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SADDLEPOINT APPROXIMATIONS
FOR NONCENTRAL QUADRATIC
FORMS

PATRICK W.N. MARSH
University of York

Many estimators and tests are of the form of a ratio of quadratic forms in normal
variables Excepting a few very special cases little is known about the density or
distribution of these ratiggarticularly if we allow for noncentrality in the qua-
dratic forms This paper assumes this generality and derives saddlepoint approxi-
mations for this class of statistioA/e first derive and prove the existence of an exact
inversion based on the joint characteristic functibinen the saddlepoint algorithm

is applied and the leading term fourahd analytic justification of the asymptotic
nature of the approximation is givesis an illustration we consider the calculation

of sizes and powers d¥-tests where a new exact result is found

1. INTRODUCTION

The problem of finding algorithms and explicit formulae for the momgahés-
sity, and distributionsor approximations therepbf a ratio of quadratic forms
has been the subject of much attention historicdlhe reason is simply that a
sizable bulk of estimators and test statistics are of this fdurst considering the
linear regression mode battery of specification and misspecification tests con-
forms to this functional form

To fix matters we will be interested in a class of statistg®), with

v' A
v'A’

qv) = (1.1)

with v anN-dimensional random vectandA; andA, N X N constant matrices

In this paper we restrict attention to the class of statistics witlistributed
N-dimensional normalboth for computational reasons and simply because it
seems most naturaf we have to make some distributional assumptide will

not assume independence of the numerator and denominatdhatv has zero
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mean The latter may be interpreted as an opportunity to study properties of tests
under both the null and the alternative

In this paperfor such a class of statisticave will derive saddlepoint approx-
imations for the densities and distributiodsactable algorithms are presented
and we are able to test both the applicability and accuracy of the approximation
by considering size and power calculations Foetests in the linear regression
model The method is to apply the saddlepoint technique for approximating in-
tegrals(e.g., see Bleistein and Handelsmdr®75 De Bruijn, 1961 to obtain an
approximation for the density and distributiongi®). In a statistical context the
technique was first exploited by Dani€[954) and(1956 to obtain approxima-
tions for the density of sums of independent variables and for the correlation
coefficient For a full account of the application of the technigdenser{1995
contains many resultapplicationsand a full survey of the literature

RecentlyLieberman1994a1994h 1997 has considered saddlepoint-type ap-
proximations for statistics similar tg(v). In Lieberman(19944, approximate
moments were found far having some unspecified distributiowhile in Lie-
berman(1994b, approximations for the density and distribution were found
with v standard normaRobustness of such approximations was investigated in
Lieberman(1997) by allowingv to have some arbitraryput well-specified cu-
mulant structureThe approaches there and here are subtly diffetéate we
begin with the joint characteristic functiprather than the moment generating
function(m.g.f.), and obtainby suitable deformation of the parameter and con-
tour of integration an inversion dual to that of Geal{t944. We do so only
because the implicit assumption of the existence of the joigifnrseems unrea-
sonableparticularly because we are interested in a class of statistics where often
it will not (see e.g., JohnsonKotz, and Balakrishnan 1995However as will
become clear latgion application of the saddlepoint techniguke two ap-
proaches are essentially identiCEhis observation becomes apparent because of
the approach taken here

Even restricting attention to normaljtgnly in the most special cases are the
exact densities and distributions knovire., whenA; andA, are symmetric and
idempotentleading to standatehoncentraland doubly noncentrdl-statistics.
For instance consider estimates of autoregressive parametdrsor without
exogenous regressocorresponding to the central or noncentral caBesthese
statistics we invariably rely upon approximation technigusesh as herenu-
merical methods such as Imhof’58961) procedureor tedious Monte Carlo stud-
ies For a much fuller account of the properties of statistics of the form given in
(1.1), for instance for special cases or alternative approximations in more general
casessee Johnson et.dl1995, for example Chapters 27 through 32 and refer-
ences thereinn the context of the linear modefoerts and Abrahamsd 969
investigated the distribution of ratios of such quadratic farms

The plan for the remainder of the paper is as follo@sction 21 derives an
appropriate inversion for the density based on the characteristic funatidr22
applies the properties of the statisticv) to obtain an exact inversion for the
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density for which we are able to prove existen&ection 31 gives the applica-
tion of the saddlepoint algorithnand in particular the leading term approxima-
tion. We then derive some limited analytic properties of the asymptotic nature of
the approximation in 2. Sections 41 and 42 derive analogous results for the
distribution of the statisticSection 5 then applies the approximations to the cal-
culation of sizes and powers bftests and demonstrates that approximate size
calculations are in fact exaathereas those for the powers are of high accuracy
Concluding remarks are contained in Sectipar@ the Appendixes contain some
technical derivations

2. INVERSION FORMULA FOR THE DENSITY
2.1. Preliminaries

As we have notedbecause the quadratic forms(thl) are noncentral and pos-
sibly dependentand further because we do not assume the existence of the
joint m.g.f., Geary’s(1944) inversion formula is not directly applicablmstead

we derive a dual inversigiased on the joint characteristic functidiis inver-

sion is seen to be of the form of those given by Gurléb@48. We define our

statistic as
) _ UIA]_U _ bl
q(v B U’Azl) B b2

and the joint characteristic function bf andb, as y(6,,6-), and we formally
make the following assumption

Assumption 1

(i) v~ N(p, ).
(i) Az andA, are symmetric ané\, is positive definite
(iii) The functiony (6,,6-) exists and is convergent in a strip of positive width around
the imaginary axes.e.,

X (Tt iwy, 7+ iws) < oo,
for somery, 7 € R

Arising from Assumption 1 we note the followingirst, thatv has an identity
covariance matrix is not restrictiybecause we can always defing'a= 32,
if v ~N(u,>). Secondbecausé\, is positive definite then

Pr(b, = 0) = Pr(v'A,v = 0) =0,

by continuity of densitiesFinally part(iii) assumes thag(-,-) remains conver-
gent after deformation in the real direction of the complex plaimeler Assump-
tion 1, and denoting the density gfv) at a pointgasg(q), we have the following
lemma
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LEMMA 1. The exact density of(g) is obtained by the wersion

1 T+iooa (6,0)
g(q)=—f e

2mi J,_i, 96, de, (1)

0,=—001

for somer = 7, of Assumptiori.

Proof Lemma 1 follows from a similar result found in Dani€k956), based
on the joint mg.f. [ |

In the following subsection we will apply inversidg.1) to the form of statis-
tics given in(1.1). The aim is to write the inversion entirely in functions of the
fundamental properties af(v), that is the matricesA; andA, and the noncen-
trality parameteju.

2.2. The Inversion Formula

Notice that in(2.1) the functiony(-,-) is no longer the characteristic function
itself, but a deformation in the real direction of the complex plane®, aind6..
More generally(2.1) is the complex Laplace transform of the joint densityopf
andb,.

LEMMA 2. The Laplace transforny(6,,6,), under Assumptiof, is given by

rD—l
X(61,62) = exp{—A}exp{%}mrlf% 2.2)

whered = uw'u/2and D= [ly — 26, A1 — 26,A,].

Proof Derivation of Lemma 2 follows from Abadir and Larssd®96), Theo-
rem 21, and existence fof, andf, complex is guaranteed by Inghait933),
whereas fo®, andé, real we also require thd is positive definiteAs a note
Assumption 1iii) is automatically satisfied whefy and#, are complex n

Proceedingwe utilize the joint characteristic function to obtain an exact in-
version for all statistics given bi.1) and Assumption IWhat we require is the
derivative 0f(2.2) with respect t@, and then evaluate at the set of poifts —qgf).
Finally we check for existence of the resulting inversion substitution into
(2.1). Thus we have the following result

THEOREM 1

(i) The exact density of(g) at g is

_exp{—=A}
g(q) = o

T+ico 1671
Xf _ exp{'u > M}IGIl/z[Tf[G1Az]+M’(G1AzGl)M]d01,

(2.3)
with G = IN - 201': and F= [Al - qu]
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(ii) Inversion(2.3) exists and is continuougerywhere oer 6.

Proof Part(i) is derived by evaluating the derivative pf#6,,6,) with respect
to 0, atf, = —qgb;.

For part(ii), supposing; complex we make the following point&gain the
argument follows that of Ingham933.

(i) Becausd- is real and symmetric its eigenvalues are raatl so the eigenvalues of
G are continuous if,. Hence| G| is continuous ird,.
(i) Also, because limy, /G| is bounded away from zero and by the continuity
above |G| is never 0
(iii) Asaconsequence Gf) we ensure the existence of bdta| %2 andG L. Further
because all other terms are constafis a given statisticthen inversion(2.3)
exists for allg; andq as defined in Assumption. 1 n

Because a convergent series representation of the density is as yet unobtain-
able in the proceeding section we demonstrate the applicability of a leading term
saddlepoint approximation

3. SADDLEPOINT APPROXIMATIONS
3.1. The Leading Term

In this section we outline how inversion formul2.3) is of a form for which a
saddlepoint approximation is easily obtainabiteparticular through an appro-
priate expansion of the kernel and subsequent transformatiemethod of La-
place (see Barndorff-Nielsen and Cp£989 Ch. 3; De Bruijn, 1961, Ch. 4)
delivers a leading term saddlepoint approximatiatatively tractable in form
We can rewritg2.3) so that

—A T+ioo
ot = 2 [ exptpioniaey dos 31)

where we have defined

P(6,) = P(1,w1) = 3(Tr[G1S] — In|G]))
and

Q(6,) = P(1,01) = TrI[GAL(G7IS+ )],

where abov&= pu' is a positive semidefinite matripossibly zero only through
n =0, with G andA, defined beforeand notingd, = 7 + i w;.

Inversion(3.1) is of the form considered by De Bruijd961, Ch. 4), and hence
the leading term saddlepoint approximation is simply

expi—Atexp{P(#)}Q(#)
27lP (3]

a(g) = (3.2)
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whereP(7) = P(7,0) andQ(7) = Q(7,0) and the saddlepoiritis defined by
P,(f-) = P(T9wl)|7':‘f',wl:0 =0. (33)

In summarywe have basically transformed the integration prohleguation
(3.1), into the optimization problenB.3). Strictly speakingthe saddlepoint de-
fined by(3.3) is a saddlepoint only d? and consequently eXp}, not the kernel
itself as in Danielg1954 1987). However the technique suffices in this case

because the exponent dominates the remaining te@in
We can apply approximatiof8.2) to our inversion formuld2.3), noting that

P'(r) = TI[GF(G 1S+ I)]
and
P"(r) = 2Tr(G™'F)?(2G1S+1)]. (3.4)

DenotingG asG evaluated at the poirt = 7, then the leading term saddlepoint
approximation to the density of a ratio of depend@aoincentral quadratic forms
is

_exp{—Aetr{G IS} TI[G A, (G *A (G 'S +1)]
B |G|V 47| TI[(GF)2(26 1S+ 1)]|

o[(s) , (3.5)

and the saddlepoiritis defined by
Tr(G'F(G1S+1)) =0. (3.6)

Unfortunately for computational purposd8.6) is of little use because sym-
bolic matrices are computationally expensive to invieotveveyin Appendix A
we demonstrate that the functi®{#,) may be written as

N N
P(6,) = %[g(ui)z(l —20,f)t - 2 IN(1— 20, )], (3.7)

i=1
where thdf; are the ordered eigenvaluesitheu; are the elements of the vector
u = Ru, andR diagonalizess. Differentiating(3.7) directly then gives
N

N
P"(6,) = [Z (u)?(1— 26, F)~2F + > (1— 26 fi)_lfi:|, (3.8)
i=1 i=1

whose roots can be found by most numerical packalgesarticular there are
N — 1 solutions tg3.8), each lying between the asymptot@§) . Becausej(q)
is real only for

# € (2max(f))™ (2min(f))™), (3.9)

(see Danielsl954), the saddlepoint is found by employing a line searct8is),
constrained to this regioit has been found in applications (&.5) that the roots
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of (3.8) tend to be more numerically stable than those obtained {B8), hence
the suggested use of this for@alculations in this paper were performed with
Mathematic& (see Wolfram 1991); for other packageshe roots of(3.6) may
turn out to be more stahle

As a notebecause the saddlepoint is constrained to the region defif8®jn
then obviouslyG ! exists Hence for the set of pointsandé;(q) = 7, inversion
(2.3) exists independently of the argument of Theorenf$ a consequencas
far as the saddlepoint technique is concertled joint mg.f. approach will also
yield a valid approximation

Given approximatior(3.5), one pertinent question,iso what extent is it a
higher-order asymptotic expansion? We address this issue next

3.2. Asymptotic Nature in the Tails

Here we consider the issue of examining the asymptotic nature of the approxi-
mation We note immediately that the form of approximati@5) differs from
those given in Daniel§1954 1956. There the function we define aB(#0,) is
obviouslyO(N), and hence the asymptotic nature of those series was singale
in powers ofN 2 In our case”(6,) andQ(6,) depend more subtly witN, and to
obtain analytic results we examine only the far tails of the distributiée note
that for extreme values @fthe numerical value of the exact density is zeyor
aim here is to determine the rate of convergends, iof the approximation to this
value

First we demonstrate the limiting relation betwepand7 (i.e., between the
evaluation point and the saddlepginthich we present as the following lemma

LEMMA 3. For u # 0 and|q| sufficiently largethere exists the unique sad
dlepoint not necessarily finitegiven by

_ Tr[(S+ F]

7(q) = 2TF?] (3.10)

where the dependence 6f(the saddlepoint upon q(the point at which the
approximation is ealuated) is made explicit in the limit

Proof The proof of Lemma 3 is given in Appendix B

Utilizing the previous lemmawe are able to examine asymptotic behavior of
the approximations in the very far tails of the distributibipon full expansion of
(3.1) and ignoring constanta typical term is

QU (%) ®  ph(z) m
Q(ﬂ{P”tﬂ}Vz}Lﬁg{P”cﬂ}WZ}’ (3.11)
im=012,...,

hLm(f)=:{
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whereQU)(7)(PM (%)) is thejth (kth) derivative ofQ(P) at#, = 7. Further we
can show that

QU(#) « Tr[(G™F)IG1AL(jG 1S+ 1)],
P®(2) o« TI[(GIF)KKG1S+1)], (3.12)

verified by differentiation and thence by induction from th& = 1 case In
Appendix C we demonstrate thif| — oo,

re- = O(N
- Q (f(q» N 3.13)
lal-ee P®(7(q)) = O(N)
and consequently we have
X 1 1 qm
h m(7(Q)) W[W} : (3.14)

Because odd powers disappear upon integration the leading term has order of
errorO(N~1), the leading term plus first correctigd(N~2), and so on

Having derived the leading term for the density we now turn our attention to
the distribution function ofj(v).

4. APPROXIMATING THE DISTRIBUTION
4.1. An Inversion

Here we consider the problem of finding an approximation for the distribution
function ofq(v), i.e., G(q) = Pr{g(v) = g}, or if q(v) is in particular some test
statistig the tail area probability?r{q(v) > q} =1 — G(q). We can proceed in two
possible waysFirst, we could simply numerically integrate approximati@®)
over the relevant rangAlternatively we can seek to provide an analytic solution
to this problemi.e., find an approximation for the distribution analogous to that
found for the densityClearly there are benefits to finding an analytic rather than
a numeric approximatigrparticularly if the accuracy of the approximation re-
mains goodfor instanceif q(v) is a test statistic then finding critical values will
prove far simpler in this case

To begin we require an inversion for the distributidhe following lemma
simply derived from Lemma,lgives the result

LEMMA 4. Under the conditions of Assumpti@énand denoting the distribu
tion of q(v) as G(q), then

exp{—A} (7M1 exp{P(61)}

G(g) = — (4.1)

6,
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Because inversiof#.1) is essentially similar in nature to the inversion formula
for the densityequation(3.1), but withQ(#,) replaced by; %, then an attempt to
apply the saddlepoint technique to approximate it seems natural

4.2. Saddlepoint Approximation for the Distribution

Simple application of the saddlepoint methéat inversion(4.1), breaks down
because the range of integration will pass through both a (@bl = 0) and a
saddlepointatd, = 7). To obtain an approximation reliable over the entire range
we show here that the integral (4.1) may be transformed to a form that yields
the Lugannani and Ridd.980 approximationAgain we consider only the inte-
gralin(4.1), defined as

1 i exp{P(0,)} d

lo= 5 01 (4.2)

T—ioo 01
such that
G(qg) = 1—exp{—A}l,.

Following Danielg1987), the saddlepoint approximation .2), on isolation of
the poleis the Lugannani and Rice formula

- 1 1
=100 00 ¢~ 5| @3)

Herg ¢(-) and®(-) are the standard normal density and distribution func-
tions respectivelyp andf are real and defined by

p=signAV2[P(7)] and f=#/2[P"(7)] (4.4)

and once agaifidefined by the relevant root ¢3.8). Alternatively Jenseri1995
Ch. 3), suggested the alternative form

- 1
lq= d)(—p+ 5 Iog{?D

for the saddlepoint approximation f64.2).

If we return to our statistig(v), noting expressions found f&(7) andP” (7)
previously and substituting infdpandr gives us that the saddlepoint approxima-
tion for the distribution function ofj(v) is given by

A 1 1
G(Q)=(l—e")+e"<®(|ﬁ)—¢(|ﬁ)[g—5]> (4.52)
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(Daniels 1987 and
Glg=@01—-e")+ e’\cb(p - % Iog{?]) (4.5b)

(Jensenl1995, with p andf given by

p = sign(#)V|Tr[G1S] — In|G||,
f = 2#V|Tr[(GF)2(26 1S+ 1)]],

andA is defined previouslyAs a note the approximations if4.5) may be inter-
preted as an exponential mixture of Diramit point mass on the first ternand
normal distributionswhere the mixture depends only upon the noncentrality
parameten, not upon the matrice&; andA,, whose role is limited to the argu-
ment of the normat

In (3.7) and (4.5) we have leading term saddlepoint approximations for the
density and distribution af(v), under Assumption.ln the following section we
will apply these results to the calculation of sizes and poweFstekts in a linear
regression

5. THE SIZE AND POWER OF F-TESTS
Take the linear regression moddéfined by

Y=XB+e,

wheree ~ N(0,021), with Y ={y1, V>, ..., Y}, Xis anN X k matrix of regressors
of full rank andg is ak X 1 vector of coefficientsand consider the problem of
testing the simple null hypothesis

Hp: B=0 against Hy: B =%

Because in general there exists no uniformly most powerful test for this problem
the F-test which maximizes average poweas most often employedlhe test
statistiG in our notationp has the form

F= N gy
Y'PY g
alY) = oo v = o
Y'MxY @
wherePy = X(X'X)™1X" andMy = | — P«. We may also note thaj(Y) may be

interpreted as the likelihood ratio testr this hypothesis

We utilize the results of the previous sections to calculate approximations for
the density and distribution af(v) under both the nuli{the central cageand
alternative(the noncentral cageWe then compare the approximation for the
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power of theF-test with the exact result to indicate the numerical accuracy of the
approximation

5.1. The Null Hypothesis

Under the null hypothesig(v) is a ratio of independent central quadratic forms
(i.e,, w = XB = 0). The Laplace transfornyielding the joint characteristic func-
tion and mg.f., is given by equatiori2.1) with u = O:

X (01,05) = || = 26, Py — 26, My| /3,

and notingMy = | — Py, wherePy is idempotentthen we obtain the well-known
result

X (01,05) = (1—26,) 921 — 26,)"(NW72 (5.1)

To calculate the appropriate inversion formulge may either directly differen-
tiate (5.1) or the more generdPR.2); the latter yields

dx(601,65)

50 = |al + bPy| Y2 Tr[(al + bPy) *My], (5.2)
2

0,=—001

wherea = (1 + 2g6,) andb = —26,(1 + q). After some manipulation we find the
inversion formula folg(v) under the null is
(N _ k) T+ioo

9@ = — (1 261) 2(1+ 298,) "9/ 1 doy. (5.3)

T—ioo

In the notation of this paper we write the inversion formula in terms of the func-
tionsP andQ, as beforewhere for this example

P(01) = _%ln“al + be|] and Q(@l) = Tr[(al + bpx)_lMx],

and so application 0€3.2) is relatively straightforwardand in particular the
relevant derivatives dP are

k q(N — k)
(1-26,) (1+296,)
P”(6,) = 2 Tr[((al + bPy) *(Px — qMx))?]

B k g*(N — k)
=2 (1-26.)% (1+290,)2 ) (5.4)

P’(61) = Tr[(al + bPy) 1(Px — qMy)] =

The saddlepoint for this example is defined By 6#,) = 0, which yields the
unigue saddlepoint
g(N—k) —k

T= Zq—N (5.5)
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Substitution of the saddlepoint inBbandQ of equation(5.4) and some manip-
ulation give us the leading term saddlepoint approximationgfen under the
null as

k—(k+1)/2(N _ k)—(N—k+1)/2(1 + q)—N/zq—(k+2)/2

A

g(q) = 27NN/

(5.6)

Moreover as a direct consequence of approximaiis®) we obtain the follow-
ing result

Result The leading term saddlepoint approximationddv) under the null is
exact up to a normalizing constanif we write the approximation as

9(q) = a(k,N)(1+ q)~V2q k+2/2

with a(k, N) a constantthen renormalizing in the sense of Dani€l954) gives
the exact densifypecause

f (1+ q)~V2qk+2/2 4g = B(E N__k>
] 2 2

the beta functionThis adds to the list of cases for which the saddlepoint tech-
nique yields exact distributional resultsee Daniels1980, although the result
here is different in natugdecause the statistic is not a sum of independent and
identically distributedi.i.d.) variables n

Now because the saddlepoint technique yields an exact densdyufpunder
the null then the simple transformation to the cenfradtatistic will yield exact
densitiesConsequentlywve do not require the approximation for the distribution
because integration ©5.6) is straightforward

5.2. The Alternative Hypothesis

Under the alternative8 = 8% q(v) is a ratio of a noncentral and a central qua-
dratic form again independenf\gain we utilize equatiori2.1). In our example
this becomes

*X'(1 — 26, Px — 26, My) 1XB*
v (01,0,) = e exp{ﬁ ( 1 x2 >Mx) " XB }
X || - 201 Px - 262 Mx‘il/z. (57)

Proceeding as in the central case we find
[1 =26, P — 20, Mx| ™2 = (1 - 26,) 7W?(1— 26,)" N7/,

_ |+2(61—02)P
(1—26,) 1-20, *)°

(I - 201 PX - 202 Mx)_l
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which gives us the well-known result

N

1— 26,

)((01,02) = exp{ }(1 - 201)_k/2(1 - 202)_(N_k)/2. (58)

The relevant inversion formula under the alternative can be obtained again by
directly differentiating(5.8), or equation(2.2), yielding

dx(64,65)
20,

02=—0b;

A6,

=(N—Kk) exp{—(l_ 26,)

}(1 —20,) (N"R/2(1 + 2qg9,) W21 (5.9)
which we simply substitute into the inversioffter further manipulation we
have the saddlepoint approximation for the densityaf), in the noncentral
caseas

A

e exp{ -7 }(l +207) (N1 - 27) 2
9(q) = , (5.10)

. 28k
Tla=28)3" 1-2%)?2

with the saddlepoint defined by substitution in®8). For the alternative the
approximation is no longer exaend an approximation for the distributiéand
hence powengollows from substitution into equatia@.5a). We shall not report
the detail here

Because the application of the approximations has proved relatively straight-
forward if somewhat messy in the noncentral cafk® the remainder of this
example we will concentrate upon a comparison of their accuracy with “exact”
results First we report tables comparing approximate versus exact tail area prob-
abilities for the noncentrd distribution withk=1, N=10or2QandAr=1or 2
Tables 1 and 2 give tail area probabilities for two noncerfratatisticsi.e., the
F-test under the alternatiyeorresponding to the linear regression with a single
regressqgrand sample sizes 10 and.2@ble 1 assumes the alternative is such that
B X'XB* =1, whereas Table 2 assumes an alternative suctBthxt Xg* = 2.
The accuracy of the approximation for these tail area probabilities is exceedingly
good always within 5% or speven at a sample size of J&lthough we can see a
slight, but noticeableimprovement as the sample size increases togRing
some further justification to the asymptotic nature of the approximatiofact
this approximation clearly outperforms the limiting approximatioa,

Flon-k2n = x2(k,21)  asN — oo,

even though this limiting distribution is itself little simpler than the exadt
though details of this are not given
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TaBLE 1. Noncentrality parametgi = 0.5

Pr{Fwey > 0q*} Pr{Fw191 > q'}
q* Exact Approximation Exact Approximation
5 0.129275 0134001 0150660 0144903
5.5 0.110217 0113113 0131793 0124794
6 0.094202 0095699 0115736 0107909
6.5 0.080707 0081152 0102004 0093669
7 0.069303 0068974 0090209 0081610
7.5 0.059643 0058757 0080035 0071355
8 0.051440 0050166 0071226 0062599
8.5 0.044457 0042926 0063570 0055095
9 0.038500 0036810 0056894 0048640
9.5 0.033408 0031633 0051053 0043067

Tables 3 and 4 tabulate power functions for testing the simple hypothesis men-
tioned previouslyat the 5% significance leveThe values given in the table are
the tail area probabilities from the critical values given by fixing the size of the
test at 5% and varying the alternatig€, such thatA* takes the values given
These critical values are given by

Table 3k = 1; N = 10: F %5 = 5.12; N = 20: F %5, = 4.38,

Table 4k = 3; N =10: F 5 = 3.86; N = 20: F {5 = 3.13

TABLE 2. Noncentrality parametea = 1

Pr{Fe.2 > g} Pr{F192 > q°}
q* Exact Approximation Exact Approximation
5 0.228381 0234579 0251153 0242923
55 0.200162 0204274 0224330 0214261
6 0.175571 0177930 0200815 0189371
6.5 0.154137 0155062 0180156 0167733
7 0.135448 0135225 0161966 0148891
7.5 0.119142 0118022 0145917 0132456
8 0.104907 0103103 0131725 0118092
8.5 0.092472 0090161 0119149 0105512
9 0.081599 0078928 0107981 0094472
9.5 0.072085 0069172 0098044 0084762
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TaBLE 3. Number of regressor& =1

Power(N = 10) Power(N = 20)
2)\* Exact Approximation Exact Approximation
0.1 0.068609 0069257 0070964 0081296
0.3 0.106821 0103103 0114035 0122003
0.5 0.145846 0139860 0158127 0166110
0.7 0.185269 0177861 0202660 0211083
0.9 0.224735 0216413 0247140 0256088
11 0.263939 0255083 0291155 0300547
1.3 0.302622 0293525 0334361 0344027
15 0.340569 0331458 0376478 0386202
17 0.377603 0368655 0417285 0426837
1.9 0413578 0404936 0456609 0465763

Again we notice the high accuracy of the approximatitthre approximation
always lies within 5% of the exact over the range considered heikthere is
slight improvement asymptotically

6. CONCLUDING REMARKS

The paper has established the existence of inversion formulae for the density and
distribution of a ratio of noncentral quadratic forms in normal variabldse
saddlepoint approximation to these inversions has been fantiwe have il-

TABLE 4. Number of regressor& = 3

Power(N = 10) Power(N = 20)
2\ Exact Approximation Exact Approximation
0.1 0.058138 0053187 0059683 0068165
0.3 0.075032 0065629 0080503 0085004
0.5 0.092868 0080508 0102770 0105736
0.7 0111534 0096708 0126289 0128370
0.9 0.130924 0113917 0150867 0152354
11 0.150936 0131967 0176321 0177379
13 0171471 0150734 0202472 0203210
15 0.192434 0170111 0229155 0229646
17 0.213738 0190003 0256211 0256508
1.9 0.235298 0210320 0283493 0283632
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lustrated the procedure with a simple examplsing a joint characteristic
function—based approagchot only do we establish the existence of exact inver-
sions to which the technique may be applibdt we also demonstrate that by
defining the saddlepoint suitabijne approximations can equally be obtained via
an inversion of the joint ng.f.

We have also considered the application of the approximations to the simplest
casesthe central and noncentrglstatistics In particular we obtain a further
example of where the technique delivers an exact rethétcentral caseand
demonstrate the accuracy of the approximation in the noncentral@ts= pos-
sible applications for the results obtained here are numeAsIsxamples we
could consider tests for an autoregressive parameter in the linear regressiet
on its ordinary least squaré®LS) estimate or for likelihood (variance ratio
tests for non-nested models both cases the exact densities are unkndyut
the statistics conform to our statistic and assumptiblmvever the issues in-
volved in such applications quickly become computational in nafueg the
issue of finding a solution to the saddlepoint defining equat@n these cases an
approximaterather than exacsaddlepoint may prove more useful

Whereas explicit analytic results for the asymptotic nature of the approxima-
tion are difficult to obtainwe have given some justification to the claim of a
higher-order asymptotic expansialithough only in the far taildHowever per-
haps a more relevant criterion is that the approximations seem competitive with
exact results and also significantly improve upon the first-order result

NOTE

1. Thanks are due to an anonymous referee for this interpretation
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APPENDIX A:
ON THE SADDLEPOINT DEFINING EQUATION

Returning to equatiof.8), we first note that the trace iR(6;) is equal to the quadratic
form

w(6y) = w'(I — 26:F) . (A1)
Now letR be theN X N diagonalizing matrix such that

RG'R' = D(g"),

whereD(g~) is theN X N diagonal matrix with structure

gg O . O

D(g) = %

O . . o~

and theg;~ are theN ordered eigenvalues & * such thag; >g; > --- > gy.
Consequentlythe quadratic fornw(6;) may be expressed in canonical form as

N
w(6;) = Z (u)?gr. (A.2)
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Further because we have th& and hence5* are of full rank therg;” # 0 Oi. So

defining a serie§g; } the eigenvalues dd with g = (g;) * and they;” preserve their order
Thus we have the simpler form

N
w(6,) = E(Ui )2(g)

From the definitionG = (I — 26,F), the eigenvalues d& are
g = (1—26.%),

where thef; are theN eigenvalues of, and so we can writav/(6,) in terms only of the
parametep; and the eigenvalues of the known matix= A; — qA,, i.e,,

N
w(6,) = _:Zl(ui)z(l —20,f) " (A.3)

Now if we return to the remaining term in the definition®€6,), i.e., In|G|, the well-
known result gives us

N
In|G| = In|l — 26,F| = 3 In(1— 26, f,), (A.4)
i=1

where thd; are the eigenvalues defined and ordered as previossliyn light of(A.4) and
(A.2) we can write

N N
P(6,) = %[%(Ui)z(l — 20, )"t - len(l_ 20, fi)} (A.5)

and hence is a function entirely of the eigenvalues of the known constant fratnict the
argument of the inversion formula u

APPENDIX B: PROOF OF LEMMA 3

Recall the saddlepoint defining equation
TG IF(G 1S+ 1)] =0, (B.1)
andF andG defined previouslylif | q| is sufficiently large then either

F positive definite g<o,

F negative definite  gq> 0.
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We takeq > 0 and note that the opposite case follows similallgcause- is negative
definite, write

—F = BB,
with B;N X m, of rankm = N. HenceG = | + 20,BB/, and so
Tr[G BB (G 1S+ 1)]=0,

or alternatively

Tr[B'G ¥?(G"V2SG Y2+ )G V?B] = 0. (B.2)
Becausex # 0, S> 0 and(G~¥2SG ¥2 + |) > 0, so(B.1) holds for all* and hence

that satisfy

(G-Y286-V2 4+ )G-v2B = 0, (B.3)

(B.3) follows becausgfor W > 0,
Tr{X'WX] = 0 & WX= 0,

as in Magnus and Neudeck@988 Sect 12, p. 367). We have showi Y2 exists and so
(B.3) implies

(SG*+1)B=0,
which gives us the useful relations
B=-SG'B,
BB'B = —SG 'BB'B,
27BB'B=-SG G- 1)B=—(B+SB),
SB= —B(l,,+ 27B'B). (B.4)
Returning our attention tB.1) then we also have
G 1=1-27B[l,+ 27B'B] !B,
G 1S=S-27B[l, + 27B'B] "'B'S (B.5)
and becauséB’S) = (SB’ and from(B.4)
G1S=S+27BB (= S— 27F).
So(B.1) may be rewritten as
Tr[(S+ 27BB' + )G F] =0, (B.6)
and we also have
SG1=S-27F (by symmetry,
27BB'G ! = 27B(I,,+ 27B’'B) 1B’ (from (B.4) and(B.5)), (B.7)
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then simply collecting terms itB.6) and writing7 = 7(q),
TI(G 1S+ 1)G F]=0

gives

Tr[SF—27(q)F?2+F]=0

and hence the result |

APPENDIX C ON ASYMPTOTICS IN THE TAILS

From Lemma 2 we have

. Trl(s+1)F]
T e

and writingF = q(q A, — A,), then

Zai,i#«iz"‘ 23 > a pmip+ Zai,i

- TS+ DA 4 i i
a9 T A Sa 23 Sad ’

i#]

(Cy

where thea; j andu; are the elements &, andu. Because the; ; andu,; are finite we

write
Eai,iﬂiz Zzahj/*’“il“‘i Eai,i
b]_:—l N , bzz—l#le , b3: 1 ’
sN(N—1) N
> a3 EEaEJ
i _ i#j
b, = N and bs —%N(N—l)’
and so
R Nb;, + N(N —1)b, + Nbs
7(q)q = — ,
Nb; + N(N—1)bg
and

‘ |i‘m #(@)gq = O(1).
q|—ooo
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The relevant terms iQY)(7) andP®(#) are
G'F =7l "7l — 2(q A — Ay)] AT AL - Ay),
G ls=7q [q 7 - 2(q7*A - A)] 'S
G 1A, = 771 [q 171 — 2(q TA — A A, (C.2)

and substitute back into their definitiar®onsequentlynoting extraneoug andq * terms
cance] the asymptotic nature is determined by examining

Jim [ (@)1 - 2097 A - Al HA AL Ag) = [g TR (@) AT - 211,

lim [q7'7 (o)l —2(q "Ar— Al 'S=[q "7 (q)S* — 2A,S 1],

|gl—00
| “Im [ 7 ()] —2(q Ay — A)] *A = [ 7 (A — 21T L
ql—oo
Noting 7(g)g = O(1) we thus have
Jim_ Tr{(7(@aGT'F) ! (7(Q)aG T A2) (17(@)aG IS+ )] = O(N);
Jim Tr[(?(@)aG*F)*(j#(9)aG S+ 1)] = O(N), (C.3)
that is we have shown
, QW (7(q))
im
lal—eo | P (7(qp)

as required n

=O0O(N) 0j,k
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