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PROBLEMS AND SOLUTIONS

PROBLEMS

99.1.1. Minimum Distance Estimator with L1 Normproposed by Oliver Lin-
ton. The method of minimum distance or minimum chi-squared is a well-
established approach to imposing restrictions in estimatsappose that we
have some consistent estimatesf a p X 1 parameter vectof and that we
want to impose the restriction that= g(8), whereé is aq X 1 vector withq <
p. The idea is to led be the minimizer ofid — g()|, with respect tas, where
usually |x[3 = x"Vx for some matrixV, i.e., a Euclidean metricThe Cowles
monograph by Rothenberd 973 contains an excellent discussion of this
method Suppose instead that we use some other vector fofnto impose
restrictions what are the asymptotic properties of the resulting estimaté8 of
We are accustomed to seeing the choice of norm as having little qualitative
effect on the asymptotic properties of estimatasin the comparison between
median and mearso that we might expect that the choice of norm would only
affect the magnitude of the asymptotic variance and not the distributional form
itself. Unfortunately this is not true Consider the special case thgs = 8o,
i=1...,p, and letdo minimize

P
Qn(8) =0 = 8-1], = > |6 = 4],
j=1

where for simplicity suppose thaf(6 — 6,) = N(0, Ip) andp = 3. Prove that
X
PI{VR(6 — 8p) = x] — 6f O(t){1— D(t)}(1) dt,

whered and¢ arg respectivelythe cd.f. and density functions of the standard
normal
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Rothenberd1973 Efficient Estimation with A Priori InformationCowles Foundation Monograph
23 New Haven Yale University Press

99.1.2. An Interesting Property of Mahalanobis Distan@goposed by Ali S
Hadi. Let X be a(p+ 1) X pmatrix representing + 1 observations opvariates
Let X and S be the mean vector and covariance matrix of pheariates inX,
respectivelyAssume thaS is invertible Let

&= (x—RTSIx %), i=1..,n
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be the squared Mahalanobis distances fomthel observations itX, wherex;

is the transpose of thigh row of X. Show thatd? = p%(p + 1) for all i. Thus

all p + 1 points (observations must lie on the surface of thp-dimensional
ellipsoid centered at and whose orientatiofdirections of axesand shape are
determined by the matri$. This property was observed in a method for the
detection of outliers in multivariate dat&ladi1994).

REFERENCE
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99.1.3. An Application of Beinstein’s Inequalitgroposed by Hua LiandJsing
the following result

Beinstein’s Inequality Let V,...,V, be independent random variables with
zero means and bounded rang&4| = M. Then for eachy > 0,

(S0 ol |

Prove the following theorem

THEOREM Let\,...,V, be independent randovariables with means zero
and finite rth momentr = 2), i.e., sup<j=n E|V,|" = C < co. Assumday;, k,i =
1...,n) is a sequence of posit numbers such tha&up —; x=n|ax| = n~P: for
somed < p; =1 andZ,-“zlaji = O(nP2) for p, = max(0,2/r — p;). Then
n

max

1=i=n

=0O(n"slogn) fors=(p;,—p,)/2. as.

ayi Vi
k=1

99.1.4. Equality of Two IV Estimatorproposed by Hailong Qiaonsider the
following linear regression model

Vi = X B+ e=XqB1+ X B2+ &, i=12,...,N, 1)

where the dimensions of, x;;, andx,; are 1X K, 1 X K,, and 1X K, respec-
tively, with K = K; + K,. We allow the possibility thak; may be correlated
with g;, but we assume that we have instrumentsuch thatE(e;|z) = 0 and
E(e?|z) = o2 We partition the instruments into two subsets= (zy;,2y),
where the dimensions &, z;;, andz, arel, L, andL,, with L = L; + L.
We assume thdE(zy;%;) has full column rankKsoL, = K); this ensures thag
can be estimated consistently using the subset of instruragrdsly or using
the entire setz; = (z4,2,;). We also assume thdly;, x;,z) is covariance
stationary
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Define Py = A(AA) 1A andM, = | — P, for any matrixA with full column
rank Let X =(xi,...,xy), and similarly forXy, X», y, Z1, Z,, andZ. DefineX =
Piz,;Xandg = (X'X) X'y, so thaf3 is the instrumental variablésV ) estimator
of (1) usingZ, as instrumentsSimilarly, defineX =P, X andB = (X'X) X'y, so
that3 is the IV estimator of1) usingZ as instruments

Show thaiB; = B if Z5M;z,1[ X1 — Xa(X5P1 X5) 1X5P1 X, ] = 0.

99.1.5. The Justification of Multidimensional Scaling under Euclidean Condi-
tions proposed by Michel van de Veldgflbert Satorraand Heinz Neudecker
In multidimensional scalingMDS) under Euclidean conditions one aims to find
a configuration ofunknown pointsx; (i = 1...n) using a knowm X n (Euclid-
ean distance matrbD = {d; }. For this purpose one defines

B = MAM
where
A ={a;} = —3{df

andM is the usual centering matrix— (1/n)11" (The distances); satisfy

dij = \/(Xi - Xj),(xi - Xj)’

if and only if B = 0.)
An n X k configurationZ of full column rank can then be obtained from the
matrix B by means of a Schur decompositjor.,

B =TAT = TAY2AY2T' =277, (1)
where
Z=TAY2 and A=A4>0.

Then rows ofZ give the coordinates of thepoints(e.g., Mardia et al, 1994).
Moreover as a result of the semiorthogonality Df

Z'Z = A. ()

Problem Show thatgiven asn X p data matrixX such thatMX is of rankk,
the solutiornZ of MDS applied to the Euclidean distance maMix.e., the matrix
Z obtained fromB, satisfies the equation

Z = MXL,

with L ap X k semiorthogonal matrix

REFERENCE

Mardia K.V., dT. Kent, & J.M. Bibby (1994 Multivariate AnalysisLondon Academic Press

https://doi.org/10.1017/50266466699151089 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699151089

154 PROBLEMS AND SOLUTIONS

SOLUTIONS

98.1.1 Similarity and Distance Matrices-Solution proposed by Heinz
Neudecker and Michel van de Veldaie have to prove that

(i +¢— 2Cij)1/2 = (Cj + Cuk— 2Cy) Y% + (G + G — 2Cjk)l/2

or equivalently

(€'Y CJi]f€)1/2 = (0'J CIOY2 + (€’ijCJ,i(€)l/2, Q)
where
Gi GCj Ci
C=16G G G|,
Cik Gk Cikk
Jii=(en,e),  Jiki=(ene),  Jii= (e€),

e, &, ande; being three-dimensional unit vectoend finally ¢’ := (1 —1).

By using the vector normix| := (x’x)¥? we can rewritg1) as
ICV23561 = ICV23id] + ICV2%L .

Obviously (Ji — Ji)€¢ = e, — &, = Jj¢. Hence by the vector triangle inequality
[x+yl =|x] + |yl, the result follows(The positive semidefiniteness 6fis
seen to be of strategic importance

98.1.2. Lower Eigenbound for AR(1) Disturbance Covariance Matrix—

Solutions! The following solutions have been proposed independently by Anton

Granik and BM. PotscherEach contains an interesting derivation

1. Solution proposed by Anton GranikGiven the form of the disturbance
covariance matriX)(T X T) in (1), it can be easily verified that

1 —p 0 0
-p 1+p®> -p O

0 -p 14+p%2 —p O

0 —
0= g 3)
—p 0
. —-p 1+p% —p
L O 0 -»p 1

where|p| < land 2= T < oo.
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Let u;(Q~!) denote the eigenvalues ab~! in nondecreasing order
() =puo(-)=--- = ur(-) (u; > 0becaus€ lis positive definite. Note that
Ai(Q) = 1/ui(+), where A;(Q2) denote the eigenvalues ©6f in nonincreasing
order Let us putQ™t = (1+ p?)l+ — 2pC, where

p 1 0 . . O
1 01
{0 1 . . .
=3 .. .ol “)
. 0 1
|0 . . 0 1 p]

It is clear that the eigenvalues f * are given by

Mi:1+p2_2p¢i (i:LZa"-’T)’ (5)

wherey; are the corresponding eigenvalues@fMoreover the largest eigen-
value ofQ~* will correspond to the smallest eigenvalue®ihenp = 0 and to
the largest eigenvalue @whenp < 0. We note further, thatC can be written as

0o10. .0 p O 0
1 0 1 0 0
1{0 1 . . S I .
=321 . olt2|. . . . . |TATE
. 1 . .. 00
0. . 0 1 O] L0 . . . 0 pl

Now, denote the eigenvalues &f B, andC by «;, B;, and;, respectively
where all three sets are arranged in nonincreasing ddeauseé\ andB are both
symmetricthe following will be true(see Wilkinson1965:

atBr=yY=q+ B (j=12,...,T).

The eigenvalues oA are given bya; = cos(7j/T +1) (j =12,...T) (see
e.g., Tanaka 1996 Ch. 8, solution to ex 1.3). The distinct eigenvalues & are
0 andp/2. Thereforewhenp =0 (B =0), ; = codnT/T+1),j=12,...,T,
and whenp < 0 (B8, = 0), ¢; = cosw/T + 1), j = 12,...,T. Also, because
coS(w/T + 1) = —cos(#wT/T + 1), from (5) it follows that

, 2 T 2 C_
pi=1+|p| +2|p008<T+1><(1+|p|) (i=12,....T), (6)

https://doi.org/10.1017/50266466699151089 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699151089

156 PROBLEMS AND SOLUTIONS
which in turn implies that

(a)

1 1

>
T (1+|PD2
1+ |p|?2+ 2|p|cos| ——

Ai(Q) = (i=12,...,T)

T+1
(b) Because lim), 1 limrc.[1 + |p]* + 2| plcod7/T + 1)] = 4,

lim lim A;(Q) = % (i=12,...,T)

|p|—=1 T—oo

2. Solution proposed by BVI. PotscherLet a = (aq,...,a7), with a’'a = 1,
be an eigenvector of the covariance matfixcorresponding to the smallest
eigenvalue Ar. Then At = a'Qa = [7_|a(e™)|?f(x)dx, where f(x) =
(2m) Y1 — pe™|72 = 2m) (1 + p? — 2p cosx) ! is the spectral density of
the AR(1) process ande(e*) = 3., o€’ It is obvious thatf (x) = (277)7*

(1 + |p|)~? for all x € [—m,7] with equality holding at most in two points
Consequentlyl a(e™)|?f (x) = |a(e™)|2(27) (1 + | p|) 2 for all x € [-7,7],
with equality holding only in a finite number of pointbecausex(e’™), as a
nontrivial polynomial ine’, can vanish only in finitely many pointd his im-
plies J7 .| a(e™)[*f(x) dx > (27) " (1 + |p) "2[7 |a(e™)|?dx= (1 + [p[) 2
becausd” ,|a(e™)|?dx = a’a = 1. This completes the proof of paf4). Be-
cause the lower boun@l + |p|)~2 for the smallest eigenvalug; is clearly
larger than; for | p| < 1, we immediately obtain infl<1infr=zinfioi=r A; = 3
which takes care of part) (whether it is taken literallyin which case the
limit over T can be droppedor whether the subscriptis considered to be a
typo and is replaced by).

The preceding argument in fact establishes the well-known result that the small-
est eigenvalue of the covariance matrixTofonsecutive values of a weakly sta-
tionary process possessing a spectral density is not less than the infimum of the
spectral density over-r, 7 |, with the inequality being strict if the spectral den-
sity does not coincide with its infimum almost everywhere

NOTE

1. Anexcellent solution has been proposed independentlyySapraby Seuck Hean Songy
M. van de Velden and Jan Tuinsteand by Kyung-Taik Han and Eric Im, the posers of the problem
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98.1.3. Equivalence of LR Test and Hausman TeStldtion proposed by
Hailong Qian Let y; = (Y, Y2, 0 = (a',0")" with @ = (ay,a,)" ando =
(0,0%,012). The log-likelihood function is

T 17
1(0) = =Tin@m) = 5 Inj0l = 5 3 (ye = @)@ "y ~ @), (1)
Then it is easy to show that the MLE af, o7, 02, andoy, are respectively
@=Yy, (2)
7t =S/T,  6F=Si/T, 3)
G12 = Sp2/T, (4)

wherey = Ethl vi/T, S = Ethl(YH - )% S = Zthl(Ya — ay)?% andS;, =
S 1(Yae — 1) (Yo — @). Thus substituting(2)—(4) into (1), we have

N T . T
1(6) = =T[In(27) +1] — > In|Q|=-T[In(27) + 1] — > In(626% — 65).

(5)

Through straightforward but tedious calculati@ve obtain the inverse of the
information matrix

L AGOTTY [ led O
G I P

where
loa =T 710, (7
(714 0'122 0'120'12
It = _Z of s 01,07 = o 3 (8)
oo T-— 2 12 2 1202 T— 2 .
o10f 01,05 3(ofof+ ob)
Thus
JT(6 — ) = N(0,A) (9)
with
azpim(21) = @ O 10
=plim| = = .

Under the assumption &fy: o7 = o%, the log-likelihood functior{1) becomes

T 17
1(6,) = ~Tin@m) — 5|9, | =5 3 (%~ @2y~ @) (11)
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whered, = (a',02,02,041,)' and(, is theQ underH,. Then itis easy to show that
the constrained MLE of, o2, 0%, ando, arg respectively

=9, (12)

0f =05=(St/T+S5/T)/2, (13)

G12 = S/ T. (14)
Comparing(12)—(14) with (2)—(4), we see that

a=a, (15)

of = 63 = (67 + 63)/2, (16)

G12 = G12. (17)

Substituting(12)—(14) into (11), we obtain
- T T
1(6,) =—-T[In27) +1] — > In|Q| =-T[In(27) + 1] — 5 In(6262 — 652).

(18)

We now wish to show the equivalence of the Hausman test and the likelihood
ratio test We start by deriving the Hausman téafe first notice thatusing(15)—

(17),
a a 0251 051
A2 ~2 A2 _ A2
PO o1 o1 (6f—a3)/2 1 .
o-a= -1 1=l o, =] . |(62-63/21=Rq
[ (%] _(0'1_02)/2 1
012 012 0 0
(19)
where
=0, 0, L, -1 0, (20)
d= (62— dd)/2. (21)
Thus we have
V=AV(H - 6,)=R-AV(d)-R = oZRR, (22)
where
od=AV(d) = AV[(62 — 68)/2] = (a1 — o)/T, (23)

using(9) and(10) and the null hypothesis that? = 2. UnderH,, ¢ can be
consistently estimated by

£6% — Gh)/T. (24)

5§ = (6
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GivenRin (20) andVin (22), it is easy to verify that the generalized inverse&/of
is V' = g4 2RR/4, which can be consistently estimated by

V* = 672RR/4 (25)
with 6% as defined in(24). Therefore the Hausman test statistic is
H=(-6)V(0-6)

= (Rd)-642RR/4-Rd  (using(19) and(25))

= d%62 (26)

usingR'R = 2, which is asymptotically distributed ag(1).
We now turn to deriving the likelihood ratio test fbly: 02 = 0. Using ex-
pressions of5) and(18), we have

LR=2[1(8) = 1(6,)]=TIn(1Q,|/1Q)) = TIn[(6£6F — 682)/(6767 — 65)].
(27)

Substituting(16) and(17) into the preceding expression and doing some simple
algebrawe have

LR=TIn[1+ (62 — 62)%4(6726% — 65)]. (28)
UnderHo: o = o2, using the consistency of MLEve have
(6f— 68)Y4(616F — 6d) = 0p(1), (29)

when the sample size is big enougdthus using(28) and(29) and the second-
order Taylor expansigmwe have

LR = T{[(6{ — 65) %467 65 — )] + [(6f — 65)%/4(6£6F — 612)]?
+0p([(6f — 65) Y467 65 — 65)]%)}
= T[(6f — 65)%/4(67 65 — 68)] + 0p(D), (30)

where we used the following fact

T [(0'1 - 5’22)2/4(0'1 0'2 - 12)]2
=[T-(6f — 64)? /46765 — 6)][(67 — 65)7/4(6765 — ofr)]
1 2 1
{|Zut-on| ) |7 wtor- o oz - avmator - ot

={dY68}(62 — 62)%4(6862 — 65)]  (using(21) and(24))
= Op(1)-0p(1) (using(26) and(29))
= 0,(1). (31)
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Thus rewriting (30), we obtain
1 R 2 1 R
LR= |2 (6f — 67 7 (6167 = 61) | +0p(1)

= d%63 + 0,(2), (32)

using(21) and(24). Thereforg comparing(32) with (26), we conclude that the
Hausman test is asymptotically equivalent to the likelihood ratio test
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