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Abstract. Let f : M — M be a homeomorphism over a compact Riemannian manifold,
ergodic with respect to a measure p defined on the completion of the Borel o -algebra,
and F a f-invariant one-dimensional continuous foliation of M by Cl.leaves. Then, if
S preserves a continuous F-arc length system, then we only have three possibilities for
the conditional measures of p along F, namely: (i) they are atomic for almost every
leaf; or (ii) for almost every leaf, they are equivalent to the measure A, induced by the
invariant arc-length system over JF; or (iii) for almost every leaf, their support is a nowhere
dense, perfect subset of the leaf. Furthermore, we show that restricted to ergodic partially
hyperbolic diffeomorphism with one-dimensional topological neutral center direction, we
are able to eliminate the third case obtaining a dichotomy.
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1. Introduction

Given a topological space X, B its Borel sigma-algebra, and p a probability measure
on X, it is well known that for any sub-sigma algebra £ C B, nu may be disintegrated
over the partition induced by £ in the sense that we may find a system of probability
measures {{ty}rex such that N«x(mer,Eeg E) =1, x — u, is Borel measurable, and
w(B) = f Wy (B) dp for any B € B. This system is referred to as being the disintegration
of u along £. This fact was later extended to the more general context of Lebesgue spaces,
where V. Rokhlin (see [19]) proved that  may be disintegrated over any measurable
partition, that is, over any partition that is countably generated by elements of the o -algebra
of the Lebesgue space in consideration.

The mentioned theorem of Rokhlin is extensively used in dynamical systems and was
further extended to more general contexts (see for example [16, 21]). In general, given
a certain dynamics, in many contexts, this dynamics admits certain invariant partitions
which are dynamically defined and the study of the disintegration of the invariant measures
along these partitions usually yields important properties of the dynamics. In some cases,
these partitions are naturally given by invariant foliations of the dynamics.

In smooth ergodic theory for example, Anosov and partially hyperbolic diffeomor-
phisms admit a pair of invariant foliations called stable and unstable foliations, which we
will denote here by 7* and F“. In these contexts, measure disintegration techniques have
been an essential tool to obtain ergodicity and rigidity of some properties such as regular
conjugacy between certain C!-close Anosov maps.

In his seminal work, Anosov [1] proved that the disintegration of the volume measure
along the unstable (respectively stable) foliation of a volume preserving Anosov diffeomor-
phism is absolutely continuous with respect to the leaf measure. This result was generalized
to the stable and unstable foliation of partially hyperbolic diffeomorphisms (see [3] for
example). This is clearly not the general case for an arbitrary foliation, an example for
which absolute continuity does not occur was given by Katok [12] and there are now
several examples of other natures in the literature. More specifically, Katok’s example
shows a foliation by analytic curves of (0, 1) x R/Z such that there exists a full Lebesgue
measure set which intersects each leaf in exactly one point. In this case, we say that the
conditional measures along the leaves are atomic or that the foliation is atomic with respect
to the reference measure, which in the example of Katok is the standard two-dimensional
Lebesgue measure.

Atomicity and absolute continuity are two extremes among the possibilities that one
could expect when studying the conditional measures along a foliation. The first one
is equivalent to saying that the conditional measures are atomic measures and the last
one implies that the conditional measures are absolutely continuous with respect to the
Riemannian measure of the leaf, a property which is usually called leafwise absolute
continuity or Lebesgue disintegration of measure. Although these are two extreme
behaviors among, a priori, many possibilities for the disintegration of a measure, recent
results have indicated that this dichotomy is more frequent than one would at first expect. In
[20], Ruelle and Wilkinson proved that for certain skew product type of partially hyperbolic
dynamics, if the fiberwise Lyapunov exponent is negative, then the disintegration of the
preserved measure along the fibers is atomic. Later, Homburg [9] proved that for some
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examples treated in [20], one can actually prove that the disintegration is composed by
only one atom per leaf. Avila et al [2] proved that for C!-volume preserving perturbations
of the time-1 map of geodesic flows on negatively curved surfaces, the disintegration of
the volume measure along the center foliation is either atomic or absolutely continuous
and that in the latter case, the perturbation should be itself the time-1 map of an Anosov
flow. Although inside the class of derived from Anosov diffeomorphisms non-Lebesgue
and non-atomic disintegration was given in [23], Ponce et al [15] exhibited an open class
of volume preserving diffeomorphisms which have (mono) atomic disintegration along the
center foliation and, recently, Tahzibi and Zhang [22] proved that non-hyperbolic measures
of derived from Anosov diffeomorphisms on T also must have atomic disintegration along
the center foliation, answering a question from [14].

In this paper, our main goal is to better understand the disintegration of an invariant
measure along an invariant foliation for the dynamics without requiring hyperbolicity or
partial hyperbolicity for f, but assuming that the invariant foliation has some type of metric
rigidity with respect to f. In other words, we aim to investigate what are the possible
characterizations of the conditional measures obtained when we disintegrate © over a
foliation JF, assuming that the behavior of f along F is very far from being hyperbolic.

1.1. Statement of results. Before stating our main result, we recall that a topological
space X is called a Cantor space if it is homeomorphic to the standard ternary Cantor set.
If X is a Cantor space with the topology induced by a certain space N O X, we will also
say that X is a Cantor set or a Cantor subset of N.

It is well known that a non-empty metric space X is a Cantor space if, and only if, it
is perfect, compact, and totally disconnected. We will say that a topological space X is a
o-Cantor space if there is a sequence of nested Cantor spaces K1 C K> C - - - such that
X =72, Ki. Analogously, for X C N, we will say that X is a o-Cantor set or o-Cantor
subset of N if it is a o-Cantor space with the topology induced from N.

In particular, observe that in the case where X C R, X is a o-Cantor subset if and only
if it is perfect and with empty interior, since the only connected sets in R are intervals.

Given a homeomorphism f : M — M over a compact Riemannian manifold M and F
a f-invariant one-dimensional continuous foliation of M whose leaves are C! immersed
submanifolds of M, an F-arc length system is a continuous system of functions {lx}ecm,
where each I is a function defined on the equivalence classes of simple arcs of F(x)
associating to each class a non-negative real number in a ‘metric like fashion’, that is, it
vanishes only on degenerate arcs and is additive. Furthermore, this system is f-invariant in
the sense that [, o f = [f(y). The formal definition is presented in Definition 3.1.

The following is our first main result.

THEOREM A. Let f: M — M be a homeomorphism over a compact Riemannian

manifold, F be an f-invariant one-dimensional continuous foliation of M by C'-leaves,

and {l,,} an F-arc length system. If f is ergodic with respect to an f-invariant probability

measure i, then one of the following holds:

(a) the disintegration of 1 along F is atomic;

(b) for almost every x € M, the conditional measure on F(x) is equivalent to the
measure .y defined on simple arcs of F(x) by
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Ax(y ([0, 1D) = I, (y) where y is a simple arc;

(c) foralmosteveryx € M, the conditional measure on F(x) is supported in a o -Cantor
subset of F(x). Equivalently, in the leaf topology, this set is perfect and with empty
interior.

The existence of invariant systems of metrics was obtained in [5] for the context of
transitive partially hyperbolic diffeomorphisms with topological neutral center, meaning
that f and f~! have Lyapunov stable center direction (see [17, §7.3.1]), i.e. given any
& > 0, there exists § > 0 for which, given any C' path y tangent to the center direction,
one has

length(y) < & = length(f"(y)) <e foralln € Z.

For these diffeomorphisms, the center direction integrates to a continuous foliation /¢ of
M [18, Corollary 7.6]. In this context, we are able to improve the previous result.

THEOREM B. Let f : M — M be a transitive C' partially hyperbolic diffeomorphism

with one-dimensional topological neutral center direction over a compact Riemannian

manifold. If f is ergodic with respect to an f-invariant probability measure n with full

support, then one of the following holds:

(a) the disintegration of u along F° is atomic;

(b) for almost every x € M, the conditional measure on F€(x) is equivalent to the
measure Ly defined on simple arcs of F¢(x) by

A (v ([0, 1])) = L (y) where y is a simple arc.

1.2. Organization of the paper. In §2, we give some preliminaries on measure theory
and disintegration of measures along a foliation. In §3, we introduce the definition of
an F-arc length system with respect to the dynamics in (M, A, 1) and the construction
of the measures induced by this system. In §4, we prove several technical lemmas
concerning the continuity/measurability of certain functions such as the evaluation of
conditional measures on certain balls inside the leaves of JF. Finally, in §§5 and 6, we
prove Theorems A and B, respectively.

2. Basics on conditional measures

Throughout the paper, (M, A, ) will be a probability space, where M is a compact
Riemannian manifold, with dimension at least two, w is a non-atomic Borel measure, and
A is a completion of the Borel o -algebra B of M with respect to the measure p. (We note
that for simplicity, we are using a slight abuse of notation by also denoting the extension
of the measure p on A as p.) In other words, (M, A, i) is measurably isomorphic to
([0, 11, Afo,17, Lebro,17), where Lebyg, 17 is the standard Lebesgue measure on [0, 1] and
Apo,17 is the o-algebra of Lebesgue measurable sets of [0, 1]. In particular, whenever we
state that a certain subset of M is measurable without mentioning the o-algebra, it is
implicitly understood that it is .A-measurable. We will denote by w (-|U) the restriction of
to asubset U C M, that is, it denotes the measure given by u(-|U) = n(U)~' - w(B N U).
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Given a sub-o-algebra £ C B generated by a countable family {E}, },cn, the atom of x
is the set given by
xI:== () E.

Ee&: xeE

Since {E,},en generates £, we may also write

[x]= (") En

xeE,

Consequently, [x] is a Borel set for every x € M and {[x] : x € M} is a partition of M.

Given £ C B a countably generated sub-o-algebra, a family of measures {iy}rep is
called a system of conditional measures of | associated to & if:

(i) the function x — u,(B) is £-measurable in the sense that for every B € B,
x — py(B) is E-measurable;
(i) for p almostevery x € X, u,([x]) = 1;
(i)  w(B) = [,cp uy(B) du(y).
As it is well known, every Borel measure  admits a system of conditional measures with
respect to any countably generated sub-o algebra £ C B and such a system is essentially
unique, see for example [8, Theorem 5.14].

In our context, it is usually convenient to consider systems of conditional measures
along certain partitions by C! immersed submanifolds, as we detail in the following.

We say that F is a continuous foliation of dimension m by C Uleaves if F = {F(x)}xem
is a partition of M into C! immersed submanifolds of dimension m, such that for every
Xx € M, there exist open sets U C M, V CR", W C R"™™ and a homeomorphism
¢ : U — V x W, called a local chart, such that for every ¢ € W, the set (p_l(V x {c}),
which is called a plaque of F, is a connected component of L N U for a certain L € F.
Given a foliation F of M, we denote by F(x) the element of F that contains x and call
such elements the leaves of F. Whenever U is a foliated chart, we denote by F|U the
continuous foliation of U given by plaques of F restricted to U.

Given a one-dimensional continuous foliation F of M, consider a local chart of F,

¢:U— (0,1) x B}~ (0),

we also call U a foliated box.
Let {E, 1} be a countable collection of sets defined by

Eqi=0.1)x B(g. 1/k) CR xR, geB7'0)nQ"", keN.

Let Eg = ! (Eq,k) and £ C B be the sub-o-algebra generated by the family of Borelian
sets E, . Notice that for every y € M, the atom, [y] is the connected component of
F(y) N U that contains y, in this case, we also call the system of conditional measures
of p associated to &, {ulvj}yeU, the disintegration of w along F restricted to U. We say
that the disintegration of w along F is atomic if for any local chart U, for almost every
y € U, there exists a(y) in the plaque F|U (y) with ug (a(y)) > 0.

As we may observe, the disintegration of u along F is always done inside a local
chart. However, the following well-known result states that if two local charts intersect,
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the disintegration of both local charts are equal except by a multiplicative constant when
restricted to the intersection.

PROPOSITION 2.1. (See for example [7, Proposition 5.17]) If Uy and U, are domains of
two local charts @1 and ¢ of F, then for almost every x, the conditional measures ,u,[c]‘
and ,ui]z coincide up to a multiplicative constant on Uy N Us.

The above proposition provides a tool to extend a conditional measure (which is locally
defined) to a measure on the full leaf that, when normalized on foliated charts, restores the
disintegration. That is, assume x is a point that belongs to two different foliated charts U
and Us, and let L; and L be the respective plaques that contain the point x. Since by the
above proposition /,L,l(]l = (x,ugz at the intersection of both charts, we can extend Mf{l to
L1 U L5 in such a way that on L, the extension of ,u)lc]‘ is « uijz. This process can be done
inductively so that ,ufc]‘ is extended to the whole leaf F(x). Therefore, F(x) have many
measures that are constructed in such a way but using different plaques to start from, and
there is no canonical way to choose one of them, but this is not a problem as we work with
a class of measures instead.

As observed in [2], the property such as in Proposition 2.1 allows us to define a family
of classes of measures {x € M : 2.} such that:

o . (M\ F(x)) = 0 for any representative w, of Q2y;

e any two representatives of €2, are equal modulo multiplication by a constant;

e for any local chart U of M and {/Lg}xey, a disintegration of w(-|U) along F|U, for
almost every point x € U,

1Y = o C|1FIU (X)),

where w, denotes a representative of €2y.

The family {Q,}iepm Wwill be called a disintegration of pu along F. Notice that
considering such a family {€2,},c» an atom in a certain leaf F(x) is now a well-defined
concept independent of the local chart since it is a point a € F(x) for which 2, ({a}) > 0.
Hence, in the context of an ergodic system, since the set of atoms is invariant, it has zero
or full measure, which implies that, in the latter case, almost every measure of the family
will be a sum of Dirac measures.

3. Invariant arc-length and invariant metric systems
Given f: M — M and a foliation F of M, we say that f preserves F, or that F is
f-invariant if for x € M,

F(f(x) = f(Fx)).

From now on, F will denote a continuous and f-invariant one-dimensional foliation.

By a simple arc y on a leaf F(x), we mean a C! curve y : [0, 1] — F(x) for which
y(t) # y(s) for all t # s with (¢, 5) ¢ {(0, 1), (1,0)}. In the space of simple arcs, we
define an equivalence relation by saying that y ~ o if ¢ is a reparameterization of y. We
say that a sequence of simple arcs y, converges to y (in the C°-topology) if y, converges
pointwise to y. By convention, by a degenerate arc, we mean a point.

The following definition is inspired by the concept of center metric given in [5].
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Definition 3.1. We will call {l,/} an F-arc length system if for x € M, I, is defined on the
simple arcs on F(x) and [, satisfies the following properties:

(1) strictly positive on the non-degenerate arcs and vanishing on degenerate arcs;

@) Ly)=kO)ify ~o;

(3) lety :[0,1] — F(x)be asimple arc and a € (0, 1), then

Ly (y[0, al) + Ik (yla, 11) = L (y[0, 1]);
4) lety :[0,1] — F(x) be asimple arc, then

Le(y[0,1]) = lr ) (f(¥[0, 1D));

(5) given a sequence of simple arcs y;, : [0, 1] = F(x;,), converging to a simple arc
y [0, 1] — F(x),

Iy, (Yn) = Li(y) asn — 4o0.

In general, it is easy to give examples of systems preserving some continuous foliation
of dimension one F and admitting some JF-arc length system.

Examples 3.2. (a) Let M = T, d > 2, and L : RY — R? be a linear map given by a
matrix with integer entries and for which 1 is an eigenvalue. Let v be an eigenvector asso-
ciated to 1 and take E = R - v. The linear map L induces a linear function f; : T¢ — T¢
and E induces a foliation F of T¢ which is one-dimensional and f -invariant. Clearly, fr
is an isometry along JF. In particular, the family of standard arc-lengths on the leaves of
F constitute an F-arc length system. For this case, we obtain that any ergodic measure
invariant by f7 must have either atomic conditionals, conditionals supported on o -Cantor
subsets of the leaves, or they must be equivalent to the Lebesgue measure on the leaves.

Question. Does there exists an ergodic measure p preserved by some f; whose condi-
tional measures are supported on a o-Cantor subset of the leaves?

(b) Let ¢ : R x M — M be any C' flow. The foliation F given by the orbits of ¢ is a
@;-invariant C!-foliation of M for any fixed # € R. There is a natural F-arc length system,
in this case, given by

Le(y) = |Il with ¢(l, y(0)) = y (D).

Assume that almost every x € M is not a periodic point of ¢. Given any ¢;-ergodic
invariant measure pu, it follows from [11, Example 7.4] that the disintegration of x along
F is either Lebesgue or atomic.

(c) Some skew-products also provide interesting examples. For example, take
f:T? x §' — T9 x §! given by

fx,y) = (g(x), Ra(y)),

where g : T? — T¢ is any homeomorphism and R, : S' — S' denotes a rotation of angle
«. In this case, the foliation F whose leaves are {x} x S!, x € T¢, is f-invariant and by
taking I, on {x} x S! to be given by the usual arc length on S', we conclude that {/,} is an
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JF-arc length system. In this example, it is easy to determine the measurable properties of
F in the sense that, given a Borel g-invariant measure v, the measure v x A g1 is f-invariant
and a direct application of the Fubbini theorem shows that the disintegration of  along F
has the Lebesgue measures Ag1 as its conditional measures. (Here, we denote by A1 the
standard Lebesgue measure on S'.)

(d) Another more interesting case is provided by recent results of Bonatti and Zhang [5].
A C! diffeomorphism f : M — M, on a compact Riemannian manifold M, is said to be
partially hyperbolic if there is a non-trivial splitting

TM =E*® E“® E"
such that
Df(x)E*(x) = E"(f(x)), 7t €{s,c,u}

and a Riemannian metric for which there are continuous positive functions u, i, v, b, ¥, 7
with

v(p), D(p) <1 and w(p) <v(p) <y(p) <p(P)~' <P~ <@,

such that for any vector v € M,

w@lvll < IDf(p) - vl < v(p)lvll ifv e E*(p),
y(p)llvll < IDf(p) - vl < P(p)~ vl if v e E(p),

D(p) vl < IDf(p) - vll < a(p)~ vl if v e E“(p).

We say that f has topological neutral center if, for any ¢ > 0, there exists § > 0 for
which, given any smooth curve y : [0, 1] > M with y'(r) € ES(y(r)), 0 <t <1, if
length(y) < 8, then length(f"(y)) < ¢ for all n € Z. For partially hyperbolic diffeomor-
phisms with neutral center, the center distribution E€ integrates to an f-invariant foliation
F€ (see [18, Corollary 7.6]) called center foliation of f. In [5], the authors proved that if
f:M — M is a C! partially hyperbolic diffeomorphism with neutral center direction,
then f admits a continuous F-arc length system. To understand the measurable properties
of the center foliation preserved by such maps was one of the motivations of this work.
As a consequence of our results, the disintegration of any f-invariant ergodic probability
measure of such maps falls in three possible cases. When the conditional measures have
full support, the second author proves in [13] the occurrence of an invariance principle.
Further, if the measure is smooth, full support of the conditional measures imply the
Bernoulli property for f. If, moreover, f is locally accessible, then F¢ is as regular as
the map f itself.

Definition 3.3. Given y, z, w € F(x), we say that y is between z and w if there exists a
simple arc y : [0, 1] = F(x)suchthaty(0) =z, y(1) = w, y(¢t) = y forsomer € (0, 1),
and

Ii(y) =min{ly (o) : a«:[0,1] > F(x), 2(0) =z, a(l) = w}.

https://doi.org/10.1017/etds.2025.10270 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10270

Classification of conditional measures 1529

Definition 3.4. Let {l,} be an F-arc length system. For x € M, we define a metric d, on
F(x) by

dx(y,2) :=min{l,(y) : y : [0, 1] > F(x) is simple with y (0) =y, y(1) = z}.

We call the family {d,}, the F-metric system associated to the F-arc length system {/, }.

Remark 3.5. By the definition of d, it is evident that d is an additive metric. Specifically,
for any y, z, w € F(x) such that y lies between z and w, the following holds:

dx(z, w) = dx(z, y) +dx(y, w).
Moreover, the family {d,} is invariant under f, in the sense that

dfo(f(2), fF() = dx(z, y).

It is not true that {d,}ycp is continuous in the sense that we may have sequences
Xp = X, yp = y, with y, € F(x,), y € F(x), but dy, (x,, yn) - dyx(x, y). Indeed, this
happens, for example, for compact foliations where the leaves do not have uniformly
bounded length. It is true, however, that this family of metrics is continuous when restricted
to plaques inside local charts. We make this property more precise as follows.

Definition 3.6. Consider F a continuous foliation of M. A function F : [J, ., F(x) X
F(x) — [0, oo) will be called plaque-continuous if given any p € M, there exists a local
chart p € U of F such that for any sequences x,, — x, y, — y withy, € F|U(x,),x € U
and y € F|U (x), we have

lim F(x,, yo) = F(x, y).
n—o0
Any such local chart U will be called a continuity-domain of F.

Definition 3.7. We say that a family of metrics {d, : x € M}, where each d, is defined on
F(x), is plaque-continuous if F : |,y F(x) x F(x) — [0, 00), defined by

F(X, Y) = dx(x7 }’),

is plaque continuous. In this case, if U is a continuity-domain of F, we will also say that U
is a continuity-domain of {d,}.

PROPOSITION 3.8. The metric system given in Definition 3.4 is plaque-continuous.

Proof. Let ¢ : U — (0,1) x V. C R" be a local chart of F, where <p_1((0, 1) x {c}),
¢ € V,are the plaques of F in U. Forany p € U, consider§ : W C U — (0,1) x K C R”
another local chart centered in p such that for any

€W =L(FIU®R) >3- L(FIWV(2).

This can be done by the continuity of {/,}. In particular, for any x € W,y € F|W(x) =
£71((0, 1), ¢'), the simple curve y(r) = E1((1 —)E(x) + tE(y), ¢’) minimizes the
li-length connecting x and y, that is, d, (x, y) = I ().
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Therefore, consider x € W,y € FIW(x) = £~1((0, 1), ¢’) and sequences x, € W,
yn € FIW(x,) = 5_1((0, 1), ¢;) with x, — x and y, — y. Let y be defined as in the
previous paragraph and y, (t) := E‘l((l —1)&(xy) + t&(yn), ci). By the convergence of
the sequences, we have y, — y. However, by the previous discussion on the choice of the
local chart W,

dx,, (X, yn) = lx,, (Yn) and dy(x,y) =1L (y).

We then conclude by the continuity of {/,} that lim,,_ oo dx, (Xn, Yu) = limy—o0 Iy, (V) =

[x(y) = dx(x, y).
Therefore, {d,} is plaque-continuous as we wanted to show. O

LEMMA 3.9. Given any local open transversal T to F, for any r small enough, the set

S:=|_J Ba, (x.7)

xeT

is open.

Proof. Assume that T is a local transversal associated to a local chart (U, ¢). Letr > 0
be small enough that we have By (x, r) C U forevery x € T. In particular, U \ T has two
open connected components Uy and U, with Uy NU> = T.
Since U is a local chart, we may consider an orientation on the F|U-plaques. Assume
that S is not open. Then, there exists y € S and a sequence y; ¢ S, with y, — y.
Consider x € T such that y € By (x, r) and denote by ¢ the flow on the F|U-plaques
induced by the orientation fixed before and such that

dp(e:(p), p) = I,

whenever ¢;(p) is defined. Let #p be such that x = ¢;,(y). As y € By, (x, r), there exists
& > 0 for which

ei(y) €S, 1elto—38,10+6]
Now, by the plaque continuity and the fact that y; — y,

Gio—s (Vi) = Pro—5(3)s  Prg+5 (k) = Prprs (V).

Observe that ¢y, _s(y) and ¢;,15(y) belong to different connected components, thus, for
k large enough, the same happens for ¢,,_s(yi) and ¢ +5(yx). Since vy := {¢/ (k) :
t € [ty — 6, to + 6]} is an arc with points in the interior and in the exterior of Uy, it
must intersect its boundary, namely 7. This implies that y; € S for large &, yielding a
contradiction.

That is, S is open as we wanted to show. ]

PROPOSITION 3.10. Given a finite open cover U of M by local charts of F, there exists
v > 0 such that for all x € M, there is U € U with

By (x,v) C U.
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Proof. For each x € M, take any U, € U with x € Uy. There exists r, > 0 for which
By, (x, ry) C Uyx. By plaque continuity of {d,}, there exists a neighborhood x € V, C U,
for which

yeVy= de(y7 ry) C Uy.

Since M is compact, we may cover M with a finite number of neighborhoods V,,, 1 <i <.
Take t = min{ry, : 1 <i <[}. O]

In the following, we will prove a technical result which will be used in the proof of the
main theorem. Namely, we prove that the continuous translation of a measurable set along
the foliation F is also a measurable set.

LEMMA 3.11. There exists to > 0 such that for every 0 <t < ty and every Borel subset
A C M, the set

O, (A):={xeM:d(x,A) <t} (D

is a measurable set.

Proof. Let U be a finite cover of M by local charts that are continuity-domains of {dy}.
Consider v the number given by Proposition 3.10. In particular, the family {U,,» : U € U},
defined by

Uepp=1{x €U :dy(x,U) > t/2},
is still a cover of M. Let A C M be a Borel subset. Observe that
S (ANUp)CU, Uel, t<zt/2

We will prove that for U € U, the subset ®,(A N Uy/2) is measurable.

Let oy : U — B?_I(O) x (0, 1) be a local chart of F and, inside U, consider the
orientation in the plaques F(x) induced by the orientation in the line segments of the
form {x} x (0, 1) c R"~! x R. This orientation induces, at each plaque, an order relation
which we will denote by < (the plaque being implicit in the context).

Now, for s € [—t, t], with 0 < ¢ < t/2 fixed, we define ¢SU : Uy — U by:

e fors >0, ¢SU (x) is the only point of the plaque F|U (x) such that d, (x, ¢SU x) =s
and x < oY (x);

e fors <0, ¢SU (x) is the unique point of the plaque F|U (x) such that d, (x, ¢>SU x)=-—s
and ¢ (x) < x.

Observe that ¢SU is continuous for every |s| < ¢ since U is a continuity-domain of {d,}
and, consequently, it is a homeomorphism. Thus, ¢Y (A N U, /2) is a measurable subset of
M for every s € [—t, t].

Now, for each 1 <i < n, take

o/ (4) == ¢ (ANUp), 0=t <v/2.

q€Q
qg<t
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Notice that <I>,U (A) is a measurable set, since each set in the countable union is measurable
as we have proved before. Consequently,

o (4) = o)
Uel

is a measurable set, as we wanted to show. O]

Definition 3.12. Let {l,} be an F-arc length system. Then, we have a well-defined
homeomorphism

hy : F(x) > F,

where F = Ror F = S!, hy(x) = 0 (here, we are using the identification sl = [0, 1]/ ~
where 0 ~ 1; thus, the point O stands for the equivalence class of 0 in S 1), and such that,
for any simple arc y : [0, 1] — F(x),

Ix(y[0, 11) = A(hx ([0, 1])),

where A denotes the Lebesgue measure on F. In particular, A(h, (¥ [0, 1])) is the size of
the interval A, (y [0, 1]). We now define the measure A, on F(x) given by

hw = (A7 sk
Note that if ¢ [0, 1] is a simple arc in F(x), then
Ax (Y10, 1) = A(hx ([0, 1]) = L (¥ [0, 1]).

Consequently, the measure A, is a doubling measure. (Recall that given a metric space
(X, d), ameasure v on X is said to be a doubling measure if there exists a constant 2 > 0
such that for any x € X and any » > 0, we have

v(B(x,2r)) < Q-v(B(x,r)).

4. Properties of non-atomic disintegrations over a continuous one-dimensional foliation
The proof of the main result of this paper follows from understanding the topological
structure of supp ug for a disintegration {ug }xev of w(-|U) of p on alocal chart U. To
this end, we first need to understand the behavior, in terms of measure theory, of the map

(x, ) > 1Y (Bg, (x, 1)),

defined for a certain subset of U x R. This is the goal of this section.

For the rest of the paper, we assume the following:
F is an f-invariant one-dimensional continuous foliation;
U is a finite cover of M by local charts U of F such that U is still inside a local chart
of F;
each U € U is a continuity-domain of {d,};
foreach U € U, {/Lf{} is a disintegration of w(-|U) along the plaques F|U;
the disintegration of  along J is not atomic, in particular, for each U € U, there exists
asubset Ay C U with u(Ay) = 0 and for which

x ¢ Ay = ,ug is not atomic;
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e t > (is any constant given by Proposition 3.10;
o {Q,}renm is a disintegration of x along F and we denote w, any representative of 2,
xeM.

We also fix the following notation: for any subset X C M, we denote by By the Borel
o -algebra of X given by the topology induced by that of M. It is important to observe that,
by definition, for any U € U, the set Ay is F|U-saturated in U.

LEMMA 4.1. ForeachO <r <t, U €U, J C M Borel, and x € U \ Ay, the map
v wf (J 0By, (v, 1))
is continuous when restricted to the subset F, C F|U (x) given by
Fr(x) ={y e FIU(x) : By, (y,r) CU}
In particular, for eachO <r <, U € U, and x € U \ Ay, the map
y > 1 (Ba, (v, 7))
is continuous when restricted to F, C F|U (x).

Proof. Take x e U, U € U, and J C M as in the statement. Let y, — y, y,, ¥y € Fr-(x).
‘We want to show that for r > 0,

im0/ (J 0By, (ya. 1)) = 1] (J 0 Ba, (v, 7).
Given any k € N, since /L;] is not atomic, we have that
M;J(E)de (y,r)) =0 and uf{(ade (Yu,r)) =0 foralln e N,

where 0By denotes the boundary of the set inside the leaf F(x). Now, let
B, :=(J N By (yn,7))AJ N By (y, 7)), where Y AZ denotes the symmetric difference
of the sets Y and Z. From standard measure theory,

lim sup ,u)lc] (By) < ,ufc] ( lim sup Bn).

n—oo n—oo

Thus,

)
lim sup M;[c](Bn) = H«g( ﬂ U Bn)-
n—00

m=1nzm

We know that z € (o, Uan By, if, and only if, there exists n; < ny <nz < --- such

that z € B,, N By, N - - - . Therefore, for each i, either:

o ze€(UNBg (Y, TN\ NBy (y,r)) =z€J,z2€ By (yn;,r) and z ¢ By (y, r);
or

o z€(NBy(y, )\ NByg(yn;,r) =z2€J,z€ By (y,r)and z & By, (yu;, 7).

Observe that z cannot fall in the second case infinitely often since (1);(Bg, (y,7)\

Bg, (yn,;, r)) = 9. Therefore, passing to a subsequence if necessary,

z€J,2€ By, (yn;»r) and z ¢ By (y,71),
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which implies, by taking i — oo, thatz € J N 3By (y,r) C 9By, (y, r). Consequently,

lim sup 1Y (B,) < 1Y (B4, (v, 7)) = 0.

n—oo

Therefore,
Tim 1 (J 0 By, (v, )\ J N By, Gy 1)) = Tim_ 1 (0 Ba, (vae 1)\ J 0 By, (v, 7)) = 0
and, consequently,
lim (70 Bay(yn ) = lim (1 (J 0 Ba,(yr )\ J 0 Ba (v, 1)) + 1) (J 0 By, (v, 7))
—ud (J N By, (3. 1)\ J N By, (s 1) = 11/ (J N By, (3. 1),
as we wanted to show. The second claim is a consequence of the first by taking J = M. [

PROPOSITION4.2. LetU € U and 0 < r < t. Consider (V, ¢) alocal chart inside U such
that

xeV =By (x,r)CU,
and J C M a Borel subset of M. Then, restricted to V \ Ay, the map
x> uY(J N By (x,r))

is By\ A, -measurable and, consequently, By A, -measurable as V. C U. In particular, the
map

x e VN Ay = 1Y By (x,r)
is By 4, -measurable.

Proof. If x and y belong to the same F-plaque in U, then uij = ,ué’. We already know
that for all Borel subset W C M,

xeVi ldwnu)

is Borel measurable.
Consider the local chart be given by the homeomorphism ¢ : V. — (0, 1) x G, where
G c R" ! is an open subset. Setting g, : V — [0, 00) as

g (x) = n¥(J N By, (x, 1)),

we have

-1 _ U -1
grog (X1, x2) = (N Ba @ (1, x2), 7).

_1(X|,x

Let us prove that this function is continuous in x; and Borel measurable in x;.

By Lemma 4.1, restricted to V \ Ay, we already have the continuity of g, o ¢~ ! the
first coordinate, since the second coordinate being fixed means we are evaluating the
function on a single plaque where the conditional measure is non-atomic. Now, fix
the first coordinate x| and consider the transversal T = {x;} x B;’_] (0). By Lemma 3.9,
the set
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S:= |J Ba.r)

xep~N(T)

is an open subset of M and, consequently, SNJ = ) J N By (x,r) is Borel.

xXep~
Thus, y +— IL;](S NJ) is a Borel measurable function in V, which implies that
gr oga_l(xl, -) is Br-measurable. In particular, its restriction to T Ne(V \ Ay) =

T\ ¢p(Ay)isa BTW( Ay)-measurable map. However, observe that forx € T,
ud (SN J) = pud (J N By, (x,1)).

Therefore, for x; fixed, the map x; € G \ m(¢p(Ay)) — Mf,f (J N By

~1(x1.x2) o=l xyp)
((p_l()q, X2),r)) 1is BG\nz(w(AU))-measurable, where 75 :(0,1) x G~ G is the
projection onto the second coordinate.

Consequently, g, o~ ! restricted to ((0,1) x G) \ ¢(Ay) is a jointly measurable
function with respect to the product o-algebra B(g,1) X Bg\r,(p(Ay)) (see for example
[6, Lemma 4.51]). As ¢ is a homeomorphism, we conclude that g, is BV\ A -measurable,
as we wanted to show. O

In the following lemma, we prove that the subset of M, consisting of all points x € M
for which there is a ball in F(x) with null Mfc] measure, is a relatively Borel set.

LEMMA 4.3. For each U € U, the set

zy= |J FIU@ \supp p!
xeU\Ay

is a By\ A, -measurable set, meaning Zy =V N (U \ Ay) for some open set V.
Proof. First, let us give a better formulation for the definition of Zy. Observe that
Zy={xeU\ Ay : /L)I(J(I) = 0 for some open ball x € I C F(x)}.

Consider {gq1, g2, . . .} an enumeration of Q N [0, 1] and let &/ be the given finite family of
local charts covering M. For each U € U and i € N, define qbiU Ui \ Ay — Rby

ol (x) = 1Y (By, (x, q1)),

where U; ={x e U : By (x,q;) CU}. Observe that we may cover U; with a
countable number of local charts Vl-] C U;, j € N and, by Proposition 4.2, q)l.UlVl.J is
Bvij\ Ay -measurable for every j. In particular, ¢iU is By,\ 4, -measurable for every i.

Therefore, we have that ZZ.U = (q&l.U)’l({O}) C M is a By, 4,-measurable subset, in
particular, a By 4, -measurable subset. It is not difficult to see that

o0
Zy = U A (2)
i=1

Therefore, Zy is a By 4,-measurable subset as we wanted to show. Moreover,
w(Zy) = 0. O
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Consider P the set given by
P={x:thereexists U,V elU, xcUNV, pV(lUNV) = nV(JUNV)},

that is, P is the set of points x for which there exists two local charts U and V in U, both
containing x, where the respective conditional measures at the plaque of x, y,g and u;/ ,
are not equivalent on the intersection F|U (x) N F|V (x). In particular, this set has zero
measure by Proposition 2.1. Set M:=M \ Uyey(Zu U Ay) UP). Let

My := ﬂ FH(M). 3)

nez

As ,u(]\71) = 1, we have u(Myp) = 1. For each x € My, we will denote by w, the measure
on By, (x, t) given by the conditional measure M)[c] for some U € U withx € U, normalized
to give weight exactly one to By (x, v), that is, for a measurable F C F|U (x),

x(F) = nY (F|By, (x, v)). 4)

Given any y € By, (x, t) N Mo, the measures 11y, and p, are proportional to each other
at the intersection By, (x, t) N By, (y, t) by Proposition 2.1, that is, there exists a constant
B for which py = B - iy is restricted to By, (x,v) N By, (y, v).

In particular, evaluating both sides at By, (x, t) N BJX (v, v),

B - ix(Ba, (x, %) N Ba, (y,v)) = py(Ba, (x,v) N By, (y, 1))

_ My(Ba,(x,v) N Ba, (3, v))
px(Ba, (x,v) N By (y, 1)’

=B

COROLLARY 4.4. ForeachO <r <t, x € My, and J C M Borel, the map
Yy € By, (x,v) N Mo = uy(J N By, (y,r))

IS continuous.

Proof. For a certain 0 < r < v fixed, take any x € My. Let y € By (x,v) N Mp and
U el with By (y,v) C U, take y, € By (x,t) N My with y, — y as n — oo and
Ba, (yn,v) CU.

By definition,

—_ U _ U
ty = iy C1Ba, (v, 0), ty, = iy, (-|Ba,(Yn, ©)).

Therefore, for n € N such that By, (y, r) C By, (yn, t) and By, (yu, 1) C By, (¥, ©),
w15, (J N By, (yu, 1))y (J N By, (3, 7))

15 (Ba, (yns ©)) 1Y (By, (yns ©))

My, Jn de Yn, 1)) = &)

By Lemma 4.1, we have 1Y/ (J N By, (v, 7)) = 1Y (J N By, (y, 7)) and 1Y (B, (yn, ¥)) =
,ugj(de (y,v)) as n — oo. Therefore, wy, (J N By, (yn, 1)) = y(J N By, (y, 7)) as we
wanted to show. O]
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COROLLARY 4.5. Foreach x € My and J C M Borel, the map
rel0,t] — ux(J N By (x,7))
is continuous. Furthermore, the map
(x,r) € Mo x [0, t] = ux(J N By (x,7)) (6)
is jointly measurable. In particular,
(x,r) € Mo x [0, t] = px (B, (x,7)) @)
is jointly measurable.

Proof. Letx € My. First, let us prove that r € [0, t] — wu(J N By, (x, r)) is a continuous
function. Let 0 = r < vand r,, € [0, ] N\ r (if » = ¢, the argument is analogous). Hence,

ux(J N Ba, (x, 1)) = px(J N By, (x, 7)) + px (J N By, (x, 1) \ J N By, (x, 1)).
As Ly 1S non-atomic,
lim py(Bg, (x, 1) \ Bg,(x, 7)) = 0.
n—0oo
Then,
ux(J N Ba (x, ) \ J N By, (x, 1)) = px (J N (By, (x, 1) \ Ba, (x,7))) = 0,

showing the first part of the statement.
Let us show the second part of the statement. For each x € M, let x € V, be a local
chart with

yeVy=> de(y, v) C U, forsome U, € U.

As M is compact, we may cover M with a finite number of such local charts, say
Vi, Vo, ..., V; and call Uj, U,, ..., U; the associated local charts in /. For any j,
consider

yEVi uy(JN de(y,r)).

Observe that

1y (J N By (v, 1)
1y (Ba, (v, ©))

Therefore, by Proposition 4.2, y € V; N Mo > uy(J N Bg (y,r)) is a BU]-\.AU.'
¥ I
measurable map. As j is arbitrary, y € My +— y(J N By, (y, 1)) is a Bynuy,-measurable

wy(J N By, (y,r)) =

map.

Thus, the map given by (6) is jointly measurable as it is continuous in the first
coordinate and B),-measurable in the second. The second conclusion follows from taking
J=M. O
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5. Proof Theorem A
First of all, we can assume that (M, ) is an atom-less probability space and that the
disintegration of u along F is not atomic, otherwise, there would be nothing to do. We
also consider the same objects fixed in the beginning of §4.

Now, we define the distortion of the disintegration measure of u relative to the metric
system in each leaf F(x) by the following definition.

Definition 5.1. Let (M, 1) be a probability space and F be a continuous one-dimensional
foliation of M. Let {u,} be the system of conditional measures along F given by
(4) for x € My (see Lemma 4.3 and recall that uw(Mp) = 1), and let d = {d,} be the
F-metric system induced by the arc-length system {/,} as in Definition 3.4. We define
the w-distortion of the F-metric system by

lim su M = lim su M ifx c M
A(x) _ Pe—0 2¢ . n— o0 psgl/n 26 0,

0 if x ¢ M.

Recall that By, (x, ¢) is the ball inside F(x), centered in the point x and with radius &
with respect to the metric d,.

LEMMA 5.2. The map x € M — A(x) is measurable.

Proof. Clearly, it is sufficient to check the measurability of A(x) in M. By Corollary 4.5,
for any fixed x € My, the function w(x, -) : (0, t) — (0, o0) is continuous. Thus, for n
small enough,

px(Bg, (x,€)) px (Ba, (x, 1))
p ——H = sup ———F

for all x € M.
e<1/n 2e FeQN(0,1/n] 2r

Foreachn € N, the map L, : Mo — R, x € Mo = sup,cqn(o,1/n] (Ux(Ba, (x,1)))/2r is
measurable, as it is defined by the supremum over a countable number of measurable
maps. Consequently, since A(x) = lim,_ o L, (x) for all x € My, we conclude that A(x)
is measurable as we wanted. O

Observe that, a priori, A(x) is a measurable function, but it is not immediately true that
A(x) < oo for p-almost every x. Also note that

Jelx =y and  f(Ba,(x,€)) = Bay, (f(x),€),

since

diy(f(x), f() =dx(x,y),

we conclude that A(x) is an f-invariant map. By ergodicity of f, it follows that A(x) is
constant almost everywhere, let us call that constant by A, that is, for almost every x,

A(x) = A. (3)

Let M C My be a Borel f-invariant full measure set of points x for which (8) occurs.
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5.1. Technical lemmas for the case A = oo.

LEMMA 5.3. If A = oo, there exists a sequence g — 0, as k — +00, and a full measure
subset R® C M such that:
(i) R is f-invariant;
(i) forall x € R*™,
Mx (B, (x, €k)) .

260 k. ©)]

Proof. Letk € N* arbitrary. Since A(x) = A for every x € M , define

e (Ba, (%, 8))

ex(x) ;= sup {851: _k}, x e M.
2¢e

CLAIM 1. The function gy (x) is measurable for all k € N.

Proof. Define

tx(Bg, (x, €))

w(x,e) = e

By Corollary 4.5, for any x € M), the function w(x, -) : (0, t) — (0, co) is continuous
and, for 0 < ¢ < t fixed, the function w(:, €) : My — (0, 00) is a measurable function by
Proposition 4.2. Given any k € N, 8 > 0, the continuity of w(x, -) implies that

& (0, 8) = {x : &1 (x) € (0, B)
= [ w70, k)

p=r=I1

= () w070 k.

p=<r=<1,reQ

Therefore, s,:l ((0, B)) is measurable, as it is a countable intersection of measurable subsets
of My, and consequently, i is a measurable function for every k. O

Note that g (x) is f-invariant. Thus, by ergodicity, for every k € N, the function &
is constant almost everywhere, let R,fo be a full measure set such that e¢(x) is constant
equal to gg. It is easy to see that the sequence ¢; goes to 0 as k goes to infinity. Take
R%® = ﬂ,j;xf R7*. Since each R;° has full measure, R has full measure and clearly
satisfies what we want for the sequence {ey}. Finally, take R* = ("), f i (ﬁoo). The set
R is f-invariant, has full measure and satisfies items (i) and (ii). O]

We now set, foreach U e U, x € U \ (Zy U Ayp),
3y
1 w1y (Ba, (v, &)

= e FIUX)\ Zy : — - —————— > k forall k with By ( ,Sk)CU}
{y VU e WU By ) -
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and

ny:.= J 10y
xeU\(ZyUAY)

Observe that if x € R®, then x € H;f’u; therefore, R NU C I1j7. In particular,
U\TIY C U\ R™. Since u(R*) =1, then Iy is measurable. Also, we can clearly
assume that g is strictly decreasing and &1 < .

LEMMA 5.4. Forevery x € R® NU, consider § = §(x) > 0 for which
By [x,2-6+¢]CU.

The set HfU N By, [x, 8] is a closed subset on the plague F|U (x).

Proof. Let y, —> vy, y, € H}‘f’U N By, [x,8], y € FIU(x). In particular, By, (ys,t) C
By, (x, 8 +1t) C U and by taking the limit over n, we also have By, (y,tv) C By, (x, 8 +
t) C U. Furthermore, it is clear that y € By [x, 8] since this is a closed set. By Lemma 4.1,
for each k € N, the map

Y € By, [x, 8] C Fo(x) > Y (Ba, (3, &)
is continuous and the same holds for

Y € By, [x, 8] C Fe(x) = ) (Ba, (y, ©)).
Thus,

1y, (Ba, (yn- €)1y (Ba, (3. £6)

w00 WU (By (v ©) U (Ba, (7, 0) b
which implies that for all £k > 1,
1Y (By, (y. £1)) 1Y (Ba, (ns £1))
26010 By (v, 0) 0 2eg - il (Ba, )
thatis, y € HfU as we wanted. O

Now, we consider the following sets:
Dy = FIUMZ) \ (FIU)(Zy).

We claim that D} is an A-measurable subset. In fact, consider the natural projection
m:U — U/F, as U is an open subset of a manifold (in particular, it is a Polish
space), we have that U/F is a Polish space with the quotient topology. By Lemma 4.3,
Zy =V N U\ Ay) for some Borel set V. Since U \ Ay is F|U-saturated,

Fl(Zy) =7 @ (V) n (U \ Ap).

Note that w (V) is a Souslin set by [4, Corollary 1.10.9]. (A subset of a Polish space Y
is called a Souslin set, or an analytical set, if it is the image of a Polish space X by a
continuous map from X to Y.) Consequently, 7 ~!(7r(V)) is measurable in the o -algebra
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A, which we recall is the completion of the Borel sigma algebra B, implying that F|(Zy)
is A-measurable.

Since R*NU C FIU(IIY) and w(R*) =1, we have that F|U(TI}) is an
A-measurable subset of U, this implies that Dp® = FIU(II) \ FIU(Zy) is an
A-measurable set as we wanted to show.

Since Dpy is an A-measurable set, by ergodicity of f, the f-invariant set

p*:= | f"(U D;}O)

neZ,Ueld

must satisfy either (D) = 0 or u(D*°) = 1.

5.2. Technical lemmas for the case A < oo.

LEMMA 5.5. If A < oo, there exists a sequence € — 0, as k — 00, and a full measure
subset R C M such that:

(i) R is f-invariant;

(i) forevery x € R, then

tx (Ba, (x, £k)) 1
’— —A| < k' (10)

2ek

Proof. The proof is similar to the proof of Lemma 5.3. Let k € N* be arbitrary. Since
A(x) = A, foreveryx € M,
1 ix (B, (x, €)) 1
= < — |l " 7 Al < =},
er(x) sup {8 =7 ‘ e ‘ < k}

Observe that for x € M , such g (x) exists by the definition of A, g;(x) — 0as/ — oo and

fx (Ba, (x, €1(x)))
2¢g1(x)

lim ‘

[—>o0

A‘ 0
CLAIM 2. The function i (x) is measurable for all k € N.

Proof. Define

tx(Bg, (x, €))
2¢ ’

As observed in the proof of Lemma 5.3, r — w(x, r) is continuous and x — w(x, r) is
measurable. Given any k € N, k > 0, by the definition of &, for all 8 > 1/k, we have
sk_l ((0, B)) = M. Also, the continuity of w(x, -) implies that for every 8 < 1/k,

g ((0, ) = {x : ex(x) € (0, B))

= N wen'([a+ % o)) uwe, 0~ ([0.a - %))

B<r<l1/k

= ﬂ w(',r)_l([A—i—%,oo)) Uw(-,r)_l([O,A— %))

B=<r=<1/kyreQ

wx,e) =
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Therefore, e,:l ((0, B)) is measurable, as it is a countable intersection of measurable sets,
and consequently, € is a measurable function for every k. O

As &r(x) is f-invariant, by ergodicity, we may take the full measure set Ry, where
ex(x) is constant equal to ;. The sequence ¢, goes to 0 as k goes to infinity, so we set
R := ﬂzj Ry. Since each Ry has full measure, R has full measure and clearly satisfies
what we want for the sequence {ex}x. The set R = (;z f i(ﬁ) is f-invariant, has full
measure, and satisfies items (i) and (ii) as we wanted. O]

Similar to the definitions made in §5.1, we set

Hy = U v,

xeU\(ZyUAp)
where
1 1Y (B, (v, &) 1
Moy = {yeﬂU(x)\ZU: el A<
e py (Bg, (v, 1)) k
for all k with By (y,tv) C U }
LEMMA 5.6. For every x € RN U, consider §(x) > 0 for which
By [x,2-6+¢]CU.
The set T1, y N By, [x, 8] is a closed subset on the plaque F|U (x).
Proof. Identical to the proof of Lemma 5.4. O

Similar to the definition made in §5.1, we consider the set
Dy = F|UIy) \ (FIU)(Zy)

and
p= J f”(UDU).
neZ,Uel

Similarly, Dy is A-measurable for all U € U and again by ergodicity, we have u(D) =0
or u(D) =1.

After proving the auxiliary lemmas for A (respectively A) and obtaining the sets D
(respectively D), we divide the next part of the proof into four cases.

5.3. Case 1: A < oo and u(D) =0. In this case, we will show that the support of 1,
is a Cantor subset for almost every x € M.

As fixed in the beginning, consider {w,}, the disintegration of  along F and consider
G a full measure F-saturated set of points, where

flQ=Qp, forall j e Z

LetGY :={x e U\ D : pY = 0, (-|FIU(x))} N {x : uY is non-atomic}.
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Consider:
. q>§f/n(zu) ={x eU:d(x, 2Zy) < 1/n};
o &=U,6nfI(@],EnNngGY).
As Zy = xy N (U \ Apy),

@), (Zv) = (x € M 1 di(x, Zy) < 1/n} N (U \ Ap),

which is measurable for n > 7, for some 71 € N not depending on U, by Lemma 3.11 since
Xxu is a Borel subset of U. Therefore, the set of the second item is an f-invariant measurable
subset of M; thus, it either has full or null measure.

Now, again we separate two cases.

Case 1.1. Assume that for all n > 71, u(&,) = 1. Then,

&l =¢"n ( Ugnri@f,cEnn gU))
J
has full measure in U for every n > 1. For z € £V = Mn=h ey,
n > ng > ni, we have By (z, 1/no) C U.Forn > ng, let j with

e, Enng?,

and p € Zy with di(p, f‘j(z)) < 1/n. Then, dx(fj(p),z) < 1/n, which implies
fi(p) € U, and if ug(de (p,8)) =0, for § small, then since ,ull,’ ~ i, (because
f7(x) eGY) and z € G, it follows that . (f~/(Ip)) = wsj,(I,) =0 and z € G*;
thus, uY(f~/(I,)) = 0. Therefore, f/(p) € Zy and z € ®1/,(Zy). That is, the set
Zy N F|U(z) is dense in F|U (z) for almost every z € £V.

let no > O such that for

CLAIM 3. Forx € EY, C, := F|U(x) \ Zy is a Cantor subset in F|U (x).

Proof. To prove that C, is a Cantor set, we will show that this set is a nowhere dense
and perfect set. Therefore, as it is bounded (C, C F|U (x)), we can conclude that it is a
compact, nowhere dense perfect set, that is, a Cantor set. Since Zy N F|U (x) is a dense
and open set in F|U(x), we have that C, is a nowhere dense and closed set. Now, let
us see that C, has no isolated points. Let y € C,. Suppose that there exist r > 0 with
By, (y,r) C U and By, (y,r) NCy = {y}. Since y € Cx,

0 < 1Y (Ba, (v, 1) = 1Y (Ba, (v, )\ Co) + 1Y (yh) = ¥ (s

thus, //L)[C]({ y}) > 0, which is a contradiction since x ¢ Ay .
Therefore, C, is indeed a Cantor subset. O

Thus, for almost every x € M and any local chart U, the conditional measure ug is
supported in the Cantor set Cy. In particular, the measure w, on F(x) is supported on a
o-Cantor subset of the leaf. We remark that for the Claim, we did not use the fact that
A = o0; thus, the same argument will work when A < oco.

Case 1.2. If, however, there exists No € N with Ny > 7 such that u(En,) = 0, then
u(é’ﬁo) = 0 and, moreover, ;1,(51(\{) = 0 forany N > Njy. Since

Y NG neyn(Zy) C &y,
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we have
1@y (Zu) = n@GY NGN N (Zy) < u(E)) =0 forall N > No.
In particular, for almost every x € U,
U/aU _
wY (@Y (Zy N FIUR)) = 0. (11)
As CDY/N (Zy N F|U (x)) is an open subset of F|U (x), by (11), for almost every x € U,
oY v (Zu NFIU(x)) C (Zy NFIU(x)).

However, clearly the other continence holds; thus, Zy N F|U (x) = CD?/ N (EZu NFIU(x))
and this implies Zy N F|U (x) = F|U (x). As this happens for almost every x € U, we fall
in a contradiction with the fact that u(Zy N U) = 0. Therefore, this case does not happen.

5.4. Case 2: A =00 and u(D*°) = 0. In particular, for every U € U, we must have
w(Dg’) = 0, which implies u(F|U (Zy)) = u(U).

In this case, we will proceed very similarly to the previous case. For U € U, consider
the sets &, and £V defined in Case 1.

Again, if u(&,) = 1 forevery n € Z, then there exists a full measure subset of U, namely
&Y, such that z € Y implies Zy N F|U(z) is dense in F|U(z). Hence, as shown by the
Claim in Case 1, it follows that the support of 1Y is a Cantor subset of the plaque F|U (x)
for almost every x € U.

Otherwise, if u(Ey,) =0 for some Ng € N, then as in Case 1, we conclude that
Zy N F|U (x) = F|U(x), which contradicts the fact that w(Zy N U) = 0; thus, this case
does not occur.

5.5. Case 3: A = oo and (D) = 1. Let us prove that this case cannot occur. Since
u(D>) =1, there exists U € U with w(Dg’) > 0. Since w(F|UT1})) = w(U), for
almost every point x € D}y,

1Y (T2 N FIU () = 1. (12)

Take any such typical X and consider x € F|U (x) NI, in particular, By (x,t) C U.
Also, HfU N By, [x, 6] is closed in F|U(x) for some 6 > 0 small if there exists
Z € By [x, 8]\ Hfu N By, [x, 8], then for some 6, > 0, we have By (z, 82) C By [x, 8]\
HfU N By, [x, 8] and ,u)LC’(BdX (z, 62)) = 0 by (12). However, this cannot happen since this
would imply z € Zy and, consequently, F|U(Z2y) N Dy # @, falling in a contradiction
with the definition of Di’,o. Therefore,

%% N By, [x, 81 = By, [x, 8.

Consider 0 < rp < § small enough so that By, (x, v+ 2-rp) C U. By hypothesis, for
k with e < rg, by Remark 3.5, we can take |rg/er| disjoint balls of radius g inside
By, (x, rg), say with center ay, az, . . ., a|yy/e |- Then,
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Lro/ex]
> uY (B, (@i &) < 1Y (Ba, (x, 70))
i=1

Lro/éx]

U U
wy (Ba (ai, ex)) _ py (Bg, (x, r0))
> 2 G = w0

i=1

Lro/ex]
_ Z wy (Ba, @i, v)  pd (By, (@i, e0) _ pY (Ba, (x, 10))

wY(Bg (x,v)  pY(Bg (ai,v) — uY(Ba (x,v) "

i=1
By Lemma 4.1,
w € By, [x, ro] C Fe > pY (Ba, (w, 1))
is continuous; hence, there exists n > 0 such that

wy (Ba,(w. )
UGB oy =
uy (Ba, (x, 1))

for every w € By, [x, ro]. Therefore, since a; € By [x, 6] for all i,

o Lro/si )
Qe k) - 122 )
m- Qe L) < >

i=1

1Y (Ba, (ai, 1))
wY (Bg, (aj, v))

L ]
WY B, @i.9) 1Y (Ba i 1)

B izl M)LC/(BdX(x, v)) /L)(C/(de(al-,t))

- 1Y (Bg, (x. o))
= uY(Ba,(x, 1)
Taking k — oo, the left side goes to infinity from where we conclude that
,ufc] (Bg, (x, rg)) = oo, falling in a contradiction. Thus, this case does not occur.

5.6. Case 4: A < 0o and n(D) = 1. We will prove that if this case occurs, then for
almost every x € U, U € U, the conditional measure in F|U (x) is equivalent to the
measure A, given in Definition 3.12.

LEMMA 5.7. The constant A is bounded away from zero and
MUx <K Ay
for pw-almost every x € M.

Proof. Let y € D. Then, for some nog € Z and U € U, we have f"0(y) € Dy. Call
x = f"(y). As x € FIlU(Ily) \ FIU(Zy), we have ,LL;J(}'IU(HU) NFIU(x)) = 1.
Therefore, we conclude (by the same argument used in Case 3—§5.5) that

v N By, [x, 8] = Ba,[x, 6]

for some § small. Consequently, [Ty N F|U (x) D {y € F|U(x) : dx(y, 0F|U (x)) > t}.
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For any given k € N*, U € U, and x € Iy,

1Y (B, (x, &) _ 1
2ex - uY (Bg, (x, 1) Tk

A

(13)

Given ¢ > 0, take ko € N such that kal < €. Again, since {d,} is an F-metric system,
given a constant 7 > 0, we need at most s (k) = |r/ex] + 1 points, say ay, az, . . ., dsk), tO
cover the ball By _(x, r) with balls of radius ;. Let o := (,ux (By, (a;, t))/,uf(] (Bd (x,v)).
Again, by continuity (see Lemma 4.1), there exists B > 0 such that o; < 8 for all i.
Therefore,

1Y (B, (x, 7)) % 1Y (Ba, (ai, 1)) _ % o - 1Y (Ba, (ai, 1))
1y (B, (x,v)) ~ = pf(Ba,(x, 1)) " 1Y (Ba,(ai, v))

s(k) Y(k)

i (Ba, (i &)
2 OBy @) S A2
=7 ; U(Bg, (ai,v)) — =B Z + A2gy

i=1

2¢
-8 -s(k)Tk 1B s(k)2e - A.
Since lim s(k)ex = r, we have that 8 - s(k)(ex/ k) goes to zero as k — 00, O

U
WY (By, (x, 1))
WU (By ooy NPT

Therefore, ui’ & Ay when restricted to {y € F|U(x) : dx(y, 0F|U(x)) >t} and
A > 0. As v can be taken to be arbitrarily small in the beginning, it follows that ,uy &K Ay
as we wanted to show. O

Next, we are able to conclude that /Lf(] is equivalent to the measure A .

LEMMA 5.8. For u-almost every (a.e.) x € M,
M)LC/ ~ Ax.

Proof. By Lemma 5.7, we know that u¥ <« A,. Since A, is a doubling measure, we
have that the Radon-Nikodyn derivative diu¥ /d), exists and is given at A -a.e. point
y €{y € FIU(x) : di(y, 0F|U(x)) = t} by

UL [ CIN )

D = B

In particular, by taking the limit along the subsequence &, k — 00, we conclude that

A1 ) iy 1B - £0)

. Ag-ae. FIU ) : dy(y, dF|Ux)) > t,
e kingoxx(de(y’gk)) xae y €y e FIU(x): dx(y U(x)) =t}

which implies

=B A, Ac-ae.ye{ye FIUX): :de(y,dF|U(x)) =1},
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where B(y) = Mg(BdX (y,v)). Since B is a continuous function, given any compact
I C{ye FIUx) :dx(y, 0F|U(x)) = t},

dx
A<
Aid=x

(V) < BoA, Ay-ae.yel.

X

Then,
BIA - Ay < Uy, Ax-ae.y € 1.

In particular, if ,ug (E) =0, then, for any compact subset I C {y € F|U(x):
dy(y,0F|U(x)) > ¢}, we have A,(ENI)=0. Since F(x) may be written as a
countable union of increasing compact subsets, we conclude that A, (E N {y € F|U(x) :
dy(y, 0 F|U(x)) = t}) = 0. Again, since v may be taken to be arbitrarily small, we
conclude that A, (E) = 0; thus, A, < Mij as we wanted to show. O]

6. Proof of Theorem B
The proof of Theorem B employs arguments inspired by those used in [10], with several
technical differences related to the fact that the balls inside the leaves here are generated
by the plaque-continuous metric system {dy }xecp-

Additionally, instead of affine maps, we define functions on F°(x), as described in [5],
referred to as the limit center map.

Consider the set N = {x ¢ M : a(x) = w(x) = M}. Since f is transitive and u has
full support, AV is a full measure residual subset. The following definition is due to Bonatti
and Zhang [5].

Definition 6.1. We say thatamap F : F°(x) — F€(x) is a limit center map if there exists
a sequence {n;} C Z with |n;| — oo such that { "} pointwise converges to F.

For each x € N\, we consider
L(F(x)) :={F : F°(x) - F°(x) : F is alimit center map} and
LT(F(x)) := {F € Z(F°(x)) : F preserves the orientation of F¢(x)}.

Remark 6.2. (See [5, Proposition 4.7] For every x € A, we have the following.
e If L = F°(x) is not compact, then there is a homeomorphism ¥y : L — R such that

LTL) =Y o T oy, t €R),

where T; is the translation 7; : R — R, s > s +¢.
e If L = F(x) is compact, then there is a homeomorphism v/, : L — S such that

LYL) =Y o R oy, t € S =R/Z),

where R; is the rotation R, : S! — S!, s > s + r(mod 7).

o LT (F°(x))is a group whose action on F¢(x) is transitive.
Z(F¢(x)) either coincides with .Z+ (F¢(x)) oris the group generated by . (F¢(x))
and —Id|F€(x).
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o If F:F(x)— F¢x) is a limit center map having a fixed point x € F¢(x), if F is
orientation preserving, then F is the identity map of F¢(x). This is, the action on
F¢(x) given by the group £+ (F¢(x)) is free.

Before we proceed, recall that the atlas U/ of F = F¢ was taken to have specific
properties detailed in the beginning of §4. Furthermore, in what follows, we assume that
the disintegration of p along F°¢ is not atomic, otherwise, we already fall in one of the
possibilities claimed by the statement.

For each point x € M, consider U, € U and V, C U, the closure of a neighborhood of
x such that for every y € V,, we have By, (yv,v)y CU.

LEMMA 6.3. For p-a.e. x € M and Mf{* -a.e. y € Ve N FC|Ux(x), there is a limit center
map F € LT (F¢(x)) such that F(x) =y and Fep, = My.

Proof. Recall that for every x € My (see (3)), the measure pi is defined on By, (x, t) by

u{ (J N By, (x,1)
1Y (B, (x,t)
Abusing notation, we may define x € Mo — u,(J) for any Borel set / C M by taking
mx(J) := px(J N By (x,v)). By Corollary 4.5, the map x € My — p, is measurable
in the sense that for any Borel subset J C M, the map x € My — w,(J N By, (x,t)) is

measurable.

Using Lusin’s theorem, we may take {K;} an increasing sequence of compact subsets of
My for which the map x +— p, is continuous when restricted to each K;. Once again, we
emphasize that, in this case, it means that for any Borel subset / C M, the map x € K; —
x(J N By, (x,v)) is continuous. As u is ergodic, for p-a.e. point x € K;, the orbit of x is
dense in a full measurable subset of K;. Let P, = N N K.

Letx € P; and y € V, N F°|U,(x) N P;. From Remark 6.2, we know that there exists
F € ZT(F¢(x)) such that F(x) = y, and since F is a limit center map, there exists a
sequence ny C Z with |ni| — oo so that the sequence f"**| z¢(y) converges pointwise to F.

By the continuity of x € P; — u, and since y € P;,

1 (1) = pnd (J|Ba, (x, 1)) = . J C By (x,0).

Fepy = M flpe = MM ppne = wre = ty.

By taking the limit set of K;, we conclude that for every point x € P, where
P =1lim; P;, and y € V, N F°|U,(x) N P, there exists F € £V (F°(x)) such that
F(x) =yand Fypuy =y as we wanted. O

Let P be the full measure subset of points for which the previous lemma holds. For
x € P, define

Gg* ={y e V, NFC|Uy(x) : there exists F € LT (F°(x)) with F(x)=y and Fyu, = Myl
By Lemma 6.3, we know that [V, N F¢|U,(x)] \ Gi]* has zero Mf{* -measure.

LEMMA 6.4. For x € P, the set Gg" is closed in F€|U, (x).

Proof. Assume that F¢(x) is not compact. The argument is identical for the other case.

https://doi.org/10.1017/etds.2025.10270 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10270

Classification of conditional measures 1549

We know that £ (F¢(x)) is a closed group as it is isomorphic to either group of
translations (see Remark 6.2). Furthermore, for any J C M Borel, themap y € By (x,t) N
My — wy(J N By, (y,v)) is continuous by Corollary 4.4.

Let y, € G,lcj" with y, — y € V, N F°|U(x) and consider F,, € LT (F°(x)) be given
by Lemma 6.3 satisfying F, (x) = yj,.

Observe that the sequence {F,}, converges pointwise to a map F € £*(F¢(x)) with
F(x) = y. Indeed, by Remark 6.2, there are real numbers £, for which

Y o, oYL =F. nxl,
where L = F¢(x). In particular,

T, (YL (x)) = YL (Yn)-

Since V¥ (y,) converges to ¥r(y), because ¥y is a homeomorphism, it follows
that |y (x) — ¥ ()| = |¥r(x) — ¥ (y)|. Since T,, are translations, we have
ty = ¥ (x) — ¥ ()| = 1YL (x) — ¥ (y)|. Consequently, the sequence of translations
{T;,} converges to the translation 7; : R — R with ¢t = [y (x) — Y1 (y)|. In particular, F,
converges to F := w;l oTioyL.

Finally, by the continuity mentioned previously,

Fopx = lim (Fp)epxy = lim py, = Hy-
n—00 n—00

Thus, y € Gg", showing that ng is closed in F¢|U,(s) as we wanted. O]

LEMMA 6.5. For p-a.e. x € P, the support of,ugx cannot be a Cantor subset of F¢|U (x).

Proof. Assume that for some x € P, the support of /L)LC/X is a Cantor subset of F¢|U (x). As
V, is compact, the intersection Vy N supp(ug") is also a Cantor subset and is the support
of the restriction uf{* |V 0 FEU (x)).

As we have seen, for pu-a.e. x € P, the set ng is a full measure subset of
Ve N F¢U(x)) and is closed by Lemma 6.4; therefore, it must contain the support
VenN supp(MgX) which is a Cantor subset. Consider an ordering of F¢|U (x) and consider
a = inf(V, N supp(uij")), b =sup(Vy N supp(,ug")), and y the center arc connecting a
and b inside F€|U (x).

Let ¢ : y — [0, 1] given by ¢(a) = 0, ¢(b) = 1, be increasing and linear with respect
to dy, thatis, £ (y) = dx(a, y)/dy(a, b). The set {(y) C [0, 1] is a Cantor subset, in partic-
ular, there exists a strictly increasing homeomorphism Hy : ¢(y) — C3 with Hy(0) = 0,
Hy(1) = 1, where C3 here denotes the standard ternary Cantor set in [0, 1]. Now, let us
extend Hy to a map of [0, 1].

First, we fix some notation. Consider 7° = [0, 1], 111 =(1/3,2/3) = (all, b{), and
I = (a', b}'), with 1 <k < 2= the open intervals removed at the mth stage of the
construction of the ternary Cantor set with @] < bj' <@ | foranym >2and 1 <k <
2m=1 _ 1. Therefore,
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0o 2m—1

C3=10\(U U I,:").
m=1 k=1
— _ m—1
Let also J[" := (Hy '(@}"), Hy ' (b)) C [0, 11. Then, ¢(y) = I\ (U, Uiy I
Consider H : [0, 1] — [0, 1] defined by:
e the restriction of H to each J;" is the linear map given by

Y= Hy'a ) g YTH@)
Hy'op - Hy'ay) T HG e - Hy ey
e the restriction of H to {(y) is Hy, thatis, H|{(y) = Hp.
Observe that H is continuous and strictly increasing; thus, it is a strictly increasing bijection
and, consequently, a homeomorphism.
Consider now the homeomorphism H:=Ho ¢ 1y — [0, 1] and denote by E3 the set
of all points in C3 that are extremes of the removed intervals, that is, E3 = {a]', b}’ :
meZ, 1<k< 2’"‘1}, or equivalently,

H|J"(y) = <1

E; = {3% k;;l :m>1, 0 <k <3", knotdivisible by 3}.

Now, consider y € supp(ugx (:|Vx)) suchthaty € H! (E3), that s, y is the preimage of
an extreme of some open interval removed from the ternary Cantor set. Therefore, taking
the pre-image by H of an open interval of [0, 1] \ C3 having H (y) as one of its extremes,
we obtain an open arc y, C F¢|U (x) with extreme in y and contained in the complement
of V,N supp(,uijx). In particular, y, has zero uy-measure and y as one of its extremes.
Asy e ng, there exists F' such that F(x) = y and Fyuy = uy; therefore, F -1 (yy) is an
open arc with zero p,-measure and extreme in x, that is, x € H! (E3). Analogously, for
any other z € Gijx, there exists Fy, € LT(F¢(x)) with Fy ;(x) = z and (Fy;)six = iz,
which, by the same reasoning, implies that z € H ~1(E3). Therefore, G)[C]'* =H ~I(E3),
which is absurd since E3 # C3. ]

As u(P) = 1, then the previous lemma concludes that for -a.e. x € M, the conditional
measure Mf{x cannot be supported on a Cantor subset of the plaque, which concludes the

proof of Theorem B.
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