEMMA 5.5. A type p in TR has a nice decomposition if and only if it is purely

atomic.

PrOOF. Suppose p is purely atomic. Let

{po.p1....} ={q € Su(T):v,({q}) > 0}.

Since p is purely atomic, this set is finite or countable, and p = >, a; p} is a nice
decomposition of p where
a; =v,({pi}).

Now suppose p has a nice decomposition p = >, a; pf. Then for each i the
set {p;} is an atom of v,. and every set of v,-positive measure contains some p;.
Therefore p is purely atomic. -

COROLLARY 5.6. Suppose M |= T and p is a purely atomic type in TR with the
nice decomposition p = ", a; p¥. Then p is realized in (MY, L) if and only if p; is
realized in M for each i.

PrOOE. If p; is realized in M for each i, then p is realized in (M"Y, L) by
Remark 2.17 (ii). Suppose p is realized in (MI*D £) by an n-tuple g Then for
each i,

0 <a;=v,({p;}) = 2({t : p(&(1)) = pi}).

For each i there is an element ¢; such that tp(g(#;)) = p;. so p; is realized in M. -

Theorem 3.12 in [4] gives necessary and sufficient conditions for every separable
premodel of T to be strongly separable. In the next proposition, we restate those
conditions and give some additional conditions involving types.
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PrOPOSITION 5.7.  The following are equivalent.

(i) T has a countable saturated model.

(i) TR has a separable w-saturated model.

(i) Every separable premodel of TR is strongly separable.
(iv) S,(T) is countable for each n.

(v) Every type in TR is purely atomic.

(vi) There is no atomless type in TR,

ProoF. The equivalence of (i)-(iii) is given by Theorem 3.12 in [4]. The
equivalence of (i) and (iv) is due to Vaught [21].

Assume (iv), and let p € S,(TR). By the Compactness Theorem, p is real-
ized in some separable model A/ of TR. By (iii), N is strongly separable, so by
Proposition 5.2, p is purely atomic. Thus (iv) implies (v).

(v) implies (vi) because no purely atomic type is atomless.

Finally. assume that (iv) fails, so there is an » such that S,(7T’) is uncountable.
By the Cantor-Bendixson Theorem (Theorem 6.4 in [11]), the uncountable Polish
space S,(T) contains a Borel subset P that is perfect, and by Theorem 6.2 in [11].
there is a continuous injective mapping f from the Cantor space {0, 1} into P.
The Cantor space has an atomless Borel probability measure u. Then v = yo f~!
is a Borel probability measure on S, (7). Let X C S,(T) be a Borel set with
r = v(X) > 0. To show that v is atomless, we must find a Borel set ¥ C X with
0 <v(Y) < r.Theset f~!(X) is Borel and u(f~'(X)) = r. Since u is atomless.
there is a Borel set Z C f~!(X) with 0 < u(Z) < r. Let Y = f(Z). By the
Lusin-Souslin theorem (Theorem 15.1 in [11]), Y is a Borel subset of X. We have
Z = f~YY).sov(Y) = u(Z). Hence 0 < v(Y) < r. and v is atomless. By
Fact 2.15 there is a type p € S,(TR) such that v = v,, so (vi) fails. Thus (vi)
implies (iv). 4

86. Separable Homogeneous Models. In this section we will show that for each
complete first order theory 7'. the number of separable homogeneous models of 7%
is equal to the number of countable homogeneous models of 7', up to isomorphism.
The hard part will be to prove Theorem 6.5, which shows that the strongly separable
homogeneous models of 7R are exactly the Borel randomizations of countable
homogeneous models of 7", up to isomorphism.

LEMMA 6.1. M is countable homogeneous if and only if (MI%V) L) is separable
homogeneous.

ProoF. Suppose first that M is countable homogeneous. By Lemma 4.2,
(MD_ ) is separable. Let f.g realize the same n-type p in (MOD, L), let
h € MV and let ¢ be the (n + 1)-type of (f.h). By Proposition 5.2, p and ¢
are purely atomic. By Lemma 5.5, p has a nice decomposition p = >, o p}. Then
foreach i, a; = A(A;) = A(B;) where

Ar={t: 1p(f(1)) = p;}. Bi={r: (&) = pi}.

Also ¢ has a nice decomposition ¢ = > ; Bjq;- By grouping the ¢;’s that contain p;
together for each i, we can write the nice decomposition of g as g = >~,(>° ; Bidry)
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where p; C ¢;; for each (i, j). Then for each (i. j) we have f;; = A(C;;). where

Ci; = {t: tp(f(1).h(2)) = q;} C A

Note that each of the sets A;. B;. C;; belongs to L. For each i, we may partition the
set B; into a union B; = |J; D;; of Borel sets D;; such that f5;; = A(D;;). Each of
the unions |J; Ai. U, Bi.. U, (U; Ci;). and U, (U, Di;) has measure one. Each of the
sets C;; has positive measure, so the type ¢;; is realized in M. Since M is countable
homogeneous, for each (i. j) and each tuple ¢ € M" such that p(¢) = p;, we
may choose an element d = d(¢.i.j) € M such that tp(¢.d) = ¢;;. Let k be
the almost surely unique element of M such that for each (i, j) and ¢ € D;;.
k(z) = d(g(¢).i.j). Then (g(r).k(z)) realizes ¢;; for all # € D;;. and hence (g. k)
realizes ¢. This shows that (MI*!), £) is separable homogeneous.

Now suppose (MIOD_ £) is separable homogeneous. M is countable by Lemma
4.2. Let @, b be tuples in M such that p = tp(@) = tp(h), and letc € M. Letf, g h
be the constant functions in M) with values &. b, ¢ respectively. By Remark 2.17
(iv), p* = tp(f) = 1p(g). Since (MV, £) is separable homogeneous, there exists
k in MU such that p(f. h) = tp(g k). Let ¢ = p(a@.c). Then ¢* = tp(f.h) =
tp(g.K). Therefore ¢ = tp(f(1).h(z)) = 1p(g(1). k(1)) = tp(b.k(¢)) for almost
all 7, and hence there exists d € M with ip(b.d) = ¢. Thus M is countable
homogeneous. —

As a brief digression, we use Lemma 6.1 to give a characterization of strongly
separable premodels in terms of types.

PROPOSITION 6.2. A premodel N of TR is strongly separable if and only if N is
separable and for each n. each n-type p € S,(TR) that is realized in N is purely
atomic.

PRrOOF. Suppose N is strongly separable. Then N is separable by Lemma 3.2 in
[4]. and each type that is realized in A us realized in the Borel randomization of
some model of 7. By Proposition 5.2, each type that is realized in A is purely
atomic.

For the other direction, suppose A is separable and each type p € S,(TR) that
is realized in \V is purely atomic.

By Lemma 5.5. each type that is realized in A/ has a nice decomposition. Let D =
{fo.f},...} be a countable dense subset of N. For each n, let C, be the set of all n-
types ¢ € S,(T) such that for some n-tuple f in D, ¢* occurs in a nice decomposition
of tp(f). Since the nice decompositions of an n-type are unique up to the ordering
of the terms, the set C, is at most countable. By the Compactness Theorem and
Fact 2.10, there is a countable homogeneous model H of 7" such that each type in
U, C» is realized in H. Then by Remark 2.17 (ii), for each n, p, = tp(fo.....f,—1)
is realized in (K%Y, £). Since H is countable homogeneous, (K", £) is separable
homogeneous by Lemma 6.1. Therefore whenever tp(go. ....g,—1) = pn in HIOV,
there is an h € H[*V such that #p(go.....g,_1.h) = p,1. It follows by induction
that there is a single sequence (g, g1. . . .) such that for each n. (gy. . ...g, 1) realizes
ppin (HD, £). Therefore the mapping f, — g, can be extended to an elementary
embedding of A into (%), £). This shows that A is strongly separable. -
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We now return to our study of separable homogeneous structures.

Lemma 6.3. Two separable homogeneous continuous structures that realize the
same types are isomorphic.

ProOF. Let NV, P be separable homogeneous continuous structures that real-
ize the same types. By a back and forth argument, there are dense sequences
(fo.f1....). (g0.81....) in AV, P respectively that realize the same types. By density,
there is an isomorphism from A/ onto P which sends each f; to g;. B

The following result characterizes the set of purely atomic types that are realized
in a given separable homogeneous model. It is a converse of Remark 2.17 (ii), and
should be compared with Corollary 5.6.

PROPOSITION 6.4. Suppose N is a separable homogeneous model of TR, p is a
purely atomic type. and p = ). o; p} is a nice decomposition. Then p is realized in
N if and only if p¥ is realized in N for each i.

ProOF. By Remark 2.17 (i), for every model N of TR, if p7 is realized in N for
each i then p is realized in NV.

For “only if” direction, let f realize p = Yo oiprin N. We fix i and show that
pr is realized in V. Since the decomposition is nice. ; > 0. Let us say that a tuple
g realizes p; on an event B if B C [p(g)] for each ¢ € p;. Let S be the set of all
p € [0, 1] such that some tuple in AV realizes p; on some event of probability at least
B. 1t is trivial that 0 € S. We show that f € S implies min(1, f + ;) € S. It then
follows that 1 € S, and hence that p? is realized in NV.

Suppose B € S. so there is a tuple g in N realizes p; on an event B such that
u(B) > p. Since f realizes p. f realizes p; on some event A of measure ;. Since x is
atomless, there is an event A’ of measure o; such that u(B U A’) = min(1, 8 + o).
By Fact 2.8 (quantifier elimination), tp(A) = #p(A’) in . Therefore by separable
homogeneity. there is a tuple f’ in A such that tp( A) =T A \'). Then f' realizes
pi on A’. By Corollary 2.7. there is a tuple h in A such that h agrees with g on
B and agrees with f on —B. Then h realizes p; on the event B LI A’ of measure
min(1, 8 + «;). This shows that min(1, 8 + ;) € S, and completes the proof.

Our next theorem gives a characterization of strongly separable homogeneous
models of TX.

THEOREM 6.5. N is a strongly separable homogeneous model of TR if and only if
N is isomorphic to (MI®V L) for some countable homogeneous M ET.

Proor. The “if” direction follows from Lemma 6.1.

For the other direction, we assume that N is a strongly separable homogeneous
model of TR. Since A is strongly separable, there is a countable model H of T and
a prestructure P such that A" = P < (#[%V, £). By Theorem 4.5, we may take P
so that the event sort of P is all of £. By Fact 2.10, we may take H to be countable
homogeneous. By Lemma 4.7, some countable part (K, A) of (K1Y, £) is dense in
P. To prove the theorem, it suffices to show that P = (M[O‘l), L) for some countable
homogeneous M < H. Our plan is to use the results in Section 4 to show that for
almost all ¢, K(¢) is isomorphic to a fixed homogeneous model M < . and then
show that P = (M%) ). To do this we establish a series of claims.

Cram 1 (Zero—one Law). For every L, sentence ¢, either [o]* = T or
[e]* =1
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Proor oF Cram 1. We first note that 6(A) C £, so by Lemma 4.11 we have
[¢]* € L. Suppose Claim 1 fails. Then for some L., sentence ¢, 0 < A([p]~) < 1.
Hence there are two events A, B € £ such that A C [p]*.B C —[p]*. and 0 <
A(A) = A(B). By Fact 2.8, A and B have the same type in P. Since P is separable
homogeneous, (P.A) and (P, B) are separable homogeneous and realize the same
types. Then by Lemma 6.3, there is an automorphism /4 of P such that 4(A) = B.
Let (K’, A’) be the image of (K, A) under /. Then (K, A’) is also a countable part
of (HI*Y, £) that is dense in P. By Lemma 4.10, K (¢) = K'(¢) for almost all 7. But
then by Lemma 4.11,

B =h(A) C h([p]®) = [¢]* = [¢]~.

contradicting the assumption that B C —[¢]*. This proves Claim 1.

Craim 2. There is a Borel set E such that A(E) = 1 and for all 5.7 € E. K(s) and
K (¢) realize the same types.

Proor oF CLAIM 2. By Lemma 4.8, there is a Borel set E; such that A(E;) = 1 and
K(t) < H forall ¢ € Ey. For each type g € S,(T). the L, sentence ¢, = (30) A ¢
holds in a structure K(¢) if and only if ¢ is realized in K(¢). By Claim 1. for each
type ¢. either K(7) = ¢, for almost all ¢, or K(¢) = —p, for almost all . Moreover,
if ¢, holds in KC(t) for some ¢ € Ej. then ¢ is realized in H. Since H is countable,
the set

0={qe USH(T): (3t e E1)K(1) =g}

is countable. Hence there is a Borel set E C E; such that A(E) = 1 and for each
g € Q. either K(¢) = ¢, forall 1 € E, or K(¢) = —p, for all t € E. Then E satisfies
the requirements for Claim 2.

Cram 3. For almost every 7 € E, K(¢) is countable homogeneous.

Proor oF Cram 3. It is sufficient to prove the following for each n, each pair
@.b € H" such that tp(@) = tp(b) in H. and each ¢ € H:

(1) For almost all t, if @.b € K(t)" and ¢ € K (1) then there exists d € K (t) such
that tp(a@.c) = tp(b. d).

Fix @.b. ¢ such that tp(@) = tp(b) in . Let A be the Borel set of all # € [0. 1)
such that .5 € K(¢)" and ¢ € K(¢). If 2(A) = 0. then (1) is trivial, so we assume
A(A) > 0. Then there is a partition A = U,, B of A into Borel sets, such that
for each m there is a pair f;n, g, € K" and an element h,, € K with f;n(t) = d,
g,.(1) = b, and h,, (1) = cforallt € B,,. Fix m, and let €,, be the n-tuple that agrees
with g, on B,, and agrees with fm elsewhere. By Corollary 2.7, €,, belongs to £".
We have p(f,, (1)) = tp(€,,(1)) for all ¢ € [0.1). Hence for each first order formula
(i),

ABm M [e@n)]) = (B M [(&x)])

and
/1((_‘Bm) n [[‘P(En)]]) = /l((ﬁBm) r [[‘P(gm)ﬂ),
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SO tp(fm, B,.) = tp(€,.B,,). Since P is separable homogeneous, there is an element
k,, in P such that

[P(fm Jhy,. Bm) = [P(én N Bm)-
Then for each first order formula v (i7, v).

2B 11 [y (B 1)])) = 4By 11 [ (& kn)]).-
Hence for each y (i7.v) € tp(@, c).

}-(Bm) = }-(Bm I [[W(Ea km)ﬂ)a

and thus 1p(@. ¢) = 1p(b. k(7)) for almost all ¢ € B,,. Moreover, since (K, A) is
dense in P, we have k,, € K. so by Lemma 4.9, k,, () € K (¢) for almost all #. This
proves (1) and Claim 3.

Cramv4. There is a countable homogeneous model M < H such that K(¢) = M
for almost all ¢.

Proor oF CLAIM 4. By Claims 2 and 3, there is a Borel set E’ C E such that
J(E’) = l and for all s, € E/, K(s) and K(¢) are countable homogeneous models
that realize the same types. By Fact 2.10, K(s) = K(¢) for all s,z € E’. This proves
Claim 4.

We will construct an isomorphism /4 : (M®D_ £) = P_If # is finite, the theorem
holds because TR is separably categorical. so we may assume H is countably infinite.
Arrange the elements of H in a list of length w. This gives us a listing of M and
of K(z) for each ¢ € [0,1). Also arrange the elements of K in a list of length
. For each ¢ € [0.1) we will pick enumerations M = {ao(t).a;(¢),...} and
K(t) = {bo(1),bi(¢),...} as follows. When ¢ ¢ E’, a,,(¢) is the m-th element of
M and b,,(t) is the m-th element of K(¢). When ¢ € E’ we proceed inductively on
m. We assume that ao(t).....asz,_1(t) and bo(t).....b3,_1(t) have already been
constructed so that

tp(a()(t) ----- a3m—l(l)) = Zp(b0(1)7~~~=b3m—](l))

in H. We take a3, () to be the first element of M \ {ao(¢)....,a3,—1(¢)}. and take
b3, () to be the first element of K (¢) such that

b3m.o(t) to be k(¢) where k is the m-th element of K. and and take as,,,,1(¢) and
342 (1) to be the first elements of M such that

We then take b3,.1(2) to be the first element of K (¢) \ {b1(¢).....b3,—_1(1)}. take

=1p(bo(1).....b3m—1(2). b3 (1), bami1 (1), b3pmia(2)).

This procedure can always be carried out because M and K(¢) are countable
homogeneous and realize the same types. The construction guarantees that for each
t.M = {Clo(l), ap (Z), .. } and K(l) = {bo(l), bi(1)... } that £ = {bz(), bs(), .. .},
and that for each ¢ € E’, the mapping a,,(t) — b,,(¢) is an isomorphism from M
onto K(z). Because K is a countable set of £-measurable functions and K (1) =
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{f(¢): f € K}. we see by induction that for each m the functions a,,(¢) and b,,(¢)
are L-measurable functions of 7.

For each f € MV et h(f) be the unique function g: [0.1) — H such that for
each r and m. f(¢) = a,,(¢) if and only if g(¢) = b,,(¢). Then (h(f))(¢) € K(¢) for all
t.and C C h (M[O’U). Since P has event sort £, A is dense in £. Then by Lemma 4.9,
h maps MV into K¢, which is the sort K part of P. For each first order formula

¢ and tuple f in MV, _
L] = [ (h(D)].

In the event sort, let 2 be the identity function on L. Since P has event sort L,
we have h: (M[O‘”,E) < P. The set MV is closed in MLOO‘”, and & preserves

distances. so #(M*D) is closed in M. Since K C h(MI*V) and (K. A) is dense
in P, it follows that 7: (M £) = P, 4

COROLLARY 6.6. The mapping.
@: M — completion of (MY L)

is a bijection from the set of isomorphism types of countable homogeneous models of
T onto the set of isomorphism types of strongly separable homogeneous models of TR,
and this mapping preserves elementary embeddability.

ProoF. By Lemma 6.1, ® maps countable homogeneous models to strongly sep-
arable homogeneous models. If @(M) =2 ©(H). then ©(M) and O(H ) realize the
same types. so by Corollary 5.6, M and H realize the same types, and by Fact
2.10, M = H. Thus O is one-to-one up to isomorphism. It is clear that ® preserves
elementary embeddability. Theorem 6.5 shows that @ is onto. -

ExampPLE 6.7. Baldwin and Lachlan [1] showed that if T is w-categorical but
not w-categorical, then all the countable models of 7" are countable homogeneous
and form an elementary chain of length « + 1. Corollary 6.6 shows that in that case,
the strongly separable homogeneous models of T® also form an elementary chain
of length w + 1.

COROLLARY 6.8. Let & be the number of countable homogeneous models of T'. Then
TR has exactly k separable homogeneous models. and exactly k strongly separable
homogeneous models.

Proor. By Theorem 6.5, TR has exactly & strongly separable homogeneous mod-
els. Suppose first that 7" has countably many complete types. Then by Fact 2.11, T’
has a countable saturated model. By Proposition 5.7, every separable model of TR
is strongly separable, so T has exactly xk separable homogeneous models.

Now suppose that 7" has uncountably many complete types. Then for some 7,
S, (T) is uncountable. S, (7T) is a Polish space. and every uncountable Polish space
has cardinality 2%, so T has 2 complete types. By Fact 2.10, every type p € S, (T)
is realized in some countable homogeneous model of 7. Moreover, every countable
model realizes only countably many complete types. Since the signature is countable,
T has at most 2% countable models. 7% also has a countable signature, so TR has at
most 2¢ countable premodels, and hence at most 2 separable models. It follows that
T has exactly 2” countable homogeneous models, so k£ = 2. Then TR has exactly
2¢ strongly separable homogeneous models, and exactly 2¢ separable homogeneous
models. -
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The paper [14] gives an example of a complete first order theory 7" with exactly m
countable homogeneous models for each positive integer m. By the above corollary,
such a theory has exactly m separable homogeneous models.

In Theorem 6.5, we used nice decompositions of purely atomic types to charac-
terize the class of all strongly separable homogeneous models of the randomization
theory. An open problem is to find a similar characterization of the class of all
separable homogeneous models of the randomization theory.

§7. Product Randomizations. We now introduce a construction that is like the
Borel randomization (M!*!)_ £) but has a finite or countable family of elementary
substructures of M in place of M.

DeriNITION 7.1. Let M |= T, let I be a finite or countable nonempty set, let
[0.1) = U;¢; Bi be a partition of [0.1) into Borel sets®, and for each i € I let
M; < M. We define

H/\/l?" = {f e MV : (Vi € I)(for almost all 1 € B;)f(¢) € M;}.
iel
Itis clear that ([],., M;". £) is a prestructure and ([],., M. £) C (M1 £). We

call the (H,»e, M?’, L) a product randomization in M.

Intuitively, an element of [, M?" is an experiment in which an element i € I
is chosen with probability A(B;) and then an element of M; is chosen at random.
We say that [],, M?P is the result of sampling from M, with probability A(B;) for
each i € I. We will see in Theorem 8.8 that for a given family of models M;.i € I,
the product randomization is characterized up to isomorphism by the real numbers
/’L(Bi), iel.

REMARK 7.2.

(i) If two product randomizations have isomorphic parts, then they are
isomorphic. Formally, if M; = H, for each i € I, then
(JIMP . 0) = (P 0.
iel icl
(ii) Two product randomizations that agree on the parts of positive measure are
isomorphic.

(iii) A product randomization is unchanged if a part is split into several parts with

the same elementary substructure. Formally, two product randomizations

[ImP.0. (qI#5-0)

i€l jeJ
are equal if for each j € J there exists an i € [ such that C; C B; and
H; = M,.

THEOREM 7.3. Every product randomization in M is a precomplete elementary
substructure of the Borel randomization (MY, ).

3We allow the possibility that some of the sets B; are empty.
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ProoF. Let ([,c; M?'. £) be a product randomization in M. Let f,,.m € N be
a Cauchy sequence in [, M?" with respect to the pseudometric dg. By Fact 2.5,
(MIOD_ £) is precomplete. Therefore f,, converges to some function f in M. So
A({t = £,(r) =1(¢)}) converges to 1 as m — oco. Therefore for each i, f(¢) € M; for
almost all 7 € B;. so f € [],.; M?'. This shows that ([],., M?". L) is precomplete.

We will now show that (Hl el M?" . L) has perfect witnesses. Since £ is atomless,
it will then follow from Fact 2.9 that ([,, M?". £) < (M[®V, £). Since each model
of T has at least two elements. it is clear that (][, M) has property 2.6 (ii).
To prove 2.6 (i), let (. X) be a first order formula and let g be a tuple in [Lic; M?’
of length |¥]. Then there is a countable partition Cy, Cy,... of [0, 1) such that each
m. C,, € L and g is constant on C,,. So there is a function f : [0, 1) — M such that
foreach i € I and each m, f is constant on C,, N B; with a value in M;, and for each
t €B;.

M; E o(f(2).8(1)) < By)e(r.g@1)).

Then f €[], M?". Since M; < M foreachi € I.forall ¢t € [0.1) we have

M o(f(1).8(1) < (Iy)e(r.8(1)).
SO

MOV 2) | [o(£.8)] = [Er)e(r.1. 8]
Since ([,c; M7 L) € (M1, L),

(JJMP. L) E e 9] = [(3)e(y.£.8)].

i€l
Thus Condition 2.6 (i) holds. This shows that (], , M®P7, £) has perfect witnesses.

The next theorem shows that up to isomorphism, a product randomization in M
depends only on the structures M; and the measures of the Borel sets B;. For this
reason, a product randomization (Hie I M?" . L) can be regarded as a combination

of the randomizations (MEO‘I), L).i € I, weighted by the measures A(B;). The proof
will use the following fact from descriptive set theory.

Facrt 7.4 (By Theorem 17.41 in Kechris [11]). Suppose B,C € L and /.(B) =
A(C) > 0. Then there is a Borel bijection h : B — C such that A(D) = A(h(D)) for
every Borel set D C B.

THEOREM 7.5. Let I be a finite or countable nonempty set, let M; < M for
each i € I. and let [0.1) = |J;c;Bi and [0.1) = U,.,; Ci be two partitions of
[0, 1) into Borel sets. Suppose that A(B;) = A(C;) for each i € I. Then the product
randomizations (HiE, M?i, L) and (HiE, MIC . L) are isomorphic.

ProoOF. By Remark 7.2 (ii). we can rearrange things so that A(B;) = A(C;) > 0 for
each i € I, and the new product randomizations will be isomorphic to the original
ones. By Fact 7.4, for each i € I there is a Borel bijection /; : B; — C; such that
(D) = A(h;(D)) for every Borel set D C B;. Then the union & = (J;; 4 is a Borel
bijection / : [0.1) — [0, 1) such that #(B;) = C; foreachi € I.and A(D) = A(h(D))
for each D € £. Hence the mapping f — f o h~!. B +— h(B) gives an isomorphism
from ([T,c; MP'. L) to ([T,c; M. L). .
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The following theorem gives a key sufficient condition for a premodel of T® to
be isomorphic to a product randomization.

THEOREM 7.6. Suppose M is a countable model of T and ([],., MY L) is a
product randomization in M. Let (K. A) be a countable part of (M%) L) with closure
P = (K L) IfK(t) = M, foreachi € I andt € A;. then P = ([,c, M. L).

ProOOF. By Remark 4.4 (iv), P is a precomplete model of TR,

By hypothesis. A is dense in £. Then by Lemma 4.9, the closure K of K is the
set of all f € MV such that f(r) € K(¢) for almost all . Let C be the set of all
g € K such that g(¢) € K(¢) for all z. Then every f € K is at distance zero from
an element g € C (take a g that agrees with f on a Borel set D of /-measure one, and
agrees with an element of /C on the complement of D). Thus X € C C K¢, and C is
dense in K¢/,

By Theorem 7.3, the set ], (M;)* is closed in MIOD Tet D be the set of all
' € [[,c;(M;)” such that f'(r) € M; foralli € I and 1 € A;. Then each function
in [T, (M;)* is at distance zero from some f’ € D, so D is dense in [, ., (M;)*.

We now show that the product randomization (T, (M;)"". £) is isomorphic to
P. Let us list the elements of the countable set K, £ = {f.f2,...}. Let (g].g5....)
be a sequence that is dense in D.

Cramm 1. There is a sequence (g;.g>....) in C, and a sequence (f{.f}....) in D,
such that for each n € N,

(MOD £ £ g g) = (MO Lf 1)
Claim | implies that there is an isomorphism
he P ([JMr.c)
iel
such that 4(f,) = f, and h(g,) = g, for each n, and hence P is isomorphic to
(e M), £).

We will use a back-and forth construction, and argue by induction on n. We will
actually prove the following statement that is stronger than Claim 1:

Cramv 2. There is a sequence (gi.g>....) in C. and a sequence (f{.f;....) in D,
such that the following statement S () holds for each n € N:
Foralli e I andt € A;,

(K@), (fr. . fuogr @) (0) = (M (f] . gl g) (1)
It is clear that the displayed equation in Claim 1 follows from S(n), so Claim 2

implies Claim 1.

Proor oF CLAM 2. Note that the statement S(0) just says that X(¢) = M, for all
i € landt € A;, and is true by hypothesis. Let n € N and assume that we already
have functions g;. . . ., g,—1inCandf],..., f/ _, in D such that the statement S(n—1)
holds. Thus for each i € I and each ¢ € A;. there is an isomorphism

hie = (K(2), (F1. oo fumr g oo 8u ) (1) 2 (M (FLL . gl g, 1)(1)).
We will find functions g, € C.f), € D such that S (n) holds.
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Some care is needed to insure that g, and f] are measurable. For instance, we
cannot simply take f/(z) = h;(f,(¢)) for each i € I and ¢ € A;. because that
function may not be measurable.

Note that every function from [0, 1) into M that is constant on each set in a
Borel partition (Ci.k € N) of [0, 1) belongs to M. Our plan will be to find
a Borel partition (Cr.k € N) that is a refinement of (A;.i € I), and functions
g,.f:[0,1) — M such that g,(z) € K(¢) for all ¢, f'(r) € M; foralli € I and
¢t € A;. and all of the functions involved are constant on each partition set C; (this
insures that g, € C and f, € D), and S(n) holds.

Since M is countable and each function in M is Borel, there is a partition
(E;.j € N) of [0. 1) into Borel sets and such that:

e for each j, each of the functions

fi,... 6.0 ... _.g.....8-1.8.....8,

is constant on E;, and
e there is a function @ : N — [ such for each j. E; C Aa(j) (i.e., the E;’s refine
the A;’s.)).
Fix j € N, consider a point t € E;, and let i = a(j). Then ¢ € A;. Hence.
by taking b = h;(f,(¢)) and ¢ = h;,'(g,(¢)). we see that there exist b € M; and
¢ € K(t) such that

For each j € N and b.c € M. let C'(j.b.c) be the set of all # € E; such that
¢ € K(t). b € M;. and the above isomorphism relation holds. Then we always have
C'(j.b.c) CE;. and

[0,1):U{C’(j,b,c) :(jub.c) ENX M x M}.

We now show that each of the sets C’(, b.¢) is Borel. Let (j.b.¢c) € Nx M x M
and i = a(j). If b ¢ M; then C'(j.b.c) = (), so we may assume that b € M;. Since
f=1(c) € Aforeach f € K, there is a function ¢ € C such that ¢(z) = ¢ whenever
¢ € K(t). Since A; is Borel and b € M, there is a function b € D such thatb(z) = b
whenever ¢ € A;. Therefore C'(j.b.¢) is the set of all 7 € E; such that ¢ € K(¢).
b € M;, and

(K(0). (..o famrgr o gumr £ 0 (1))
= (M, (fl. g g).bog ) ().
Since M and K are countable, the set
{t:ceK()}= U f1(c)
fex

is Borel. It follows from Fact 2.12 and Lemma 4.11 on L,,,,, formulas that C'(j.b.c)
is Borel.

We now cut the family of Borel sets C'(-) down to a family of Borel sets C(-)
that form a partition of [0,1). Let 8 be a bijection from the countable set N x
M x M onto N, and when k = (j.b.c¢) put C, = C’(j.b.c). Let Co = C and
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Cit1 = Cy \ U<k Ceo. Then Cy is Borel. C; C C) foreach k. and (Cx.k € N)isa
partition of [0, 1). We put C(j. b, ¢) = C; when k = B(j.b.c).

Let f] be the function that has the constant value b on each set C(j.b.c), and
let g, be the function that has the constant value ¢ on each set C(j.b. ¢). Then f,
and g, are Borel and thus belong to MV, and we have f, € D and g, € C. The
construction insures that the functions f], and g, satisfy the condition S(n). This
completes the induction and proves Claim 2.

Therefore Claim 1 holds. As we have already observed, it follows that P is
isomorphic to the product randomization (I, (M;)*. L). =

88. Theories with < « Countable Models. We will say that a theory 7 has < w
countable models if there is a finite or countable set S of countable models of 7" such
that every countable model of 7' is isomorphic to some member of S. Our main
result in this section, Theorem 8.6, will characterize all the separable models of 7%
when 7 has < w countable models.

Note that if 7 has < w countable models, then Un S, (T) is obviously countable,
so T has a countable saturated model by Fact 2.11.

We now give some examples of theories with < w countable models. In Section
9 we will be interested in theories with the additional property that all countable
models are homogeneous, so we will keep track of that property here.

ExampLE 8.1. In each of the following cases, 7" has < w countable models, and
every countable model of 7" is homogeneous.
T is w-categorical.
T is w-categorical (Baldwin and Lachlan [1]).
T is the complete theory of an equivalence relation.
T is the complete theory of a unary function in which all elements have the
same number of preimages.
T is the complete theory of a module, is w-stable, and has < w countable
models (Garavaglia [10]).
T is the disjoint union of countably many w-categorical relational theories
To. Ty....* In this case the countable models of 7 are characterized by the
number of elements outside the union.

ExampLE 8.2. In each of the following cases, 7" has < w countable models, but
T may have countable models that are not homogeneous.

e T has Morley rank at most 2 (Cutland [9]).

e T is the complete theory of a structure Mz, where M is a model of a theory
with < @ countable models, and & is a finite tuple in M.

e (Ehrenfeucht, first published in [21]) T is the theory of the rationals with
order and a constant symbol for each natural number. This theory has three
countable models up to isomorphism.

e T is the disjoint union of finitely many relational theories each with < w
countable models.

4The disjoint union of T}, T, ... is the complete theory of a disjoint union of models of T}, T». . ..
with disjoint signatures and an extra unary predicate symbol for each universe
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e For some complete relational theory U with finitely many countable models,
T is the theory of an equivalence relation such that the restriction to each
equivalence class is a model of U.

REMARK 8.3. Vaught’s Conjecture, that any theory with < 2“ countable models
has < w countable models, has been proved for many special classes of theories
(e.g. see Buechler [7]. Mayer [16]. Shelah et.al. [19]. and Steel [20]).

We now turn to our main result in this section, Theorem 8.6.

The next lemma shows that when 7" has < w countable models, every separable
model of T® can be represented as a product randomization of countable models
of T.

Lemma 8.4. Suppose T has < w countable models, and let M be a countable
saturated model of T . Then every separable model N of T is isomorphic to a product
randomization ([],., M. L) in M. Moreover, the models M; can be taken to be
pairwise nonisomorphic.

Proor. By Proposition 5.7, A is strongly separable. Then A is elementarily
embeddable in the Borel randomization of some countable model of 7. Every
countable model of T is elementarily embeddable in M. so by Remark 2.3, N is
elementarily embeddable in (M), £), and hence N is isomorphic to a precomplete
model P < (MI®D_ £). By Theorem 4.5, we may take P so that its event sort is £.
By Lemma 4.7, there is a countable part (K, A) of (M1 £) that is dense in P. By
Remark 4.4 (iv), P = P, We may therefore take P so that P = P = (K¢, AY).

Since T has < w countable models and M is countable saturated, there is a finite
or countable set {M; : i € I} of elementary submodels M; < M such that for
every countable model # |= T there is a unique i € I with H = M;. Then the M;
are pairwise nonisomorphic. By Fact 2.12, for each i € I there is an L,,,,, sentence
; that defines M;. Then by Lemma 4.11, for each i € I the set

Ar={rel0.1) : K(t) = M;} ={r €[0.1) : K(1) = @i}

is Borel, and by Lemmas 4.8 and 4.9 the countable part can be taken so that the sets
{A; : i € I'} form a partition of [0, 1).
Therefore, by Theorem 7.6,

N =P = (M™Y. 0).
icl n

Our next theorem will show that when 7" has < w countable models, the separable
models of TR are characterized up to isomorphism by a countable family of real
numbers that assign a probability to each isomorphism type of countable models
of T.

Given a theory T with < @ countable models, we let M(T) be the countable
saturated model of 7', which is unique up to isomorphism. The isomorphism type
of a model H < M(T) is the set of all elementary submodels of M(T) that are
isomorphic to H, and we let 1(T') be the set of all isomorphism types of elementary
submodels of M(T). The set I(T) is finite or countable, and a (probability) density
function on /(7)) is a function p : I(T) — [0. 1] such that 37, ; p(i) = 1. We
will show that each separable model of T is characterized up to isomorphism by a
density function on I(T).
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DEFINITION 8.5. Let NV be a separable model of TR. A density function for
N is a density function p on I(T) such that A is isomorphic to some product

randomization
(T Mm™. 0

icl(T)

in M(T). where M, has isomorphism type i and A(A;) = p(i) foreachi € I(T).

THEOREM 8.6 (Representation Theorem). Suppose that T has < w countable
models.

(i) Every separable model of TR has a unique density function:
(ii) any two separable models of T ® with the same density function are isomorphic:
(iii) for every density function p on I(T), there is a separable model N of TR with
density function p.

ProoF. (ii) follows from Theorem 7.5, and (iii) follows from Theorem 7.3.

(i) Let M be a separable model of TR. We show that A/ has a density function.
By Lemma 8.4, there is a product randomization (] e ;(M;)Bi. L) in M(T) that
is isomorphic to A, and the models M are pairwise nonisomorphic. We may
then take J to be a subset of /(7). so M; belongs to the isomorphism type j
for each j € J. Put A; = B; fori € J, and A; = () fori € I(T)\ J. Then
[0.1) = Ujes(r) A is a partition of [0, 1) into Borel sets, and (T];,(M;)®. £)
is equal to ([],c;(p) (M ). L), so N is isomorphic to the product randomization
(Hl.g(T)(M,»)A" .L). Hence the function p : i — A(A;) is a density function for V.

The uniqueness of the density function for A/ is a consequence of the general
result below, Theorem 8.8. -

REMARK 8.7. For a given density function p on I (T ), the Borel sets A; can always
be taken to be intervals. If <1 is a well ordering of 1(T'), we may take A; to be the
interval [r;, s;) where r; = > iai p(j)ands; = r; + p(i), so the model with density
function p will be isomorphic to the product randomization

(T M. 0).

icl(T)
In the motivating case where T is an w;-categorical theory, it is natural to take the
set of isomorphism types to have order type w + 1, where for each k < w, iy is the
class of models of dimension k.

We now prove a uniqueness result for product randomizations that applies to all
complete first order theories 7.

THEOREM 8.8 (Uniqueness). Let M be a countable model of T and let I be a finite
or countable set. Suppose that
M; < M foreachi € I;
the models M; are pairwise nonisomorphic;
[0.1) = U;¢; Bi and [0.1) = U, ¢, C; are partitions of [0. 1) into Borel sets:
(IT;e; M) . L) and (], (M;)< . L) are isomorphic.
Then A(B;) = A(C;) foreachi € I.
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PrOOF. By Theorem 7.3, P = ([[;c;(M;)®. L) and P’ = ([;¢;(M;)“. L) are
precomplete elementary substructures of (M%), £). By hypothesis. there is an

isomorphism 4 : P = P’. By Lemma 4.7, there is a countable part (K, A) of
(MY £) that is dense in P. We may also take (K, A) so that

{Bi:icl}u{h N(C):iel}CA

It follows that the image (7, h(A)) = h(K. A) is a countable part of (M), £) that
is dense in P’.

Craim. For each i € I we have K(¢) = M, for almost all t € B;, and J (1) = M;
for almost all ¢ € C;.

Proor oF Cram. For each f € K we have f(¢) € M; for almost all 1 € B;. so
K (1) C M; for almost all 7 € B;. Let ¢ € M;. There exists a g € [];.,(M;)® that
has the constant value ¢ on B;. Since (K. A) is dense in P. we have ¢ € K(¢) for
almost all ¢ € B;. Since M; is countable. it follows that M; C K(¢) for almost all
t € B;. This proves the Claim.

By Fact2.12, foreach i € [ thereisan L, sentence ; that defines M,. Since the
M; are pairwise nonisomorphic, we have M = ¢; if and only if j = i. By Lemma
4.11,foreachi € I theset {t : K(¢) = ¢;}is Borel, and A(B;A{t : K(¢) E ¢i}) =
0. Similarly, {¢ : J(t) | ¢;} is Borel, and A(C;A{z : J(t) E ¢i}) = 0. We see
by induction on complexity that for each L, formula w(vi,...,v,), and n-tuple

Ade = K@) Eyi@)... £0))}) =2({t : T(0) = yw(hfi(1).... hE,(1))}).

Therefore for each i € I we have

3B = {1 s K() = o)) = 21t T(0) b= o) = A(C). .

89. Homogeneity and Minimality over Events. In this section we will introduce
the notion of a TR-structure being homogeneous over events, which is weaker
than being homogeneous. and the notion a prime 7 ®-structure being minimal over
events, which is weaker than being minimal. We will see that a product random-
ization of countable homogeneous models of 7" is not always homogeneous, but is
always homogeneous over events. Also, no prime model of TR is minimal, but the
Borel randomization of a prime minimal model of 7" is minimal over events.

9.1. Homogeneity over Events. In the next paragraph we will define the notion
of a TR-structure being homogeneous over events. In Examples 8.1 we listed some
first order theories with < @ countable models in which every countable model
is homogeneous. On the other hand, we will see in Theorem 9.5 that unless 7T is
w-categorical, T® will have continuum many nonisomorphic separable models that
are homogeneous over events but not homogeneous.

DEFINITION 9.1. Two n-tuples f.g in K realize the same type over events if
. BN = 1p(g BN for every tuple B in B. N is homogeneous over events if
for every pair of n-tuples f g in K that realize the same type over events in N, and
every " in K, there exists g’ in K such that (f.f') and (g.g') realize the same type
over events in .
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REMARK 9.2. If P is a separable precomplete model of 7%, then P is
homogeneous, or homogeneous over events, if and only if its completion is.

THEOREM 9.3.

(i) Every product randomization of countable homogeneous models of T is
homogeneous over events.

(ii) Suppose M is a countable model of T. P = ([],c;(M;)®". L) is a product
randomization in M, and P is homogeneous over events. Then for each i € I
with 2(B;) > 0. M; is homogeneous.

PrOOF. (i) Let M be a countable model of 7" and let P = ([, M. L), where
each M; < M is countable homogeneous. P is precomplete by Theorem 7.3. We
must show that P is homogeneous over events. Let f g be n-tuplesin [[; M,B" which
have the same type over events in P, and let f' € []; Mf". There is a partition
Cn.m € N of [0, 1) such that each C,, belongs to £ and f g.f" are constant on C,,.
Then foreachm e Nandi € I,

I‘P(E B:N Cm)P = lp(g, B:N Cm)P-
Hence for each first order formula ¢(X)

ulle®)] 1 (B: N Cu)] = pll(@] 1 (B N C)]-

It follows that whenever A(B; N C,,) > 0. the constant values of f(s) and g(¢)
for t € B; N C,, must realize the same type in M;. Since each M; is countable
homogeneous, for each (i, m) there is an element ¢ (i, m) € M; such that whenever
t € BiNnGCy, and A(B; N Cy) > 0. (M.T(2).£(2)) = (M.&(1).c(i.m)). Let g
be the function that has the constant value ¢(i.m) on each set B, N C,,. Then
g € [1,e;(M;)®. and (f.f') and (g, g') realize the same type over events in P. It
follows that P is homogeneous over events.

(ii) Suppose that for some i € I, A(B;) > 0 but M; is not homogeneous. Then
there are tuples &, b and an element ¢ in M; such that M;, @) = (M, b ) but there is
nod in M; such that (M;.b.d) = (M;. @ c). Letf. g h be functions in [Tic, (M;)®
such that:

o f(1)=a. g(t) = b.and h(t) = cforall t € B;;

o () = g(r) forallr €[0.1) \ B;.

Then f, g realize the same type over events in P, but there is no h' in [, (M;)Bi
such that
ip(EW.B;)" = ip(f.h.B;)".

This contradicts the hypothesis that P is homogeneous over events. -

COROLLARY 9.4. Suppose T has < w countable models. Then every countable
model of T is homogeneous if and only if every separable model of TR is homogeneous
over events.

THEOREM 9.5. If T is not w-categorical, then TR has continuum many nonisomor-
phic separable models that are homogeneous over events but not homogeneous.

PrOOF. If S,(T) is countable for each 7. then by Facts 2.11 and 3.1, T has a
prime model M and a countable saturated model M. These models are countable
homogeneous, and M; < M, but there is a type p € S,(T) that is realized in M,
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but not in M. If S,,(T) is uncountable for some 7, then by Fact 2.10, T again has
two countable homogeneous models M| and M, such that M; < M; and some
type p € S,(T) is realized in M, but not in M. In either case, for each r € (0.1)
let P, be the product randomization ((M)1") x (M,)"D, £). By Theorems 7.3
and 9.3, each P, is precomplete and homogeneous over events. By Theorem 8.8, the
premodels P,, r € (0, 1) are pairwise nonisomorphic.

We show that for 0 < r < 1, P, is not homogeneous. Let a,b € M| with a # b.
Let a be the constant function with value a. Let f, g be the functions such that f
maps [0.7) to a and [r,1) to b, and g maps [l — r.1) to a and [0.1 — r) to b. Then
(a.f) and (a.g) have the same type in P,. There is a tuple h in P, such that h(r)
realizes p whenever f(1) # a(z). But there cannot be a tuple W in P, such that
I (7) realizes p whenever g(¢) # a(7). so there cannot be a tuple ' in P, such that
(a.g. 1) has the same type as (a.f.h) in P,. Therefore P, is not homogeneous.

9.2. Minimality over Events. In this subsection we answer a question posed by
the anonymous referee. Recall that by Proposition 3.5, TR cannot have a prime
model that is minimal. The referee asked whether 7R can have a prime model that
is minimal over events.

DEFINITION 9.6. A prime model A of TR is minimal over events if every
elementary submodel of A/ that contains all the events of AV is equal to \V.

THEOREM 9.7. Let M be a prime model of T'. Then M is minimal if and only if the
completion of (MY _ L) is minimal over events.

PrOOE. (M, £) is prime by Lemma 3.3.

Suppose first that M is not minimal. Then there is a model H < M such that
H # M. so there is an element « € M \ H. By Remark 2.3 we have (V. £) <
(M[O’U, L£). and the constant function with value a is a distance one from every
element of H%), so the completion of (MY, £) is not minimal over events.

Now suppose that the completion of (M), £) is not minimal over events. Then
there is a precomplete (K. £) < (MI*D, £) and an element f € M)\ £ By Fact
2.6. (K. £) has perfect witnesses, so by Lemma 4.7, (M[O’U, L) has a countable part
(Ko. A) thatis dense in (K, £). Then K§ = K¢ and Ay is dense in £. By Lemma 4.9,
it is not true that f(¢) € Ko(¢) for almost all # € [0. 1), but by Lemma 4.8, we have
Ko(t) < M for almost all 1 € [0.1). Therefore there exists 1 € [0.1) such that
f(t) € M\ Ko(t) and Ko(7) < M. Hence M is not minimal. -

COROLLARY 9.8. T has a prime model that is minimal if and only if TR has a prime
model that is minimal over events.

ProoF. The forward direction follows at once from Theorem 9.7. For the con-
verse, suppose N is a prime model of 7R that is minimal over events. By Theorem 3.4
(ii), A is isomorphic to (M L) for some prime model M of T. Then by
Theorem 9.7, M is minimal. -
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