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A GAME CHARACTERIZING BAIRE CLASS I FUNCTIONS
VIKTOR KISS

Abstract. Duparc introduced a two-player game for a function f between zero-dimensional Polish
spaces in which Player II has a winning strategy iff /" is of Baire class 1. We generalize this result by defining
a game for an arbitrary function / : X — Y between arbitrary Polish spaces such that Player II has a
winning strategy in this game iff f is of Baire class 1. Using the strategy of Player II, we reprove a result
concerning first return recoverable functions.

§1. Introduction. A Polish spaceis a separable, completely metrizable topological
space. A function f : X — Y between Polish spaces X and Y is called Buaire class
1 if the inverse image f ~'(U) of an open subset U C Y is F, in X that is. it is the
countable union of closed sets.

The main focus of this article is games characterizing classes of functions: these
are two-player games depending on a function f with the property that one of
the players. say Player 11, has a winning strategy in the game if and only if f
belongs to the specific class. In his Ph.D. thesis [11], Wadge introduced a game that
characterizes Lipschitz functions and another one that characterizes continuous
functions, both for self-maps of the Baire space, NN,

The eraser game introduced (essentially) by Duparc [5] characterizes Baire class
1 functions f : N¥ — NN, Since we wish to generalize this game, we briefly define
it here.

1 [70) aj ar as ag ...
11 by b # Bo b ...

In the eraser game,. at each step. Player I has to play a natural number. Player
IT either plays a natural number or erases the last natural number that appears on
his board. During the game. Player I builds an element of the Baire space a € NV,
Player II is also required to build an element b = (b,),en € NV, otherwise he loses.
In other words, for every n € N, there has to be an index m € N such that the board
of Player II contains at least n» natural numbers after the mth step of the game and
the first #n natural numbers on his board are not erased later. For a fixed function
f NN — NV, Player II wins a run of the eraser game if and only if f (a) = b, where
a € N¥ and b € NY again denote the elements of the Baire space built by Player I
and Player II, respectively.
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By a result of Duparc, f : N¥ — NV is Baire class 1 if and only if Player II has a
winning strategy in the eraser game. Carroy [2] proved that if f is not Baire class 1
then Player I has a winning strategy.

There have been other results for different classes of functions between zero-
dimensional Polish spaces. Andretta [1] proved that the so-called back-track game
characterizes Ag-measurable functions, Semmes [10] characterized Borel games,
and Nobrega [9] constructed games characterizing Baire class & functions for every
countable ordinal ¢. For a more thorough introduction on the subject, and results
concerning piecewise defined functions, see Motto Ros [8].

In this article we construct a two-player game G, that can be used to characterize
Baire class 1 functions between arbitrary Polish spaces, generalizing the eraser game.
Let X and Y be Polish spaces, let dy be a compatible, complete metric on X', and
let f : X — Y be an arbitrary function. At the nth step of the game, Player I plays
X,, then Player II plays y,,

I x X1 X2 ..
II Yo » »
with the rules that

X, € X.y, € Yand dy(x,.x,1) < 27" foreveryn € N. (1)

From the fact that dy is complete, it follows that x, — x for some x € X. Player

II wins a run of the game if and only if (y,) is convergent and y,, — f(x). We note

that if X = ¥ = NY and dy is the metric with dy(x, x’) = 27"*!, where 7 is the

smallest index with x(n) # x’(n), then from a winning strategy of Player II in the

eraser game, one can derive a winning strategy for Player I in G, and vice versa.
Our main theorem concerning this game is the following.

THEOREM 1.1. If f is of Baire class 1 then Player II has a winning strategy in G.
If f is not of Baire class 1 then Player I has a winning strategy in G . In particular,
the game Gy is determined.

REMARK 1.2. We note that if we change the rules of the game G s and leave out the
condition that dy (x,. x,.1) < 27" and. of course. change the winning condition so
that Player II wins if and only if (x,),cn is divergent or y, — f(x) where x,, — x.
then Theorem 1.1 does not remain true. To see this, let /' : R — R be defined by
f£(0) =1, f(x) = 0if x # 0. It is easy to see that f is of Baire class 1, but Player I
has a winning strategy in this modified game.

We sketch the proof of this. The construction of the winning strategy of Player
I is similar to the construction in the proof of Theorem 1.1. Let us fix a sequence
(x")pen with x” — 0 and x2* = 0, x2"*! £ 0 for every n € N. Now let Player I play
a sequence X, X1, ... with xg = --- = x,, = x°, X1 = -+ = x,,, = x! etc., where
at each step he waits until Player II plays an element y,, € (3/4,5/4) if k is even,
and y,, € (—1/4,1/4)if k is odd. One can easily check that the sequence (x,)qen is
either constant x* after a while with y,, /4 f (x*), or x, — 0but |y, — yu,., | > 1/2:
hence, the sequence (,),en does not converge.

After proving our main result, we investigate the connection of the above game
and the notion of first return recoverable functions that was introduced by Darji

https://doi.org/10.1017/js1.2019.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.38

458 VIKTOR KISS

and Evans [3]. Let X and Y be Polish spaces, and dx be a compatible metric on X.
By a trajectory, we mean a dense sequence (x,), € X.Foranys € X, letr(B(s.p))
denote the first element of the trajectory (x,), in the open ball B(s,p) = {s’ € X :
dx(s,s") < p}. Then the first return route to s, (s,), is defined as

S0 = Xo,
— V(B(S’d(s’ Sﬂ))) lfS # Sﬂa
Sntl =\ s if s = s,.

A function f : X — Y is said to be first return recoverable if there exists a
trajectory (x,), such that for any s € X, we have f(s,) — f(s). The definition
basically says that the values of f can be recovered using a simple algorithm,
knowing the values at only countably many points.

Darji and Evans showed that every recoverable function is Baire class 1, and if X
is a compact metric space, then the converse also holds, giving a characterization
of Baire class 1 functions. Lecomte [7] found an example of a Baire 1 function on a
Polish ultrametric space which is not recoverable. However, he also showed that if X
is an ultrametric space with the property that every strictly decreasing sequence in
the range of the ultrametric converges to 0, then every Baire 1 function defined on X
is recoverable. Later Duncan and Solecki [4] gave a characterization of those Polish
ultrametric spaces on which every real-valued, Baire class 1 function is recoverable.

From the result of Lecomte it follows easily that if X is a zero-dimensional, Polish
space then one can find a compatible, complete metric d on X suchthat /' : X — YV
(Y Polish) is first return recoverable with respect to d if and only if f is of Baire
class 1. To the best of the author’s knowledge. the analogous problem concerning
an arbitrary Polish space X is still open. Nonetheless, we give an alternate proof of
the result for the zero-dimensional case in Section 3. We use the strategy of Player
IT in the above game to extract a suitable trajectory.

§2. Proof of Theorem 1.1. In this section we prove Theorem 1.1. As we mentioned
before, Carroy [2] constructs a winning strategy for Player I in the eraser game (if
£ is not Baire class 1). and using his ideas one can construct a winning strategy for
Player Iin G ;. We include a construction anyway to keep the article self-contained.
The main difficulty is to construct a winning strategy for Player II when f is of
Baire class 1. In the eraser game a strategy is constructed using the fact that a
Baire class 1 function f : NY¥ — NY is always the pointwise limit of a sequence of
continuous functions. However, this is not the case for functions between arbitrary
Polish spaces; hence, we need new ideas to complete the proof.

ProOF OF THEOREM 1.1. Let us fix a compatible, complete metric dy for ¥ and
denote the oscillation of f restricted to a closed set F C X at a point x € F by

oscrpr(x) = Uai'{}gpen sup{dy (f(x1). f(x2)) 1 x1.x20 € UNF}. (2)

It is easy to check that
oscsir(x) =0« f | F is continuous at x, (3)
and that oscyr is upper semicontinuous, hence for every € > 0,

{x € F:oscsip(x) > e} is closed. (4)
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To prove the first assertion of the theorem, suppose that f is of Baire class 1. We
need to define a winning strategy for Player 11, hence a method of coming up with
yu 1f X9, X1, ..., x, are already given. Of course, the possible limit point x of the
sequence (x,)qen is in the closed ball B(x,.2'™") = {x' € X : dy(x'. x,) <27}
The idea of the proof is to pick y, as the image of a point in B(x,.2'~") at which
f behaves “badly.” We note here that for some functions, including the modified
Dirichlet function (that is the function g : R — R with g(p/¢q) = 1/¢if p and ¢ are
relatively prime and ¢ > 0, and g(x) = 0if x ¢ Q or x = 0) it would be sufficient
to pick y, as the image of a point in B(x,,2'") with the largest oscillation (or
a sufficiently large oscillation), because the function restricted to the set of points
with large oscillation is continuous. However, in the general case the restriction may
not be continuous, and we need to do an iterative construction.

With the help of the set

R={0}U{l/n:neN,n>0}
and the function

0/ (F) = {max{reR:Hx EOF(oscf[F(x) >r)} i?};ig )

we define a derivative operation on the family of closed subsets of X by

D(F):{{xeF:oscfrér(x)zof(F)} g(o)j;gigzg

Using (4), D(F) is closed for every closed set F C X . Using Baire’s theorem that a
Baire class 1 function has a point of continuity restricted to every nonempty closed
subset (see e.g.. [6. Theorem 24.15]). if o/ (F) > 0. or equivalently by (3).if /' | F
is not continuous, then D(F) C F.If o,(F) = 0 but F # () then we also have
D(F) = C F. hence

F+#0=D(F)CF (6)

We also note here that
FCF =o0s(F)<oy(F'). and (7)
F#OAD(F)=0=o0s(F)=0. (8)

Now we define the iterated derivative of a closed subset F C X the usual way for
each o < wq. that is,

D(F)=F
D (F) = D(D*(F)),
D*(F) = () D*(F) if a is limit.

p<a
It can be easily shown by transfinite induction on f that
a < f = D*F) D DP(F) for every closet set F C X. 9)

Using (6) and the fact that strictly decreasing transfinite sequences of closed
subsets of a Polish space are always countable (see e.g.. [6. Theorem 6.9]). for every
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closed set F C X there exists a countable ordinal A with D’"V(F ) = 0. Let us denote
the smallest such /4 by A(F).

The derivative operation will be used to construct the closed sets in the following,
main lemma, where we say that a sequence of closed sets (F,),en converges to a
point x, if any neighborhood of x contains all, but finitely many of the F),’s.

Lemma 2.1. Let (F,),en be a decreasing sequence of nonempty closed sets con-
verging to x with oy (F,) — 0. Suppose that the sequence (y,)nen C Y satisfies for
each n > 1 that either y, € f(F,) or y, = ya_1. with the first possibility occurring
infinitely many times. Then y, — f(x).

Proor. It is clear from the facts that (F),),cn is a decreasing sequence of closed
sets with F,, — x that (), F;, = {x}. Now let e > 0, ¢ < 1 be fixed. we need to find
ny € Nwith dy(p,. f(x)) < e for every n > ng. Let n; € N be large enough so that
0y(F,) < e/2forevery n > ny. Since x € F,,, it easily follows from the definition
of oy, (5). that oscyr, (x) < e, hence for small enough d > 0,

dy(x',x) <dand x’ € F,, imply dy(f(x'). f(x)) <e. (10)
Now let ny > n be large enough so that
diam(F,) < 6 for every n > ny. (11)
and since y, € f(F,) for infinitely many n, we can also suppose that

Yy € [ (Fy). (12)
Let n > ng be fixed, we need to show that dy(y,. f(x)) < e.If y, € f(F,) then
dy(yu, f(x)) < € using (11), (10) and the fact that n > n; implies F, C F,,. If
vn € f(F,) then using (12). there exists k < n with k > ng such that y, = y; €
f(Fy). Then, as we already saw, dy(yx. /' (x)) < e: thus, the proof of the lemma is
complete. -
During the construction of a winning strategy for Player II, we use the notation
X = D*(B(x;.2'71)).

; (0 ( - ) . (13)

/’Li = /’L(Xl ) = /l(B(xi,Z 71)),

where, as before, B(x;,2' %) denotes the closed ball {x’ € X : dy(x', x;) < 2!},
Note that using the rules of the game (1) and that x; — x. we have

x € B(x;,2'77) for every i. (14)

For i > 1 let y; denote the smallest ordinal y < w; such that o/ (X/) # o, (X/ ) if
such an ordinal exists, and let y; = w; otherwise.

Before defining the strategy for Player II, we collect a couple of simple properties
of the sets X, that we will use in our proof. Let diam(H ) denote the diameter of
the set H C X, thatis, diam(H) = sup{dx(x'.x") : x'.x" € H}.

Cram22. (i) Vn (a <f=X2D X,f),
(ii) Vn Vo (diam(Xg) < 2277,

(iii) Vo > 1Va <y, (a < w1 = X2 C X2 ).
(iv) Vo > 1 (ya < w1 = op(X0") <oy (X)) .
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PrOOF. (i) is the application of (9) with F = X?.

To see (ii), note that X& C X for every @ < w; using (i). hence diam(X?) <
diam(X?) = diam(B(x,.2!™")) < 227",

We prove (iii) by transfinite induction on «. It holds for a = 0. since X,?_l =
B(x,-1,2*>™") 2 B(x,,2!™") = X, using that dy(x,_1.x,) < 2'7" by (1). It
is clear for a limit « that if an - Xnﬁ_] for every f < o then X;* C X |. It
remains to show that if X¢ C X®  and a + 1 < y, then X2*! C X**!. From
a + 1 <y, it follows that 0/ (X,*) = 0, (X* ). If 0,(X*) = 0,(X* ;) = 0 then
Xotl = xotl = (. Otherwise, X2 = {x € X2 : oscsjya(x) > 0/ (X2)} C {x €
X voserxe (x) > 0 (X} C {x € Xy oserixe (x) > 0f (X)) = X
using twice the inductive assumption X C X | and also the fact that F C F’
implies oscr(x’) < oscyyp/(x') forevery x’ € F.

To see (iv). note that X;" C X" | by (iii). hence o s (X;") < o/ (X;" ) by (7). and
by the definition of y, we have o/ (X;)") # o (X" ) yielding (iv). .

Now we define the strategy for Player 11, thatis, we define y, € Y, given xo. . .., X,
and Yos-vesVn—1-

CaSE (a). 4, = a + 1 is successor. In this case let y, € f(X2) be arbitrary.
CasE (b). 4, is limit and y,, < /,. In this case let y, € f(X,)") be arbitrary.
CasE (c). A, is limit and y, > A,. Then let y, € Y be arbitrary if n = 0, and let
Vn = Yn—1 Otherwise.
This concludes the definition of the strategy for Player II.

REMARK 2.3. We insert here a remark to help us in the proof of Theorem 3.1.
Suppose (X. dy) happens to be an ultrametric space. It is well-known that in this
case closed balls of radius » form a partition of X for any r > 0. Hence for each n,
there are only countably many closed balls of the form B(x,.2!~"). and each sits
inside a unique closed ball of the form B(x,_1.2>~"). Hence, given n and a closed
ball of the form B(x,.2'~"). we can calculate 4, and y, without knowing x, or
X,_1. Thus, we can also calculate the move y, of Player II. In Cases (a) and (b) we
can even choose for every n and every ball B = B(x,.2'~") some element x, € B
such that Player II respects the strategy by playing y, = f (x5.,).

We divide the proof of the correctness of the strategy into multiple cases.
Cask (1). for infinitely many n, y, < w;. Let

y =min{y : {n € N:y, <p5}is infinite}. (15)

Since we are in Case (1), y < wy.
Caskt (1a). y, > y for all, but finitely many n. Considering the assumptions of Cases
(1) and (1a), it is easy to see that there exists m € N so that

Ym = 7.yn > 7 forevery n > m and y,, = y for infinitely many n. (16)

Now we use Lemma 2.1, with X,/ +n In place of F,, and y,,+, in place of y,. We need
to check that the conditions of the lemma hold to complete Case (1a). It is easy to
see that X, — x asn — oo, using (13) and (14). One can show by induction using
(ifi) of Claim 2.2 that X] C X/ for every i, j > m with i < j, hence (X;,,,)nen
is decreasing. Using this observation and (7) it follows that o (X}) < o/(X/) for
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every i, j > m withi < j. Since , = for infinitely many n by (16). 07 (X 1) <
oy7(X,.,) for infinitely many n, hence
07(X]) > 0foreveryn > mando,(X]) — 0. (17)

It also follows that X}, ,,, # 0. Thus the conditions of Lemma 2.1 concerning only
(/Ynﬁ—n)neN hold.

It remains to check that the conditions concerning (3,4, )nen also hold. Using
(17), y < 4, for all n > m, hence y, < A, for infinitely many n by (16). It follows
that y,,., is chosen according to Case (a) or Case (b) for infinitely many 7. Since
y <Apandy <y, foralln > m. yun € f(X54,) = f(F,) in both cases. If y,, 1., is
chosen according to Case (c) then y,,., = Vmin_1. hence the conditions of Lemma
2.1 hold, the strategy is winning for Player II in Case (1a).

CasE (1b). y, < y for infinitely many n.
CrAamM 2.4. There exists a strictly increasing sequence (ny)ren such that y,, — 7y

and y, > 7y, for every n > ny. In particular, the sequence (y,, )xen is also strictly
increasing.

PRrROOF. Let n be arbitrary with y, < y, and let np = max{m > n : y,, < y,}.
The maximum exists using the fact that y, < y and the definition of y (15). Now let
n > ngy be arbitrary with y, < y and let n; = max{m > n : y,, < y,}. Iterating this
construction we get a strictly increasing sequence (7 )en With the properties that
7n, < 7y and p, > y,, if n > ng. Then sup{y,, : k € N} <y, and using (15) again,
one can easily see that y, — 7. -

Now we fix such a sequence (7 )xen and use Lemma 2.1 again, with y,, 4, in place
of y,. and for n € N taking the unique k € N with n; < ng+n < ny4; we use X,;gﬁr,,
in place of F,. It is easy to check that we defined the set F,, for every n € N. We now
check that the conditions of Lemma 2.1 hold. It is clear that F,, — x. To prove that
(F,)nen is a decreasing sequence, let n € N, we need to show that F,,;; C F,. Let
k € N be the unique natural number with n; < ng+n < iy, Ifng+n+1<mn
then F,,| = Xny:fm+l showing that F,,; = X,:;'jrnﬂ C X,;gﬁr,, = F, using that
Png+nt1 > 7n, provided by Claim 2.4, and (iii) of Claim 2.2. If ng +n + 1 = ngyy
then F, 1y = X, C X" | = X! C X", = F, using (iii) and (i) of Claim

Nyl Mgy 1— no+n no+n
2.2.

Now we show that o/ (F,) — 0. Since (F,,),en is decreasing, it is enough to show
that o (F,,—»,) — 0 by (7). For every k € N we have o/(F,,_,,) = of(X,fk”k) =
or(X n}kil) = =o0s(X n}kj 1), where the first equality comes from the definition
of F,, _,,. while the rest follow from the fact that y,, > y,, for all m > n; provided
by Claim 2.4 and the definition of the ordinal y,,. Thus, 0/ (F,,_»,) = 07 (X, ey =
Of(Xnk 1) > of(Xny:ﬁL) > of(X,;Z’jf') = 0/(Fy,,—n,). using (i) and (iv) of Claim
2.2. Hence, using also that the range of o/ is R by (5). 0/ (Fy,—n,) — 0 as k — oo,
thus o/ (F,) — 0. Moreover, we also see that

oy (F,) > 0 for every n. (18)

using again that (F),),cn is decreasing and (7). hence clearly F,, # () foreveryn € N.
It remains to show that y,, ., satisfies the conditions of Lemma 2.1. Let n be fixed
and let k£ be the unique natural number with n;, < no+n < njyy. Since Yy, 40 > Pn, . if
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Vno+n Was chosen according to Case (a) or Case (b) then y,, 1+, € f(Xny:in) = f(F).
using again that X;f:’;n = F, # 0. If y,,+n was chosen according to Case (c) and
n > 1then yuyin = Yuyrn—1. Since X,f:" = F, foreach k € N, X,f:" # (), hence
Vme < An, using the fact that X,* = 0 and (i) of Claim 2.2. It follows that y,,
is chosen according to Case (a) or Case (b) for each k € N, thus y,,+, € f(F,)
infinitely many times. Therefore the conditions of Lemma 2.1 are satisfied, hence
yu = f(x).

Note that Cases (1a) and (1b) covers all subcases of Case (1), hence it remains
to show that y, — £ (x) even in the following case.
CASE (2). y, = wy for all, but finitely many n. Let m € N be large enough so that

k—ho

v, = w for every n > m. (19)

From this fact using also (i) and (iii) of Claim 2.2 one can easily show first by
induction on j and then on £ that

m<i<joa<p=X*2X/ (20)

It follows easily that if m < i < j then 4; > 4;. hence. using that the ordinal
numbers are well-ordered there exists 4 < w; and M > m such that

n>M= 1, =2 (21)
CLAIM 2.5. A is successor.

ProoF. Wefirstshow thatx € X foreveryn > M anda < 4. Leta < 4 be fixed.
Using (20) and the fact that diam(X2) < diam(X?) = diam(B(x,.2'™")) < 227",
(X*)n>u is a decreasing sequence of closed sets with diam(X2) — 0. They are
nonempty using (21) and that o < /4, hence, there is a unique x* € X with {x®} =
M,>u X Using again the fact that X C X = B(x,.2!7"), dy(x* x) < 227"
for every n € N, hence x = x°.

Now the Claim follows, as for any n > M. if 1 is limit then () = X/» = X/ =
No<s X2 2D {x} # 0. a contradiction. —|

Let A = a + 1, hence
In=A=a+ lforeveryn > M. (22)

We use Lemma 2.1 again to prove that y, — f(x) with X§ . in place of F, and
Y in place of y,. We first check that the conditions of the lemma hold. (20) and
the fact that M > m shows that (F,),en = (X, )nen is a decreasing sequence
of closed sets. (22) implies that each F, is nonempty. Since D(X2) = X/ = (),
07(X2) = 0by (8). The fact that F,, — x follows easily from from the construction.

It is clear that each y,s,, was chosen according to Case (a), hence yy4, €
f(Xg,,) = f(F,). showing that the conditions of Lemma 2.1 are satisfied. The
conclusion of the lemma ensures that y, — f(x), completing the analysis of Case
(2). Thus, the proof of the first assertion of the theorem is complete.

REMARK 2.6. Note that in both cases, infinitely many of the points y, was chosen
according to Case (a) or Case (b).

It remains to show that if f is not of Baire class 1, then Player I has a winning
strategy. We use Baire’s theorem again, that states that a function is of Baire class 1

https://doi.org/10.1017/js1.2019.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.38

464 VIKTOR KISS

if and only if it has a point of continuity restricted to every nonempty closed set (see
e.g., [6. Theorem 24.15]). Hence, there is a nonempty closed set F C X such that
/| F is not continuous at any point of F. Then oscsr(x) > 0 for every x € F by
(3). hence F = |, F,,. where

1
F, = U{x € F :oscpip(x) > ;}

n

Using (4), F, is closed for every n. Baire’s category theorem implies that there exists
n € N such that F), is dense in an open portion of F. Let us fix such an n, then using
that F, is closed, there exists U C X openwith@ A UNF =UNF, C F,. Let C
be the closure of U N F,, and let € = % Then C C F,. We first show that

oscric(x) > e forevery x € C. (23)

Indeed, if x € U N F, then one can easily see that the oscillation of x is inde-
pendent of the values of f outside U, hence oscsjc(x) = oscriunr,(x) =
osc/runr(x) = oscyp(x) > e using that UNF = U N F, and thate = 1.
Now using that {x € C : oscs;c > e} is closed by (4). it necessarily contains C,
showing (23).

Now we construct a strategy for Player 1. Let Player I play an arbitrary element
xo = x” € C. Then Player I plays xo = x; = --- = x° until Player II first
plays an element y, € B(f(x°).e/7). where B(f(x").e/7) denotes the open ball
{y € Y :dy(y. f(x°) < €/7)}. So let ny be the smallest natural number with
Yy € B(f(x°).€/7). if such a number exists. If no such number exists then Player
I plays x, = x° at every step of the game and Player II plays a sequence (V,)nen
with y, # f(x). So we can suppose that at some point, Player II plays y,, €
B(f(x%),e/7). Then Player I responds with x,,41 = x' € B(x°,27) N C and
dy(f(x"). £(x°) > e 2. Such an element x' exists using (23) and the definition
of the oscillation, (2).

Now let Player I play x! until Player II plays elements outside of the ball
B(f(x').€/7). Let ny be the smallest natural number with y,, € B(f(x!),e/7). if
such a number exists. If no such number exists then Player I plays x' indefinitely.
with Player II playing a sequence y, with y, /4 f(x!). Hence, we can suppose
that such an index n; exists. Then we note that from dy(f (x!). /(x°)) > e - 3.
Yy € B(f(x°).e/7) and y,, € B(f(x').e/7) it follows that dy (y,,. yu,) > €/7.
Now we pick x? = x,, 41 with x> € B(x'.27") N C and dy (f (x?). f(x!)) > - 3.
Again, the existence of such x? is ensured by (23). Iterating the construction, either
at some point k, when Player I plays x* = x,,_ .1 = x,,_,+2... Player II plays
elements y,, 1. Vn_,+2.--- & B(f(x¥),e/7) and loses, or an infinite sequence
(ni)ren is constructed with dy (v, . yn,,,) > €/7 for every k € N, meaning that
Player II loses in this case also, finishing the proof of the second assertion of the
theorem. Thus, the proof of the theorem is complete. -

§3. First return recoverable functions. In this section we reprove the following
theorem from the theory of first return recoverable functions that also follows from
a result of Lecomte [7, Theorem 8§].
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THEOREM 3.1. Let X be a zero-dimensional Polish space. Then there is a compatible,
complete metric dy on X with the following property: every Baire class 1 function
f X — Y. Y aPolish space, is first return recoverable.

PrOOF. Let dy be a compatible, complete metric on X such that the range of
dy is contained in {2'=" : n € N} U {0}. Such a metric can be obtained using the
fact that X is homeomorphic to a closed subspace of the Baire space (see e.g.. [6.
Theorem 7.8]).

To show that dy works, let /' : X — Y be a Baire class 1 function, where
Y is an arbitrary Polish space. Player II has a winning strategy in the game G,
using Theorem 1.1. Using the strategy. the fact that (X, dy) is an ultrametric space
and Remark 2.3, we pick a point xp, € B for every n € N and closed ball B of
radius 2'~” in two steps. Let n € N and a closed ball B = B(x,.2!~") of radius
21=" be given, and suppose that the strategy of Player II, as given in the proof
of Theorem 1.1, defines its move for the nth step, after I played x,,, according to
Case (a) or Case (b). Note that by Remark 2.3 this depends only on 7 and B, and
in these two cases, we can pick xp, € B such that playing f(xp,) respects the
winning strategy of II. If n = 0 and B = X, we pick an arbitrary point xy, if we
have not done so already. The points picked so far will be referred to as originally
picked.

If for some n and B we have not picked a point xp, already. we do so in the
following way. Let dy be a compatible metric for Y. Let m < n be the largest so
that if B’ is unique closed ball of radius 2!~ containing B then a point Xz,
was picked originally. Now, if xp/,, € B then we let x5, = Xxp/ ;. otherwise
we choose an arbitrary point xp, € B such that dy(f (xp ). f(xpa)) < 1+
inf{dy(f (xp'm). f(x): x" € B}.

As pointed out in Remark 2.3, this way we picked only countably many points.
Let us order these in a sequence (x},), in a way that if x/ corresponds to xp, and X’
corresponds to xp/,» with B C B’ and n > n’ then i > j.

It is clear that (x)), is dense in X. To prove that this trajectory witnesses
that f is first return recoverable, let s € X be arbitrary. Using the notation of
the Introduction (with (x/), as the trajectory instead of (x,),). we need to show
that f(s,) — f(s). It is clear, using the ordering of the trajectory and the fact
that the range of dy is {2' ™" : n > 0} U{0}. that {s, : n € N} = {x5(,51w), 11 €
N}.

Let (n; )i be the sequence that lists (in a strictly increasing order) the set {n : s,
was originally picked}. It follows from Remark 2.6 that for infinitely many n the
point s, was originally picked. hence (7 ), is an infinite sequence. Moreover, since
the strategy for Player II is winning, f (s,,) — f(s). Let € > 0 be fixed. and let
N be large enough so that dy (f (s, ). f(s)) < e if nx > N, and we also suppose
that N = n; for some k. Now let n > N be arbitrary towards showing that
dy(f(sn). f(s)) < 14 2e.If 5, was originally picked then we are done. so let us
suppose otherwise and choose k so that N < n; < n < ny1, and choose B. ¢ so
that x5, = s,. Then dy (f(s,). £(5)) < dy(f(su). f (sn)) + dy(f (s0,). £(5)) <
L dy(f(sn). f(s)) +dy(f(sy). f(s)) < L+ 2e. using the fact that 5.5, € B
and our strategy to pick the point xp, from B. Therefore f(s,) — f(s), and the
proof is complete. -

n

https://doi.org/10.1017/js1.2019.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.38

466 VIKTOR KISS

Acknowledgments. The author wishes to thank Hugo Nobrega for introducing
him to the eraser game and Stawomir Solecki for suggesting to investigate the
connection of the game and first return recoverability. The author is greatly indebted
to Marton Elekes for numerous helpful discussions and would like to thank Lilla
Tothmérész for useful remarks about the manuscript. The author was partially
supported by the National Research, Development and Innovation Office - NKFIH,
grants no. 113047, 104178, 124749, 129211, and 128273, and by the NSF grant
DMS-1455272.

REFERENCES

[1] A. ANDRETTA, More on Wadge determinacy. Annals of Pure and Applied Logic, vol. 144 (2006),
no. 1-3, pp. 2-32.

[2] R. CARROY, Playing in the first Baire class. Mathematical Logic Quarterly. vol. 60 (2014). no. 1-2,
pp. 118-132.

[3]1 U. B. Daryt and M. J. EVANS, Recovering Baire 1 functions. Mathematika. vol. 42 (1995). no. 1,
pp. 43-48.

[4] J. DuNcAN and S. SOLECKI, Recovering Baire one functions on ultrametric spaces. Bulletin of the
London Mathematical Society. vol. 41 (2009). no. 4, pp. 747-756.

[5] J. DuPARC, Wadge hierarchy and Veblen hierarchy. I. Borel sets of finite rank, this JOURNAL, vol. 66
(2001). no. 1. pp. 56-86.

[6] A. S. KecHRIS. Classical Descriptive Set Theory. Graduate Texts in Mathematics, vol. 156,
Springer-Verlag, New York, 1995.

[7] D. LECOMTE, How can we recover Baire class one functions? Mathematika. vol. 50 (2003), no. 1-2,
pp. 171-198 (2005).

[8] L. M. Ros, Game representations of classes of piecewise definable functions. Mathematical Logic
Quarterly, vol. 57 (2011), no. 1, pp. 95-112.

[9] H. NOBREGA, Games for functions of a fixed baire class, preprint.

[10] B. SEMMES, Games, trees, and Bovel functions, Ph.D. thesis, University of Amsterdam, 2009.

[11] W. W. WADGE. Reducibility and determinateness on the Baire space. ProQuest LLC, Ann Arbor.
MI, Ph.D. thesis. University of California, Berkeley, 1983.

ALFRED RENYI INSTITUTE OF MATHEMATICS
HUNGARIAN ACADEMY OF SCIENCES
P.O. BOX 127, H-1364 BUDAPEST. HUNGARY
and
DEPARTMENT OF MATHEMATICS
CORNELL UNIVERSITY
ITHACA, NY 14853, USA
E-mail: kiss.viktor@renyi.mta.hu

https://doi.org/10.1017/js1.2019.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2019.38

