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Schatten class composition operators
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Abstract. Let C, be a composition operator on the Bergman space A? of the unit disc. A well-known
-z
1-[o(2)|?
C, in the Schatten class Cp, 1 < p < co. This was settled in the negative for the case 2 < p < oo in
[3]. When 2 < p < oo, this condition is not sufficient for C, € C,. In this article, we take up the case

1 < p < 2. We show that when 1 < p < 2, this condition is not necessary for C, € C,.

problem asks whether the condition |, ( )P dA(z) < oo is equivalent to the membership of

1 Introduction

Let D be the unit disk in the complex plane C and H(D) be the class of func-
tions analytic in D. Let dA be the area measure on D normalized in such a way
that A(D) =1. We write dA for the Mobius-invariant measure on D, ie., dA(z) =
(1-[2)2dA(z2).

Recall that the Bergman space A? is defined by

A?={f:feH(D), |fli = fD f(2)[?dA(z) < oo}

The Hardy space H? is the Hilbert space of analytic functions f on D such that
2 9240
2 ify|2
2 =S re — < oo,
e = sup [ Ifre P < oo

Given an analytic function ¢ : D - D, we have the composition operator C, on A or
H? defined by the formula C,, (f) = f o ¢. Recall that such a C,, is always bounded [5].

Let H be a separable Hilbert space. For any 1 < p < oo, the Schatten p-class C,
consists of bounded linear operators T on H satisfying the condition | T, < oo, where
the p-norm is defined by the formula

1T = {te (ITI)}? = {te ((T*T)P2)} 2.

The membership of composition operator C, in the Schatten class €, has
been a constant source of fascination for operator theorists. In the case of the
Bergman space A%, Luecking and Zhu showed that C,, € €, if and only if the function
z+ {log(1/|2])}72N,,2(2) belongs to LP/2(D, d1), where N, , is a counting function
associated with ¢ [2].
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On the other hand, it would be more desirable to obtain a criterion for the
membership C, € C;, in which ¢ appears in a more explicit way. One such approach
involves the Berezin transform. Let k. be the normalized reproducing kernel for A?.
Recall that for T € B(A?), the Berezin transform of T is the function

z~ (Tk,, k;)
on D. It is known (see [6]) that C, € €, if and only if
(L1) fD (CCokes ko )PPdA(2) < oo,
In view of this, one naturally considers the condition
(1.2) f]J(C¢C;kZ,kZ)P/2d)L(z) < 0.

Compared with (1.1), (1.2) appears more desirable because, by an easy calculation,

) 1- |22 )
CoClky k) =| ————— 1,
(CoCyher ko) (1—|¢<z>|2

which involves ¢ in a very direct way. Thus the following problem arose.

Problem 1.1 [1, 2, 5] Let ¢ :D — D be an analytic function. Is it true that for
1< p < oo, the composition operator C,, : A*> - A? is in the Schatten class €, if and
only if

-l )’
(13) fD(l—go(z)P) dA(2) < 0o?

It is trivial that C, € C, if and only if

-1z )
fD(l—ko(z)P) AMe) < oo.

In [3], it was shown that when 2 < p < o0, (1.3) is not sufficient for the membership
C, € C,. That is, for each 2 < p < oo, there is an analytic ¢ : D — D such that

1-z*
f (Z|2) dA(2) < 00
p\1-g(2)]
and C, ¢ C,. In this article, we settle the remaining case, the case 1 < p < 2. We will

show that when 1 < p < 2, (1.3) is not necessary for the membership C, € C,. Here is
our main result.

Theorem 1.1  Foreachl< p < 2, there exists an analytic function ¢ : D — D such that
the composition operator C, : A* — A* belongs to the Schatten class Cp, and yet

1—|Z|2 4 B
(14) fD(I_WW) dA(2) = co.
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Together with the result in [3], Theorem 1.1 completes the contrast between (1.1)
and (1.2). From the view point of operator theory, it is truly amazing that there is such
a sharp contrast.

It will be interesting to consider what happens in the case of the Hardy space. Let
kHar denote the normalized reproducing kernel for the Hardy space H?. By an easy
calculation,

1-Je?
(CpCokHsr ) - .
" I-lp(2)P

Thus the Hardy-space equivalent of condition (1.3) is

1— ‘Z|2 p/2
(15) ﬂkaﬂﬁJ dA(2) < 0o

Recently, Yang and Yuan showed for each 2 < p < oo, there is an analytic ¢ : D — D

such that
1|22 p/2
f(V|J dA(2) < oo
p \1-|p(2)]

and such that the composition operator C,, : H* - H* does not belong to C, (H?) [4].
This settles the entire Hardy-space case. This is because (1.5) holds only if p > 2. For
every p < 2, we have

LU%#WHMd=w

The remainder of the article consists of the proof of Theorem 1.1.

2 The proof of Theorem 1.1

The proof of Theorem 1.1 begins with a construction adapted from [3]. Forn =1,2,.. .,
define

T, = (2_("4—1), 2-"] and S, = ((4/3)2—(n+1)’ (5/3)2_(,“1)]‘

That is, S,, is the middle third of T,. Denote t, = (4/3)2~("*1), the left end-point of
S,.,neN.
Let1 < p < 2 be given. We choose an ¢ such that

0<e<l1/p

and such that pe is a rational number. Thus p~'> (p-1)e, and limg oo

27 (7' =(r~D9)k 0. We can choose a strictly increasing sequence k(1) <---<
k(n) <... of positive integers such that

(2.1) 2*(1’71*8)"(") .9 . opek(n) _ 2*(1’71*(17*1)8)"(")“ < (1/3)2*("“) _ |Sn|

for every n and such that every pek(n) is an integer. Note the difference between the
choice of k(n) in this article and the choice in [3].
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For integers n > 1and 1 < j < 2P*("), define the intervals
Juj = (an’j’ Cn,j) _ (tn + 2—(P71+£)k(") 2-(j-1), t,+ 2—(P7'+f)k(") .2.]'),
L = (o baj) = (£ + 277K g (o1, 1, 4 277K (35 1)),

It is easy to check that I,, ; is the left half of J,, j and the J, ;s are pairwise disjoint. (2.1)
ensures that

21’5"('1)

U ]n,j Cc Sn-
=1
We denote the length of the interval I,, ; by p,,. That is,

P = L jl = buj = an,j = 2707+,

We now define a measurable function u on the unit circle T = {w € C: |w| =1} as
follows:

) 2P5k(“)
u(ey =275 i te U Inj n>1,
j=1

) 0o 2psk(n)
u(e)=1 if te(-m, n]\{ U U In,j}.
n=1 j=1
The harmonic extension of u to D will be denoted by the same symbol. Finally, define

1 [retvz
h(z) = %f (e'*)dt,

—u
elt—z

(2.2) ¢(z) =exp(-h(z)), zeD.
Obviously, Re{h(z)} = u(z) > 0, and consequently

lp(2)] = e Reth(@} — 7u(2) g

for every z € D. This implies ¢(D) c D.

Forz € Dand e’ € T, let P(z,e'") = L be the Poisson kernel. It was shown in

Ieit_ZIZ
[3, p. 2508] that if 1/2 < r < 1and |6 - ¢| < 5, then there exist constants 0 < a < f§ < oo
such that
a(l-r) Voo io it pa-r)
2.3 < —P(re”’,e") < .
23) 1-r)2+(60-1)2" 2n ( ) 1-r)2+(6-1)2
For any n € Nand 1< j < 2P%k(") define
(2.4) Gn,j:{reiez()eln,j, 0<l-r<p,}.

Given such a pair of #, j, we have

k(n)
Gl‘l,j = U GZ’]')
v=0
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where

Gg,j = {rei('}’ :0¢ In,j’ 0<l1-r< Pn 2—k(n)})

Gy j={re?:0¢el,;, p,- 27" .2 <1-r<p, 275 .27}

for 1< v < k(n). By [3, (2.6) and (2.7)], there is a constant 0 < ¢ <1 independent of
n, j such that

(2.5) u(z) > 27 KM ifz e G, 0<v < k(n).
Recalling [3, (2.10)], we have
(2.6) A(Gy ) <pr-278M 2", 0<v<k(n).

The following two lemmas are quoted from [3, Lemma 7] and [3, Lemma 5],
respectively.

Lemma 2.1 Thereis a c; > 0 such that
0o 21’5"(")
u(z) > ¢ forevery ze D\{ U u Gn,j}
n=l j=1
where G, ; is defined by (2.4).
Lemma2.2 Foranyn>1land1< j<2PK(m) et By, be the middle third of I, ;. That

is, By,j = (37" (bu,j + 2an,;)> 37" (2bu,j + an,;)), where a,,; < by, ; are the end-points of
I,.,j. Furthermore, for such n and j, define

Enj={re':teB, , 0<1-r<p, -27Km1

Then sup,p . u(z) < (1+6B)27F(", where B is the constant that appears in (2.3).
We need one more lemma.

Lemma 2.3 Thereis a cz > 0 such that

(1-]e*)r2
By (1= o (2)]?)?

foralln>1and1< j<2Pekm),

dA(z) > c;27Pek(m)

Proof Denote ¢, ; = inf{|p(2)|: z€ E,;}, n>1and 1< j <2P%(") Then ¢, ; >

e=CT by Lemma 2.2. Writing o = sup,_,.-(1 - e™)/x, we have

1 1 1 2k(m)
> > =
1-|p(2)] " 1-¢,; oC27km)  ¢C

forzeE, ;.
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Let ¢; =27%(0C)?. Then

L mdA(z) > ¢, 2Pk fE ., (1-[2))!*dA(2)

> ¢32PK0D L (p 27K(myp=LL o oy pek(n),
This completes the proof. [ ]

Proofof Theorem1.1 We must show that the analytic function ¢ : D — D defined
by (2.2) has the property that C, € C, and satisfies (1.4). Let us first verify C, € C,.

To show that C, € C,, we need the following inequality: For any 0 < p <1 and
0 < x < 1, using Hélder’s inequality with conjugate exponents 1/p and 1/(1- p), we

have
i(l + I)Px’ = li(l +1)° le L 10p)
=0 =0
< { i ((1+ 1)le”)l/p}P : { i (xl(l—p))l/(l—p)}l—ﬂ
=0 o 10
(i) (i)
2.7) i ﬁ

Let e;(z) = (1+1)/%2),1=0,1,2,.... Recall that {e;:1>0} is the standard
orthonormal basis for the Bergman space A%. Because 1< p < 2and | ¢;|| = 1, it follows
that

((CyCo)P2er,er) < {{CyCoensen)}P? = | Coenl e = (L4 1) ',
p/2
= (1+1)P? f 2dA
(0?2 | lp(2)'dAG)}

Let

ek(n)
U f’l])

||
||C8

where G, ; is given by (2.4). For z € D\G, Lemma 2.1 implies that
(2.8) lp(2)] = e Re(h()) = pmu(2) ¢ gma1,

We have

tr ((Cy" o)) = 2U(CyCp) er,en) < Z(M)P/Z{ A |<p<z)|2’dA<z>}"/2

8

[}

S [ @ aa@) + [ lp@Paae)”

1=0
<I+],
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where

i ) 5 r/2
1:;0(”1)1’/ {/D\G|¢(z)| 'dA(z)) and

S 2 2 2
1= 20| [lp@Paac))

Applying (2.8), we obtain

o)

2 2 pl2 & 2{(gme1)2 r/2
=30 [ le@Paa@)" < S e [ dae)
g“”Wﬁvqﬂ” zme@”W—Hiﬁﬁmﬁ’

where the last < follows from the condition p/2 < 1and (2.7).
Next we show that J < co. Note that

(Zn:an)sgzn:a;

ifs <land a, > 0. Applying (2.5), (2.6), and (2.7), we obtain

0o 2psk(n) k n)

J= i(lﬂ)f’/z{z
1=0

n=1 jl

[|mm%mn}

2P5k(”) k(ﬂ)

i(lJrl)P/Z{i Z (e "(”)”)21 2y=k(n )+v} p/2
1=0 n=1 ] V=

= p/2 = pek(n) ) —c27KM* o] 2 —k(n)+v p/2
:;(l+1) {le Z(e )2 p22 }

M8

—C112_k(”)+v . Pﬁ . 2(p2/2)sk(n) . (z—k(n)-w)p/Z

i Mi

(l + 1)P/ i

HMS

k) —k(n)+v 2
Z (Z(l 1Pl Gl )P5'2<P [2)ek(n) . (p=k(m)+vyp/2

=0 \I=0

= %

(n) P 2(1’ [2)ek(n) (2- k(n)+v)p/2

HM8

Let § = info<x<c, x ' (1 - 7). Continuing with the above, we obtain

oo k(n) [P 5(p*/2)ek(n) (2 k(n)+v)p/2
< ; ;) (8C 27 k(m)+v)(p/2)+1

1 e kK pp (k)

= (6C,)(P/2)+1 2—k(n)+v

n=1 v=0
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p 2 oo 5=(1+pe)k(n) , o(p*/2)ek(n)
T (8C)) /)AL i~ 2-k(n)
2

= ey B2 <oo,
1 n=1

where the last step again uses the condition p/2 < 1. Therefore
tr ((Cy*Cy)P?) < T+] < co.

This implies that C, € C,.
It remains to verify that

e\
fa(l—|¢<z)|2) M) = oo.

Obviously,

1l 278 (2P
fu(1—|¢<z>|2) O YN e e O]

Applying Lemma 2.3, we have

1-lef 2IS - pekin) K(n) . y-pek(n) _
/D(l_kp(z)P) d/l(Z)>Z Z C32P =C3 ZZP 2P =

n=1 j=1 n=1

This completes the proof.

References

[1] D.Luecking, Trace ideal criteria for Toeplitz operators. J. Funct. Anal. 73(1987), 345-368.

[2] D. Luecking and K. Zhu, Composition operators belonging to the Schatten ideals. Amer. J. Math.
114(1992), 1127-1145.

[3] J.Xia. On a proposed characterization of Schatten-class composition operators. Proc. Amer. Math.
Soc. 131(2003), 2505-2514.

[4] W.Yang and C. Yuan, Schatten class composition operators on the Hardy space. Proc. Roy. Soc.
Edinburgh Sect. A 154(2024), 1364-1377.

[5] K. Zhu, Operator theory in function spaces, Marcel Dekker, New York, 1990.

[6] K.Zhu, Schatten class composition operators on weighted Bergman spaces of the disk. J. Oper. Theory
46(2001), 173-181.

School of Mathematical Sciences, Qufu Normal University, Qufu 273100, Shandong, China
e-mail: hghmath@sina.com

College of Data Science, Jiaxing University, Jiaxing 314001, China and Department of Mathematics,
State University of New York at Buffalo, Buffalo, NY 14260, United States
e-mail:  jxia@acsu.buffalo.edu

https://doi.org/10.4153/50008439525000220 Published online by Cambridge University Press


mailto:hqhmath@sina.com
mailto:jxia@acsu.buffalo.edu
https://doi.org/10.4153/S0008439525000220

	1 Introduction
	2 The proof of Theorem 1.1

