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FLAG AREA MEASURES

JUDIT ABARDIA-EVEQUOZ, ANDREAS BERNIG AND SUSANNA DANN

Abstract. A flag area measure on an n-dimensional euclidean vector space
is a continuous translation-invariant valuation with values in the space of signed
measures on the flag manifold consisting of a unit vector v and a (p+ 1)-dimensional
linear subspace containing v with 0 < p < n — 1. Using local parallel sets, Hinderer
constructed examples of SO(n)-covariant flag area measures. There is an explicit
formula for his flag area measures evaluated on polytopes, which involves the
squared cosine of the angle between two subspaces. We construct a more general
sequence of smooth SO(n)-covariant flag area measures via integration over the
normal cycle of appropriate differential forms. We provide an explicit description
of our measures on polytopes, which involves an arbitrary elementary symmetric
polynomial in the squared cosines of the principal angles between two subspaces.
Moreover, we show that these flag area measures span the space of all smooth
SO(n)-covariant flag area measures, which gives a classification result in the spirit
of Hadwiger’s theorem.

§1. Introduction.

1.1. General background. Let (V,(-,-)) be a euclidean vector space of
dimension n and let A be an abelian semigroup. Let KC(V) be the space of
compact convex subsets of V. A valuation on V is a map u : K(V) — A
satisfying

n(KUL)+pu(KNL) = upu(K)+ un(L),

whenever K, L, K UL € KC(V).If A is a topological abelian semigroup, then p
is a continuous valuation if it is continuous with respect to the topology on IC(V)
induced by the Hausdorff metric.

Natural properties of valuations are translation-invariance (i.e., u(K + v) =
W(K) for all K and v € V) and rotation-invariance (i.e., u(gK) = u(K) for all
K and g € SO(n)). Hadwiger’s seminal theorem states that the space of real-
valued, continuous, rotation- and translation-invariant valuations is spanned by
the intrinsic volumes [, . . . , u,. We refer to [18] for a proof of this theorem and
a detailed account on the related kinematic formulas in euclidean vector spaces.

Intrinsic volumes may be defined via a tube formula (called Steiner’s formula,
see [18, 22, 28]) as follows. Denote by BY' the euclidean unit ball of dimension
m and by k, 1= nm/z/ I'(1 4+ m/2) its volume. Then w,, := mk,, is the volume
of the unit sphere of dimension m — 1, denoted by S”~!. Given K € (V) and
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p > 0, let K + pBj be the Minkowski sum of K and a p-ball, which we call a
p-tube around K. Then vol(K + pBY) is a polynomial in p, whose coefficients
(up to a normalization) are the intrinsic volumes:

n
vol(K + pB3) = ) pu(K)en—iep" ™.
k=0

Intrinsic volumes appear in the following kinematic formulas due to Chern,
Blaschke and Santalé. Let SO(n) := V x SO(n) be the special euclidean group
(i.e., the group of isometries of V preserving orientation), endowed with the
product of the Lebesgue measure on V and the probability measure on SO(n).
Given
K, L € K(V), the intersectional kinematic formulas assert that for 0 < i < n
(see, e.g., [18, 22])

; a1
fS()HMi(K NglL)dg = |:nj‘li| Z |:n2—l:| @, (O

k+l=n+i

The expression on the right-hand side involves flag coefficients defined by

n] _ (n\ kn
k| \k/)rkekn—i

The additive kinematic formulas, also called rotation sum formulas (see [22]),
are given by

-1
2n—1i 2n —1i
/So(n)u( gL)dg [n_l]kZ [n_k} ne(K)p (L), (2)

+l=i

with0 <1 < n.

Both formulas admit local versions. In order to describe them, let us recall the
notion of a support measure (we refer to [22] for a detailed study). Let SV :=
V x 8"~ be the unit sphere bundle over V. Denote by B(SV) the Borel subsets
of SV. For a given n € B(SV), consider the part of the p-tube around K defined
by

Mp(Kv 77) = {x € V : 0 < d(x7 K) < pa (p(Kax)? M(Kax)) € r’}
Here p(K,x) is the unique nearest point to x in K and u(K,x) :=
(x — p(K,x))/|lx — p(K,x)| is a unit normal vector to K at p(K, x). The

volume of M,(K,n) is again a polynomial in p, whose coefficients (up to a
normalization) are the support measures of K:

1l n
IMy,(K,n) =~ OyK, n—k
vol M,,(K, ) n; k( n)(k)p
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For a fixed K, Ok(K,-) is a measure on SV. For a fixed n, ®(-,n) is a
measurable valuation. Moreover, K — O (K, -) is continuous, where the space
of measures is endowed with the weak topology.

The support measures Oy are SO(n)-invariant, i.e., O (gK, gn) = Or(K, n)
for every ¢ € SO(n), K € K(V) and n € B(SV). For characterization theorems
in the spirit of Hadwiger, see [21] and [22, p. 226]. The marginals of support
measures are curvature measures and area measures:

Ce(K, B) :=Ok(K, B x S""), B eB(V),
Sk(K, B) == Or(K,V x ), BeB(s",

where 0 < k < n — 1. Another common normalization is the following:

1 n
(K, ) = < )Ck(K, ),

nik,_ik \k

WK, ) = — (") k(K. ).
nikn—i \k
One completes the definition by setting ®,(K, 8) := H"(K N B). Then
Op(K, V)= pur(K)for0 < k <nand Wi (K, S" 1) = pp (K) for0 < k <n—1.
The local form of formula (1) can best be described in terms of the curvature
measures ®y. For 8, B/ € B(V), we have

f (K NGL, BN &p)d3
SO(n)

: -1
:[nﬂ 2 [HH (K, HOu(L, B), 3)

k4+-l=n+i

with 0 < i < n. The additive kinematic formula (2) admits a localization in terms
of the area measures Sy, for 8, B/ € B(S"~1), as follows:

/ Si(K + gL, BN gB)dg
SO(n)

- > <,i>5k(K»/3)Sz(L,ﬂ’), 0<i<n—L.

w,
N k=i

Formulas of this type can also be proved for subgroups of the euclidean
motion group SO(n). For the important hermitian case, where the rotation group
is replaced by the unitary rotation group U(m), the global kinematic formulas
were obtained in [6]; the local intersectional kinematic formulas were derived in
[7]; and the local additive formulas were found in [29].

Let us next recall the construction of flag-type support, area and curvature
measures via local tube formulas. We refer to [14] for a survey and to
[11-13] for more recent developments. Let Gr,(V) denote the Grassmann

variety of p-dimensional subspaces in V and ﬁp(V) the set of all affine
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p-planes in V. Then Gr,(V) admits an SO(n)-invariant measure, while
grp(V) admits an SO(n)-invariant measure. These measures are unique
up to a normalization, and we choose the standard normalization from
[23, Theorem 13.2.12]. For a given E € ap(V), denote by E € Gr,(V) the
linear space parallel to E.

Fix K € K(V)and p > 0. Let E € @F(V) be such that E N K = . For
almost all such E, there exists a unique pair of nearest points p(K, E) € K
and [(K, E) € E. Then u(K, E) := (I(K, E) — p(K, E))/d(K,E) € " !isa
normal vector to K at p(K, E). Given a Borel subset nof Vx S 1 x Gr,(V),
the local parallel set of K in Erp(V) is defined by

MP (K, n) :={E € Grp(V):0 <d(K,E) < p, (p(K, E), u(K,E), E) € n}.

The volume of M/()p)(K, n) C ﬁp(V), 0 < p <n—1,is apolynomial in p,

n—p—1

volMP(K, )= Y B (K. mkn—pip"P7F,
k=0

whose coefficients E,((p)(K, 3,0 < k < n— p—1 are the flag-type support
measures (see [14]). Another normalization given in [14] is the following:

@I(CP) = Wi <n — Z — 1)‘1 E/({p)'
Let us mention some properties of flag-type support measures. For a fixed
n, the map E,((P)(-, n) is a measurable valuation. The map K +> E,((p)(K, )
is continuous. The group SO(n) acts on V x §"~1 x Gr,(V) by g - (x, v,
E) = (gx + t,gv,gE), where g = (g,t) with g € SO(n) and t € V. The
maps E,({p) are W(n)-invariant by construction, i.e., for g € W(n) E,ﬁ”)(gl(,

g =g (K, ).

Similarly to curvature and area measures, which appear as marginals of
support measures, flag-type curvature and flag-type area measures are defined
by

o (K, B):=EP (K, B x S"Y), BeBV xGry(V)),
WK, B) =B (K, VxB), BeBES" ! xGr,(V)).

We will use the following normalization of flag-type area measures, as used in
[12]:

—1
(p) . n—p-—1 (p)
S = a)n_p_k< I ) W,

Set
Fn,p+1):={(,E) € S"! x Grp1(V) : v € E},
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Ft(n, p) :={(,E) e "' x Grp(V):v L E}.

The diffeomorphisms FL-(n, p) = F(n,p + 1), (v, E) — (v,Rv @ E) and
F(n,p+1)= F(n,n—p), (v, E) = (v, Rv @ E™L) are O(n)-equivariant. By
construction the measure S,Ep )(K , ) is concentrated on FL(n, p).

We now give an explicit expression of flag-type area measures on polytopes,
which follows from [12]. Given a polytope P, denote by JF;(P) the set of all
k-dimensional faces of P. For a face F, let N(P, F) denote the normal cone of
P at F and let n(P, F) := N(P, F) N §"~!. Let F also denote the linear space
parallel to the face F of the same dimension. The cosine of the angle between
two subspaces E and F is denoted by |cos(E, F)|, see §4 for its definition.

PROPOSITION 1.1 [12, Theorem 3.8]. Let P be a polytope, 0 < p < n —1,
0<k<n—p—1landpB € B(F-(n, p)). Then

—1
P, p) = (" T 1) Sp

k Wy

x > Volk(F)/ / Ly Enotyep Cos*(EL, F) dE dv.
FeFi(P) n(P,F) JGrpy1(v)

Here Gr1(v) denotes the Grassmannian of all (p + 1)-planes containing v,
endowed with an invariant probability measure d E.

These flag area measures appear naturally in several contexts: extension of
valuations [12]; integral formulas for projection functions of convex bodies [11];
integral formulas for mixed volumes of convex bodies [13].

1.2. Results of the present paper. We start with a general definition.

Definition 1.2. Let0 < p < n—1. A flag area measure on V is a translation-
invariant valuation @ with values in the space of signed measures on the flag
manifold F(n, p + 1). The space of continuous flag area measures is denoted
by FlagArea'”) and its k-homogeneous elements by FlagArea,((p ) For a group
G acting linearly on V, & is called covariant if ®(gK) = g.P(K) for all
g € G. The subspace of G-covariant continuous flag area measures is denoted
by FlagArea”)-C .

Without further assumptions, like, for example, a version of the local
definedness from [20, Satz 2] or [21, Theorem 6.1], this definition is probably
too general to be useful. In §2 we introduce a notion of smoothness of flag area
measures, which is stronger than continuity. The main purpose of this article is
to classify SO(n)-covariant smooth flag area measures.

To describe our results more precisely, we need the notion of Jordan angles
between subspaces. Let W be a euclidean vector space and 0 < k, p < dim W.
The orthogonal group O(W) acts diagonally on the product Gr,(W) x Gri (W).
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The orbits under this action are characterized in terms of Jordan angles 61, ...,
O, where m = min{k, dimW — k, p,dimW — p}. Given E € Gr,(W) and
F € Gri (W), we denote by

0;(E, F) := 0;(cos? 0, ..., cos*Op)

the ith elementary symmetric polynomial. For instance, o,,(E, F) is the square
of the usual cosine between E and F'.

In the special case when dim W = 2a is even and E, F are oriented subspaces
with dim E = dim F = a, there is an additional SO(W)-invariant, 6, (E, F). We
refer to §4 for the definition and properties of Jordan angles and of g,.

As our first main result, we construct a three-parameter family of flag area
measures S,Ep )’l, which contains the two-parameter family S,Ep ) asa subfamily.

THEOREM 1 (Construction of flag area measures). For every 0 < p,
k<n—-—10<i<m:=mnk,n—k—1,p,n— p— 1}, there exists
a unique continuous translation-invariant flag area measure such that for a
polytope P C V and B € B(F(n, p+ 1)),

SNPB) = cukpi Y. VOlu(F)
FeFi(P)

X / / L, pyepoi(E+, F)dE dv, 4)
n(P,F) JGrpy1(v)

where

=1\ m\ T k== 1= p) +m\ T n—1
= () ) ()

The Jordan angles are computed with respect to the (n — 1)-dimensional space
W= vt

For an odd n, there exists an additional unique continuous translation-
invariant flag area measure 5&"_};%2) such that for a polytope P C V and

B € B(F(n, (n+1)/2)),

“((n=1))2
S((r(zn—n% (P, ) = Z vol(,—1y2(F)
FeFu—1,2(P)

X/ / L, £yep—1y2(EX, FYdE dv. (5)
n(P,F) JGr1)/2(v)

The flag area measures from Theorem 1 can also be computed explicitly
for a smooth compact convex body K. Let x € dK be a boundary point and
let E € Grp.1(V) be a plane containing the normal vector v(x) to K at the
point x. There are three linear maps on the tangent space 7, 0K: the shape
operator S, and the orthogonal projections I1g and I1g. onto £ N T, 0K and
E*, respectively. We orient the spaces £ N T, dK and E* in such a way that
Rv(x) @ (ENTdK) ® EL- = V as oriented vector spaces. Let D denote the
mixed discriminant. We derive the following formulas.
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THEOREM 2. Let k, p, i, B be as in Theorem 1. Then for a smooth compact
convex body K,

min{k, p}—i .
(i B (n—1 min{k, p} —a\ (k
S (KL B) = Cnk,pi ( k ) Z ( i a

a=min{k,p}—m

X/ f L), E)ep
0K JGrpi1(v(x))

x D(Sx[n —k — 11, Tiglal, Mgilk — al) dE dH" "' (x). (6)

Ifnisoddand p =k =n—1)/2,

=((n—=1)/2 _
SR (K. By = (=1 h2 / / 1), E)ep
9K JGrpr1 (v(x))

xdet(lgL 08y : ENTAK — ET)dE dH" ' (x).

Remark.

(i) We will see that in the case k < p, equation (6) simplifies to

; n—1\//k
S]EP),I(K’ B) = Cn,k,p,i( )()
k i
x / / o). E)ep
0K JGrpi1(v(x))

X D(Sx[n —k — 11, Id[k —i], I [i]) dE dH" " (x).

(i) In §5 we will prove an integral formula which generalizes equation (6) to
arbitrary convex bodies. It involves generalized principal curvatures and
the generalized shape operator.

The next theorem summarizes the main properties of flag area measures.
Properties (i)—(v) are easy to prove. The proof of (vi) requires some deep results
by James about the distribution of Jordan angles and by Aomoto about Selberg-
type integrals.

THEOREM 3 (Properties of flag area measures). The flag area measures S,Ep M

and § ((7(1}1—_1;%2) satisfy the following.

(i) Fork <n—p—1,wehavem = min{k, p} and S = (wn/@n_p)S".
(i) For a fixed B, SIEP)’I(~, B) and S((}E::;%Z)(’ B) are translation-invariant
valuations homogeneous of degree k and (n — 1) /2, respectively.
(iii)y Forall g € On), S (¢K, gB) = S (K, ).
(iv) Forevery K € K(V), the measures S,Ep)’l (K, -) are positive.

(v) Forall g € O(m), (") (K. gp) = detg - S NP (K. B).
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(vi) Letw : F(n, p+ 1) — §"! be the projection onto the first factor. For
each B € B(S"1), we have

S K T B) = Su(K. ) and (K x T (B) = 0,

To prove Theorem 1 we construct a sequence of SO(n)-invariant differential
forms on the product V x F(n, p + 1). The flag area measures are obtained by
integration over the pull-back of the normal cycle of K under the projection map
VxFnp+1) -V x §" 1 (x,v, E) — (x,v). The flag area measures
obtained in this way will be called smooth and the corresponding space will be
denoted by FlagArea”-s™ (cf. Definition 2.2).

THEOREM 4. LetO < p,k <n—1. For (p,k) #((n—1)/2,(n—1)/2) a

(p),sm,SO(n)

basis of FlagArea; is given by

S with0 < i <m=min{k,n —k —1, p,n — p — 1),

For n odd and (p,k) = ((n—1/2,(n—1)/2), a basis of
FlagAreagln__li)/;)’Sm’so(n) is given by

SR w0 <i <" and SR

Our construction of flag area measures can be generalized in several ways.
First, one could use other—partial or complete—flag manifolds instead of
F(n, p+1). Second, the SO(n)-invariance may be relaxed or dropped. This will
lead to a very general class of smooth flag area measures that are translation-
invariant, but not necessarily SO(n)-invariant. We think that these general flag
area measures deserve further study.

Plan of the paper. In §2, we introduce the notion of smooth flag area
measures. These are given by forms on V x F(n, p 4+ 1). We describe the forms
on this space that induce the trivial flag area measure.

In §3, we determine the dimension of the space of SO(n)-covariant smooth
flag area measures that are homogeneous of degree k, 0 < k < n — 1.

In §4, we recall the notion of Jordan angles between two subspaces of a
euclidean vector space and compute the average value of elementary symmetric
functions over the squared cosines of the Jordan angles between two subspaces.

The main results of this paper are proved in §5. We give an explicit
construction of the differential forms inducing linearly independent flag area
measures. We then write the value of our flag area measures on a compact
convex body in terms of generalized principal curvatures and the generalized
shape operator. Theorems 1 and 2 are easy consequences of this general formula.

§2. Smooth flag area measures. In the following, given a smooth manifold
M, we denote the space of differential forms on M by Q*(M), the tangent
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(respectively cotangent) bundle by 7'M (respectively T*M) and for p € M, the
tangent (respectively cotangent) space of M at p, by T, M (respectively T;M ).

Let us recall the definition of the fiber integration, also called the push-
forward of differential forms. We follow the sign convention in [1]. For another
sign convention see, e.g., [3].

Definition 2.1. Let M and B be oriented manifolds. Let [T : M — B be a
fiber bundle with a compact fiber of dimension r oriented by the local product
orientation. Let d > 0. The fiber integration of a form n € Q94" (M) of degree
d + r is the form IT,n € Q%(B) of degree d defined by

H*’ﬂy(wh L] wd) = / nwl,...,w,{9 Yy € B’ (7)
n='()

where ny,....w, € Q" (M) is defined as follows: for x € M with [1(x) = y and
for W; € Ty M with dIT(W;) = wj,

(nwl ..... wd)|x = 77|x(W157Wd’_)

W; are called lifts of w;. The lifts W; are not unique. However, the right-hand
side of equation (7) is independent of their choices.

An equivalent definition is as follows. Let IT* 8 denote the pull-back of a form
B under the map I1. It has the same degree as . The fiber integration, I1,n, is
uniquely defined by the equation

/ Mo A f = (_l)r(dimB—d)/ n A TI*B,
B M

to be satisfied for every compactly supported differential form g € Q*(B).
The following projection formula can be easily derived from the definition of
the push-forward (cf. [3, equation (1.16)]): for every n € Q*(M) and 8 € Q*(B),

ML B A ) = B ATl ®)

Let us return to our setting of an n-dimensional euclidean vector space V.
Recall our notation for the sphere bundle over V, SV = V x s"=1 And let
7w : SV — V be the projection map. Then

alx,v) (W) == (v, d”(x,v)u))a (x,v) € SV, w € Ty, SV,

defines a contact form on SV.

To every compact convex subset K C V one can associate its normal cycle
nc(K), which is an (n — 1)-dimensional Legendrian cycle in SV. Consequently
we can integrate any form w € Q" 1(SV) over nc(K). We obtain

/ aAnT=0 and / dt =0 foreveryt € Q" 2(SV). (9)
nc(K) nc(K)
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These two equations further imply that fnC(K) da A =0forne QU3(SV).
We refer to [30] for the construction of the normal cycle of a convex body and
its main properties.

Let 0 < p < n — 1. Consider the partial flag manifold F(n, p + 1) =
{(v,E):veS" L Ec Grp41(V), v € E}. Denote by IT the projection map

M:VxFn,p+1)— VxS (x,v,E)— (x,v).
Setr := p(n— p—1) to be the dimension of the fiber of [T and sets :=n—1+4r.

Definition 2.2. A flag area measure ® € FlagArea'?) is called smooth if there
exists a translation-invariant form T € Q*(V x F(n, p + 1))' such that for any
f € C®(F(n, p+ 1)) and for any K € K(V),

/ fdd(K, ~)=/ I (f1).
F(n,p+1) nc(K)

The space of smooth flag area measures is denoted by FlagArea”)s™,

Note that since smooth functions are dense in the space of continuous
functions, a flag area measure & is determined by the integrals
fF(n,p+1) fd®(K, -) with smooth functions f.

To each translation-invariant s-form t on V x F(n, p 4+ 1) we associate a
smooth flag area measure ® as described in Definition 2.2. We now determine
the kernel of the map Q°(V x F(n, p 4+ 1))* — FlagArea”>s™ : 7 1 &.

The space Q¥(V x F(n,p + 1))¥ admits a filtration as follows. For
(x,v,E)e VX F(n,p+1),0<j<s,wedefine

3chuE ={¢ e /\ST(;U,E)(V X F(n,p+1)):
Vi oo fi € Taowpy T (I(x, v, E)), ¢(fi, ..., fj, —) =0},

and

F = lwe Q(V x Fin, p+1)":
V(x,v,E) € V X F(n, p+ 1), 0l(x0.5) € 8y g}

Then
QS(V % F(n,p + 1))II’ — SS,F+1 ) S;S,I‘ S5... D S;’S,O — {O}

In the proof of the following theorem we will work with smooth convex
bodies. Let us recall some general and well-known facts concerning these bodies.
For a smooth compact convex body K with strictly positive curvature, the normal
cycle of K is the graph of (id, v) : 9K — SV, where v : 9K — §"~! is the Gauss
map.

Fix xo € 0K. Set U := Ty, 0K and W := U @ U. The shape operator, also
called the Weingarten map, dvy, : U = Ty,dK — TS ! = TydK = U

https://doi.org/10.1112/50025579319000226 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579319000226

968 J. ABARDIA-EVEQUOZ et al

is self-adjoint (see, e.g., [27]). Hence there is an orthonormal basis uy, ...,
uy—1 of U (the principal curvature directions) and Ay, ..., A,—1 > 0 (the
principal curvatures) such that 7{y, v(x,))nc(K) is spanned by the vectors
w; = (u[,kiu,-) e W.

Conversely, let (xg, vg) € SV be given. Set U := voL and W . =U @ U
endowed with the symplectic form 0((u1, uz), (i1, u2)) = (uy, u2) — (Uy, uz),
uj,u; € U.Letuy, ..., u,—1 be an orthogonal basis of U and A, ..., A,—1 > 0.
The subspace L of W spanned by (u;, Aju;),i = 1,...,n — 1, is a Lagrangian
space. Lagrangian spaces of this type will be called strictly positive. Under these
conditions, there exists a smooth compact convex body K with strictly positive
curvature such that xg € 0K, v(xp) = v and Ty v(xy)) Nc(K) = L. For instance,

]n—l
K= {m,...,xn) 1< < 3 Mx?}
i=1

with respect to the coordinate system given by (xo; 41, ..., U,—1, vg) has this
property.

THEOREM 2.3. A form t € Q5(V x F(n, p + 1)' induces the trivial flag
area measure if and only if

7 € (IT*a, T*da, 7).

Proof. Let us first show that the displayed space is a subset of the kernel. Let
7 = [T*a A p for some form p. Using equation (8), we obtain

M.(f1) = (T2 A fp) = a A TL(fp).

Hence the integral of this form over the normal cycle vanishes by equation (9).
The same argument shows that the forms I[T*da A p belong to the kernel. If
7 € §7, then I1.(f 1) = 0 by the definition of the push-forward.

Let us prove the other inclusion. Suppose that 7 induces the trivial flag area
measure. Fix (xg, vg, Eg) € V x F(n,p + 1) and set U := vOL, which is an
(n — 1)-dimensional euclidean subspace of V. Take a sequence of functions
hj € C®(F(n, p + 1)) with h;(vo, Eg) = 1, h; > 0, whose supports shrink
to {(vg, Eg)}. Then for all K, we have

/ [Ty (hjT) = 0. (10)
nc(K)

Let us fix a strictly positive Lagrangian subspace L of W := U @ U spanned by
w; := (u;, Aju;) as above. As noted above, there exists a smooth convex body K
with strictly positive curvature having xo € 0K, v(xg) = vo and Ty, nc(K)
= L. Let

A = d|(xy,v0.E0) : Txo,v0,E)(V X F(n, p41)) = Txyv9)(V X sn=h.
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Let Wy, ..., W,_1 be lifts of wy, ..., w,_1, i.e., W; € T(xo,vo,Eo)(V x F(n,
p+ 1)) and A(W;) = w;,i =1,...,n — 1. Then equation (10), the definition
of the push-forward and a continuity argument imply that

T|(x0,vo,E0)(Wl» ey anl, fl, ey fr) =0 forall f],..., f, e ker A. (11)

We may decompose

S,V

— *
T|(X0,U0,E0) =A (b Ak mod Xx0,v0,E0°

where 0 # k € A" (ker A)* and ¢ € /\”_IT&O oy (V% $"=1). For instance, we
may use a local trivialization of I, decompose T |(x,,v,, £,) according to bidegrees
and pick the highest degree part. Then equation (11) implies that

¢(wy, ..., wy—1) =0,

i.e., ¢ vanishes on all strictly positive Lagrangian subsets of W.

Now we apply a technical Lemma 2.4 below to the symplectic vector space
(W =U®U,0 := —da(y.ylw). Note that Ty (V x ") = Rug @
vé- @ v(J)- = Ruyp @ W and that the projection onto Rvg equals a/|x,v,). Hence
@ € (& (xy,v0)> A% (x,v0))- It follows that

s,
Tl (xo, 00, E) € (A% (xg,v0, Eg)s A A (x9,00, Eo)» SXO.vo,Eo)‘

Since xg, vg, Eg were arbitrary, this implies that t € (IT*w«, [T*da, F°'),
finishing the proof. 0

We complete the proof by an algebraic lemma, which is adapted from
[4, Lemma 1.4]. Let U be a euclidean vector space of dimension m and let
W = U & U be endowed with its natural symplectic form 6, 6((uy, uz),
(y, u2)) = (uy, u) — (g, uz), uj, u; € U.

A subspace of the form L := span{wy, ..., wx} C W with w; := (u;, Aju;),
i=1,...,k, where uy, ..., u; are non-zero and pairwise orthogonal in U and
A; > 0 is called a strictly positive isotropic subspace.

LEMMA 24. Let 0 < k < 2m and suppose that o € A*W* vanishes on all
strictly positive isotropic subspaces of dimension k. Then w is a multiple of the
symplectic form 0.

Proof. We use induction on the dimension m of U. The base case m = 1 is
trivial.

Suppose k > m. Then basic symplectic algebra implies that every form
w € A¥W* is a multiple of 6 and there is nothing to prove.

Assume k < m. Letuy, ..., u, be an orthonormal basis of U. Define a basis
of Wby e; := (4;,0), fi := (0,u;). Letel,.... ey, fi'...., fi € W* be the
dual basis. Then the natural symplectic formon W is6 = Y 7" ef N f. Let Uy
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be the euclidean subspace spanned by u1, ..., u,—1 and Wy := Uy & Uy with
its natural symplectic form 6p. Then 6 = 6y + e}, A f%. We decompose

w=wy)+wiANe,+wr A fr+w3Aen A frr,

with wg € AYW§, w1, w2 € AW, w3 € AF2WE. Let A, ..., A1, A > 0
and let vy, ..., vg—1 € Up \ {0} be pairwise orthogonal. Then vy, ..., vk_1, U
are pairwise orthogonal in U and the vectors w; := (v;, Ajv;), i =1,...,k—1

and wy, := (U, AUy ) span a strictly positive isotropic space. By assumption,
O=w(wi, ..., wWr—1, Wy) =o1(Wy, ..., Wk—1) + Ay (wy, ..., Wk_1).
With %, > 0 being arbitrary, it follows that
w1 (wy, ..., wr—1) =0, wy(wi, ..., wr—1) =0.

By the induction hypothesis, w1, w, are multiples of 6. Since 6y A e, =6 Ae,
0o A fo =6 A f, we obtain that wy A e, + w2 A f,r is a multiple of 6.

Let vy, ..., v € Up \ {0} be pairwise orthogonal unit vectors and w; := (v;,
Aiv;) with A; > 0. Then 0 = wp(wy, ..., wk) and the induction hypothesis
implies that wg = woo A 6y with wgy € Ak_ZWS‘. Let A > 0 and wy_; :=
(k1 + ttyy, Mg—1 +upm)) € W, wy := (Vk—1 — Um, Vg—1 — U;y) € W. Then,
since w1 A ey, + wy A f, is a multiple of 0,

0= (wo+w3sAepy A fi)wr,..., Wg—2, We—1, Wk)
= (A — (w3 — woo) (w1, ..., Wi—2).

By the induction hypothesis w3 — wgp = 6y A ¢o with ¢ € AR WO* . Hence

wo + w3 Aep A frr = woo Ay + (woo + 600 A o) Aep A frr
:(w()o-i-(ﬁo/\e;/\f:l)/\@.

This shows that wy + w3 A ey, A f,: is divisible by 6. O

§3. Dimension computation. In this section we determine the dimension
of the space of smooth, k-homogeneous, translation- and SO(n)-covariant
valuations with values in the space of signed measures on the partial flag

manifold F (n, p + 1), denoted by FlagAreal((P)»Sm,SO(n).
THEOREM 3.1. Let0 < p,k <n —1. Then

dimFlagArea,(cp)’sm’SO(n) =min{k,n —k—1,p,n—p—1}+1

. n—1
I ifp=k=

2 b
0 otherwise.

https://doi.org/10.1112/50025579319000226 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579319000226

FLAG AREA MEASURES 971

Proof If p =0o0r p =n — 1, then F(n, p + 1) = §"! and the result
follows from Schneider’s characterization of area measures [21]. For the rest of
the proof, we assume that 1 < p <n — 2.

Since F(n, p+1) = F(n, g+1) with g := n— p—1, there is an isomorphism

(p),sm,SO(n) ~ (g),sm,SO(n)
k - k :

FlagArea FlagArea

We may thus assume that 1 < p < gq.

According to Definition 2.2, a smooth flag area measure is obtained by
integration over the normal cycle of the push-forward of a form 7 on V x F(n,
p + 1). Since all our forms will be obtained as a push-forward of appropriate
forms on SO(n) = V x SO(n), let us describe the different spaces on which we
construct the forms and the maps between them.

Let G :=SO(n), G := SO(n), and H := S(O(p)x0(q)). Then F (n, p+1) =

G/H and V x F(n, p+ 1) = G/H. Fix an orthonormal basis eg, ..., e, of V.
For an element g € G, we let g; = ge;, | < i < n, denote the column vectors
of g. Let

ﬁ:VNSO(n)—)VxF(n,p+1)

be the projection map, taking (x, g) — (x, g1, span{gi, ..., gp+1}). The fiber of
this map is diffeomorph to H and has dimension 7 := (p(p — 1) + q(g — 1))/2.
Let

M:VxFmnp+1) - Vx§!

be the projection map, taking (x, v, E) +— (x,v). The fiber of this map is
diffeomorph to Grp(]R”’l) and has dimension r := p(n — 1 — p) = pq.
Finally, let

1:V xS0mn) - V x §*!

be the projection map, taking (x,g) — (x, g1). The fiber of this map is
diffeomorph to SO(n — 1) and has dimension 7 := (n — 1)(n — 2)/2. Thus we
obtain the following commutative diagram:

G =V xS0 —=Vx F(n,p+1)

T I

vV x §n-1

A basis of the algebra of left-invariant forms on G is given by the 1-forms
oi, 1 <i<nandw;j = —wj;, 1 <i < j <n,see§5.1for their definition. These
1-forms span the dual space g*. Denote by X;, 1 < i < n, Xij,1<i<j<n
the corresponding basis of the Lie algebra g.

Denote the linear span of X| by Vj; the linear span of X; with2 <i < p+1
by Vi and the linear span of X; with p + 2 < i < n by W,. The linear span
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of X1; with2 < j < p + 1 will be denoted by V,,; the linear span of X;; with
p+2 < j < nby W,; the linear span of X;; with2 <i < j < p+1by U,; the
linear span of X;; with2 <i < p+2 < j < n by U, and the linear span of X;;
with p+2<i < j<nby Uq.Notethatkerdfl =U,® Uy, kerdIl = U, and
kerdIl = U » ® Uy @ Upy. Schematically, the Lie algebra g looks as follows:

=lv, v, v,
We W, Uy U,

A smooth flag area measure is generated from a translation-invariant form
w e Q"4 (G/H)". A k-homogeneous smooth flag area measure corresponds
to a form of bidegree (k,n — 1 +r — k), w € Q’“”‘H’_k(a/H)“, where the
bidegree is taken with respect to the product structure of G/H =V x G/H. For
a G-covariant flag area measure we may assume by averaging with respect to the
Haar measure on the compact group G that the form w is G-invariant.

Thus let w € QK147 =% (G/H)C and set & := [T*w € Q" 147—k(G). The
form & is left G-invariant and right H-invariant. It vanishes on each tangent
vector to the fiber of 1, i.e., on U » @ Uy. Conversely, every left G-invariant and
right H -invariant form on G, which vanishes on U » @ Uy, induces a G-invariant
formon G/H.

Since (IT*oIT*)a = [T*a = o7, the quotient of the space of G-invariant forms
on G/H by multiples of IT*« is identified with the space

k —1+r—k
NVFewH e T RVEe Whe U )

,
_ k * * —14+r—k—i * * iyrx 1H
- @ (ANVEewhH e AT vEe whH e AU 1Y

i=r—k

If & belongs to the sum of terms with i < pg = r, then w € F*'~'H""
and hence ® induces the trivial flag area measure by Theorem 2.3. Moreover,
APIU ;‘q is the trivial one-dimensional representation of H. We obtain

Qk,n—l-i-r—k(a/H)ﬁ/(l—[*a’ Sl’l—l-ﬁ-r,r)
= ANV W @ AR (vEe Wi

We also have to quotient out the form IT*dwa. Note that (IT* o M*)da =
M*da = —Zl’»’zz o; A wy;. This is a symplectic form on the 2(rn — 1)-dimensional
vector space (Vo @ W,) @ (V, & W,). By basic symplectic linear algebra
(cf. [15, Proposition 1.2.30]), multiplication by this form induces an injective
map

L:[NNviewhH e wvie wh

=Bipq
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— ANVFeWH AT IRV Wi

=1Ak,p.q

Therefore we may view By, 4 as a subspace of Ay, , 4 and obtain
Qk’"_l+r_k(E/H)6/(H*a, H*dot, Sn—l-i—r,r) o~ Ak,p,q/Bk,p,q~

By Theorem 2.3, it follows that

dim FlagAreal(cp)’sm’So(") = dim Qk’"_1+r_k (E/H)E/“-[*a’ M*da, Sn—l—t—r,r)

= ak,p,g — bk,p.g

where

ag,p,q = dim Ay p 4
= dim[A*(V; @ W) @ A" (v @ Wi
= > dim[A'VF @ ANTTWr @ ATVE @ AT T w
i,j
with max{0, k — ¢} <i < min{k, p}, max{0, p — k} < j < min{n — k — 1, p}
and
bi,p.q :=dim By, 4
. k—1 —k=2
= dim[AFH (Ve WH @ AR (Ve whH
= > dim[ATV; @ ANTITIWE @ A VE @ AR W
i,j
with max{0, k — 1 — ¢} <i < min{k — 1, p}, max{0, p—k — 1} < j < min{n —

Let us first consider the action of the subgroup H' := SO(p) x SO(g) C H.
We have

NVE @ ANTTWE @ A VE @ ATTRT I
= [AVF @ A VESOW @ [AkTiwr @ ARl S0@ (1)
We decompose

(NVERAVHOW = B (NV; @ AlvSOw-e,
e=0,1
where (A'VF ® AJV¥)SOWP)€ ig the space of SO(p)-invariant elements such

that g € O(p) acts by det(g)°. An easy exercise in representation theory
(see [5, Lemma 5.1] and [9, Lemma 0.4.3]) is to show that

(AN VEQ AT VHSOWD+ — 5]
(NVE@AVHOW-— =5f
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More precisely, for i = j, the space (A V*® Al V*)SOP):+ is spanned by the ith
power of the symplectic form on V and fori + j = p, (A/V*® AP~y *)S0(P).—
is spanned by the determinant.

The space [AKTTW} @ A" F=1=/W*150@ can be decomposed in an
analogous way. A H’-invariant element is invariant under the larger group H
if and only if the factors in the decomposition (12) have the same €. Therefore

min{k,p} min{n—k—1,p}

_ Jen—k—1=j P
Qpg= D > ¢l + 8y Sk in—k—1—j)-
i=max{0,k—g} j=max{0, p—k} Y

—8P
_8i+j

The first summand is non-zeroonly ifi = jandk—i =n—k—1—j,i.e,if
i = jand k =n — k — 1. In this case, both sums range from 0 to p. By treating
similarly the second summand, we have

ak pg =8¢ N p+ 1) + minfk,n — 1 —k, p, g} + 1.

Similar arguments yield

min{k—1, p} min{n—k—2, p}

bk,p.q = Z Z 55521‘;27"

i=max{0,k—1—¢q} j=max{0,p—k—1}

,p+1}.

ke . n
=8,'(l k 1mm{

Overall we obtain that

dim FlagArea,((p)’Sm’so(") =ag,p.q— bik,pyg
. n—k—1 -1
=min{k,n —k — 1, p,q} +1+§; (p+1) —min 7 ,p+1
n—1
. 1 e k = ,
=minfk,n —k—1,p, g} +1+4{ 7 2

0 otherwise,
as claimed. [l

§4. Jordan angles. In this section we introduce the notion of angles between
subspaces and discuss their properties. Let W be a euclidean vector space of
dimension n’ and let E and F be subspaces of W of dimensions p and k,
respectively. We start by recalling the notion of the cosine between subspaces.
Let us denote by Bg r the orthogonal projection from E onto F. In the case
p < k, let S be a domain in E of volume 1. The absolute value of the cosine
between the subspaces E, F is defined as the p-dimensional volume of the
orthogonal projection of S onto F:

|cos(E, F)| := vol,(BEg,FS).
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In the case p > k, we define the cosine between E and F analogously, by
considering the orthogonal projection from F onto E.

The cosine is invariant under the diagonal action of O(n’) on the product of
two Grassmannians, but it is not enough to separate the orbits. For that we use a
more general notion of Jordan angles between subspaces, sometimes also called
critical angles or principal angles, see, e.g., [10, 17]. To define Jordan angles
associated with a pair of subspaces (E, F'), we need to start with appropriate
bases in our subspaces. Those bases are given by the following simple lemma.

LEMMA 4.1 [10, Lemma 1]. Let E and F be subspaces of an n'-dimensional
euclidean space W of dimensions p and k, respectively. Set m := min{k, n' —k,
p,n’ — p}. Then there is an orthonormal basis ey, . . ., e, of E, an orthonormal
basis f1,..., frof Fand /2 > 61 = --- = 0, = 0 such that:

@ (e, fj) =0fori #j;
(i) (ej, fi) =cosb; for1 <i < m;
(i) (e, fi) =1 form 4+ 1 < i < min{k, p}.
The unique angles 01, ..., 6y, are called Jordan angles between the subspaces
E and F.

Two pairs (E, F), (E', F') € Grp(W) x Gri(W) belong to the same O(n')-
orbit if and only if the Jordan angles between E and F and between E' and F’
are the same.

In the following lemma we construct convenient bases for the subspaces FE,
F, E+ and F simultaneously.

LEMMA 4.2. With E, F,{e;},{f;} as in the previous lemma, there are
orthonormal bases hy, ..., hy_i of F-and gy, ..., &n'—p of E* such that:
(1) (ei, hi) = (g, fi) = sinb;, (gi, hi) = —cosb; for 1 <i < m;
(i) g =hi,m+1<i<min{n’ —k,n’ — p};
(i) ifp >k thenhy_pyi =ekti, 1 <i<p—k;
(IV) lfk>p’ thengn’—k-i—i =fp+i3l < gk—p’
(v) all other scalar products are zero.

In particular, the Jordan angles between E and F* are given by 9} =m/2 —
Om—jr1,j=1,...,m.

Proof. Let0 < I < m be the largest index with 8; # 0. Then a basis of EU F
is given by

fe;:i=1,...,00U{fi:i=1,....,01}U{e; = f; ;i =1+ 1,..., min{k, p}}
together with

{e  k+1<i<p} ifp>k or {fi:p+1<i<k} ifp<k.
Hence dim(E U F) = max{k, p} +[.
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For 1 < i <[, let h; be the unit vector in the oriented two-dimensional plane
spanned by the vectors ¢;, f; obtained from f; by a rotation by —(77/2) and let g;
be the unit vector obtained by rotating e; by 7 /2. Then (h;, ¢;) = (f;, gi) = sin6;
and (h,', g;) = —COS 9[.

For p < k,dim(E-NFLY) =dim(EUF): =n' —dim(EUF) =n' —k —1.
Leth;,i =[+1,...,n" — k be an orthonormal basis of E+ N F~+. Vectors {h;}
form a basis of F-. To complete a basis of EL, set gi=—hj,i=I1l+1,...,m,
gi=hj,i =m—|—1,...,n/—kandgn/_k+i = fp+,',l' =1,....,k—p.

Similarly, for p > k, dim(ELNFY) =n' —p—1. Letg, i =1+1,...,
n’ — p be an orthonormal basis of E N F+. Vectors {g;} form a basis of E*. To
complete a basis of FL, seth; = —gi,i=1l+1,....,mh;i :=g,i=m++1,
cooon’—pandhy_piii=eqii=1,...,p—k. O

Definition 4.3. Let E € Gr,(W), F € Gri(W) have Jordan angles 61, ...,
O, where m = min{k,n’ — k, p,n’ — p}. We define o;(E, F) to be the ith
elementary symmetric function in cos? 6y, ..., cos O, for 0 <i < m.

The following properties are obvious:
(1) o;is O(n')-invariant, i.e., 0, (gE, gF) = 0;(E, F) forall g € O(n');
(i) oi(E, F) =0i(F, E);
(iii)) o, (E, F) equals the squared cosine between E and F'; and o, (E L F)
equals the squared sine between E and F.

The next result gives the probability distribution of the Jordan angles between
a fixed plane and a random plane in W.

THEOREM 4.4 [16, §6]. Let W be an n’-dimensional euclidean vector space.
Let ' € Gri(W) be fixed and let E € Gr,(W) be chosen randomly according to
the SO(n')-invariant probability measure. Denote the Jordan angles between E
and F by 0;, 1 <i < m, and set x; 1= cosz(Gi). Then the probability density of
the (x1, ..., X;) is proportional to

m
—k|-1)/2 ' p—k|—
TP —ap=r=t=D2 TT () = x0).

j=1 I<i<j<m

In [16, §6], this formula is shown under the assumption k < p < n’/2, but
using Lemma 4.2, the other cases can be checked as well.

We note that the integral of a symmetric function in x1, . . ., x;,; with respect to
this density over {0 < x; < --- < x;,; < 1} can be written as an integral over [0,
11" by dividing the integral by m! and replacing the factor [ ], _ jem(Xj — Xi)
by [Ti<i<j<m 1x¥j — xil. Such integrals were studied by Selberg [24] and others,
see the survey [8]. In this paper, we will need the following integral of Selberg

type.

THEOREM 4.5 [2, Theorem 2]. Let m € N, A > 0, M, A" > —1 and let
f :R™ — R. Define
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m

Jf=/ For ) [T a—xp™ T i —xjlhdxr ... dxn.
(0,11 -
j=1

1<i<j<m

If f(x1,..., %) = l_['};l(xj —1t) fort € R, then

r

TR <m> [t 2n = DA (13)
o= r) N AN 24— /2= 5)

COROLLARY 4.6. Let W be an n’-dimensional euclidean vector space. Let
F € Gr(W) be fixed and let E € Gr,(W) be chosen randomly according to the
SO(n')-invariant probability measure. Then the expectation of o;(E, F), 0 <i <

m is given by
m\ (|lp—k|+m\ (n -1
i i i '

Proof. By Theorems 4.4 and 4.5, we have to compute J,, /J;, where A = 1,
M= (p—kl—1/2,2" = (n' — p—k| — 1)/2. Since

FOnx) = [[6j ==Y =" o (et ooxm), (14)
j=1 r=0

Theorem 4.5 implies that

i
Jo,

_<m)1_[ WA 14 50m — A
Ji o\

jzlx’+x"+2+x(m—j/2—%)
m\ (20 +m + 1\ (20 + 20" +2m + 2\ !
(e
m\ (lp—kl+m\[lp—kl+In'—p—kl+2m\""
=(i)( i )( i )
m\ (|p—k|l+m n\ !
()"

where the last line follows by

lp—k|+|n —p—kl+2m
=max{p —k,k— p}+max{n' — p—k,p+k—n'}
+2min{k,n’ —k, p,n’ — p}
=max{n' —2k,2p —n',n —2p,2k —n'} + 2min{k,n’ — k, p,n’ — p}
= 2(max{k,n' —k, p,n' — p} + min{k,n' —k, p,n’ — p}) —n’
=n' O
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We end this section with a definition of the angle between two subspaces both
having dimension equal to the half of the dimension of the ambient euclidean
space.

Definition 4.7. Let W be an oriented euclidean vector space of dimension
n’ =2a and let E, F € Gr,(W). Fix some orientations of E and F, and endow
F- with the orientation such that W = F+ @ F is orientation preserving.

Let Bg F (respectively Bp p1) denote the orthogonal projection from E onto
F (respectively from E onto F1). We define

0a(E, F) = det(Bg,r)det(Bg p1),
where det(Bg_ r) denotes the determinant of the map Bg r.

It is easy to see that 6, (E, F') is independent of the choice of the orientations
of E and F, but changes its sign when we reverse the orientation of W.
Moreover, it is easy to check that

|64(E, F)| = cos(E, F)cos(E, F1)

and that &, is invariant under the diagonal action of SO(2a). For g € O(2a), we

have

0a(8E, gF) =detgo,(E, F).
Moreover,

Ga(E, F) = (=1)*6,(E*, F), (15)
and

64(E, F) = (=1)"04(F, E). (16)

Both equations follow by using that the orientations of £ @ E+ and of E- @ E
differ by a factor (—1)“, and the fact that |det(Bg,r)| = |det(Bg. p1)l, since
the block matrix with blocks Bg r, Bpi g, Bp g1, and Bpi g1 is a special
orthogonal matrix.

§5. Construction of invariant flag area measures. The aim of this section is
to prove the main results of this paper: Theorems 1, 2, 3, and 4. The idea is to
follow closely the proof of the dimension formula from §3 and to construct the
invariant forms in an explicit way.

5.1. Construction of forms. Let G = SO(n) = V x SO(n) be the euclidean
motion group and let 71 : G — V, mp : G — SO(n) be the projections onto
the first and second factor. The Maurer-Cartan form on G takes values in the Lie
algebra g = V x so(n) (see, e.g., [26]).

Let us fix an orthonormal basis ey, . .., e, of V. Let 0, w;; be the components
of the Maurer-Cartan form with respect to this basis. Then w;; = —wj;. The
forms w;;, 1 <i < j < n, together with 0;, 1 < i < n form a basis of the space
of left-invariant 1-forms on G.
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For g € G,letm5(g) =: g = (g1, ..., gn) € G = SO(n) be its rotational part,
where g; = ge;, 1 < i < n, denotes the ith column of g. We may consider g; as
a vector-valued function on G. By definition (see [19]),

wijlzg(v) = (g, dg;(v)),
oilz(v) = (gi, dmi(v)), v e T;G.

Let 1l < k,p <n—1. Setq :=n—1— p. The partial flag manifold
F(n, p + 1) can be identified with the homogeneous space G/H, where H =
S(O(p) x O(g)), as described in §3.

Let I, I, I1 be the maps from §3. We denote the volume form on the
corresponding fiber by p, g, and p.

For max{0, k — ¢} < a < min{k, p}, we define 7, € Q" 1(G) to be the
coefficient of «? £~ in the expansion of

Tap = (o2 + @2 1) A+ A(aOpy1 + wpy1,1)
A (ﬂo'p+2 + wp+2,l) ZASRERIVAN (ﬁO'n + (Un,l)-
If W), ..., W, are tangent vectors to G, then Ta, s(Wa, ..., W,) equals the
determinant of the matrix whose entries are (ao; +w; 1)(W;) for2 <i < p+1,

2 < j<nand (Bo;+w;1)(W;) for p+2 <i <n,2< j < n.Inthe exceptional
case 2p = 2k = n — 1, we define

Tex = Opia A - AO A@pi2 I A+ Awp € QLTHG). (17)
We denote
b=t ApeQTI(G), max{0,k—gq) <a <minfk, p},  (18)

and, if » is odd, -
Dex = Tex A p € QI (G). (19)

It is obvious that @, and @ex are invariant under H and that they vanish on
vectors, which are tangent to the fiber of IT. Hence there are unique forms w,,
wex € LTV x F(n, p+ 1)) with [T*w, = @, [T*wex = Dex.

From the projection formula (8) and the fact that p is the volume form on the
fiber of I1, it follows that for each BeQ*(VxF(n,p+1))

(T8 A ) = TL(TL(TT*B A )
= IL(B A T1p)
= vol(H)IL.p, (20)
where we used that I1,.5 = [y A = vol H (see, for instance, [19, (12.11)]).

By (7), the push-forward of some form 7 € Qn-1+7 (G) at the point (x, v) €
V x §"1 evaluated at vectors wy, ..., Wy_] € T, (V X s, is given by

77|(x,g)(Wla---,Wn—l7_)7 (21)

ﬁ*m(x,v)(wl, ce, W) = f
I-1(x,v)

where g € G is such that ﬁ(x, g)=(x,v)and W; € T(x,g)é are lifts of w;.
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Definition 5.1. Define the smooth flag area measure S,Ep i by the linear
combination

min{k, p} .
min{k, p} —a
®=Cakpi Y ( . )w (22)

l
a=min{k, p}—m

and, if nisodd and p = k = (n — 1) /2, the smooth flag area measure Sé,(l" 1%2)

by the form wey .

5.2. An integral formula for flag area measures. We first recall some notions
from [30]. In the following, we use the convention

x — lim — 1. (23)

1+002 K—>00 /1+K2

Let K be a convex body in V, let x € dK and let (x, v) € nc(K). Then
there is a positive orthonormal basis a; = a;(K; x,v),i =2,...,n of v+ and
real numbers x; = «;(K;x,v) € [0,00],i = 2,...,n such that the vectors
w; =1/y/1+ Kiz (ai, kia;) € T(x,vync(K) form a positive orthonormal basis of
T(x,v) nc(K). The k; are called generalized curvatures, the a; are the generalized
curvature directions.

The space spanned by the generalized curvature directions with generalized
curvature k¥ € [0, oo] is unique. If all «; are finite, we can define a linear operator
Sew: v - ot by Sy vai = kia;. We call it the generalized shape operator.

We will write formulas involving Sy , even if some of the «; are infinite. The
corresponding term is then to be understood in the sense of a limit.

If K is smooth and v = v(x) is the outer normal vector, then x>, ..., x, €
[0, co) are the principal curvatures of the boundary and the a; are the principal
curvature directions and Sy , : 7x0 K — T,0dK 1is the usual shape operator.

THEOREM 5.2. Letk, p, i, B be as in Theorem 1. Then for a compact convex
body K,

min{k, p}—i .
(p).i n—1 min{k, p} —a\ [k
S K, = i E
k (K, B) Cn.k,p,i ( k ) < ; a

a=min{k,p}—m

/ / ~ lwmpep

nc(K) JGrpp1(v) 1_[ R 1+ IC

X D(Syyln —k — 1], glal, Hgi[k —al)dE dHn_l(x, V).
(24)

In the case k < p, equation (24) simplifies to
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S]EP)I(K ﬁ)—cnkpt(n_l)(k)

/ /  lwrep
ne(K) JGrp () [[72, V1 +/<

X D(Sxy[n —k —1],Id[k —i], g1 [iDdE dH" ' (x,v). (25)

Ifnisoddand p =k = —1)/2,

1
o((n—=1)/2) (n—1)/2 _ Mw,E)ep
N (K,B) = (=D / /
=/ ne(K) Gr,,+1(v) [T, V1 +«?
xdet(Tlgi 0 Sy : ENvY — EYYdEdH ' (x, v).

Proof. Let K be a convex body in V, let x € 0K and let (x, v) € nc(K). We
denote by «; := «;(K; x,v),i = 2,...,n, the generalized principal curvatures
of K at (x, v) with associated generalized principal directions a; := a; (K; x, v).
We order them in such a way that v, as, ..., a, is a positive orthonormal basis
of V.

Let (x,g) € G with ﬁ(x, g) = (x,v) and let gy, ..., g,, as before, denote
the columns of g. Let E € Grj,41(v) be the linear span of g1, ..., gp+1. Let

=1/y1 +/<l.2(a,~,/<,'a,') € T(x,vync(K). Then wo, ..., w, form a positive
orthonormal basis of 7(y ) nc(K).

By W; € T(x,g)E denote a lift of w;, 2 <1 < n,i.e., df[|(x,g)(Wl~) = wj.

By definition,

1
0jlex,e)(Wi) = (gj, dm1(W;)) = \/:<gj, a;) (26)
’ 1—|—/<i2
and |
®j1le,g(Wi) = —— (8 kiai). (27
V1+k;

Let f be a smooth function on F(n, p + 1). We first compute

n*(fwa)|(x,v)(w2, e, Wh).

By equation (20),

1
H*(fwa) WH (H f/\wa/\p)

Recall that p, g, ¢ denote the volume forms on the fibers of IT, I, . Using
equations (21) and (18), we have

H*(fwa)|(x,v)(w2, ce, Wp)

1 2 r ~ ~
= g (T f Ao A D)y 2, wn)
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1 -
= H* (& YaN ) W ,...,W , —
vol H /ﬁ—l(x’v) [ @a A P)lix.g) (W2 s =)
1 -
= [I*f - (T, ApAD Wy, ..., W,, —
vol H /ﬁl(x,v) f @A p AP ,g (W2 s —)
1

= ﬁ* (T W PRI W) - p.
VOIH./I;ll(x,v) f (a)l(x,g)( 2 n) P

Since 7, and 0 are invariant under the action of H, the expression we are
integrating is clearly invariant under the action of H on I1~!(x, v). Since we are
integrating over the left invariant volume form on SO(n — 1), given as a product
of the volume form on H and on Gr,(v) we can interpret the integral as an
integral over SO(n —1)/H = Grp11(v). In doing so, we get a factor vol(H) (see
[25, Theorem 1.48]). Hence

H*(fwa)|(x,v)(w2a ce Wy) = / fQ, E)- fa|(x,g)(W27 ... Wy dE.
Grpy1(v)
(28)

By definition of 7,, equations (26) and (27), T4l(x,q)(W2, ..., W) equals
the coefficient of a*B¥~“ in the expansion of the determinant of the matrix
(M, j)2<i, j<n With

) 1 algj,a;) +ki(gj,a;), 2<j<p+1,
M,"j = . (29)
V1I+k? | Bg).ai) +rifgjai), p+2<j<n
We define (n — 1) x (n — 1)-matrices A, B, C by
A (gj ai), 2<j<p+1,
o, p+2<j<n,
B 0, 2<j<sp+1,
L (gjval'>7 p+2<.] gn’
Ci,j:=ki(gj,a;i),2< j<n.

Then

M,‘,jz (OtA+ﬂB+C),',j.

1
V14 /ci2
Thus, the coefficient of o ,Bk_“ of the determinant of M equals the mixed
discriminant

n—1 k 1
(") grmgeea e e,

Notice that A, B, C are the matrices of the orthogonal projection to E N
v, the orthogonal projection to EL, and the generalized shape operator, all
computed with respect to the bases {ay, ..., a,}, {g2, ..., &}
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Equation (24) now follows from Definition 5.1.

983

Let us show that equation (24) simplifies to equation (25) in the case k < p.

Since Id = I1g + I1 g1, we have

<1§>D(Sx’v[n —k — 1], Id[k —i], [Tg[i])

k—i .
K\ (k—1
- (l)( ) )D(Sx,v[n—k—1],1'[E[a],I"IE¢[k—a])
a=0
k—i
k—a\ (k
- ( i )(a>D(Sx,v[n—k—1],1'[E[a],1'IEL[k—a])
a=0
_ (k 7 a) (];)D(sx,v[n — k=11, Hglal, Oz [k — al),
a=k—m

where the last line follows from the fact that if 0 < a < k —m, thenk —a >
n — p — 1 and the mixed discriminant vanishes since 11 hasrankn — p — 1.
In the exceptional case p = g = k = (n — 1)/2, the argument is similar, using

(_1)(7171)/2
[T V1 +47

5.3. Proof of Theorems I and 2.

fex(WZ’ ey Wn) =

det(TlzL 0 Sx.p : ENvE — EL).

O

Proof of Theorem 2. The normal cycle of a smooth convex body K is the
image of the smooth map dK — SV, x +— (x,v(x)), where v : 9K — sn1is
the Gauss map. To transform the integral over the normal cycle into an integral

over the boundary, we note that the Jacobian of this map is []/_, /1 + Kl-2 .

Proof of Theorem 1. First observe that for p = 0, S,EO)’O
surface area measure), which satisfies the formula. Fix 1 < p,k <n — 1.

= S (the usual

Let x € int F, where F is a face of P of dimension £. Let (x, v) € nc(P).
Every vector tangent to F is a generalized curvature direction with generalized
curvature 0. Every vector in F-- N v is a generalized curvature direction with

generalized curvature +o00. We may therefore choose a; := v;,i = 2,...,n,
where v = vy, vy, .. ., U, iS a positive orthonormal basis of V with vy, ..., v,—¢
spanning F- N v’ and v,_g41, ..., v, spanning F. Then kr = -+ = k¢ =
4+ooand kg1 =+ =k, =0.

Define the matrices A, B, C as in the proof of Theorem 5.2. Then,

1
———D(Alal, Blk —al,C[n —k —1])
[T V14«7

= D(Alal, Blk — a], Cln — k — 1]),

where A, B, C are obtained from A, B, C by multiplying the ith row by

1/v/1+ &},
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The last £ rows of C vanish, hence the mixed discriminant vanishes if £ > k.

Similarly, the first n — £ — 1 rows in A and B vanish, hence the mixed
discriminant vanishes if £ < k.

Let us next consider the case £ = k. The matrix M from equation (29) is then
given by

(gj,vi), 2<i<n—k,
M;j:=qalgjv), n—k+1<i<n2<j<p
Blgj,vi)y n—k+1<i<n p+2<j

+1,
<n.

It is easy to see that if we define a matrix M’ in an analogous way, but using
other orthonormal bases of E N v, EL, FL N vl F, then det M’ = e det M,

where € = +1 depends on whether the orientations on (E N vh) @ EL and
(Ffnvh e F agree or not.

We use bases eq, ..., ep; 81,5 &—1—p; f1,--, Jks 1y oo, hy—1—¢ as in
Lemma 4.2. Rearranging the rows and columns, the matrix M’ has a diagonal
sinf] —cos 6/
1

block shape, with m blocks of the type (a cos6! Bsin o ), min{k, p} — m diagonal

entries «; max{k, p} — p diagonal entries 8, and all other diagonal entries 1.
Hence

m
det M" = Fgmintk.pi=m gmax{k.p}=p n(oe cos® 0] + B sin® 4)).
i=1
Since det M" = € in the case @ = 8 = 1 (in this case M’ is just the transformation
matrix between the two bases), we actually have

m
det M’ = eqminth-pl—m gmaxik.p}=p l_[(a cos® 6] + B sin® §)),
i=1
and hence
detM = edetM’
= Ua,B(E7 F)

m
mintk, pi—m gmax{k, p}—p H(a cos? 0! + B sin? 0)),
i=1
where 61, ..., 6,, are the principal angles between E N vl and F.
Let 0% be the coefficient of a?g*~% in 0q,5- Note that o = 0 if
a < min{k, p} —m orif k —a < max{k, p} — p. We have
min{k, p}

Z aa‘kaao,a = 0up

a=min{k, p}—m
m
mintk, p}—m gmax{k, p}=p 1_[(01 cos? 0! + Bsin6))
i=1
' m
amm{k,p}—mﬁmax{k,p}—p H(a + (,3 _ a) Sinz 9[/)
i=l1
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Substituting & := 1, B := ¢t + 1 for some variable ¢, we obtain that

min{k, p} m
Yo+ D% =+ ™I T 4 1sin’6)).
a=min{k,p}—m i=1

We divide both sides by (¢t + 1)™@-P}=P and obtain

min{k, p} ' m m
Z (1 + Dyminth.pl-aga H(l + ¢ sin? 0)) = l_[(l + 1 cos?6;),
a=min{k,p}—m i=1 i=1
with 6y, ..., 6,, being the principal angles between E+ and F.

Comparing the coefficient of #' on both sides yields

l

min{k, p}—i .
min{k, p} —
Z ( in{ .p} a)o“ = 0;(cos? 0y, ...,cos’0y) = o; (EL, F).

a=min{k, p}—m

Taking into account equations (28) and (22) finishes the proof of equation (4).
Let us finally study the case 2p = 2k = n — 1, adapting the argument from
above. Define the linear operator Sy , by

~ Ki vi, 2<i<n—k—1,
Sx,vviz—viz .
‘/1+Ki2 0, n—k<i<n

Then, using equations (15) and (16),

1
———det(TlgzL 0 Syp : ENvE — E)
[T V1+x2

=det(TlzL 0 S, : ENvt — EL)

= det((gx,vgi, gj>)2<i<17+1

pH2<j<n
n n
SORIENS SRS ST ) N
s b=2 p2<j<n
n—k—1
= det( 2; (8i>va) - (8, ”“)>2<i<p+1
a=

p2<j<n
=det Bpinyt gyt det Bpiqyt g

= 5(,,_])/2(FJ‘ N vJ‘, EN UJ‘)
= (—1)("_])/25(n—1)/2(EL, F).
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5.4. Proof of Theorem 3.

(i) To show Statement (i), it is enough to use the expression for S,Ep ) given
in Proposition 1.1 and recall that, as shown in §4, we have cos(El, F )2 =
Ominik, p} (EL, F).

(i1) Translation invariance and homogeneity follow from the corresponding
properties of the forms «,.

(iii) Direct from the fact that the principal angles between a pair of subspaces
are invariant under O(n).

(iv) Since the elementary symmetric function of positive numbers is positive,
the integrand is positive.

(v) By a change of variables, Statement (v) follows if, for every g € O(n), we
have

Gn-1)2((8E)*, gF) = det g 5u—1)2(E™, F).

If g € SO(n), then g maps positive orthonormal bases to such and the above
equation follows. To see what happens for g € O(n) \ SO(n), it is enough to look

at g = —Id (which has determinant —1 since n is odd). Under this reflection, the
orientation of the space W = vt changes and hence the sign of 6(,_1)/2(E L F)
changes.

(vi) Let P be a polytope in V and B € B(S"~!). Then, the right-hand side in
equation (4) equals

Cnkep.d Z voli (F) </ o (E*, F)dE)er,s dv.
FeFi(P) n(P,F) Grpi1(v)

The term in brackets is a constant, which can be computed with Corollary 4.6.
Since E+ ranges over an (n — p — 1)-plane in the (n — 1)-dimensional space
W := v1, we have n’ = n — 1. Hence, with m := minfk,n—k—1, p,n—p—1},

. B m\(In—p—k—1/+m\/(n—1\"
S/Ep),l(p,r[ 1(,3))=Cn,k,p,i(l-)< g i )( i )
3 vol(F) / Loep dv

n(P,F)

FeFi(P)
= Sk(P, B).

By approximation, this formula holds for arbitrary convex bodies.

Finally, to prove that 3((51"__1;%2)(1( , 7 %B)) = 0, we remark that
(K, B) = ®(K,p) = S((fl’:}}f)(K,n—l(ﬁ)) satisfies the conditions (B1)—

(B5) of Schneider’s characterization result [20, Satz 2] and is therefore a
linear combination of the euclidean area measures. In particular, ®(gK,
gB) = ®(K, B) for each g € O(n). On the other hand, by (iv) we also
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have ®(gK, gf) = detg ®(K, p) for all g € O(n). Both equations can hold
simultaneously only if & = 0. O

5.5. Proof of Theorem 4. Since S,Ep )i with 0 < i < m are elements of the

space FlagArea,((p )-smSOM) and this space is of dimension m + 1, it remains to

prove that these elements are linearly independent. Otherwise, there would be
some fixed k, p, and constants ¢; such that

m .
Y st =o.
i=0

Take a polytope of dimension k. Let F be its only k-face. Fix a unit vector v
orthogonal to F and a (p + 1)-dimensional space E containing v. Taking (f;);
a sequence of smooth functions on F(n, p + 1) with f;(v, E) = 1 and whose
supports shrink to (v, E), we obtain that

m m
0= Zciai(El, F)= Zciai(cos2 o1, ..., cos? Om),

i=0 i=0
where 6y, ...,0),, are the Jordan angles between E+ and F. Since we may
choose E arbitrarily, the numbers cos2 0y, ..., cos2 0, are arbitrary numbers in

{0 < x; < -+ < xpy < 1}. With the ;7 being algebraically independent, it follows
that each coefficient vanishes.
This proves that the S,Ep )”, 0 < i < m are linearly independent. Since these

flag area measures are O(n)-covariant, while S’((r(ln__li%z) is not O(n)-covariant,
there can also be no linear relation involving S’E}g’:%z) U
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