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The stability of two-layer Couette flow is investigated under variations in viscosity
ratio, thickness ratio, interfacial tension and density ratio. The effects of the base
flow on eigenvalue spectra are explained. A new type of interfacial mode is
discovered at low viscosity ratio with properties that are different from Yih’s original
interfacial mode (Yih, J. Fluid Mech., vol. 27, 1967, pp. 337-352). No unstable
Tollmien—Schlichting waves were found over the range of parameters considered
in this work. The results for thin films with different thicknesses can be collapsed
onto a single curve if the Reynolds number and wavenumber are suitably defined
based on the parameters of the thin layer. Interfacial tension always has a stabilizing
effect, but the effects of density ratio cannot be so easily generalized. Neutral stability
curves for water—alkane and water—air systems are presented as an initial step towards
better understanding the effects of flow stability on the longevity and performance of
liquid-infused surfaces and superhydrophobic surfaces.
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1. Introduction

The stability of two-layer fluid flows plays an important role in the behaviour
of many natural phenomena, such as flows of magma, glaciers, the Earth’s outer
core, ocean and atmosphere, as well as in many industrial applications, such as oil
extraction, recovery and transportation (Saffman & Taylor 1958; Joseph et al. 1997),
coating technology (Weinstein & Ruschak 2004), co-extrusion of two molten polymers
(Schrenk & Alfrey 1978), displacement flow (Redapangu, Sahu & Vanka 2013) and
de-icing of airplane wings (Yih 1990). A number of reviews have addressed the
general mathematical theory and applications of two-fluid systems (Joseph & Renardy
1993), the dynamics of thin liquid films (Craster & Matar 2009), the physical
mechanisms by which viscosity variations influence the flow stability (Govindarajan
& Sahu 2014), the stability of two-fluid boundary layers (Timoshin 1997; Ozgen,
Degrez & Sarma 1998; Timoshin & Hooper 2000) and the stability of two-fluid
parallel flows (Mohammadi & Smits 2016).

Two-fluid systems have received increased attention recently because of their
relevance to understanding the drag reduction potential of superhydrophobic surfaces
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FIGURE 1. Sketch of the flow configuration, where g is the acceleration due to gravity.
Other parameters are defined in the text.

(SHS) (Rothstein 2010; Busse er al. 2013) and liquid-infused surfaces (LIS) (Wong
et al. 2011; Solomon, Khalil & Varanasi 2014; Rosenberg ef al. 2016). One of
the principal challenges in these applications is maintaining the robustness and
longevity of the interface between the water and air (SHS), or between the water and
infused liquid (LIS). Such systems are susceptible to different failure mechanisms,
including pressure-induced drainage, shear-induced drainage and gravity-induced
drainage (Jacobi, Wexler & Stone 2015; Wexler ef al. 2015a; Wexler, Jacobi &
Stone 2015b). Both SHS and LIS may also fail due to the presence of interfacial
instabilities, and it is this particular failure mode that is the principal motivation for
the current effort.

To better understand these failure modes, we focus on the linear stability analysis
of two-layer Couette flow. Plane, single-layer Couette flow is known to be linearly
stable for all values of Reynolds number (Schmid & Henningson 2001). This is not
true for two-layer systems. The stability of two-layer Couette flow in a channel (see
figure 1) is governed by the density ratio (r:= p,/p1), dynamic viscosity ratio (m:=
U2/ 1), thickness ratio (n:=d,/d,), inverse Froude number (F), inverse Weber number
(I'), Reynolds number (Re) and the disturbance wavenumbers in the streamwise (o)
and spanwise (f) directions. Here, p;, u; and d; denote density, dynamic viscosity
and thickness of fluid j, respectively, where j = 1 (upper fluid) or 2 (lower fluid).
Definitions of the remaining parameters are given in § 2. Note that the stability of a
single-fluid flow is described by only three parameters («, 8 and Re), but by adding
the second layer of fluid five additional parameters (r, m, n, F' and I") appear, as given
by Hooper (1985) and Yiantsios & Higgins (1988).

Linear stability of two-layer fluid flows was first investigated by Yih (1963, 1967),
who obtained the complex wave speed in the limit of long-wavelength disturbances
using the method of non-singular perturbation. Yih demonstrated that, for both plane
Couette and Poiseuille flows, viscosity stratification can give rise to a new type of
disturbance called the interfacial mode, which occurs near the interface and grows
relatively faster in the less viscous fluid layer. Yih (1967) showed that the flow is
unstable when the thickness of the more viscous fluid is smaller than the thickness
of the less viscous fluid, and found that the rate of growth of the instability is O(a?).
His analysis also showed that the flow is neutrally stable for m =1 and for all values
of n, and that for n > 2.5 the interfacial mode stabilizes for all values of m above 1
at least up to m="70.
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Hooper & Boyd (1983) investigated the linear stability of the concurrent flow
of two superposed immiscible viscous fluids, each in uniform shearing motion in
an unbounded domain. They derived analytical expressions for the complex phase
speed of the short-wavelength and long-wavelength instabilities for two special cases:
(i) fluids with r=1, I' =0 and different viscosities, and (ii) fluids with »r#1, I" #0
and different viscosities. In case (i), they found that the flow is always unstable in
the absence of interfacial tension in the limit of short-wavelength disturbances. In
case (ii), increasing the interfacial tension always resulted in stabilization, whereas
density stratification can either stabilize or destabilize the flow. When the lower fluid
is the less viscous one (m < 1), the density difference has a destabilizing effect if the
lower fluid is the more dense one (r > 1), and it has a stabilizing effect if the lower
fluid is the less dense one (r < 1). The density difference has the opposite effect when
m > 1. They did not find any instability in the limit of long-wavelength disturbances,
and showed that these waves decay at the rate of O(a?). By analysing the energy
equation for the unstable mode, they discovered that the instability is created in the
vicinity of the interface in the fluid with the smaller viscosity, regardless of whether
the less viscous fluid occupies the upper or the lower layer. The growth rate of
the disturbances is very sensitive even to small values of interfacial tension but it
is always slow, helping to explain why these disturbances have not been observed
experimentally.

Hinch (1984) discovered the mechanism driving the short-wave instability found by
Hooper & Boyd (1983). Because the basic flow velocities are discontinuous at the
perturbed interface, the disturbance velocities must be generated so as to compensate
for the difference in velocities. The resulting disturbance vorticities that are initially
in phase with the interface are advected by the basic flow and so slight out-of-phase
components occur. These out-of-phase components create flow disturbances that can
amplify the initial perturbation of the interface and cause the instability to develop.

Hooper (1985) further studied these instabilities using long-wavelength perturbation
analysis in a configuration where a thin layer of fluid is bounded from below by a
solid wall moving at a constant speed Uy, and an infinitely deep second fluid overlies
the thin layer. Hooper showed that there are an infinite number of modes that govern
the stability of this flow. Among all these modes, only one mode becomes unstable
when the viscosity of the thin layer is greater than the viscosity of the overlying layer.
The behaviour of the stable modes in the limit of long wavelength seems to be similar
to the behaviour of the stable modes found in the case of single-fluid, semi-infinite
Couette flow bounded by one wall. That is, long-wavelength modes are insensitive to
the presence of the thin layer of fluid, and to these modes the thin layer just appears
to be an extension of the solid wall.

The cases studied by Yih (1967), Hooper & Boyd (1983) and Hooper (1985)
demonstrate that the presence of at least one solid wall is sufficient for two-layer
Couette flow to become unstable to a long-wave instability. The rate of growth of
the disturbances, however, changes: for flow bounded by only one wall, it is O(a*/?),
faster than in the case of two-layer Couette flow in a channel, where they grow at
a rate O(a?) (Yih 1967). That is, adding a second wall has a stabilizing effect for
the long-wavelength disturbances. The velocity field is always destabilizing because
the disturbance vorticity in the upper fluid layer becomes out of phase with respect
to the disturbance vorticity in the lower fluid layer as the flow is driven by the main
shear.

Charru & Hinch (2000) provided a unified view of the physical mechanisms
responsible for the appearance of different types of instabilities in two-fluid Couette
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flows by means of a phase diagram, in essence a generalization of the flow regimes
defined by Hooper & Boyd (1987). Charru & Hinch (2000) constructed this view
in analogy with single-fluid Couette flow over a wavy wall, which depends on
only two parameters: (i) the dimensionless thickness (non-dimensionalized by the
inverse wavenumber of the wavy wall), and (ii) a viscous diffusion length. Based
on these parameters, three flow regimes emerge — the shallow viscous regime, the
deep viscous regime, and the inviscid regime, characterized by an effective Reynolds
number and a penetration depth defined for the vorticity disturbances. Charru &
Hinch (2000) showed that, for the case where interfacial tension and gravity are
ignored, the problem of two-fluid Couette flow depends only on four parameters:
the dimensionless thickness and viscous length for each layer of fluid. Similar flow
regimes can be identified. A typical example of the shallow viscous regime is the
long-wave disturbances discovered by Yih (1967), whereas the short-wave disturbances
discovered by Hooper & Boyd (1983) belong to the deep viscous regime. For the
inviscid regime corresponding to strong shear rates (large values of shear rate or
small values of viscous length), there is no evidence for the interfacial instability, but
this condition may give rise to a wall mode instability (Tollmien—Schlichting or TS
wave).

Finally, Barthelet, Charru & Fabre (1995) investigated the interfacial long-wave
instability of double-layer Couette flow experimentally in a channel bent into an
annular ring. This configuration enabled them to observe the wave evolution over
very long periods of time and it also yielded a discrete wavenumber spectrum.
Depending on the thickness ratio n and the viscosity ratio m, long-wave instabilities
were observed with a wavelength equal to the perimeter of the test channel, while
the critical values for the velocity of the upper plate were approximately three times
smaller than the long-wavelength asymptotic solution given by Yih (1967). They
argued that the differences between experiment and theory may be due to centrifugal
effects (caused by the channel curvature modifying the base flow profile from Couette
flow) and possibly the destabilizing effects of the secondary flow.

Almost all of the theoretical or numerical studies discussed above were limited to
either short-wavelength or long-wavelength approximations, and for most cases either
the density contrast or the interfacial tension were ignored. The experimental studies
sometimes contradict each other or disagree at some level with the theoretical work.
To better illuminate the full complexity of this problem, which is governed by a large
number of parameters, we provide a spectral formulation for the linear stability of
two-layer Couette flows and systematically address how the flow stability is affected
by the full set of governing parameters.

2. Problem formulation

Consider fully developed Couette flow of two immiscible fluids between two
parallel plates, as shown in figure 1. The problem can be non-dimensionalized using
the half channel height L = (d, + d,)/2, the velocity of the upper plate U, and the
reference pressure p,U>. The basic flow takes the form

Uiy) = A +By, 0<y<yy, (2.1a)
U,(0) = Ao+ Byy, y<y<0, (2.1b)

where y=Y/L, yy=d,/L=2/(1+n) and y, =—d»/L=—2n/(1 +n). Coefficients A;
and B; (j=1, 2) are determined by applying the boundary conditions at the walls and
the continuity of velocity and shear stress at the interface, namely

Uiyy) =1, (2.2a)
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FIGURE 2. Base flow velocity profiles for two-layer Couette flow: (a) n=0.1 and different
m; (b) m =0.5 and different n. Dashed, solid and dotted lines denote U;, U, and the
location of the interface, respectively.

Ux(ye) =0, (2.2b)
U,(0) = U,(0), (2.2¢)
DU, (0) = mDU,(0), (2.2d)

where D =d/dy. Solutions of (2.2) give A| =A, =n/(m+n), By=m(1 +n)/[2(m+n)]
and B, = B;/m. The average velocity in each layer takes the form

YU
AT —

Ul,a = YU = ’ (230)
/ d 2(m + n)
0
0
[ vow
v n
Uy, = (2.3b)

0 = .
/ & 2(m+n)

YL
Figure 2(a) shows the base flow velocity profiles for thickness ratio n = 0.1. As
the viscosity ratio m increases, the interface velocity decreases, and the slope of the
velocity profile in the upper layer increases while the slope of the velocity profile in
the lower layer decreases.

Figure 2(b) shows the effect of thickness ratio n on velocity profiles for the case
where m = 0.5. The ratio of the slope of the upper velocity profile to the slope of
the lower one is always m (2.1), that is, B;/B, = 0.5. As n increases, the slopes of
the upper and lower velocity profiles decrease. Note that the total channel height is
always equal to 2, so that the difference between the highest and lowest points on
each curve in figure 2(a,b) is always 2. The average velocities computed from (2.3)
and shown in figure 3 indicate that, as n increases for a fixed m, the average velocity
increases in both layers. Figure 3 also shows that, for a fixed n, increasing m leads
to decrease in the average velocities. The limiting cases for average velocities can be
found from (2.3), and take the form

lim Uy, = lim Uy, =1, (2.4q)


https://doi.org/10.1017/jfm.2017.418

https://doi.org/10.1017/jfm.2017.418 Published online by Cambridge University Press

Linear stability of two-layer Couette flows 133

(a) 1025 (b) 102;
10! 10!

n 100; 100;
10~ 107!
1072 107! 100 10! 10 1072

m

FIGURE 3. Average velocities of basic flows for (a) upper layer U, ,, and (b) lower layer
U,., computed from (2.3).

lim Uy, =0.75, (2.4b)

Tim n{/l =1lim Uy, = 0.5, (2.4¢)
lim U3, = lim Uy, =0.5, (2.4d)
lim U, =0.25, (2.4e)
lim Uy, =lim U, =0. (2.4f)

The governing equations for the (three-dimensional) stability problem are the
continuity and the linearized Navier—Stokes equations, which reduce to a set of
Orr—Sommerfeld (normal velocity) and Squire (normal vorticity) equations for each
layer of the two fluids. That is,

[R‘ (D= #) +« (U,D* - DU, — szl)] v=0D -, (250
e
i 2 2
(BDUY) v1 + {Re (D —k)+aU1:| n=on, (2.5b)
[;’Z (D* —i*)’ + ra (U,D* — DU, — K Uz)] v=0[rD*— k),  (2.50)
im, 5
(rBDU,) v, + e (D* = k) + ralU, | ;=orn, (2.5d)

where we have assumed wavelike solutions of the form

U;(x, v, 2, 1) = vl,(y)ei(a,x+ﬁz—az)’ (2.6a)
nix, y, 2, 1) = (e @D, (2.6b)

Here, Re:=p,U,d,(1 +n)/(2u,) is the Reynolds number, o =0, 4 i0; is the complex
amplification rate, o, is the angular frequency, o; is the growth rate of disturbances,
¢ =o/a is the complex phase speed, v; and n; (j = 1, 2) denote eigenfunctions
describing disturbance normal velocities (v]f) and disturbance normal vorticities (n]f),
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respectively, ¢ and B are the disturbance wavenumbers in the x- and z-directions,
respectively, and k= \/m.

Equations (2.5a)—(2.5d) require a total of twelve boundary conditions. The no-slip
and no-penetration conditions at the walls provide six conditions, given by

vi(yy) =0, (2.7a)
Dv;(yy) =0, (2.7D)
mGuv) =0, 2.7¢)
v (yr) =0, (2.7d)
Duv,(y.) =0, (2.7e)
m(yr) =0. (2.71)

The interfacial boundary conditions provide the remaining six conditions. Three
conditions enforce the continuity of the velocity components, and three conditions
enforce the balance of the stress components at the interface. That is,

v1(0) — v2(0) =0, (2.8a)

Dv;(0) — Dv,(0) — ia [DU,(0) — DU,(0)] H =0, (2.8b)
1(0) = 12(0) +iB [DU(0) — DU,(0)] H =0, (2.8¢)
(D* + &%) v1(0) —m (D> + &%) v2(0) =0, (2.8)
D#;(0) — mDn,(0) =0, (2.8¢)

{D? — 3k’D + iaRe(r — 1)[U;(0)D — DU, (0)]}v,(0)
—m(D* — 3k’D)v,(0) + k*Re(F + k*I')H = o [iRe(r — 1)D]v;(0), (2.8f)

where F:=(r—1)gd,(1+n)/ (2va) is an inverse Froude number, g is the gravitational
acceleration, I' := 2y /[p1d;(1 + n)va] is an inverse Weber number and y is the
interfacial tension. The kinematic condition at the interface takes the form

iv1(0) 4+ [«U,(0)]JH =0 H, (2.9)
where H is the amplitude of the perturbed interface, which has a position A given by

h(x, z, ) = He' @70, (2.10)

Equations (2.5), along with boundary conditions (2.7) and (2.8), and the kinematic
condition (2.9), construct a generalized eigenvalue problem of the form

A¢=OB¢7 ¢={U17 ni, V2, n27H}' (211)

The parameter H could be replaced with the help of (2.9), but it is essential for
the construction of the generalized eigenvalue problem (2.11), and thereby allows the
computation of the full spectrum of solutions for any combination of parameters. The
other advantage of introducing H, as noted by Malik & Hooper (2007), is to achieve
more accurate results for the eigenvalues o and the eigenfunctions @.

The goal in linear stability analysis is to find the dispersion relation o =
o(r,m,n, F, I', Re, a, B) that gives non-trivial solutions for the eigenfunctions .
The flow is unstable if o; > 0, neutrally stable if o; =0, and stable if o; < 0. While
the complete solution can be found by solving the system (2.11) to determine all the
unknowns simultaneously, it is also advantageous to solve for the Orr—Sommerfeld
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FIGURE 4. Eigenvalue spectrum for Re=5000, « =1, =0, m=1, n=0.1, r=1 and F=
I' =0. Symbols O and * denote OS and Sq modes, respectively; B denotes the interfacial
mode which is neutrally stable for this case with o =an/(m+ n) =0.090909.

(OS) modes {0}, v; 5, ,, H,})_, and the Squire (Sq) modes {o,, v;=0, n;4, H=0})_,
separately, where M and N denote the number of OS and Sq modes, respectively.
Finding OS modes consists of two steps. The first step is to find {0}, v;,, H,}}L,
by solving equations (2.5a) and (2.5¢) subject to conditions (2.7a), (2.7b), (2.7d),
2.7¢), (2.8a), (2.8b), (2.8d), (2.8f) and (2.9). The second step is to find {nj.p}gil by
solving equations (2.5b) and (2.5d) subject to conditions (2.7¢), (2.7f), (2.8¢) and
(2.8¢) with known {0, v;,, H,})L,. For the case of Sq modes, the solution to the

OS equations is identically zero, that is, v; =0, H =0, and {o,, nj,q};\’:, are found
by solving equations (2.50) and (2.5d) subject to conditions (2.7¢), (2.7f), (2.8¢)
and (2.8¢). A brief description of the numerical discretization scheme is given in
appendix A. Numerical parameters were chosen in such a way that they provide at

least six digits of accuracy for the eigenvalues.

3. Results for two-dimensional waves

We now consider strictly two-dimensional disturbances, that is, 8 = 0. The
formulation given in § 2 reduces to a single-fluid Couette flow if the fluid properties
of the two layers are the same (m=1, r =1 and F =0) and there is no interfacial
tension between them (I” =0). Figure 4 shows the complete spectrum computed for
the case where the same fluid occupies both layers with Re = 5000, ¢ =1, 8 =0
and n = 0.1. There is one neutrally stable mode for this case which corresponds
to a solution with zero disturbance field (v; = v, =n; = 1, = 0). The corresponding
eigenvalue is the solution of the kinematic condition (2.9) which gives o =an/(m+ n)
and H = 1. For this particular case there is no interface between the layers, and the
kinematic condition is redundant. If one removes this neutrally stable mode, then the
spectrum 1is identical to the single-layer Couette flow spectrum (Schmid & Henningson
2001, p. 67), which confirms the consistency of our formulation in the limit of a
single-fluid system.

Figure 5 shows the spectrum for two-fluid Couette flow where the only fluid
property that is different between the two layers is the viscosity, that is, m # 1. The
spectra are shown for two cases with m < 1 and for two cases with m > 1, all for
n=0.1. In contrast to the case with m = 1, the top eigenvalue for each case with
m # 1 is a physical solution of the problem, commonly referred to as the interfacial
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FIGURE 5. Eigenvalue spectra for n=0.1: (@) m=0.1; (b)) m=0.5; (¢c) m=2; (d) m=
10. The top eigenvalue is ¢ = 0.163412 + 0.017153i, 0.118760 + 0.005008i, 0.064347 —
0.000628i and 0.024623 4 0.004714i in (a), (b), (c) and (d), respectively. Other conditions
are as in figure 4.

mode, and it produces a non-zero disturbance field. The viscosity contrast causes the
single Y-shaped spectrum to rearrange, and for some cases (depending on m and n)
we observe two Y-shaped spectra. The base of each spectrum contains stable modes
(modes that form a near-vertical line), sometimes referred to as mean modes because
they travel with phase speeds that are approximately equal to the average velocity
of the mean flow of that fluid layer. As m exceeds 0.1, the average velocities of
the upper and lower layers decrease from 0.75 and 0.25, and approach 0.5 and O at
large m, respectively (see figure 3). Figure 5 shows the same behaviour for the phase
speeds of the mean modes of each fluid layer.

We find that, for Re = 5000, thickness ratio n = 0.1 and disturbance wavenumber
of a =1, the interfacial mode is stable when 1 < m < 2.44, and unstable for other
values of m. As the viscosity ratio m increases, the left Y-shaped part of the spectrum
containing modes with small phase speeds gradually disappears, and the spectrum for
m 2 10 becomes very similar to the spectrum of single-fluid Couette flow (compare
figures 5d and 4). This is not unexpected because for this case we have a thin lower
layer of very viscous fluid which for the upper bulk fluid appears almost as an
extension of the solid wall. One of the important differences between the two spectra
shown in figures 4 and 5(d) is that for m =10 we have an unstable interfacial mode
with a very small phase speed, whereas for m = 1 the interfacial mode is neutrally
stable.
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FIGURE 6. Eigenvalue spectra for m =0.5: (@) n=0.25; (b)) n=0.5; (¢c) n=1; (d) n=
2. The top eigenvalue is o = (0.222972 4 0.0012651, 0.370162 + 0.000025i, 0.540330 —
0.001096i and 0.696575 — 0.002493i in (a), (b), (c) and (d), respectively. Other conditions
are as in figure 4.

The thickness ratio n also has a strong impact on the shape of the spectrum, as
illustrated in figure 6 for m = 0.5. As discussed in §2 and also shown in figure 3,
increasing n for a fixed m results in a monotonic increase of both U;, and U,,.
For instance, as n increases from 0.1 to 2 (see figure 3), U, increases from
approximately 0.6 to approximately 0.9, while U,, increases from approximately
0.1 to approximately 0.4. We see that the phase speeds (o,/«) of the mean modes of
the right and left Y-shaped parts of the spectrum (figures 5 and 6) are approximately
the same as U, , and U,,, respectively.

The eigenfunctions corresponding to the most unstable mode, that is, the interfacial
mode of figure 5(b), are shown in figure 7 (for two-dimensional disturbances
wi; =w, =0). When the base flows have different slopes at the interface, that is, m#1,
it can be shown that the streamwise disturbance velocity (1) becomes discontinuous
at the interface (see appendix B), which can give rise to an unstable interfacial
mode (Yih 1967). Figure 7(a) clearly shows this discontinuity. The magnitudes of
both u,, and u,; are much larger than u;, and u,; and they are at least an order
of magnitude larger than v;, and v;; (j = 1, 2), so that the disturbance velocity
field in the lower layer is nearly parallel to the wall. Figure 8(a,b) shows the
disturbance streamwise and normal velocity components, respectively. The isocontours
of disturbance streamfunction indicate that the flow structure consists of a set of
spanwise rolls of alternating sign propagating in the streamwise direction. The
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FIGURE 7. Eigenfunctions for the most unstable mode shown in figure 5(b): (a) real
part of streamwise velocities u ., u,,; (b) imaginary part of streamwise velocities u, ;, uy ;;
(c) real part of normal velocities vy ,, v,,; (d) imaginary part of normal velocities vy ;, v ;.
Eigenfunctions are normalized with max,, <,<o |#2(y)|. Dashed and solid lines denote
upper and lower fluid quantities, respectively, and dotted lines denote the location of the
interface.

streamfunction contours are much more closely packed in the lower layer, which
again signals the much stronger flow in the lower layer compared to the upper layer,
and figure 8(c) further reinforces this observation.

With the help of eigenvalue tracing methods such as inverse iteration or Newton—
Raphson methods (Floryan 2002), we can produce neutral stability curves in any two-
dimensional plane. Figure 9 shows neutral stability curves for the interfacial mode in
the (Re, o)-plane. For viscosity ratios m < 1 (see figure 9a,b), the interfacial mode
becomes unstable in two zones, one corresponding to short wavelengths (large o) and
small Re, and one corresponding to moderate o and large Re. As m increases while
remaining less than one, the two unstable zones grow in size until they merge and
form one large unstable zone, while the initial single stable zone (see figure 9a,b)
splits into two (see figure 9c—e).

The neutral curves for m < 1 in the limit of Re going to zero become nearly
horizontal, and the critical wavenumber ¢, separating the stable and unstable zones
increases with increasing m. At m =1, the interfacial mode becomes neutrally stable;
for this particular case (where r=1, F =1 =0), there is no interface. The shapes of
the neutral curves are entirely different for m > 1 (figure 9f) compared with m < 1
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FIGURE 8. (Colour online) Disturbance field for the most unstable mode of figure 5(b)
shown over two streamwise wavelengths, 24,, where A, = 2w/a. (a) Colour contour:
disturbance streamwise velocity components #; and u,. (b) Colour contour: disturbance
normal velocity components v| and vj. Velocity components in () and (b) are normalized
with the maximum value of |u;(x,y,0,0)| for 0 <x < 4, y, <y <0. Isocontours in (a)
and (b) denote the disturbance streamfunction placed apart by 0.02 increment (solid and
dashed lines denote positive and negative values, respectively). (¢) Disturbance velocity
vectors at z =t = 0. Vectors are rescaled in such a way that they do not overlap. The
dotted line denotes the location of the interface.

(figure 9a—e). For m > 1, the stable zone is limited to moderate values of « and
large Reynolds number, and increasing m increases the size of the unstable zone. The
results shown in figure 9 agree with the long-wave (o« — 0) solution of Yih (1967),
who predicted that for m <1 and n>1 (or m > 1 and n < 1) the interfacial mode is
unstable, and that for m <1 and n 0.4 (or m > 1 and n > 2.5) the interfacial mode
is stable in the limit of o — 0.

Figure 10 shows neutral curves for small viscosity ratios, specifically for m =0.02
and m =0.05. The viscosity ratio m =0.02 corresponds to a film of air underlying a
bulk flow of water, as found in drag reduction applications using SHS, although at this
point we do not consider the effects of r, F and I" (these effects will be considered
for a real water—air system later in the paper). As can be seen, the two cases are
relatively similar in shape, but for m < 0.05 the two unstable zones are created by
two distinct modes of the spectrum. For m > 0.05 only one mode becomes unstable.
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FIGURE 9. Neutral stability curves for 8 =0, n=0.1, r=1 and F =1 =0 for moderate
values of m: (@) m=0.1; (b)) m=0.2; (c) m=0.25; (d) m=0.5; (e) m=0.75; (f) m=1.25,
1.5, 2. Labels S and U denote stable and unstable zones, respectively.

To better demonstrate this phenomenon, we performed eigenvalue tracing of the
top eigenvalue as a function of Re for o =3, chosen in such a way that it crosses
both unstable zones of figure 10(a,b). This is equivalent to making horizontal cuts in
figure 10(a,b) at o« = 3. The results are shown in figure 11. Solid lines marked by
mode 1 for m =0.02 are obtained by tracing the unstable mode from high Re to low
Re, and dashed lines marking mode 2 for m=0.02 are obtained by tracing the unstable
mode from low Re to high Re. These results clearly demonstrate that each unstable
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FIGURE 10. Neutral stability curves for =0, n=0.1, r=1 and F=1 =0: (a) m=0.02;
(b) m=0.05. Two distinct modes become unstable when m =0.02; however, at m = 0.05
the same interfacial mode becomes unstable in the two unstable zones. Labels S and U
denote stable and unstable zones, respectively. Our results show that for m < 0.05 two
unstable zones are created by two separate modes, and for m > 0.05, if two unstable zones
exist, the same mode becomes unstable in those zones.
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FIGURE 11. Variations of imaginary (a) and real (b) parts of the amplification rate of the
most unstable modes as a function of Re for « =3, =0, n=0.1, r=1 and F=1 =0.
Solid and dashed lines denote modes 1 and 2 for m =0.02, respectively, and dotted lines
denote m =0.05. Other conditions are as in figure 10.

zone is created by a separate mode for m = 0.02. The real part of mode 2 is always
greater than that of mode 1 (see figure 11b), which indicates that mode 2 travels at
faster phase speeds compared with mode 1. Performing the same test for m = 0.05,
just one curve is obtained, regardless of whether we trace from high Re to low Re
or the other way around (see dotted lines in figure 11). Additional tests confirmed
that the second mode only becomes unstable at small Re for m < 0.05 and attenuates
when mode 1 becomes unstable at high Re (figure 11a). Comparing o; for m = 0.05
(dotted line) with that of modes 1 and 2 reveals that at high Re the amplification rate
behaves like mode 1, but at low Re its behaviour resembles mode 2. However, o, for
m =0.05 varies in the same manner as mode 1 for m =0.02 over the whole range of
Re considered here (figure 11b).
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FIGURE 12. Disturbance velocity vectors at z=¢=0 for the unstable mode 1 and mode 2
of figure 10(a) shown over two streamwise wavelengths, 24,: (a) mode 1 with Re = 3000,
a =3; (b) mode 2 with Re =1, o = 3. Vectors are scaled in such a way that they do
not overlap. Dotted line denotes the location of the interface. Other conditions are as in
figure 10(a). Results are shown only in the range y, <y <1 for better legibility.

Figure 12(a,b) shows the flow topology created by modes 1 and 2, respectively,
where the flow conditions were chosen based on the unstable zones of figure 10(a).
For both cases, the disturbance flows are more intense in the lower layer. The
disturbance field created by mode 1 extends almost across the whole thickness of the
lower fluid, but for mode 2 it quickly diminishes as we move down from the interface.
In the upper layer, mode 1 creates significant disturbances near the interface, but they
rapidly diminish in magnitude away from the interface. In contrast, the disturbances
in the upper layer created by mode 2 are very much smaller than those produced by
the same mode in the lower layer.

Figure 13 shows the position of modes 1 and 2 in the complete spectrum computed
for m =0.02. We see that mode 1 is the classic interfacial mode first discovered by
Yih (1967). Mode 2 also has strong activity near the interface, but it is only active
at low Re, eliminating the possibility that it is a TS wave, and suggesting that this
mode is another type of interfacial mode with properties that are different from Yih’s
original interfacial mode. This appears to be a new result.

4. Similarity of the effects of thickness ratio

Two key observations can be made regarding changes in thickness ratio. First, if we
interchange the layers and assume that the effects of gravity are not important, or that
the fluids have equal density (that is, r=1, F =0), the growth rate of the disturbances
in the new system is the same as that in the original system. The relations between
the parameters of the flipped system and of the original system are given by

rF=1/r, (4.1a)
m =1/m, (4.1b)
n=1/n, (4.1¢)
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FIGURE 13. Eigenvalue spectrum for Re =3000, « =3, m=0.02 and n=0.1. Modes 1
and 2 of figure 11(a,b) are marked here by arrows. Other conditions are as in figure 10.

F =F/r, 4.1d)
r=ryr (4.1¢)
Re' =rRe/m, 4.19)
o =a, 4.1g)

B =8, 4.1h)

o =a—o0, (4.10)
o/ =0y, 4.1))

where the prime denotes the flipped system. Hence, if gravity effects can be ignored,
it is only necessary to compute results for n < 1 and the results for n > 1 can be
deduced with the help of equations (4.1).

Second, we note an apparent self-similarity of the spectra for thin films. Figure 14
shows neutral curves in the (Re, o)-plane for some particular thickness ratios for m =
0.5. As n increases, «,. decreases, and the size of the left stable zone shrinks while
the unstable zone and the right stable zone expand. We see that o, varies inversely
with the thickness of the lower fluid 2n/(1 + n); as n increases, the thickness of
the less viscous fluid increases, allowing unstable waves of longer wavelengths to
survive at low to moderate Re. If we replot these results using the Reynolds number
and wavenumber corresponding to the lower fluid, all curves collapse, as long as the
thickness ratio n < 0.4 (figure 15). That is, the new Reynolds number Re, is defined
based on the fluid properties of the lower layer (p, and u,), the interface velocity
Uiy = n/(m + n); see (2.1)) and the thickness of the lower layer (d;). The new
wavenumber o, is the streamwise wavenumber non-dimensionalized with the thickness
of the lower layer (d,). Specifically,

P2Uinids 2rn?
Re, = = Re, (4.2a)
7% m(m~+ n)(1+n)
_ (2 (4.2b)
Oy = 1 Tn . .

For n > 0.4, this self-similarity begins to fail, especially for small wavenumbers
(o < 1.5), indicating that the lower layer thickness no longer serves as a good length
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FIGURE 14. Neutral stability curves for =0, m=0.5, r=1 and F=1 =0: (a) n=0.05;
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FIGURE 15. (Colour online) Neutral stability curves in (Re;, ap)-plane for § =0, r=1
and F=1"=0: (a) m=0.5; (b) m=2. See text and (4.2) for definitions of Re, and «,.
Solid (black) lines denote n=0.05, 0.1 and 0.2, which all are collapsed onto two curves in
panel (a) and one curve in panel (b) within the resolution of these panels. Dotted (red),
dashed (blue) and dashed-dotted (green) lines denote n = 0.4, 0.6 and 0.8, respectively.
Labels S and U denote stable and unstable zones, respectively.
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scale for long waves. Nevertheless, the scaling continues to work well for shorter
waves (o > 2), even for thickness ratios as large as n = 0.8. The success of this
scaling significantly reduces the computational cost for cases where small thickness
ratios are of interest, such as in the study of LIS and SHS for drag reduction. For
such problems, the neutral stability curves need to be computed for only one value of
thickness ratio and then be generalized for other thickness ratios, reducing the total
number of parameters by one.

No similar scaling can be found to collapse the neutral stability curves for changes
in the viscosity ratio m.

5. Results for three-dimensional waves

We now consider three-dimensional disturbances where both « and 8 are non-zero.
The equations describing the stability of a three-dimensional flow can be reduced to an
equivalent two-dimensional problem at a lower Re, as long as Squire’s transformation
exists for that problem (Squire 1933). As a result, two-dimensional waves are most
critical in regions of the parameter space where decreasing Re has a stabilizing
effect. However, in regions where decreasing Re has a destabilizing effect, Squire’s
theorem is no longer valid and a complete three-dimensional analysis is required.
For example, Yiantsios & Higgins (1988) showed that for two-layer Poiseuille
flow, even when Squire’s transformation exists for three-dimensional disturbances,
Squire’s theorem is not valid for cases where n < \/m or F < 0, which correspond
to cases where decreasing the Reynolds number has a destabilizing effect. Hence,
no dimensional simplification can be made when considering the three-dimensional
disturbance problem in two-layer systems.

In figure 16 we show the growth rate o; as a function of Re for different spanwise
disturbance wavenumbers (. For each case, the streamwise wavenumber o was
chosen so that it crossed all stable/unstable zones of figures 9 and 10. For m =0.02,
two-dimensional waves are dominant for mode 1, whereas three-dimensional waves
have higher growth rates for mode 2, as illustrated in figures 16(a) and 16(b),
respectively. This result agrees with the role of Re on stability discussed above;
as seen in figure 10(a), decreasing Re has a stabilizing effect for mode 1 and a
destabilizing effect for mode 2.

At a slightly higher viscosity ratio (m = 0.05, see figure 16¢), two-dimensional
waves are most critical for the whole range of Re. For m > 0.05, the regions
of dominance for either two- or three-dimensional waves are more complex (see
figure 16d—f). For instance with m = 0.1, unstable three-dimensional waves with
B = 1 are more critical than two-dimensional waves (8 = 0) for Re < 100, but
three-dimensional waves with shorter wavelengths (8 =2, 3) are highly attenuated in
this Reynolds-number range. At higher Re, three-dimensional waves are weaker
than two-dimensional waves, as shown in figure 16(d). For m = 0.5, unstable
two-dimensional waves dominate (figure 16e). At even higher viscosity ratios, as
shown for m =2 in figure 16(f), two-dimensional waves win over the range Re < 600,
while at higher Re three-dimensional waves begin to dominate up to a point where all
waves stabilize. This complex picture suggests that for each particular case the role
of three-dimensional waves cannot be explained solely by considering the effect of
Reynolds number, and all parameters need to be examined to appraise their individual
effects on flow stability.

6. Effects of interfacial tension and density ratio

Thus far, we have ignored the effects of interfacial tension and density ratio, that is,
we have considered only cases where r=1 and I" = F =0. We now briefly analyse
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FIGURE 16. Effect of three-dimensional waves on the growth rate o; for n=0.1, r=1
and F=1I =0: (a) m=0.02, « =3, mode 1; (b) m=0.02, « =3, mode 2; (¢) m=0.05,
a=3; (d m=0.1, x=4; (¢) m=0.5, «a=5; (f) m=2, o« =5. Dashed lines denote the
two-dimensional cases where 8 =0.

the effect of these parameters on the flow instability, starting with interfacial tension
(I"#0, r=1 and F=0). We show the results for only one thickness ratio (n=0.1)
because the results for n < 0.4 can be determined if the scalings defined by (4.2) are
used.

For m=0.5 (figure 17a), we see that even a very weak interfacial tension stabilizes
all short waves with o 2 4. As a result, the unstable zone is limited to long waves and
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FIGURE 17. (Colour online) Neutral stability curves for varying interfacial tension, with
n=0.1, r=1 and F=0: (a) m=0.5; (b) enlargement of the box shown in panel (a).
Dashed lines denote I"=0. Labels S and U denote stable and unstable zones, respectively.
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FIGURE 18. Neutral stability curves for varying interfacial tension, with n =0.1, r =1
and F=0: (a) m=0.02, results for mode 1 are shown for I" =0, 0.01, 0.1 and 0.2 while
results for mode 2 are shown for I" =0, 0.001, 0.005, 0.01 and 0.02; (b) m =2. Dashed
lines denote I" =0. Labels S and U denote stable and unstable zones, respectively.

high Re, and the neutral stability curve becomes similar to the standard stability curves
for TS waves. Increasing the interfacial tension leads to stronger stabilization, which
manifests itself by a shift to higher Re in the neutral curves, as shown in figure 17(b).

For m =0.02 and I" =0, two separate modes are active, as discussed in § 3 (also
see figure 10a). Figure 18(a) indicates that increasing I" decreases the size of both
unstable zones. The unstable zone created by mode 2 shrinks as I increases at a
rate that is much faster than for the unstable zone generated by mode 1. For m =2
(figure 18b), the interfacial tension stabilizes short unstable waves, and increasing I”
reduces the size of the unstable zone and limits the unstable waves to waves with
longer wavelengths. As a general result, interfacial tension has a significant effect on
flow stability and always results in stabilization.

As to the effects of density ratio, figure 19 shows the effect of changing r on the
neutral curves for two viscosity ratios m=0.5 and 2 (neglecting the interfacial tension
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FIGURE 19. (Colour online) Neutral stability curves for varying density ratio r, with n=
0.1, '=0 and F=0: (a¢) m=0.5; (b) m=2. Dashed lines denote r=1. Labels S and
U denote stable and unstable zones, respectively. Flow is unstable in the whole region of
panel (b) for m=2 and r=1.25 and 1.5.

and gravity, that is, I" = F =0). The similarity scaling discussed in § 4 is still valid for
these results and thus we pick only one thickness ratio, n=0.1. For m=0.5 and r=1,
there exist two stable zones (see figure 19a), but for » < 1 only one stable zone exists
and its size increases with decreasing r. Long-wavelength disturbances are stable at
low to moderate Re while the short-wavelength disturbances are unstable at all Re.
For r > 1, the unstable zone is limited to moderate o and high Re, and the size of
the unstable zone increases with increasing r. For m = 2, flow is unstable for r > 1.
Decreasing r below 1 has a strong stabilization effect; the size of the stable region
increases to the point where the whole region becomes stable for »=0.5, except for
a very small zone at high Re (see figure 19b).

7. Results relevant to superhydrophobic surfaces and liquid-infused surfaces

Finally, we present the neutral curves for cases that are of practical important for
LIS and SHS applications. These results are computed for a channel with the half
channel height of 10 mm. For LIS, we choose water as the bulk fluid (upper layer)
and different alkanes as the lubricant (lower layer), as used in the experiments by
Rosenberg et al. (2016). For alkanes that are less viscous than water (figure 20a)
and are also less dense than water, the flow is only stable for very long waves
(small &) and moderate to high Re. Increasing r (for r < 1) has a stabilizing effect
characterized by an increase in the size of the stable zone. For alkanes that are more
dense than water (r > 1), the unstable zone is limited to o of O(1) and high Re. The
stability diagram changes dramatically as a function of viscosity ratio m (compare
figure 20a and b). When the lubricant has higher viscosity than water (m =2 shown
in figure 20b), the flow stability depends largely on the disturbance wavenumber,
in particular when Re < 2000. The flow is stable for o = 3.15 when r = 0.5 and
Re < 2000. Increasing the density ratio r has a strong stabilizing effect and, for
example, the critical wavenumber separating the stable and unstable zones is reduced
to a. ~ 2.25 when r = 0.75 for Re < 2000. As r is further increased, the unstable
zone becomes even smaller and is only limited to o < 0.36 and Re 2 100. The
unstable zone disappears for r > 1. For r < 1 in figure 20(a) and (b) the instability
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FIGURE 20. (Colour online) Neutral stability curves for water as the bulk fluid (upper
layer) with p; = 997 kg m™ and w; = 0.00089 kg (m s)~!, and different alkanes as
the lubricant (lower layer), with n=0.1, ¥ =0.05 N m~' and half channel height L =
0.01 m: (@) m = 0.5; (b) m = 2. Labels S and U denote stable and unstable zones,
respectively. Flow is stable in the whole region of panel (b) for r > 1. Note that I
and F vary along the curves according to I' = yp,L/(Re*u?) = 6.29340 x 10°/Re* and
F=(r—1)gpiL?/(Re*u?) = 1.23106 x 107(r — 1)/Re?.
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FIGURE 21. Neutral stability curves for water as the bulk fluid (upper layer) with p; =
997 kg m™3 and w, =0.00089 kg (m s)~!, and air as the lower layer, with m = 0.0209,
n=0.1, r=0.0012, y =0.072 N m~! and half channel height L=0.01 m. Labels S and U
denote stable and unstable zones, respectively. Solid, dashed and dotted lines denote n=
0.1, n=0.2 and n=0.5, 1, 2, respectively. The neutral curves corresponding to n=0.5, 1,2
are very close and indistinguishable from one another within the figure resolution. Note
that I" and F vary along the curves according to I = yp,L/(Re*u?) =9.06249 x 10° /Re?
and F = (r — 1)gpiL?/(Re*n}) = —1.22958 x 107 /Re?.

is associated with the Rayleigh-Taylor instability, which is created when the gravity
forces due to the density contrast are stronger than the opposing forces due to the
interfacial tension (Boomkamp & Miesen 1996).

For SHS, figure 21 shows the neutral stability curves for the water—air system. There
is one stable zone and one unstable zone, which persist throughout the whole range
of Re considered. The critical wavenumber separating these two zones is «,, ~ 3.7 for
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Re <2000 and varies in the range 3.7 S o <4.2 for Re 22 2000. The flow is unstable
for wavenumbers less than the critical value, and the instabilities are again associated
with the Rayleigh—Taylor instability. The neutral curves quickly lose their dependence
on Re for Re <2000 and on n for n 2> 0.5. The inverse Weber number I" and the
gravity parameter F vary as a function of Re~2, and at Re =2000 they are I" =0.23
and F = —3.07. The results depicted in figure 21 show that the variation of the neutral
curves is already saturated at Re =2000 and further decrease of Re (further increase
of magnitudes of I" and F) has nearly no impact on the neutral curves.

8. Conclusions

Our study of the stability of two-layer Couette flow encompassed variations in
viscosity ratio, thickness ratio, density ratio and interfacial tension. It was shown
that the average velocity in each layer has a strong effect on the shape of the
eigenvalue spectrum by setting the phase speeds of the mean modes, and the average
velocities themselves are functions of thickness and viscosity ratios. Depending on
the parameters chosen, one may observe a single Y-shaped spectrum or two Y-shaped
spectra. When the two fluids have different viscosities, that is, m # 1, the streamwise
disturbance velocity becomes discontinuous at the interface and it can give rise to
an unstable interfacial mode. The disturbance velocity field created by an unstable
interfacial mode shows an intense motion in the layer with lower viscosity and is
characterized by normal disturbance velocities that are at least an order of magnitude
smaller than the streamwise disturbance velocities.

Neutral stability diagrams were computed by eigenvalue tracings, and for low
viscosity ratios, specifically m = 0.02, we found a type of interfacial mode with
properties that are different from Yih’s original interfacial mode. This appears to be
a new result.

When gravity is not important, the results for n > 1 can be obtained from the results
for n <1 by symmetry. Also, the neutral stability curves for thin films (n < 0.4) can
be collapsed onto a single curve if the Reynolds number and streamwise wavenumber
are based on the properties of the lower fluid layer.

Surface tension always shrinks the unstable zones, more so for short wavelengths,
and so stabilizes the flow. The effect of density ratio is more complex and cannot
be easily generalized. For instance, for LIS applications with m < 1, increasing the
density ratio has a stabilizing effect as long as r < 1, and a destabilizing effect for
r> 1. However, for LIS with m > 1, increasing the density ratio has a stabilizing effect
for all values of r. The stability diagram for the water—air system (relevant for SHS)
depends strongly on the disturbance wavenumber and the flow is stable for waves with
wavenumbers greater than a critical value. The neutral curves for the water—air system
lose their dependence on both n and Re for Re < 2000. When the lower layer is the
less dense fluid, the flow instability is governed by the Rayleigh—Taylor instabilities.

The three-dimensional stability analyses revealed that Squire’s theorem does not
apply to all cases because there are regimes where increasing the Reynolds number
stabilizes the flow. A full three-dimensional analysis is required.

Acknowledgements

This work was supported by the Natural Sciences and Engineering Research Council
of Canada (NSERC) and the Office of Naval Research (ONR) through MURI Grant
Nos. N00014-12-1-0875 and N00014-12-1-0962 (Program Manager Dr K.-H. Kim).


https://doi.org/10.1017/jfm.2017.418

https://doi.org/10.1017/jfm.2017.418 Published online by Cambridge University Press

Linear stability of two-layer Couette flows 151

Appendix A. Numerical method

Standard Chebyshev polynomials defined in range [—1, 1] are used for discretization
in the normal direction. The domain of each layer is mapped onto [—1, 1] using the
transformation

E - 1 < < )
c_JEy—1 0<y<yy A1)

Eyy—1, y<y<0,
where Ey =1+n, E;=—(1+n)/n and y € [—1, 1], the location of the interface is at
y=—1 and the walls are located at y = 1. The basic flow, written in the y-coordinate,

becomes

U\G) = A +B15, —1<5<1, (A2a)
U,5) = A+ By, —1<5<1, (A2b)

where AJ- =A;+ (Bj/E)), BJ- =B;/E; and j=1, 2. The y-derivatives in the new system
take the form

DI — {E?Dq, for the upper layer, (A3)

ng)q, for the lower layer,

where D7 = d¢ /dy? and g=1,2,3,.... Substitution of (A 1)-(A 3) into (2.5) gives the
governing equations in the computational coordinate system and takes the form

{RI(Efﬁz — )2 4+ a[EX(U,D?* = D*U)) — k2U1]} v =0 (E2D? — )y,
e
(Ada)
(BE\DU)v; + [Rlew%ﬁz — k) +aU1} m=on, (A4b)

{Z"(ng)z — 52 4+ ra[E2(U,D* — D*U,) — szz]} vy = o [r(E2D? — k)]v,,
e

(Adc)
(rBEDU)vs + [Z"(ng)z — 1)+ raUz} =0 (Add)
e

The wall boundary conditions (2.7) take the form
vi(1) =0, (A5a)
Dv; (1) =0, (A 5b)
m(l) =0, (A5c)
v2(1) =0, (A 5d)
Du,(1) =0, (A Se)
m(1)=0. (A 5f)

The interfacial boundary conditions (2.8) become
vi(=1) — v (=1) =0, (A 6a)

EDv,(—1) — E;Duvy(—1) — ia[E, DU, (—1) — E;DU>(—1)]H =0, (A 6b)
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m(=1) = n(=1) +1BIE, DU, (—1) — E,;DU,(—1)]H =0, (A 6¢)
(E*D? + k¥ vy (—1) — m(E2D? + k*)vy(—1) =0, (A 6d)
EDny (1) — mE,Diy(—1) =0, (A 6e)

{E3D? — 3K°E,D 4 iaRe(r — 1)[U; (=1 E,D — E,;DU, (= )]}v, (—1)
— m(E3D? — 3K2E;D)vy(—1) + k*Re(F + K*IH = o [iRe(r — 1)E;D]v; (—1).

(A6f)
The kinematic condition (2.9) in the new system takes the form
ivi(=1) + [aU,(-1)]JH=0H. (A7)
We express the unknowns as Chebyshev expansions, i.e.
(o) K
V=Y GuaT®) =Y G Tk, (A 8a)
k=0 k=0
0 K,
MG =Y GpaTi®) ~>_ G i), (A8b)
k=0 k=0
(o) K>
@ =Y G Tk~ G i), (A8c)
k=0 k=0
e’} K>
m® =Y G Ti®~ > Gy Te(), (A 8d)

k=0 k=0

where T; denotes the Chebyshev polynomial of the first kind of the kth order
(see Mason & Handscomb 2002), and G, and G, (j =1, 2) are the Chebyshev
coefficients. The expansions are truncated to orders K; and K, for the upper and lower
fluid quantities, respectively. Substituting (A 8) into (A4) and applying a Galerkin
projection (Canuto ef al. 2006) gives

Kl .
Z{I&le(E4(T D'Ty) — 2R°EY(T;, DT + KT, To))
k=0
+alE;(T;, UD’Ty) — (T;, DU\ Ty)) — k(T UlTk>1} Gk

=0 Z(Ez (T, DT) — K(T}, Te) G, (A9a)
al i
Z {,BEl ,DU\T)G,, i + [Re(E%(Tj’ D’Ty) — kKX(T}, Ty)) + (T}, UlTk)} Gnuk}
=0 Z(Tj, )Gy ke (A9b)
k=0

K> .
Z{ZZ(E“(T D*Ty) — 2K E5(T;, DT, + KT}, To)

k=0
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+ ralE5((Ty, U,D*Ty) — (T;, DU T)) — (T, Usz)]} Gk

—aZr<E2 (T, D’Ty) — (T}, Ti) Gy 1 (A90)

K>

Z{rﬂE2<T,,ﬁUsz>sz,k+[ZZ(E%T D*T,) — KA(T;, Ty)

k=0
K>
+ ra(T}, Usz] ,,,k} o Y 1T TG (A9d)
k=0
where j=0,1,2,..., K, —4 in (A9a), j=0,1,2, ..., K, —2 in (A9b), j =
0,1,2,..., K, —4 in (A9c) and j=0,1, 2, ..., K, — 2 in (A9d). The reason

for removing 12 projection equations is to create space for the imposition of the 12
boundary conditions (A 5)—(A 6) (tau method; Canuto et al. 2006). In the above, (-)
denotes the inner product, which for two arbitrary functions f and g is defined by

1
6. ()0 = / RG0S, (A10)

where w(y) =1/4/1 —3? is the weighting function. The method of evaluating different
inner products can be found in Mohammadi (2013, pp. 221-226). The discretized
forms of the boundary conditions (A 5) become

K
Y ()G, . =0, (Alla)
]_ A
> DL(1)G,, . =0, (A11b)
k=0
K
> Tu(1)G, . =0, (Allc)
K>
> Ti(1)G, i =0, (Al11d)
K>
> DTGy, i =0, (Alle)
k=0
K>
> ()G, =0. (A 11f)

Similarly, the discretized interfacial boundary conditions (A 6) take the form

K K>
> T(=1)Gy =Y Ti(—=1)Gop i =0, (A 120)
k=0 k=0


https://doi.org/10.1017/jfm.2017.418

https://doi.org/10.1017/jfm.2017.418 Published online by Cambridge University Press

154 A. Mohammadi and A. J. Smits

K K>
Y EDT(=DG, i~ Y EDT(=1D)Gy — ie[E\DUI (1) — E;DU(=1)IH =0,

k=0 k=0

(A 12b)
K K>
> T=DGyi =Y T(=DGyp +iBIEDUI (~1) — DU (~D]H =0,
k=0 k=0
(A 12¢)
K K>
S ED + T(— DGy — Y mEID? + IT(—=1)G, =0, (A12d)
k=0 k=0
K1 K2
> EDT(~1)G, k= Y mEDT(—1)G,, =0, (A 12¢)
k=0 k=0
K
D {EID® = 3RE\D + iaRe(r — D[Uy(=DED — E\DU (= D)} Ti(= )Gy
k=0
K>
=) mED® = 3PED)Ti(~ )Gyt
k=0
K
+KRe(F+ K*TH =0 ) [iRe(r — NEDT(—1)]G,, . (A12f)
k=0
Finally, the discretized kinematic condition (A7) becomes
K
> iTi(=1)Gyy i+ [aUy (= D]H = o H. (A13)
k=0

The above formulation is general and can be used to study linear stability of any
canonical plane-parallel two-fluid system as long as the proper base flow is used. The
accuracy of this formulation was verified by comparing the results with asymptotic
solutions from the literature for both Couette flow (Yih 1967) and Poiseuille flow (Yih
1967; Yiantsios & Higgins 1988; Kaffel & Riaz 2015). Table 1 shows an example
from these tests comparing the asymptotic solution of Yih (1967) obtained in the limit
of long-wavelength disturbances and the current numerical solution. Most of results
presented in this paper have been computed using K; = K, =100, which was sufficient
to provide at least six digits of accuracy for the eigenvalues.

Appendix B

In this appendix we show why the streamwise disturbance velocity is discontinuous
at the interface. The total streamwise velocity is continuous at the interface, i.e.

ur(h) = ux(h), B

where & is the perturbed interface defined by (2.10). The total velocity can be written
as a sum of the base flow plus disturbances, that is,

U, (h) + u}(h) = Uy(h) + uy(h). B2)
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o m n  Asymptotic solution of Yih (1967) Current numerical solution
005 05 0.1 0.147653 — 0.000017i 0.147650 — 0.0000171
005 2 0.1 0.051871 + 0.000006i 0.051872 + 0.000006i
005 05 03 0.313140 — 0.000032i 0.313160 — 0.000032i
0.1 0.5 0.1 0.147653 — 0.000034i 0.147642 — 0.0000341
0.1 2 0.1 0.051871 + 0.000012i 0.051874 + 0.000012i
0.1 05 03 0.313140 — 0.000064i 0.313220 — 0.0000641
0.5 0.5 0.1 0.147653 — 0.000172i 0.147397 — 0.000168i
0.5 2 0.1 0.051871 + 0.0000581i 0.051956 + 0.0000581
0.5 05 03 0.313140 — 0.000322i 0.315142 — 0.0002971

TABLE 1. Asymptotic and numerical values of the complex wave speed ¢ for Re =1,
B=0,r=1, F=0 and I'=0.

Using a Taylor expansion around y=10 in (B2) gives

U,(0) + h+ O(h*)

h+14,(0) +

dU,(0) au, (0)
d ay

= U,(0) + h+ O(h?). (B 3)

dU,(0) du, (0)
h (0
d + ”2( ) + 3y

If we ignore the nonlinear terms (8u}(0) /0y)h, where j=1, 2, and take into account
that the base flow is continuous at the interface (U,(0) = U,(0); see (2.1)), we obtain

dU.(0) dU,(0)

h+u (0)= h+ u5(0). (B4)

Equation (B 4) clearly shows that the streamwise disturbance velocity is discontinuous
at the interface when the slope of the base flow is discontinuous, that is, when m # 1.

By following a similar procedure, we can show that the normal and spanwise
components of the disturbance velocity are continuous at the interface.

REFERENCES

BARTHELET, P., CHARRU, F. & FABRE, J. 1995 Experimental study of interfacial long waves in a
two-layer shear flow. J. Fluid Mech. 303, 23-53.

BooMKAMP, P. A. M. & MIESEN, R. H. M. 1996 Classification of instabilities in parallel two-phase
flow. Intl J. Multiphase Flow 22, 67-88.

BUSSE, A., SANDHAM, N. D., MCHALE, G. & NEWTON, M. I.2013 Change in drag, apparent slip
and optimum air layer thickness for laminar flow over an idealised superhydrophobic surface.
J. Fluid Mech. 727, 488-508.

CANuUTO, C., HUSSAINI, M. Y., QUARTERONI, A. & ZANG, T. A. 2006 Spectral Methods:
Fundamentals in Single Domains. Springer.

CHARRU, F. & HINCH, E. J. 2000 Phase diagram of interfacial instabilities in a two-layer Couette
flow and mechanism of the long-wave instability. J. Fluid Mech. 414, 195-223.

CRASTER, R. V. & MATAR, O. K. 2009 Dynamics and stability of thin liquid films. Rev. Mod.
Phys. 81 (3), 1131-1198.

FLORYAN, J. M. 2002 Centrifugal instability of Couette flow over a wavy wall. Phys. Fluids 14
(1), 312-322.


https://doi.org/10.1017/jfm.2017.418

https://doi.org/10.1017/jfm.2017.418 Published online by Cambridge University Press

156 A. Mohammadi and A. J. Smits

GOVINDARAJAN, R. & SAHU, K. C. 2014 Instabilities in viscosity-stratified flow. Annu. Rev. Fluid
Mech. 46 (1), 331-353.

HINCH, E. J. 1984 A note on the mechanism of the instability at the interface between two shearing
fluids. J. Fluid Mech. 144, 463-465.

HOOPER, A. P. 1985 Long-wave instability at the interface between two viscous fluids: thin layer
effects. Phys. Fluids 28 (6), 1613-1618.

HOOPER, A. P. & BoYyD, W. G. C. 1983 Shear-flow instability at the interface between two viscous
fluids. J. Fluid Mech. 128, 507-528.

HOOPER, A. P. & BoyD, W. G. C. 1987 Shear-flow instability due to a wall and a viscosity
discontinuity at the interface. J. Fluid Mech. 179, 201-225.

JACOBI, 1., WEXLER, J. S. & STONE, H. A. 2015 Overflow cascades in liquid-infused substrates.
Phys. Fluids 27 (8), 082101.

JosepH, D. D., BAl, R., CHEN, K. P. & RENARDY, Y. Y. 1997 Core—annular flows. Annu. Rev.
Fluid Mech. 29 (1), 65-90.

JOSEPH, D. D. & RENARDY, Y. Y. 1993 Fundamentals of Two-Fluid Dynamics. Springer.

KAFFEL, A. & R1AZ, A. 2015 Eigenspectra and mode coalescence of temporal instability in two-phase
channel flow. Phys. Fluids 27 (4), 042101.

MALIK, S. V. & HOOPER, A. P.2007 Three-dimensional disturbances in channel flows. Phys. Fluids
19 (5), 052102.

MASON, J. C. & HANDScOMB, D. C. 2002 Chebyshev Polynomials. CRC Press.

MOHAMMADI, A. 2013 Flows in grooved channels. PhD thesis, University of Western Ontario,
London, Ontario, Canada.

MOHAMMADI, A. & SMITS, A. J. 2016 Stability of two-immiscible-fluid systems: a review of
canonical plane parallel flows. Trans. ASME J. Fluids Engng 138 (10), 100803.

OzGEN, S.,DEGREZ, G. & SARMA, G. S. R. 1998 Two-fluid boundary layer stability. Phys. Fluids
10 (11), 2746-2757.

REDAPANGU, P. R., SAHU, K. C. & VANKA, S. P.2013 A lattice Boltzmann simulation of three-
dimensional displacement flow of two immiscible liquids in a square duct. Trans. ASME J.
Fluids Engng 135 (12), 121202.

ROSENBERG, B. J., VAN BUREN, T., Fu, M. K. & SMITS, A. J.2016 Turbulent drag reduction
over air- and liquid-impregnated surfaces. Phys. Fluids 28 (1), 015103.

ROTHSTEIN, J. P.2010 Slip on superhydrophobic surfaces. Annu. Rev. Fluid Mech. 42 (1), 89-109.

SAFFMAN, P. G. & TAYLOR, G. 1958 The penetration of a fluid into a porous medium or a Hele-Shaw
cell containing a more viscous liquid. Proc. R. Soc. Lond. A 245 (1242), 312-329.

SCHMID, P. J. & HENNINGSON, D. S.2001 Stability and Transition in Shear Flows. Springer.

SCHRENK, W. J. & ALFREY, T. JR. 1978 Coextruded multilayer polymer films and sheets. In Polymer
Blends (ed. D. R. Paul & S. Newman), vol. 2, chap. 15, p. 129. Academic.

SoLoMON, B. R., KHALIL, K. S. & VARANASI, K. K. 2014 Drag reduction using lubricant-
impregnated surfaces in viscous laminar flow. Langmuir 30 (36), 10970-10976.

SQUIRE, H. B. 1933 On the stability for three-dimensional disturbances of viscous fluid flow between
parallel walls. Proc. R. Soc. Lond. A 142 (847), 621-628.

TIMOSHIN, S. N. 1997 Instabilities in a high Reynolds-number boundary-layer on a film coated
surface. J. Fluid Mech. 353, 163-195.

TIMOSHIN, S. N. & HOOPER, A. P.2000 Mode coalescence in a two-fluid boundary-layer stability
problem. Phys. Fluids 12 (8), 1969-1978.

WEINSTEIN, S. J. & RUSCHAK, K. J. 2004 Coating flows. Annu. Rev. Fluid Mech. 36 (1), 29-53.
WEXLER, J. S., GROSSKOPF, A., CHOW, M., FAN, Y., JACOBI, I. & STONE, H. A.2015a Robust
liquid-infused surfaces through patterned wettability. Soft Matt. 11 (25), 5023-5029.
WEXLER, J. S.,JACOBI, I. & STONE, H. A.2015b Shear-driven failure of liquid-infused surfaces.

Phys. Rev. Lett. 114 (16), 168301.

WONG, T.-S., KANG, S. H., TANG, S. K. Y., SMYTHE, E. J., HATTON, B. D., GRINTHAL,
A. & AIZENBERG, J. 2011 Bioinspired self-repairing slippery surfaces with pressure-stable
omniphobicity. Nature 477 (7365), 443—447.


https://doi.org/10.1017/jfm.2017.418

https://doi.org/10.1017/jfm.2017.418 Published online by Cambridge University Press

Linear stability of two-layer Couette flows 157

YIANTSIOS, S. G. & HIGGINS, B. G. 1988 Linear stability of plane Poiseuille flow of two superposed
fluids. Phys. Fluids 31 (11), 3225-3238.

YIH, C.-S. 1963 Stability of liquid flow down an inclined plane. Phys. Fluids 6 (3), 321-334.

YIH, C.-S. 1967 Instability due to viscosity stratification. J. Fluid Mech. 27 (02), 337-352.

YIiH, C.-S. 1990 Wave formation on a liquid layer for de-icing airplane wings. J. Fluid Mech. 212,
41-53.


https://doi.org/10.1017/jfm.2017.418

	Linear stability of two-layer Couette flows
	Introduction
	Problem formulation
	Results for two-dimensional waves
	Similarity of the effects of thickness ratio
	Results for three-dimensional waves
	Effects of interfacial tension and density ratio
	Results relevant to superhydrophobic surfaces and liquid-infused surfaces
	Conclusions
	Acknowledgements
	Appendix A. Numerical method
	Appendix B 
	References


