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Abstract. We propose a mixed spectral method for heat transfer in unbounded domains,

using generalised Hermite functions and Legendre polynomials. Some basic results

on the mixed generalised Hermite-Legendre orthogonal approximation are established,

which plays important roles in spectral methods for various problems defined on un-

bounded domains. As an example, the mixed generalised Hermite-Legendre spectral

scheme is constructed for anisotropic heat transfer. Its convergence is proven, and some

numerical results demonstrate the spectral accuracy of this approach.
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1. Introduction

Spectral methods have developed rapidly over the past three decades. The main merit

is high accuracy, but earlier spectral methods were only applicable to bounded domains —

cf. [1,3–9] and references therein. However, increasingly attention turned to problems on

unbounded domains, where direct approaches have been based upon certain orthogonal

approximations — e.g. the Hermite and Laguerre spectral method now commonly used for

differential equations on unbounded domains [1, 10–20, 22–30, 32–34]. Hermite polyno-

mials have previously been used, but for some applications the solutions decay to zero at

infinity — e.g. in heat transfer problems or when the differential equations involve variable

coefficients. Since the weight function e−x2

(or ex2

) destroys crucial the symmetry and pos-

itive definiteness of bilinear operators [1,12–14,19], in such cases it is more appropriate to

exploit Hermite functions with weight χ(x)≡ 1 — e.g. in the recent numerical simulation

∗Corresponding author. Email address: wangtianjun64�163.
om (T.-J. Wang)

http://www.global-sci.org/eajam 448 c©2016 Global-Science Press

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.231015.240816a


Mixed Spectral Method for Heat Transfer 449

of the Dirac equation [16]. However, Tang [27] pointed out that standard Hermite func-

tions sometimes work poorly in practice because too many Hermite functions are required,

and consequently introduced the scaled generalised Hermite functions

Hαn (x) =
1p
2nn!

Hn(αx)e−
1
2α

2 x2

, α > 0 ,

as basis functions that are mutually orthogonal with weight χ(x)≡ 1. Xiang & Wang [34]

considered the spectral method for the generalised Ginzburg-Landau equation, using these

scaled generalised Hermite functions. Tang [27] also considered how to choose a proper

scaling factor for a class of functions that decay at infinity at least like e−γx2

(with γ > 0).

We consider anisotropic heat transfer in an infinite plate, where the domain is Ω= Λ× I

where Λ = {x | −∞ < x <∞} and I = {y | |y| < 1} and the boundary is denoted by

Γ = {(x , y) | −∞ < x <∞, |y| = 1}. For brevity, we write ∂zW = ∂W/∂ z, etc. Then the

anisotropic heat transfer in Ω is governed by






∂tW (x , y, t) + a∂x W (x , y, t) + b∂yW (x , y, t)

−ν∂ 2
x

W (x , y, t)−µ∂ 2
y

W (x , y, t) = F(x , y, t) , (x , y) ∈ Ω , 0< t ≤ T ,

W (x , y, t) =W1(x , y, t) , (x , y) on Γ , 0< t ≤ T ,

W (x , y, 0) =W0(x , y) , (x , y) ∈ Ω̄ ,

(1.1)

where W (x , y, t) denotes the temperature, positive constants ν and µ are the conductivities

in the respective directions x and y, the parameters a and b are convective constants, and

the specified functions F(x , y, t) and W0(x , y) describe the heat source and the initial state,

respectively. Guo & Wang [19] used Hermite functions as the orthogonal basis functions

(associated with the weight function ex2

), and since W (x , y, t) decays very fast as |x | →∞
it is proved better to adopt the generalised Hermite functions [13, 16, 19]. However, it is

notable that problem (1.1) is not well posed in the weighted Sobolev space. Our aim

here is to develop a mixed generalised Hermite-Legendre approximation with application

to the numerical solution of problem (1.1) using the above scaled generalised Hermite

functions Hαn (x) and Legendre polynomials, associated with simple alternative Galerkin

variational formulations. Since such a formulation can approximate the solution directly

and be implemented easily, invoking the scaled generalised Hermite functions leads to a

much simplified analysis and more precise error estimates [34]. Moreover, the adjustable

parameter α offers great flexibility to match the asymptotic behaviour of the exact solutions

at infinity [31].

In Section 2, we establish some results on the mixed generalised Hermite-Legendre

approximation, which play important roles in the numerical analysis of spectral methods

for various differential equations in unbounded domains. In Section 3, we construct our

mixed generalised Hermite-Legendre spectral scheme for the problem (1.1) and prove its

convergence. Some numerical results indicating the high accuracy of proposed algorithm

in Section 4, and our concluding remarks are in Section 5.
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2. Mixed Generalised Hermite-Legendre Approximation

2.1. Hermite approximation

We first recall some results on the Hermite approximation. Let χ(x) be a certain

weight function. For any integer r ≥ 0, we define the space H r
χ(Λ) with the inner product

(u, v)r,χ,Λ, the semi-norm |u|r,χ,Λ and the norm ‖u‖r,χ,Λ. In particular, H0
χ(Λ) = L2

χ(Λ), with

the inner product (u, v)χ,Λ, and the norm ‖u‖χ,Λ. For any r > 0, we define the space H r
χ(Λ)

and its norm ||u||r,χ,Λ by space interpolation, as in Ref. [2]. We omit the subscript χ in the

notations whenever χ(x)≡ 1.

Let Hn(x) be the usual Hermite polynomials – viz.

Hn(x) = (−1)nex2

∂ n
x (e
−x2

) ,

which are mutually orthogonal with the weight function e−x2

. The scaled generalised Her-

mite function of degree n is defined by [27,34]

Hα
n
(x) =

1p
2nn!

Hn(αx) e−
1
2α

2 x2

, n≥ 0 , (2.1)

where α > 0 is a constant. The set of generalised Hermite functions Hα
n
(x) forms a complete

L2(Λ)-orthogonal system with the weight function χ(x)≡ 1 — i.e.
∫

Λ

Hαm(x)H
α
n (x) d x =

p
π

α
δm,n , (2.2)

where δm,n is the Kronecker function [21]. The function Hαn (x) is the n-th eigenfunction

of the Sturm-Liouville problem where

e
1
2α

2 x2

∂x

�
e−α

2 x2

∂x(e
1
2α

2 x2

u(x))
�
+λnu(x) = 0 , (2.3)

with the corresponding eigenvalue λn = λn(n,α) := 2α2n.

Given Hα
n
(x)≡ 0 for n< 0, for n≥ 0 it can be verified readily that

∂x Hαn (x) = −
1

2

Æ
λn+1Hαn+1(x) +

1

2

Æ
λnHαn−1(x) , (2.4)

∫

Λ

∂x Hα
n+2
(x)∂x Hα

n
(x) d x = −α

2

Æ
π(n+ 1)(n+ 2) , (2.5)

∫

Λ

(∂x Hαn (x))
2d x =

p
πα

�
n+

1

2

�
, (2.6)

∫

Λ

∂x Hαn (x)∂x Hαm(x) d x = 0 if n 6= m, n 6= m± 2 , (2.7)

hence for any u ∈ L2(Λ) we can write

u(x) =

∞∑

n=0

unHαn (x) , un =
αp
π

∫

Λ

u(x)Hαn (x) d x . (2.8)

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.231015.240816a


Mixed Spectral Method for Heat Transfer 451

For an integer N > 0, P N (Λ) denotes the set of all polynomials of degree at most N ; and

QN ,α(Λ) = span
�
Hα

0
(x), · · · , Hα

N
(x)
	
=
¦
ψe−

1
2α

2 x2 |ψ ∈ PN (Λ)
©

.

According to Lemma 2.1 of Ref. [34], for any φ ∈ QN ,α(Λ)

‖∂ r
x
φ‖Λ ≤ cαr N

r
2 ||φ||Λ . (2.9)

In order to obtain the approximation results, for any integer r ≥ 0 we define the normed

spaces [34]

H r
A,α(Λ) =
�

u | ‖u‖r,A,α,Λ <∞
	

, ‖u‖r,A,α,Λ =

�
r∑

k=0




(α4 x2 +α2)
r−k

2 ∂ k
x u





2

Λ

� 1
2

.

The L2(Λ)-orthogonal projection PN ,α,Λ : L2(Λ)→QN ,α(Λ) is defined by

(PN ,α,Λu− u,φ)Λ = 0 , φ ∈ QN ,α(Λ) .

According to Theorem 2.1 of Ref. [34], we also have the following result.

Lemma 2.1. If u ∈ H r
A,α(Λ) and integers 0≤ s ≤ r, then

‖u− PN ,α,Λu‖s,Λ ≤ cαs−r N
s−r
2 ‖u‖r,A,α,Λ . (2.10)

2.2. Legendre approximation

We now consider the Legendre approximation. For r ≥ 0, we define the space H r(I)

and its norm ‖u‖r,I as usual, and in particular take L2(I) = H0(I) with the inner product

(u, v)I = (u, v)0,I and the norm ‖u‖I = ‖u‖0,I . The Legendre polynomial of degree l is

Ll(y) =
(−1)l

2l l!
∂ l

y(1− y2)l ,

and the set of Legendre polynomials is a complete L2(I)-orthogonal system.

Now, let M be any positive integer, and letPM (I) denote the set of all polynomials of de-

gree at most M . In the forthcoming discussion an unusual projection is needed, where [20]

F (I) = L2(I) ∩ { u | there exists finite trace of u at y = ±1} ,
F0(I) = { u | u ∈ F (I) and u(±1) = 0} , P 0

M (I) =PM (I) ∩F0(I) .

Then the new orthogonal projection P0
M ,I :F0(I)→P 0

M (I) is defined by

(P0
M ,I

u− u,φ)I = 0 , ∀φ ∈ P 0
M
(I) .

According to Lemma 2.3 of Ref. [20], if u ∈ F0(I), (1− y2)
q−1

2 ∂
q
y u ∈ L2(I) and integer q ≥ 1

then 


P0
M ,Iu− u





I
≤ cM−q



(1− y2)

q−1
2 ∂ q

y u





I

. (2.11)
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Let H1
0
(I) = {u ∈ H1(I) and u(±1) = 0} and P 0

M
(I) = H1

0
(I) ∩ PM (I). The orthogonal

projection P
1,0
M ,I : H1

0(I)→P 0
M (I) is defined by

�
∂y(P

1,0
M ,I u− u),∂yφ
�

I
= 0 , ∀φ ∈ P 0

M (I) .

According to Theorem 3.4 of Ref. [9], if u ∈ H1
0(I), (1− y2)

q−1
2 ∂

q
y u ∈ L2(I) and integer q ≥ 1

then 


∂ s
y
(P

1,0
M ,I

u− u)





I
≤ cM s−q



(1− y2)

q−1
2 ∂ q

y
u





I

, s = 0,1 . (2.12)

2.3. Mixed generalised Hermite-Legendre approximation

We now proceed to discuss the mixed Hermite-Legendre approximation. The space

L2
χ(Ω) is defined in the usual way, with the inner product and norm

(u, v)χ,Ω =

∫ ∫

Ω

u(x , y)v(x , y)χ(x , y) d xd y , ‖u‖χ,Ω = (u,u)
1
2

χ,Ω ,

and we omit the subscript χ whenever χ(x , y) ≡ 1. Letting F0(Ω) = F0(I; L2(Λ)) and

V 0
M ,N ,α(Ω) =QN ,α(Λ)⊗P 0

M (I), we consider the orthogonal projection P0
M ,N ,α,Ω :F0(Ω)→

V 0
M ,N ,α(Ω) defined by

(P0
M ,N ,α,Ωu− u,φ)Ω = 0 , ∀φ ∈ V 0

M ,N ,α(Ω) .

For estimating ||P0
M ,N ,α,Ω

u− u||Ω, we use

A
q,r

α,Ω(u) =

∫

Λ




(1− y2)
q−1

2 ∂ q
y u





2

I
d x +

∫

I

‖u‖2r,A,α,Λd y ,

where q ≥ 1 and r ≥ 0 are integers.

Theorem 2.1. For any u ∈ F0(Ω) and integers q ≥ 1, r ≥ 0,




P0
M ,N ,α,Ωu− u





2

Ω

≤ c(M−2q +α−2r N−r)A
q,r

α,Ω(u) (2.13)

provided that A
q,r

α,Ω(u) is finite.

Proof. From the projection theorem,




P0
M ,N ,α,Ω

u− u





2

Ω

≤ ‖φ − u‖2 , ∀φ ∈ V 0
M ,N ,α(Ω) .

We take φ = (P0
M ,I · PN ,α,Λ)u. From inequalities (2.10) and (2.11),

‖φ − u‖2 ≤ 2




P0
M ,I
(PN ,α,Λu)− PN ,α,Λu





2

Ω

+ 2


PN ,α,Λu− u


2
Ω

≤ cM−2q

∫

Λ




(1− y2)
q−1

2 ∂ q
y PN ,α,Λu





2

I
d x + cα−2r N−r

∫

I

‖u‖2r,A,α,Λd y .
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Moreover, from (2.10) with r = s = 0 we have that
∫

Λ




(1− y2)
q−1

2 ∂ q
y PN ,α,Λu





2

I
d x ≤ c

∫

Λ




(1− y2)
q−1

2 ∂ q
y u





2

I
d x .

The desired result follows immediately.

In the numerical analysis of mixed spectral methods for boundary value problems, we

need another orthogonal projection. For this purpose, we introduce the bilinear form

aβ ,γ,Ω(u,v) = β(∂x u,∂xv)Ω + γ(∂yu,∂yv)Ω + (u,v)Ω , β ,γ > 0 , ∀u,v ∈ H1
0(Ω) .

The orthogonal projection P
1,0

M ,N ,α,β ,γ,Ω
: H1

0
(Ω)→ V 0

M ,N ,α(Ω) is defined by

aβ ,γ,Ω(P
1,0

M ,N ,α,β ,γ,Ω
u− u,φ) = 0 , ∀φ ∈ V 0

M ,N ,α(Ω) . (2.14)

In describing approximation results, for integers r ≥ 1,q ≥ 2 we use

D
q,r

α,β ,γ,Ω
(u)

=

∫

I

�
β ||u||2

r,A,α,Λ
+ ||u||2

r−1,A,α,Λ
+ β(1− y2)q−2||∂ q−1

y
u||2

1,A,α,Λ
+ γ||∂yu||2

r−1,A,α,Λ

�
d y

+

∫

Λ

�
β ||(1− y2)

q−2
2 ∂x∂

q−1
y u||2I + ||(1− y2)

q−2
2 ∂ q−1

y u||2I + γ||(1− y2)
q−1

2 ∂ q
y u||2I
�

d x .

Theorem 2.2. For any u ∈ H1
0(Ω) and integers r ≥ 1,q ≥ 2

β




∂x(P
1,0

M ,N ,α,β ,γ,Ω
u− u)





2

Ω

+ γ




∂y(P
1,0

M ,N ,α,β ,γ,Ω
u− u)





2

Ω

+




P1,0

M ,N ,α,β ,γ,Ω
u− u





2

Ω

≤c
�
M2−2q + (α2N )1−r

�
D

q,r

α,β ,γ,Ω
(u) , (2.15)

provided that D
q,r

α,β ,γ,Ω
(u) is finite.

Proof. From the projection theorem,

β




∂x(P
1,0

M ,N ,α,β ,γ,Ω
u− u)





2

Ω

+ γ




∂y(P
1,0

M ,N ,α,β ,γ,Ω
u− u)





2

Ω

+




P1,0

M ,N ,α,β ,γ,Ω
u− u





2

Ω

≤β ‖∂x(φ − u)‖2
Ω
+ γ


∂y(φ − u)


2
Ω
+ ‖φ − u‖2

Ω
, ∀φ ∈ V 0

M ,N ,α(Ω) . (2.16)

Taking φ = PN ,α,Λ(P
1,0
M ,I u), we have

β


∂x(φ − u)‖2

Ω
+ γ


∂y(φ − u)‖2

Ω
+ ‖φ − u‖2

Ω
≤ F1(u) + F2(u) + F3(u) + F4(u) ,

where

F1(u) = 2β ||∂x(PN ,α,Λu− u)||2
Ω
+ 2‖PN ,α,Λu− u‖2

Ω
,

F2(u) = 2β ||∂x(P
1,0
M ,I (PN ,α,Λu)− PN ,α,Λu)||2

Ω
,

F3(u) = 2γ||∂y(P
1,0
M ,I
(PN ,α,Λu)− PN ,α,Λu)||2

Ω
+ 2||P1,0

M ,I
(PN ,α,Λu)− PN ,α,Λu||2

Ω
,

F4(u) = 2γ||∂y(PN ,α,Λu− u)||2
Ω

.
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From inequality (2.10) with s = 1, 0 we have

F1(u) ≤ cα2−2r N1−r

∫

I

�
β ||u||2

r,A,α,Λ
+ ||u||2

r−1,A,α,Λ

�
d y ,

so inequalities (2.12) with s = 0 and (2.10) with s = 1, r = 1 imply

F2(u) ≤cβM2−2q

∫

Λ




(1− y2)
q−2

2 ∂x∂
q−1
y (PN ,α,Λu)





2

I
d x

≤cβM2−2q

∫

Λ




(1− y2)
q−2

2 ∂x∂
q−1
y

u





2

I
d x

+ cβM2−2q

∫

I

(1− y2)q−2



∂ q−1

y u





2

1,A,α,Λ
d y .

Using inequality (2.12) with s = 1, 0 and (2.10) with s = 0, r = 0 again, we then obtain

F3(u) ≤ cM2−2q

∫

Λ

�
γ




(1− y2)
q−1

2 ∂ q
y (PN ,α,Λu)





2

I
+




(1− y2)
q−2

2 ∂ q−1
y (PN ,α,Λu)





2

I

�
d x

≤ cM2−2q

∫

Λ

�
γ




(1− y2)
q−1

2 ∂ q
y
u





2

I
+




(1− y2)
q−2

2 ∂ q−1
y

u





2

I

�
d x ,

and inequality (2.10) with s = 0 yields

F4(u) ≤ cγα2−2r N1−r

∫

I

||∂yu||2r−1,A,α,Λ d y .

The desired result comes from a combination of the previous statements.

3. Mixed Hermite-Legendre Spectral Scheme

We now consider the mixed Hermite-Legendre spectral method for (1.1), together with

the convergence analysis.

3.1. Semi-discrete scheme

Letting

W1(x , 1, t) = g1(x , t) , W1(x ,−1, t) = g2(x , t) ,

we define the function corresponding to the boundary Γ by

WB(x , y, t) =
1

2

�
(1+ y)g1(x , t) + (1− y)g2(x , t)

�
. (3.1)

Obviously, WB(x , y, t) = W (x , y, t) on Γ , and WB(x , y, t) → 0 when |x | → ∞ . Now, we

make the variable transformation

W (x , y, t) = U(x , y, t) +WB(x , y, t) ,
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and

f (x , y, t) =F(x , y, t) − ∂tWB(x , y, t)− a∂x WB(x , y, t)

− b∂yWB(x , y, t) + ν∂ 2
x

WB(x , y, t) +µ∂ 2
y

WB(x , y, t) .

Then the problem (1.1) can be rewritten





∂t U(x , y, t) + a∂x U(x , y, t) + b∂y U(x , y, t)

−ν∂ 2
x U(x , y, t)−µ∂ 2

y U(x , y, t) = f (x , y, t) , (x , y) ∈ Ω, 0< t ≤ T ,

U(x , y, t) = 0 , (x , y) on Γ , 0< t ≤ T ,

U(x , y, t)→ 0 , |x | →∞, 0< t ≤ T ,

U(x , y, 0) = U0(x , y) , (x , y) ∈ Ω∪ Γ ,

(3.2)

where U0(x , y) =W0(x , y)−WB(0) with WB(0) =WB(x , y, 0).

A weak formulation of (3.2) is to seek solution U ∈ L∞(0, T ; L2(Ω))∩ L2(0, T ; H1
0(Ω))

such that





(∂t U(t), v)Ω + a(∂x U(t), v)Ω + b(∂y U(t), v)Ω + ν(∂x U(t),∂x v)Ω

+µ(∂y U(t),∂y v)Ω = ( f (t), v)Ω , ∀v ∈ H1
0
(Ω), 0< t ≤ T ,

U(0) = U0 .

(3.3)

By a standard compactness proof, it can be demonstrated that if U0 ∈ L2(Ω), then (3.3) has

a unique solution. The mixed spectral scheme for (3.3) is to find uM ,N ∈ V 0
M ,N ,α(Ω), such

that





(∂tuM ,N (t),φ)Ω + a(∂x uM ,N (t),φ)Ω + b(∂yuM ,N (t),φ)Ω + ν(∂x uM ,N (t),∂xφ)Ω

+µ(∂yuM ,N (t),∂yφ)Ω = ( f (t),φ)Ω , ∀φ ∈ V 0
M ,N ,α(Ω) , 0< t ≤ T ,

uM ,N (0) = P0
M ,N ,α,ΩU0 .

(3.4)

The numerical solution of problem (1.1) is given by

wM ,N (x , y, t) = uM ,N (x , y, t) +WB(x , y, t) . (3.5)

We now discuss the convergence of scheme (3.4). Letting UM ,N = P
1,0
M ,N ,α,ν,µΩU , from

(3.3) we have






(∂t UM ,N (t),φ)Ω + a(∂x UM ,N (t),φ)Ω + b(∂y UM ,N (t),φ)Ω

+ν(∂x UM ,N (t),∂xφ)Ω +µ(∂y UM ,N (t),∂yφ)Ω +

4∑

j=1

G j(t,φ)

= ( f (t),φ)Ω , ∀φ ∈ V 0
M ,N ,α(Ω) , 0< t ≤ T ,

UM ,N (0) = P
1,0
M ,N ,α,ν,µ,ΩU0 ,

(3.6)

where

G1(t,φ) =
�
∂t(U(t)− UM ,N (t)),φ

�
Ω

, G2(t,φ) = a
�
∂x (U(t)− UM ,N (t)),φ

�
Ω

,

G3(t,φ) = b
�
∂y(U(t)− UM ,N (t)),φ

�
Ω

, G4(t,φ) =
�
UM ,N (t)− U(t),φ

�
Ω

.
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Letting eUM ,N = uM ,N − UM ,N and subtracting (3.6) from (3.4) yields






(∂t
eUM ,N (t),φ)Ω + a(∂x

eUM ,N (t),φ)Ω + b(∂y
eUM ,N (t),φ)Ω

+ν(∂x
eUM ,N (t),∂xφ)Ω +µ(∂y

eUM ,N (t),∂yφ)Ω

=

4∑

j=1

G j(t,φ) , ∀φ ∈ V 0
M ,N ,α(Ω) , 0< t ≤ T ,

eUM ,N (0) = P0
M ,N ,α,ΩU0 − P

1,0
M ,N ,α,ν,µ,ΩU0 .

(3.7)

Taking φ = 2eUM ,N in (3.7), we deduce that

∂t



eUM ,N (t)


2
Ω
+ 2ν


∂x
eUM ,N (t)


2
Ω
+ 2µ


∂y
eUM ,N (t)


2
Ω

=2

4∑

j=1

G j(t, eUM ,N ) , 0< t ≤ T , (3.8)

therefore it suffices to estimate the terms | G j(t, eUM ,N ) |. We first use the Cauchy inequality

and inequality (2.15) to verity that for integers r ≥ 1,q ≥ 2

2
��G1(t, eUM ,N (t))

�� =2
��(∂t U(t)− ∂t UM ,N (t), eUM ,N (t))Ω

��

≤


∂t(U(t)− UM ,N (t))



2
Ω
+


eUM ,N (t)


2
Ω

≤c(M2−2q + (α2N )1−r)D
q,r

α,ν,µ,Ω(∂t U(t)) +


eUM ,N (t)


2
Ω

. (3.9)

Then using (2.15) again, we have

2
��G2(t, eUM ,N (t)) + G3(t, eUM ,N (t)) + G4(t, eUM ,N (t))

��

≤a


∂x(U(t)− UM ,N (t))



2
Ω
+ b


∂y(U(t)− UM ,N (t))



2
Ω
+


U(t)− UM ,N (t)



2
Ω

+ (a + b+ 1)


eUM ,N (t)


2
Ω

≤c max

�
a

ν
,

b

µ
, 1

��
M2−2q +
�
α2N
�1−r
�
D

q,r

α,ν,µ,Ω(U(t)) + (a + b+ 1)


eUM ,N (t)


2
Ω

. (3.10)

Furthermore, from inequalities (2.13) and (2.15) we obtain



eUM ,N (0)


2
Ω
≤2




P0
M ,N ,α,ΩU0 − U0





2

Ω

+ 2




U0 − P
1,0
M ,N ,α,ν,µ,ΩU0





2

Ω

≤c
�
M2−2q + (α2N )1−r

��
A

q−1,r−1

α,Ω (U0) +D
q,r

α,ν,µ,Ω(U0)
�

. (3.11)

For simplicity, let us write

Eν,µ(u(t)) = ‖u(t)‖2Ω + 2

∫ t

0

�
ν‖∂x u(ξ)‖2

Ω
+µ‖∂yu(ξ)‖2

Ω

�
dξ . (3.12)
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Invoking (3.9) and (3.10) in Eq. (3.8), we get

∂t Eν,µ(eUM ,N (t)) ≤ c1‖eUM ,N (t)‖2Ω + c2

�
M2−2q + (α2N )1−r

�

·
�
D

q,r

α,ν,µ,Ω(∂t U(t)) +D
q,r

α,ν,µ,Ω(U(t))
�

, (3.13)

where

c1 = a + b+ 2 , c2 = c

�
1+ max

�
a

ν
,

b

µ
, 1

��
.

Then

∂t Eν,µ(eUM ,N (t))

≤c1Eν,µ

�eUM ,N (t)
�
+ c2

�
M2−2q + (α2N )1−r

��
D

q,r

α,ν,µ,Ω(∂t U(t)) +D
q,r

α,ν,µ,Ω(U(t))
�

,

which is equivalent to

∂t

�
Eν,µ

�eUM ,N (t)
�

e−c1 t
�

≤c2e−c1 t
�
M2−2q + (α2N )1−r

� �
D

q,r

α,ν,µ,Ω(∂t U(t)) +D
q,r

α,ν,µ,Ω(U(t))
�

. (3.14)

Integrating (3.14) with respect to t and using inequality (3.11), we obtain

Eν,µ

�eUM ,N (t)
� ≤ c
�
M2−2q + (α2N )1−r

�
RΩ (U , U0,q, r,α,ν,µ, t) , (3.15)

where

RΩ(U , U0,q, r,α,ν,µ, t) =ec1 t

�
c̄2

∫ t

0

e−c1ξ
�
D

q,r

α,ν,µ,Ω(∂ξU(ξ)) +D
q,r

α,ν,µ,Ω(U(ξ))
�

dξ

+A
q−1,r−1

α,Ω (U0) +D
q,r

α,ν,µ,Ω(U0)

�
,

with c̄2 = 1 + max(a/ν, b/µ, 1). A combination of (2.15) with β = ν,γ = µ and (3.15)

yields

Eν,µ

�
U(t)− uM ,N (t)
� ≤c
�
M2−2q + (α2N )1−r

��
RΩ(U , U0,q, r,α,ν,µ, t)

+D
q,r

α,ν,µ,Ω(U(t)) +

∫ t

0

D
q,r

α,ν,µ,Ω(U(ξ)) dξ

�
. (3.16)

From Eq. (3.1) and inequality (3.16), for 0≤ t ≤ T we then finally obtain

Eν,µ(W (t)−wM ,N (t))

≤c
�
M2−2q + (α2N )1−r

��
RΩ(W,W0,q, r,α,ν,µ, t) +D

q,r

α,ν,µ,Ω(W (t))

+

∫ t

0

D
q,r

α,ν,µ,Ω(W (ξ)) dξ+ RΩ(WB,WB(0),q, r,α,ν,µ, t) +D
q,r

α,ν,µ,Ω(WB(t))

+

∫ t

0

D
q,r

α,ν,µ,Ω
(WB(ξ)) dξ

�
. (3.17)
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3.2. Fully-discrete scheme

Let [T ] denote the integer part of any fixed positive constant T and τ the mesh size of

the variable t, and write

Rτ(T ) =

§
t = kτ | k = 1,2, · · · ,

�
T

τ

�ª
, R̄τ(T ) = Rτ(T )∪ {0} ,

Dτu(t) =
1

τ

�
u(t +τ)− u(t)
�
, û(t) =

1

2

�
u(t +τ) + u(t)
�

.

To show the convergence with respect to time t, we consider the fully-discrete scheme of

(3.3) — i.e. seek uM ,N (t) ∈ V 0
M ,N ,α(Ω) such that [30]






(DτuM ,N (t),φ)Ω + a(∂x ûM ,N (t),φ)Ω + b(∂y ûM ,N (t),φ)Ω

+ν(∂x ûM ,N (t),∂xφ)Ω +µ(∂y ûM ,N (t),∂yφ)Ω = ( f̂ (t),φ)Ω ,

∀ φ ∈ V 0
M ,N ,α(Ω) , t ∈ Rτ(T −τ) ,

uM ,N (x , y, 0) = P0
M ,N ,α,Ω

U0(x , y) .

(3.18)

We now consider the convergence of scheme (3.18). Let UM ,N = P
1,0
M ,N ,α,ν,µΩU . From (3.4),






(DτUM ,N (t),φ)Ω + a(∂x ÛM ,N (t),φ)Ω + b(∂y ÛM ,N (t),φ)Ω + ν(∂x ÛM ,N (t),∂xφ)Ω

+µ(∂y ÛM ,N (t),∂yφ)Ω =
5∑

j= j

Ḡ j(t,φ) + ( f̂ (t),φ)Ω ,

∀ φ ∈ V 0
M ,N ,α(Ω) , t ∈ Rτ(T −τ) ,

UM ,N (x , y, 0) = P
1,0
M ,N ,α,ν,µ,ΩU0(x , y) ,

(3.19)

where

Ḡ1(t,φ) =
�

DτUM ,N (t)− ∂t U(t +
τ

2
),φ
�

Ω

, Ḡ2(t,φ) = a

�
∂x(ÛM ,N (t)− U(t +

τ

2
)),φ
�

Ω

,

Ḡ3(t,φ) = b

�
∂y(ÛM ,N (t)− U(t +

τ

2
)),φ
�

Ω

, Ḡ4(t,φ) =
�

U(t +
τ

2
)− ÛM ,N (t),φ
�

Ω

,

Ḡ5(t,φ) =
�

f (t +
τ

2
)− f̂ (t),φ
�

Ω

.

Writing eUM ,N = uM ,N − UM ,N and subtracting (3.19) from (3.18), we obtain





(Dτ eUM ,N (t),φ)Ω + a(∂x
êUM ,N (t),φ)Ω + b(∂y

êUM ,N (t),φ)Ω + ν(∂x
êUM ,N (t),∂xφ)Ω

+µ(∂y
êUM ,N (t),∂yφ)Ω = −

5∑
j=1

Ḡ j(t,φ) , ∀ φ ∈ V 0
M ,N ,α(Ω) , t ∈ Rτ(T −τ) ,

eUM ,N (x , y, 0) = P0
M ,N ,α,Ω

U0(x , y)− P
1,0
M ,N ,α,ν,µ,Ω

U0(x , y) .

(3.20)

Taking φ = 2 êUM ,N (t) in (3.20), we obtain

Dτ‖eUM ,N (t)‖2Ω + 2ν‖∂x
êUM ,N (t)‖2Ω + 2µ‖∂y

êUM ,N (t)‖2Ω = −2

7∑

j=1

Ḡ j(t,φ) , (3.21)
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where

Ḡ6(t,φ) = a(∂x
êUM ,N (t) , êUM ,N (t))Ω , Ḡ7(t,φ) = b(∂y

êUM ,N (t), êUM ,N (t))Ω .

Following Ref. [30] as in the derivation of (3.27), for s ∈ R̄τ(t −τ) we obtain
�

1−τ
�

2T + 1+
a2

ν
+

b2

µ

��
‖eUM ,N (s)‖2Ω +τ

∑

s∈R̄τ(t−τ)

�
ν‖∂x
êUM ,N (s)‖2Ω +µ‖∂y

êUM ,N (s)‖2Ω
�

≤τ
∑

s∈R̄τ(t−τ)

�
2T + 1+

a2

ν
+

b2

µ

�
‖eUM ,N (s)‖2Ω + cτ4

�
‖U‖2

H3(0,T ;L2(Ω))
+ ‖ f ‖2

H2(0,T ;L2(Ω))

�

+ cc∗
�
M2−2q + (βN )1−r

�

·
∑

s∈R̄τ(t−τ)

�
D

q,r

β ,Ω
(Û(s)) +D

q,r

α,ν,µ,Ω(∂sÛ(s)) +D
q,r

α,ν,µ,Ω(Û0) +A
q−1,r−1

α,Ω (U0)
�

, (3.22)

with c∗ = ν+µ+ 1. Let

E(v, t) = ‖v(t)‖2
Ω
+τ
∑

s∈R̄τ(t−τ)

�
ν‖∂x v̂(s)‖2

Ω
+µ‖∂y(v̂(s)‖2Ω
�

,

ρ(t) = c∗
∑

s∈R̄τ(t−τ)

�
D

q,r

α,ν,µ,Ω(Û(s)) +D
q,r

α,ν,µ,Ω(∂sÛ(s)) +D
q,r

α,ν,µ,Ω(Û0) +A
q−1,r−1

α,Ω (U0)
�

+ ‖U‖2
H3(0,T ;L2(Ω))

+ ‖ f ‖2
H2(0,T ;L2(Ω))

.

Finally, we apply Lemma 3.2 of Ref. [7] to (3.22) to obtain the following result.

If τ < (2T + 1+ a2/ν+ b2/µ)−1, then for all t ∈ R̄τ(T ) we have

E(UM ,N − uM ,N , t) ≤ cρ(t)e(2T+ a2

ν +
b2

µ )t
�
τ4 +M2−2q + (α2N )1−r

�
(3.23)

provided that ρ(t) is finite.

4. Numerical Results

We now proceed to implementations and some numerical results that illustrate our

theoretical analysis in the previous section. We use the Crank-Nicolson discretisation in

time t with the step size τ, and for simplicity write

aΩ(z,φ) = a(∂x z,φ)Ω + b(∂yz,φ)Ω + ν(∂x z,∂xφ)Ω +µ(∂yz,∂yφ)Ω ,

and thus express the fully discrete scheme (3.18) as





1

τ
(uM ,N (t +τ)− uM ,N (t),φ)Ω +

1

2
aΩ(uM ,N (t +τ) + uM ,N (t),φ)

=
1

2
( f (t +τ) + f (t),φ)Ω , t = 0,τ, 2τ, · · · , T −τ , ∀φ ∈ V 0

M ,N ,α(Ω) ,

uM ,N (0) = P0
M ,N ,α,ΩU0 .

(4.1)
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Letting

AΩ(z,φ) =
1

2
τaΩ(z,φ) + (z,φ)Ω , GΩ(z,φ) = −1

2
τaΩ(z,φ) + (z,φ)Ω ,

at each time step we solve the equation

AΩ(uM ,N (t),φ) = GΩ(uM ,N (t −τ),φ) +
1

2
τ( f (t) + f (t −τ),φ)Ω , ∀φ ∈ V 0

M ,N ,α(Ω) . (4.2)

For notational convenience, we also write

ζk(y) = Lk(y)− Lk+2(y) , 0≤ k ≤ M − 2 .

In the computation, we write the numerical solution as

uM ,N ,τ(x , y, t) =

N∑

l=0

M−2∑

k=0

ak,l(t)H
α
l (x)ζk(y) .

Letting

fk′l ′ =
�

f (t), Hα
l ′ (x)ζk′(y)
�
Ω

, 0≤ k′ ≤ M − 2 , 0≤ l′ ≤ N ,

and defining the vectors

X (t) =
�
a0,0(t), a1,0(t), · · · , aM−2,0(t), a0,1(t), a1,1(t), · · · , aM−2,1(t),

· · · , a0,N (t), a1,N (t), · · · , aM−2,N (t)
�T

,

F1(t) =
�

f0,0(t), f1,0(t), · · · , fM−2,0(t), f0,1(t), f1,1(t), · · · , fM−2,1(t) ,

· · · , f0,N (t), f1,N (t), · · · , fM−2,N (t)
�T

.

On taking φ = Hα
l ′(x)ζk′(y) in Eq. (4.2) for 0 ≤ k′ ≤ M − 2 , 0 ≤ l′ ≤ N , we find that the

scheme (3.4) can be written as the matrix form

C11X (t) = eC11X (t −τ) + 1

2
τ(F1(t) + F1(t −τ)) , (4.3)

where

C11 = A11 ⊗ B11 +
1

2
τ
�
a(A12 ⊗ B12) + b(A13 ⊗ B13) + ν(A14 ⊗ B14) +µ(A15 ⊗ B15)

�
,

eC11 = A11 ⊗ B11 −
1

2
τ
�
a(A12 ⊗ B12) + b(A13 ⊗ B13) + ν(A14 ⊗ B14) +µ(A15 ⊗ B15)

�
,

and the matrixes

A1q = (a
(1,q)

l ′l ) and B1q = (b
1,q

k′k) , 1≤ q ≤ 5 ,
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have the entries

a
(1,1)

l ′l = a
(1,3)

l ′l = a
(1,5)

l ′l =

∫

Λ

Hα
l ′(x)H

α
l
(x) d x , a

(1,2)

l ′l =

∫

Λ

Hα
l ′(x)∂x Hα

l
(x) d x ,

a
(1,4)

l ′l =

∫

Λ

∂x Hα
l ′(x)∂x Hα

l
(x) d x , 0≤ l′, l ≤ N ,

and

b
(1,1)

k′k = b
(1,2)

k′k = b
(1,4)

k′k =

∫

I

ζk′(y)ζk(y) d y , b
(1,3)

k′k =

∫

I

ζk′(y)∂yζk(y) d y ,

b
(1,5)

k′k =

∫

I

∂yζk′(y)∂yζk(y) d y , 0≤ k′, k ≤ M − 2 .

Now to compute the entries of A1q and B1q , 1≤ q ≤ 5, from Eqs. (2.2) and (2.5)-(2.8)

for 0≤ l′, l ≤ N we have

a
(1,1)

l ′l =

� p
π/α , l′ = l ,

0 , otherwise ,
a
(1,2)

l ′l =






p
2lπ/2 , l′ = l − 1 ,

−p2π(l + 1)/2 , l′ = l + 1 ,

0 , otherwise ,

a
(1,4)

l ′l =






−αpπl(l − 1)/2 , l′ = l − 2 ,p
πα(l + 1

2) , l′ = l ,

−αpπ(l + 1)(l + 2)/2 , l′ = l + 2 ,

0 , otherwise .

Next, we use (3.2) and (3.3) of Ref. [19] such that for 0≤ k′, k ≤ M − 2 we have

b
(1,1)

k′,k =






− 2
2k+1 , k′ = k− 2 ,

2
2k+1 +

2
2k+5 , k′ = k ,

− 2
2k+5 , k′ = k+ 1 ,

0 , otherwise ,

b
(1,3)

k′,k =






2 , k′ = k − 1 ,

−2 , k′ = k + 1 ,

0 , otherwise ,

b
(1,5)

k′,k =

�
4k+ 6 , k′ = k ,

0 , otherwise .

We take the test function

W (x , y, t) = tanh

�p
6

12

�
x + y − 5

p
6

6
t

��
e−x2

.

Let a = 1, b = 1, ν = 1 and µ = 1 in (4.1). To describe the error W − wM ,N , let ζM ,I ,k

be the zeros of the polynomials (1− x2)∂x LM (x), let ρM ,I ,k denote the Christoffel numbers

of the corresponding Legendre interpolations, and let σN ,Λ,l and ωN ,Λ,l be the nodes and
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Table 1: Numeri
al errors using the s
heme (4.1) and (5.3) of Ref. [19℄ with N = M2
.

τ M = 5 M = 6 M = 7 M = 8

0.0001(MLHM) 3.21e-04 2.89e-5 8.01e-06 7.76e-06

0.001(MSMGHF) 1.49e-03 1.47e-04 1.22e-05 8.63e-07

weights of the standard Hermite-Gauss interpolation. The nodes and weights of the scaled

Hermite-Gauss interpolation are then taken to be

σα
N ,Λ,l

=
σN ,Λ,l

α
, ωα

N ,Λ,l
=

1

α
ωN ,Λ,le

σ2
N ,Λ,l ,

and we write

‖u‖M ,N ,Ω =

�
M∑

k=0

N∑

l=0

u2(σα
N ,Λ,l

,ζM ,I ,k)ρM ,I ,kω
α
N ,Λ,l

� 1
2

.

The numerical errors are measured by the discrete norm

EM ,N ,τ(t) = ‖W (t)−wM ,N ,τ(t)‖M ,N ,Ω ≈
�∫ ∫

Ω

(W (t)−wM ,N ,τ(t))
2d xd y

� 1
2

.

In Fig. 1, we plot the errors log10 EM ,N ,τ(t) with N = 2M , t = 1 and α = 1.5. Clearly,

the errors rapidly decay when M , N increase and τ decreases. For the fixed time step size

τ = 0.02 and M ≤ 7, the total numerical errors are dominated by the approximation errors

in space, so they rapidly decay as M increases. However, for M ≥ 7 the total numerical

errors are dominated by the approximation errors in time t, so the numerical results keep

the same accuracy even if M and N increase further. The results are similar for τ = 0.002.

In contrast, for τ ≤ 0.0002 the total numerical errors are dominated by the approximation

errors in space, so they decay very rapidly as M and N increase. The above results coincide

very well with our theoretical analysis in Section 3. In particular, they show the spectral

accuracy in space of scheme (3.4), and convergence as M , N increase and τ decreases.

Fig. 2 is a plot of log10 EM ,N ,τ(t) with t = 1, N = 2M , τ = 0.002 and two different values

of the parameter α, where the errors when α = 1.5 are clearly smaller than the errors when

α= 1. However, how to choose the best parameter α is still an open question.

Finally, we compared numerical results from the mixed spectral method for heat transfer

using generalised Hermite functions and Legendre polynomials (MSMGHF) and the mixed

Legendre-Hermite spectral method (MLHM) [19], for the test function [19]

W (x , y, t) = (1− y2)e y− 1
2 t−x2

,

with a = 1, b =
p

2, ν = 1, µ = 1/2 and α = 1 in (4.1). In Table 1, the values EM ,N ,τ vs.

the mode M with N = M2 show that results using the MSMGHF are accurate even for large

τ, and for M = 8 they are also better.
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Figure 1: log10 EM ,N ,τ(1) vs M using the s
heme (3.4) and (3.5) for (3.2) with three di�erent τ.
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Figure 2: log10 EM ,N ,τ(1) vs M using the s
heme (3.4) and (3.5) for (3.2) with two di�erent α.

5. Concluding Remarks

Anisotropic heat transfer in an infinite plate with Dirichlet boundary conditions has

been simulated using the generalised Hermite functions Hαn (x) as the basis functions at the
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x− direction, since the solution decays exponentially as |x | →∞. The generalised Hermite

functions lead to much simpler analysis and more precise error estimates. We managed to

improve the algorithm scheme and the numerical results for problem (1.1) by using the

generalised Hermite functions, and the adjustable parameter α offers great flexibility to

match various asymptotic solution behaviour at infinity. However, the choice of the optimal

scaling factor for a given differential equation is still an open problem. We also established

some results on the mixed generalised Hermite-Legendre orthogonal approximation, which

provided useful tools in developing and analying generalised Hermite-Legendre spectral

methods for problems involving unbounded domains.
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[21] G. Szegö, Orthogonal Polynomials, 4th ed., Amer. Math. Soc. Colloq. Publ. 23, AMS, Providence

(1975).

[22] S. Le Bourdiec, F. de Vuyst and L. Jacquet, Numerical solution of the Vlasov-Poisson system using

generalized Hermite functions, Comput. Phys. Comm. 175, 528-544 (2006).

[23] J. Aguirre and J. Rivas, A spectral viscosity method based on Hermite functions for nonlinear

conservation laws, SIAM J. Numer. Anal. 46, 1060-1078 (2008).

[24] H.P. Ma and T.G. Zhao, A stabilized Hermite spectral method for second-order differential equa-

tions in unbounded domains, Numer. Meth. Partial Differential Equations 23, 968-983 (2007).

[25] H.P. Ma, W.W. Sun and T. Tang, Hermite spectral methods with a time-dependent scaling for

parabolic equations in unbounded domains, SIAM J. Numer. Anal. 43, 58-75 (2005).

[26] J. Shen, T. Tang and L.L. Wang, Spectral Method: Algorithms, Analysis and Applications,

Springer, Berlin (2011).

[27] T. Tang, The Hermite spectral method for Gauss-type function, SIAM J. Sci. Comput. 14, 594-606

(1993).

[28] Z.Q. Wang, B.Y. Guo and W. Zhang, Mixed spectral method for three-dimensional exterior prob-

lems using spherical harmonic and generalized Laguerre functions, J. Comput. Appl. Math. 217,

271-298 (2008).

[29] T.J. Wang, Generalized Laguerre spectral method for Fisher’s equation on a semi-infinite interval,

Inter. J. Comput. Math. 92, 1039-1052 (2015).

[30] T.J. Wang, Mixed spectral method for heat transfer with inhomogeneous Neumann boundary

condition in an infinite strip, Appl. Numer. Math. 92, 82-97 (2015).

[31] T.J. Wang and T. Sun, Mixed pseudospectral method for heat transfer, Math. Mod. Anal. 21,

199-219 (2016).

[32] C. Zhang and B.Y. Guo, Domain decomposition spectral method for mixed inhomogeneous bound-

ary value problems of high order differential equations on unbounded domains, J. Sci. Comput.

53, 451-480 (2012).

[33] C. Zhang and B.Y. Guo, Generalized Hermite spectral method matching asymptotic behaviors. J.

Comput. Appl. Math. 255, 616-634 (2014).

[34] X.M. Xiang and Z.Q. Wang, Generalized Hermite spectral method and its application to problems

in unbounded domains, SIAM J. Numer. Anal. 48, 1231-1253 (2010).

https://doi.org/10.4208/eajam.231015.240816a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.231015.240816a

