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Abstract. We propose a mixed spectral method for heat transfer in unbounded domains,
using generalised Hermite functions and Legendre polynomials. Some basic results
on the mixed generalised Hermite-Legendre orthogonal approximation are established,
which plays important roles in spectral methods for various problems defined on un-
bounded domains. As an example, the mixed generalised Hermite-Legendre spectral
scheme is constructed for anisotropic heat transfer. Its convergence is proven, and some
numerical results demonstrate the spectral accuracy of this approach.
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1. Introduction

Spectral methods have developed rapidly over the past three decades. The main merit
is high accuracy, but earlier spectral methods were only applicable to bounded domains —
cf. [1,3-9] and references therein. However, increasingly attention turned to problems on
unbounded domains, where direct approaches have been based upon certain orthogonal
approximations — e.g. the Hermite and Laguerre spectral method now commonly used for
differential equations on unbounded domains [1, 10-20, 22-30, 32-34]. Hermite polyno-
mials have previously been used, but for some applications the solutions decay to zero at
infinity — e.g. in heat transfer problems or when the differential equations involve variable
coefficients. Since the weight function e (or exz) destroys crucial the symmetry and pos-
itive definiteness of bilinear operators [1,12-14,19], in such cases it is more appropriate to
exploit Hermite functions with weight y(x) =1 — e.g. in the recent numerical simulation
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of the Dirac equation [16]. However, Tang [27] pointed out that standard Hermite func-
tions sometimes work poorly in practice because too many Hermite functions are required,
and consequently introduced the scaled generalised Hermite functions

1
HY(x)= —'Hn(ax)e_%azxz, a>0,
n

v2Mn

as basis functions that are mutually orthogonal with weight y(x) = 1. Xiang & Wang [34]
considered the spectral method for the generalised Ginzburg-Landau equation, using these
scaled generalised Hermite functions. Tang [27] also considered how to choose a proper
scaling factor for a class of functions that decay at infinity at least like e 7 (with y > 0).

We consider anisotropic heat transfer in an infinite plate, where the domain is Q = A x1
where A = {x | —o0 < x < oo} and I = {y | |y| < 1} and the boundary is denoted by
I'={(x,y)| —o0 <x < o0, |y| =1}. For brevity, we write ,W = dW /3Jz, etc. Then the
anisotropic heat transfer in Q2 is governed by

OW(x,y,t)+ad W(x,y,t)+bo,W(x,y,t)

—vé’XZW(x,y, t) —uﬁyZW(x,y, t)=F(x,y,t), (x,y)e, 0<t<T,
W(x,y,t) =Wi(x,y,t), (x,y)onT, O0<t<T,
W(x,y,0)=W(x,y), (x,y)eQ,

(1.1)

where W(x, y, t) denotes the temperature, positive constants v and u are the conductivities
in the respective directions x and y, the parameters a and b are convective constants, and
the specified functions F(x, y, t) and Wy(x, y) describe the heat source and the initial state,
respectively. Guo & Wang [19] used Hermite functions as the orthogonal basis functions
(associated with the weight function exz), and since W (x, y, t) decays very fast as |x| — oo
it is proved better to adopt the generalised Hermite functions [13,16,19]. However, it is
notable that problem (1.1) is not well posed in the weighted Sobolev space. Our aim
here is to develop a mixed generalised Hermite-Legendre approximation with application
to the numerical solution of problem (1.1) using the above scaled generalised Hermite
functions H(x) and Legendre polynomials, associated with simple alternative Galerkin
variational formulations. Since such a formulation can approximate the solution directly
and be implemented easily, invoking the scaled generalised Hermite functions leads to a
much simplified analysis and more precise error estimates [34]. Moreover, the adjustable
parameter a offers great flexibility to match the asymptotic behaviour of the exact solutions
at infinity [31].

In Section 2, we establish some results on the mixed generalised Hermite-Legendre
approximation, which play important roles in the numerical analysis of spectral methods
for various differential equations in unbounded domains. In Section 3, we construct our
mixed generalised Hermite-Legendre spectral scheme for the problem (1.1) and prove its
convergence. Some numerical results indicating the high accuracy of proposed algorithm
in Section 4, and our concluding remarks are in Section 5.
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2. Mixed Generalised Hermite-Legendre Approximation

2.1. Hermite approximation

We first recall some results on the Hermite approximation. Let y(x) be a certain
weight function. For any integer r > 0, we define the space H; (A) with the inner product
(4,v)r. 4 A, the semi-norm [ul,., , and the norm [[ul|,., ». In particular, Hg A= LQZ( (A), with
the inner product (u,v), A, and the norm [[u||, 5. For any r > 0, we define the space H; (A)
and its norm [[u||,., A Dy space interpolation, as in Ref. [2]. We omit the subscript y in the
notations whenever y(x) = 1.

Let H,(x) be the usual Hermite polynomials — viz.

Hy(x) = (—1)%* 3 ™),

X

which are mutually orthogonal with the weight function e™ *. The scaled generalised Her-

mite function of degree n is defined by [27,34]

1 _1.2.2
Hr‘f(x)z\/ﬁHn(ax)e 24X , n=0, (2.1)

where a > 0 is a constant. The set of generalised Hermite functions H(x) forms a complete
L?(A)-orthogonal system with the weight function y(x)=1 —i.e.

J Hy (x)H;(x)dx = ﬁ&n’n , (2.2)
A a

where 0, , is the Kronecker function [21]. The function H;(x) is the n-th eigenfunction
of the Sturm-Liouville problem where

35, (€ 0, (3 u(x)) ) + Au(x) =0, @3

with the corresponding eigenvalue A, = A,,(n, a) := 2a>n.
Given H}(x) =0 for n <0, for n > 0 it can be verified readily that

8, H(x) = —% Ao HE, () + %\/k—an_l(x) , 2.4)
JA 8, H, ,(x)8,H(x)dx = —g Jrm+ D(n+2), (2.5)
L(ang(x))de = /na (n + %) , (2.6)
f O H(x)3,H%(x)dx =0 ifn#mn#m=2, 2.7)
A
hence for any u € L?(A) we can write
u(x) = gunfzg(x), u, = % L u(x)H(x) dx . (2.8)
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For an integer N > 0, & y(A) denotes the set of all polynomials of degree at most N; and
2y o(A) = span {HZ(x), -+ Hi(x0)} = {ye 2% |y e py(0)} .

According to Lemma 2.1 of Ref. [34], for any ¢ € 2y ,(A)
127 ¢llx < ca’N |||y - (2.9)

In order to obtain the approximation results, for any integer r > 0 we define the normed
spaces [34]
1
2 i
A) '

:

2, 25k ok

W) = {ul lullaan <00}, Il aan = (ZH(a“x +a)7 3k
k=0

The L2(A)-orthogonal projection Py 4 5 : L2(A) = 2y ,(A) is defined by
(Py,gat—u, @)y =0, ¢ € 2yq(A).
According to Theorem 2.1 of Ref. [34], we also have the following result.

Lemma 2.1. Ifu € H; (A) and integers 0 <s <, then

”u_PN’(LAu“s’A < Cas_r]\[T ”u”nA’a’A . (2.10)

2.2. Legendre approximation

We now consider the Legendre approximation. For r > 0, we define the space H"(I)
and its norm ||u|,; as usual, and in particular take L%(I) = H°(I) with the inner product
(u,v); = (u,v)o,; and the norm [|ul|; = [|ully ;. The Legendre polynomial of degree [ is

PRy
Cy al(1—y»',

L) =779

and the set of Legendre polynomials is a complete L2(I)-orthogonal system.
Now, let M be any positive integer, and let 2,,(I) denote the set of all polynomials of de-
gree at most M. In the forthcoming discussion an unusual projection is needed, where [20]

F()=L*>(I)N{u | there exists finite trace of u at y = +1},
FoD={u lueF) andu(x1)=0}, 23(1) =2, ()NFU).

Then the new orthogonal projection onw,l : Fo(I) = 23(1) is defined by
(onw,lu_u:¢)1 =0, Voe2d().

According to Lemma 2.3 of Ref. [20], if u € &, (1), (1—y2)% afu € L%(I) and integer g > 1
then

_ =
<M qH(1—y )5 84
I Yollr

Hp;;uu—u (2.11)
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Let H)(I) = {u € HY(I) and u(+1) = 0} and 2)(I) = Hy(I) N @y (I). The orthogonal
projection PM’I : H0 (- WM(I ) is defined by

(3,(Py; Iu w),d,¢),=0, Vée2i().

According to Theorem 3.4 of Ref. [9], if u € H} o), (1—y ) 3qu € L%(I) and integer g > 1
then
S
o

2.3. Mixed generalised Hermite-Legendre approximation

, s=0,1. (2.12)

1,0
Py ju— u)

_ 2 g1
<M qH(1—y )2 a4y
I Yollr

We now proceed to discuss the mixed Hermite-Legendre approximation. The space
L)Z( (£2) is defined in the usual way, with the inner product and norm

1
(w,v)y 0= J J u(x, yv(x, y)x(x, y)dxdy , lully o= wu); o,
Q

and we omit the subscript ¥ whenever y(x,y) = 1. Letting %,(Q) = 9’0(1 ;L2(A)) and
M N, L) =2y ,(A)® WM(I) we consider the orthogonal projection PM NaQ ' 1 Fo(Q2) >

M .« (§2) defined by
( MNaQu_u:¢)Q=O: V¢€V1\2,N,a(9)~

For estimating ||PI°VI Naal™ ullg, we use
dx+J ||u||r)AaA

Theorem 2.1. For any u € %y(Q) and integers ¢ = 1,r > 0,

uw—JHu ¥)'7

where ¢ > 1 and r > 0 are integers.

2
H MN ol Y| S (M1 + a_er_r)A?{’B(u) (2.13)

provided that A% (u) is finite.

Proof. From the projection theorem,

—u

2
<l —ulP, Vg eV, ().

H MNaQ

We take ¢ = (PISI 1 - Py o,a)u. From inequalities (2.10) and (2.11),

2
I —ull® < 2|[PY,  (Pu e pt) = Prv ot +ﬂmwﬂkﬂm

<cM™ 2qf H(l Yy ) 2 aqPNaAu dx+ca N J”u”nAaA

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.231015.240816a

Mixed Spectral Method for Heat Transfer 453

Moreover, from (2.10) with r =s = 0 we have that

J |a=y7 gy anu dx.
A

2 1 2
dx<c H(l—yz)Taqu
I A Yol

The desired result follows immediately. O

In the numerical analysis of mixed spectral methods for boundary value problems, we
need another orthogonal projection. For this purpose, we introduce the bilinear form

aﬂ,)/,ﬂ(u’ U) = ﬂ(axu’ axv)ﬂ + Y(a_yu’ o U)Q + (u3 U)Q > [33 Y > 0 5 Vu, vE Hé(ﬂ) .

The orthogonal projection PM Nafr H Q)-V N .(§2) is defined by
ag .y a(P MNa/”Qu u,¢)=0, Vo¢e MNa(Q) (2.14)
In describing approximation results, for integers r > 1,q > 2 we use
q,r
D; By, o)

J(ﬂllullma/ﬁIIUIlr nan T BA= YT R, AUl o) dY

—2 —1
f(/sn(l YT 0,8 |+ 11— y3)'T 8wl + 711 - y*) T 8ull?) dx

Theorem 2.2. For any u € Hl(Q) and integersr > 1,q = 2

2 2
1,0

MNaﬁyQu u)H +79y(P MNaﬁyQu u) Q+HPM,N,a,/3,y,Qu_uHQ

SC(MZ 2+ (a®>N)) DY ;jm(u) (2.15)
provided that ]Di’,%’y,g(u) is finite.
Proof. From the projection theorem,

2 10 2

MNaﬁyQu u)H +YH3 (P MNaﬁyQu u) + HPM,N,a,[},y,Qu_uHQ
<pllo(¢ —wlig+7]|2, (¢ — u)||Q+ ¢ —ully, , V¢ € MNO,(Q)- (2.16)

Taking ¢ = Py A(PM’ Iu), we have

B ||8x(¢ —wlI3 + 7] 8, (¢ — I3 + 11§ —ull < Fy(u) + Fy(u) + F3(w) + Fy(w)
where

Fi(u) = 2|18 (Py g att =[5 + 2||Py g au—ull3, ,

Fy(u) = 2118,(Py; Py e ) — Py a Al ,

F3(u) = 27118, (Py;} (Py, g at) — Py o at)I3 + 211Py; G (P g al) — Py g a1

Fy(u) = 27118, (Py g au—w)|[3 -
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From inequality (2.10) with s =1, 0 we have

Fi(u) < caHle—fJ (Bl g p + 1l 40 ) 4y
1

so inequalities (2.12) with s =0 and (2.10) with s =1, r = 1 imply

2-2 2752 -1 2
Fa() <epM? 2 | l(1=y2)F 8,00 Py )| dx
A
2 2
ScﬁMz_qu H(1—y2)Taxayq—1u dx
1
A
2
+cpM>H (1—y2)q_2H8q_1u dy
! Y LAa,A

Using inequality (2.12) with s =1, 0 and (2.10) with s =0, r = 0 again, we then obtain

1 2 —2 2
F(u) < cM?2 J (v]la-s»% o], +|a-r% 0 By ) ax
A

2
)dx,
I

F4(u) SCYaz_Zer_rJ 18yullf_1 g dy -
I

2 2792 4¢-1
+H(1—y)28q u
I y

<cM* J (}f ”(1 —yz)% afu
A

and inequality (2.10) with s = 0 yields

The desired result comes from a combination of the previous statements. O

3. Mixed Hermite-Legendre Spectral Scheme

We now consider the mixed Hermite-Legendre spectral method for (1.1), together with
the convergence analysis.
3.1. Semi-discrete scheme

Letting
Wl(xz]-)t)zgl(xzt): Wl(x:_]-)t)ng(xat)z

we define the function corresponding to the boundary I' by

Wy(,y,0) = =((1+ ), ) + (1= y)ga(x, ). 3.1
2

Obviously, Wg(x,y,t) = W(x,y,t) on I', and Wg(x,y,t) — 0 when |x| — oo . Now, we
make the variable transformation

W(X,J’, t) = U(X,J’, t)+WB(nyJ t) >
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and
flx,y,t) =F(x,y,t) — 0 Wp(x, y,t) —ad, Wp(x, y, t)
—bo, Wg(x,y,t) + vé’szB(x, y,t)+ ,ué’fWB(x, y,t).
Then the problem (1.1) can be rewritten

atU(X,}’, t)"‘aaxU(X,)’, t)+bayU(x’y’ t)
—vo2U(x,y, ) —pdlU(x,y, ) = f(x,5,t), (x,y)€Q0<t<T,

U(x,y,t)=0, (x,y)onT,0<t<T, (3.2)
U(x,y,t) >0, x| > 00,0<t<T,
U(x,y,0) =Up(x,y), (x,y)eQur,

where UO(X3 )’) = WO(X’ )’) - WB(O) with WB(O) = WB(X3 Y O)
A weak formulation of (3.2) is to seek solution U € L°°(0, T; L?(Q)) N L2(0, T; Hé ()
such that
(6, U(t),v)q +a(2,U(t),v)q + b(9,U(t),v)q + v(0,U(t), 0,v)q
+u(8,U(t),8,v)q = (f(t),v)q, Vv E€H}(Q),0<t < T, (3.3)
U0)=U0,.
By a standard compactness proof, it can be demonstrated that if U, € L2(£2), then (3.3) has

a unique solution. The mixed spectral scheme for (3.3) is to find uy, y € (£2), such
that

0
VM,N,a

(Brunn (£, )+ ABeting (£, @) + (B upy (1), ) + ¥(Betung n (£), B b
(8, ty (0,3, 0D = (F(D, @), Ve €V (), 0< < T, (3.4)

uM,N(O) = P]\(;[,N’a’QUO .
The numerical solution of problem (1.1) is given by
WM,N(X’y’t):uM,N(X’y’t)+WB(x3y,t)- (35)

We now discuss the convergence of scheme (3.4). Letting Uy, y = p.° U, from

M,N,a,v,uf2
(3.3) we have
( (B Umn(t), @)o +alO Uy n(t), ¢)a + b(3, Uy n(8), )
4

(B Un (1), 8, ) + (3, Upy n(£), 8, ) + D Gi(t, )
= (3.6)

=(f(6),P)a, VP EVy y (), 0<t<T,

1,0
UM,N(O) = PM,N,a,v,u,QUO >

where

Gi(t,¢) = (B, (U) = Uy n(0)),$)»  Galt,$) = a(B:(U(t) = Uy n()), ¢)
GS(t) ¢) = b(a_y(U(t) - UM,N(t))) ¢)Q > G4(t5 (75) = (UM,N(t) - U(t)) ¢)Q .
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Letting ﬁM,N =uy y — Uy v and subtracting (3.6) from (3.4) yields
[ (20w n(0), ) +a(B, Ty (), )a +b(@, Uy n(t), $)a

+9(0, Uy n(t), 8 P)q + u(, Uyn(t),8,0)q

4
=2 .Gi(t,9), Vo eV, (), 0<c<T,
j=1

3.7)

r7 — pO 1,0
\ Un,n(0) = PM,N,a,QUO _PM,N,a,v,u,QUO .

Taking ¢ = foM,N in (3.7), we deduce that

8, |Tuw (0|5, + 2| 2T n (][5 + 204 |8, Dasn (0]

4
=1

therefore it suffices to estimate the terms | G;(t, U m.n) |- We first use the Cauchy inequality
and inequality (2.15) to verity that for integers r > 1,q > 2

2|G1(t, Uy n ()] =2|(8,U (1) — 8, Upr (£, Tar e (£))g|
<[|2.U©) = Uy )|3,+ | Taen (O
<c(M* 7% +(@®N) DY (BUM) + |Tun(©)g - 3.9
Then using (2.15) again, we have
2 |G2(t, Uy v () + Gs(t, Uy n () + Gy, ﬁM,N(t))|
<al|a.(U () = Uy ()| + b |8, (U (0) = Uy n (O[5, + U0 = Uy O]
+(a+b+D)||Tyn ]

<c maX(%, 5, 1) (MH‘I + (azN)l_r)ID?l”';}’u’Q(U(t)) +(a+b+1) ||I7M,N(t)||; . (3.10)

Furthermore, from inequalities (2.13) and (2.15) we obtain

- 2 0 2 1,0 2
”UM,N(O)”Q <2 HPM,N,a,QUO B UOHQ +2 HUO _PM,N,a,v,u,QUOHQ
_ — —-1,r—1 >
<c (M2 + (a?N)') (AL 0" (U) + DT, L o(Uo)) - (3.11)

For simplicity, let us write

t

E,y ,(u(6)) = [[u(0)lIf + ZJ (V18 u(NIE + plld,u(EIF) dE - (3.12)

0
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Invoking (3.9) and (3.10) in Eq. (3.8), we get
atEv,u(ﬁM,N(t)) <0 ”ﬁM,N(t)”é +cy (M2—2q + (azN)l_r)
- (D%, o(U®) +DY,  (UD) (3.13)
where
a b
co=a+b+2, c2=c(1+ max(—,—,l)).
vou
Then
atEv,,u(ﬁM,N(t))
<1 Ep (T (D) + 02 (M2720 4+ (@2N)'7) (DL o(3,U(0) + DL, o(U(1))
which is equivalent to
2 (Ev,u ([N]M,N(t)) e_clt)
<ce” (M2 4 (a2N) ) (DY, (8, U(0)) + DL, o(U(1)) . (3.14)
Integrating (3.14) with respect to t and using inequality (3.11), we obtain
EV,[,L (ﬁM,N(t)) <c (MZ_Zq + (aZN)l_r)RQ (UJ UO: q,na, v, U, t) > (3'15)

where
t

Ro(U, Ug, 0,7, @, 7, 1, ) =e61f(62 J e (DY, o(B:U(E) + DY, (U(E)) dE
0

—1,r-1 ,
+A?1,Q ) +]D?172;7H’Q(U0)))

with ¢, = 1+ max(a/v,b/u,1). A combination of (2.15) with # = v,y = u and (3.15)
yields

Ev,u (U(t) - uM,N(t)) <c (M2—2q + (azN)l_r) (RQ(U3 UO, q,na,v,u, t)

+DY, , oU(0) + J DY, o(UE) dg) . (3.16)
0

From Eq. (3.1) and inequality (3.16), for 0 < t < T we then finally obtain
E, (W(t)—wy n(t))

<c(M*# +(a®>N)'") (RQ(W: Wo,q,1, @, v, 1, t) + D' o (W(1))
t
+ J ]DqJ Q(W(g)) dg + RQ(WBJ WB(O)) q,,a, v, U, t) + ]D?;’:)’“7Q(W3(t))
0

a,V,u,

+J DZ’,@,M)Q(WB(i))d&). (3.17)
0
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3.2. Fully-discrete scheme

Let [T] denote the integer part of any fixed positive constant T and 7 the mesh size of
the variable t, and write

RT(T)z{ t =kt | k=1,2,---,[£]}, R.(T)=R (T)u{0},

D.u(t) = %(u(t+’r)—u(t)), a(t) = %(u(t+’r)+u(t)).

To show the convergence with respect to time t, we consider the fully-discrete scheme of
(3.3) —i.e. seek uy y(t) € VI\(,)I ~ (€2) such that [30]
(Drup N (1), @)o +a(Oyliy n(t), @)a + b(3ylpy N (1), P)g

+ (0l N (£), O ) + (8 lpy N (£), 8y Pl = (f(6), d)a

0 (3.18)
Ve VM’N’a(Q) ,t€R(T—1),
uM,N(xJ Y 0) = P]B[’N,a,QUO(XJ }’) .
We now consider the convergence of scheme (3.18). Let Uy, y = pL0 U. From (3.4),

M,N,a,v,uf2
( (D, Uy n(t),d)q + a(axUM,I\é(t): ¢)a +b(9), UM,N(t): o+ V(axUM,N(t), O P)a
+.U'(ayﬁM,N(t), Oy Pla = Z Gi(t,9) + IO
Ve VI\(/)I,N,a(Q) t e]RT](T -1),

1,0
\ UM,N(x,.)’: O) = PM’N’a’v’“7QUO(x)y) >

(3.19)
where

Gi(6,9) = (DUun(©—=3U(e+20,6) 1 Galt8) = a(lyn (0 Ule+ 20,6 )
Ga(6,9) = b (3 (Oun (O =Vl + 209 ) . Galt, ) = (Ut + D)= Tup(0)9)
Gs(6,9) = (F(e+D)=F(0.0) -

>
Q

Writing ﬁM,N =uy y — Uy v and subtracting (3.19) from (3.18), we obtain
(D Ty (0, ®)a + (@, Uy (6), $) + (@, Uy (6), $) + (@, Uy (£, 2, b
+,u(9ylAJM’N(t), o, ¢)g=— iéj(t, $),Vope V]S[’N’a(Q) , teR(T—7), (3.20)
Oy (x,,0) = Py o oUo(x, - Py avpuaUo(x, )

Taking ¢ = 2[7M,N(t) in (3.20), we obtain

7
Do 1Oy (DI + 29018, Upg w (D113 + 2018, Uy w (OI2 = =2 1 Gi(t,0),  (3.21)
j=1

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.231015.240816a

Mixed Spectral Method for Heat Transfer 459

where

Ge(t, ) = a(axij,N(t) ) ﬁM,N(t))Q , Gyt ¢) = b(ayﬁM,N(t), ﬁM,N(t))Q .
Following Ref. [30] as in the derivation of (3.27), for s € R.(t — T) we obtain

(1—r(2T+ L+ =+ g)) O GIE+7 Y (M8 6B +ulld, Uy ()I2)

sER(t—7)

2 2
a b ~
<ty (27" tle—+ g) 1Tu I + 7 (1015 0 0200y + 1 10 12120)

SER(t—7)

+cc* (MZ—Zq + (ﬂN)l_r)

>0 (DELOE)+DE, (BTN + DY, o (00)+ AL (Uy) (3.22)

s€ER,(t—7)

with ¢c* = v+u+1. Let

E(, )= V(O +7 Z (Y18, 2()IIE + wlla, (P ()IZ)

SER(t—7)

p(O)=c> (DL, OE)+DL, (B0 +DY,  (Ue)+AL " (U))

SER.(t—7)
2 2
+ ||U||H3(0,T;L2(Q)) + ||f||H2(0,T;L2(Q)) .

Finally, we apply Lemma 3.2 of Ref. [7] to (3.22) to obtain the following result.
Ift<(2T+1+a?/v+b%/u)"!, then for all t € R.(T) we have

a2 | b2
E(Uy .y —tyn,t) < cp(0)e@TH5 00 (g4 4 M2724 4 (a®N)VT) (3.23)

provided that p(t) is finite.

4. Numerical Results

We now proceed to implementations and some numerical results that illustrate our
theoretical analysis in the previous section. We use the Crank-Nicolson discretisation in
time t with the step size 7, and for simplicity write

CIQ(Z, ¢) = a(axz’ ¢)Q + b(ayz, ¢)Q + 1)(axz’ ax(»b)ﬂ + ,u(ayz, d ¢)Q ’
and thus express the fully discrete scheme (3.18) as
1 1
;(UM,N(t + 1) —uy (L), d)a + Eaﬂ(uM,N(t + 1) tuyn(t), @)

= %(f(t + 1)+ F(0,P)g, t=0,7,27,+, T—7,Vp eV, (), ©*D

uM’N(O) = PI\OJ,N,(I,QUO .
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Letting

Ao, 9) = 570z, 0) + (5 $)a, Galz, §) = —3 7an(z @)+ (2, 9)a

at each time step we solve the equation

1
Aq(uy n(6), @) = Galuy n(E—7),¢) + Ef(f(t) +f(t—=1),¢)a, Yo €Vy (D). (4.2)
For notational convenience, we also write

G(¥)=Li(y) —Liso(y), 0<k<M-2.

In the computation, we write the numerical solution as

N M-—2
e (6, 0) = D0 > g (DHF()(Y) -

[=0 k=0

Letting
for =(FO,HE)k(¥)),» 0<K <M—2,0<I'<N,

and defining the vectors
X(t)= (ao,o(f),al,o(t), s ay0(), ag 1 (£), a1 1(0), -+ apr—1(8),
o, agn(6),ay (), ’aM—Z,N(t))T )
Fi(t) = (f0,0(t):fl,O(t): o fr—2,0(6), fo1(8), f11(), -+, fru—21(8)
L fon(6), fin(£), - :fM—Z,N(t))T-

On taking ¢ = H{}(x){)/(y) in Eq. (4.2) for 0< k' <M —2, 0 <I' <N, we find that the
scheme (3.4) can be written as the matrix form

~ 1
C11X(f)=C11X(t—7)+ET(F1(f)+F1(t—T)), 4.3)
where

C11 =A1; ® Byy + = 7(a(A1; ® B1y) + b(Ar3 ® By3) + W(A14 ® Biy) + (A5 ® Bys))

N

Cpp=A; ®By; — —T(a(Alz ®Bjy) + b(A13 ® Byz) + V(A4 ® Byy) + u(Ags ® 315)) >

N

and the matrixes
1

Ay = (a(l’q)) and B,y = (b,

»q
a ), 1<q<5,

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.231015.240816a

Mixed Spectral Method for Heat Transfer 461

have the entries
ag/ll’l) = ag/ll’s) = al(,ll’s) = J Hy(x)H'(x)dx, ag/ll’z) = J H}/(x)d,H'(x)dx,
A A

ap = f O H{(x)0,H(x)dx, O0<I,I<N,
A
and

bS;;”=bS;3)=b£%;‘”=Jck/(y)ck(y)dy, b9 = J ()3, () dy
I I
bzgzls)=J9ka/(y)3ka(y)dy, 0<Kk,k<M-2.

1

Now to compute the entries ofAlq and By, 1<q <5, from Egs. (2.2) and (2.5)-(2.8)
for 0 <I’,1 < N we have

, V2lm/2, V'=1-1,
N DAV LB - e PR Y
0, otherwise ,
—ay/nll-1)/2, '=1-2,
a0 — Jral+3), V=1,
—a/n(+DA+2)/2, U'=1+2,

0, otherwise .

Next, we use (3.2) and (3.3) of Ref. [19] such that for 0 < k', k < M — 2 we have

2 _

—5FT kK'=k—2,

2 2
pa0 = | et K=k

2 _

e, K=k+1,

0, otherwise ,

2, kK=k—1, . Yk
w3 _ ) /_ (5 _ | 4k+6, =k,
by = 2 K=k+1, bk _{ 0, otherwise .

0, otherwise ,

We take the test function

V6 5v6 2
W(x,y,t)ztanh(ﬁ (x+y—Tt))e .

Leta=1,b=1,v=1and u=1in (4.1). To describe the error W —w), v, let {; | x
be the zeros of the polynomials (1—x2)3,L,,(x), let p m.1 x denote the Christoffel numbers
of the corresponding Legendre interpolations, and let oy 5 ; and wy 5 ; be the nodes and
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Table 1: Numerical errors using the scheme (4.1) and (5.3) of Ref. [19] with N = M2

T M=5 | M=6 | M=7 | M=38
0.0001(MLHM) | 3.21e-04 | 2.89¢-5 | 8.01e-06 | 7.76e-06
0.001(MSMGHF) | 1.49¢-03 | 1.47e-04 | 1.22e-05 | 8.63e-07

weights of the standard Hermite-Gauss interpolation. The nodes and weights of the scaled
Hermite-Gauss interpolation are then taken to be

a _ 9NAL a 1

o = w = —WN AL
N,ALL a > N,AL a >N\,

2
(o)
e N,AL 5

and we write

M N 2
2
lully w0 = (ZZu (o;z,A,l,cM,I,k)pM,I,kwx,A,l) :

k=01=0

The numerical errors are measured by the discrete norm

Nl=

Eyn(6)=IW(t)—wyn(Dllyna~ (J J (W(t) _WM,N,T(t))ZdXdy)
Q

In Fig. 1, we plot the errors log;o Ey v -(t) with N = 2M, t =1 and a = 1.5. Clearly,
the errors rapidly decay when M, N increase and 7T decreases. For the fixed time step size
7 =0.02 and M < 7, the total numerical errors are dominated by the approximation errors
in space, so they rapidly decay as M increases. However, for M > 7 the total numerical
errors are dominated by the approximation errors in time ¢, so the numerical results keep
the same accuracy even if M and N increase further. The results are similar for T = 0.002.
In contrast, for T < 0.0002 the total numerical errors are dominated by the approximation
errors in space, so they decay very rapidly as M and N increase. The above results coincide
very well with our theoretical analysis in Section 3. In particular, they show the spectral
accuracy in space of scheme (3.4), and convergence as M, N increase and T decreases.
Fig. 2 is a plot of logyq Ep; y -(t) with t =1, N = 2M, 7 = 0.002 and two different values
of the parameter a, where the errors when a = 1.5 are clearly smaller than the errors when
a = 1. However, how to choose the best parameter a is still an open question.

Finally, we compared numerical results from the mixed spectral method for heat transfer
using generalised Hermite functions and Legendre polynomials (MSMGHF) and the mixed
Legendre-Hermite spectral method (MLHM) [19], for the test function [19]

W(x,y,t) =(1—y?)e "2,
witha=1,b=+2,v=1,u=1/2and a = 1 in (4.1). In Table 1, the values Ey Nz VS,

the mode M with N = M? show that results using the MSMGHEF are accurate even for large
7, and for M = 8 they are also better.
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Figure 2: log,, Ey y..(1) vs M using the scheme (3.4) and (3.5) for (3.2) with two different a.

5. Concluding Remarks

Anisotropic heat transfer in an infinite plate with Dirichlet boundary conditions has
been simulated using the generalised Hermite functions H7(x) as the basis functions at the
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x— direction, since the solution decays exponentially as |x| — oo. The generalised Hermite
functions lead to much simpler analysis and more precise error estimates. We managed to
improve the algorithm scheme and the numerical results for problem (1.1) by using the
generalised Hermite functions, and the adjustable parameter a offers great flexibility to
match various asymptotic solution behaviour at infinity. However, the choice of the optimal
scaling factor for a given differential equation is still an open problem. We also established
some results on the mixed generalised Hermite-Legendre orthogonal approximation, which
provided useful tools in developing and analying generalised Hermite-Legendre spectral
methods for problems involving unbounded domains.

Acknowledgments

The work of the first author is supported in part by the NSF of China N.11371123
and N.11571151, the Fund of Henan Education Commission N.14B11021, and the Doctor
Fund of the Henan University of Science and Technology, N.09001263. The work of the
second author is supported in part by the NSF of China N.11571151 and N.11371123,
the Research Fund for Young Teachers of Jiangsu Normal University N.11XLR27, and the
Priority Academic Program Development of Jiangsu Higher Education Institutions.

References

[1] C. Bernardi and Y. Maday, Spectral methods, in Handbook of Numerical Analysis, Ciarlet P G.
and Lions J. L. (Eds.), pp. 209-486, Elsevier, Amsterdam (1997).
[2] J. Bergh and J. Lofstrom, Interpolation Spaces, An Introduction, Springer, Berlin (1976).
[3] J.P Boyd, Chebyshev and Fourier Spectral Methods, 2nd edition, Dover, New York (2001).
[4] C. Canuto, M.Y. Hussaini, A. Quarteroni and T.A. Zang, Spectral Methods, Fundamentals in
Single Domains, Springer, Berlin (2006).
[5] D. Funaro, Polynomial Approximations of Differential Equations, Springer, Berlin (1992).
[6] D. Funaro, A variational formulation for the Chebyshev pseudospectral approximation of Neu-
mann problems, SIAM J. Numer. Anal. 27, 695-703 (1990).
[7] B.Y. Guo, Spectral Methods and Their Applications, World Scientific, Singapore (1998).
[8] B.Y. Guo, J. Shen and L.L. Wang, Optimal spectral-Galerkin methods using generalized Jacobi
polynomials, J. Sci. Comp. 27, 305-322 (2006).
[9] B.Y. Guo and L.L. Wang, Jacobi approximations in non-uniformly Jacobi-weighted Sobolev spaces,
J. Approx. Theory 128, 1-41 (2004).
[10] D. Gottlieb and S.A. Orszag, Numerical Analysis of Spectral Methods: Theory and Applications,
SIAM-CBMS, Philadelphia (1977).
[11] O. Coulaud, D. Funaro and O. Kavian, Laguerre spectral approximation of elliptic problems in
exterior domains, Comp. Mech. Appl. Mech. Eng. 80, 451-458 (1990).
[12] J.C.M. Fok, B.Y. Guo and T. Tang, Combined Hermite spectral-finite difference method for the
Fokker-Planck equation, Math. Comp. 71, 1497-1528 (2001).
[13] D. Funaro and O. Kavian, Approximation of some diffusion evolution equation in unbounded
domains by Hermite function, Math. Comp. 57, 597-619 (1999).
[14] B.Y. Guo, Error estimation of Hermite spectral method for nonlinear partial differential equations,
Math. Comp. 68, 1069-1078 (1999).

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.231015.240816a

Mixed Spectral Method for Heat Transfer 465

[15] B.Y. Guo, L.L. Wang and Z.Q. Wang, Generalized Laguerre interpolation and pseudospectral
method for unbounded domains, SIAM J. Numer. Anal. 43, 2567-2589 (2006).

[16] B.Y. Guo, J. Shen and C.L. Xu, Spectral and pseudospectral approximation using Hermite func-
tions: Application to the Dirac equation, Adv. Comp. Math. 19, 35-55 (2003).

[17] B.Y. Guo, J. Shen and C.L. Xu, Generalized Laguerre approximation and its applications to exte-
rior problems, J. Comp. Math. 23, 113-130 (2005).

[18] B.Y. Guo, and C.L. Xu, Hermite pseudospectral method for nonlinear differential equations,
RAIRO Math. Model. Numer. Anal. 34, 859-872 (2000).

[19] B.Y. Guo and T.J. Wang, Mixed Legendre-Hermite spectral method for heat transfer in an infinite
plate, Comput. Math. Appl. 51, 751-768 (2006).

[20] B.Y. Guo and T.J. Wang, Composite Laguerre-Legendre spectral method for exterior problems,
Adv. Comp. Math. 32, 393-429 (2010).

[21] G. Szego, Orthogonal Polynomials, 4th ed., Amer. Math. Soc. Colloq. Publ. 23, AMS, Providence
(1975).

[22] S.Le Bourdiec, E de Vuyst and L. Jacquet, Numerical solution of the Vlasov-Poisson system using
generalized Hermite functions, Comput. Phys. Comm. 175, 528-544 (2006).

[23] J. Aguirre and J. Rivas, A spectral viscosity method based on Hermite functions for nonlinear
conservation laws, SIAM J. Numer. Anal. 46, 1060-1078 (2008).

[24] H.P Ma and T.G. Zhao, A stabilized Hermite spectral method for second-order differential equa-
tions in unbounded domains, Numer. Meth. Partial Differential Equations 23, 968-983 (2007).

[25] H.P Ma, WW. Sun and T. Tang, Hermite spectral methods with a time-dependent scaling for
parabolic equations in unbounded domains, SIAM J. Numer. Anal. 43, 58-75 (2005).

[26] J. Shen, T. Tang and L.L. Wang, Spectral Method: Algorithms, Analysis and Applications,
Springer, Berlin (2011).

[27] T Tang, The Hermite spectral method for Gauss-type function, SIAM J. Sci. Comput. 14, 594-606
(1993).

[28] Z.Q. Wang, B.Y. Guo and W. Zhang, Mixed spectral method for three-dimensional exterior prob-
lems using spherical harmonic and generalized Laguerre functions, J. Comput. Appl. Math. 217,
271-298 (2008).

[29] T.J. Wang, Generalized Laguerre spectral method for Fisher’s equation on a semi-infinite interval,
Inter. J. Comput. Math. 92, 1039-1052 (2015).

[30] T.J. Wang, Mixed spectral method for heat transfer with inhomogeneous Neumann boundary
condition in an infinite strip, Appl. Numer. Math. 92, 82-97 (2015).

[31] T.J. Wang and T. Sun, Mixed pseudospectral method for heat transfer, Math. Mod. Anal. 21,
199-219 (2016).

[32] C.Zhang and B.Y. Guo, Domain decomposition spectral method for mixed inhomogeneous bound-
ary value problems of high order differential equations on unbounded domains, J. Sci. Comput.
53, 451-480 (2012).

[33] C. Zhang and B.Y. Guo, Generalized Hermite spectral method matching asymptotic behaviors. J.
Comput. Appl. Math. 255, 616-634 (2014).

[34] X.M. Xiang and Z.Q. Wang, Generalized Hermite spectral method and its application to problems
in unbounded domains, SIAM J. Numer. Anal. 48, 1231-1253 (2010).

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.231015.240816a

