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This study proposes two novel time-varying model-averaging methods for time-
varying parameter regression models. When the number of predictors is small,
we propose a novel time-varying complete subset-averaging (TVCSA) procedure,
where the optimal time-varying subset size is obtained by minimizing the local
leave-h-out cross-validation criterion. The TVCSA method is asymptotically optimal
for achieving the lowest possible local mean squared error. When the number of
predictors is relatively large, we propose a factor TVCSA method to reduce the
computational burden by first reducing the dimension of predictors by extracting
a few factors using principal component analysis and then obtaining the TVCSA
forecasts from time-varying models with the generated factors. We show that the
TVCSA estimator remains asymptotically optimal in the presence of generated
factors. Monte Carlo simulation studies have provided favorable evidence for the
TVCSA methods relative to the popular model-averaging methods in the literature.
Empirical applications to equity premiums and inflation forecasting highlight the
practical merits of the proposed methods.

1. INTRODUCTION

The past few decades have witnessed an increase in the use of big data in economics
and finance. For example, the popular FRED-MD and FRED-QD data are large
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publicly available macroeconomic databases designed for the empirical analysis
of big data (McCracken and Ng, 2016, 2021). Many studies have employed tens
or hundreds of economic variables from these databases to forecast economic
variables of interest, such as inflation rates and oil prices (e.g., Costa et al., 2021;
Medeiros et al., 2021). While big data provides more information, it poses a chal-
lenge in obtaining accurate estimates and forecasts due to model misspecification,
model uncertainty, and parameter instability, which are commonly encountered,
especially in a high-dimensional scenario with structural changes.

There are two main approaches to dealing with model uncertainty: model
selection and averaging. In the model selection literature, a single optimal model
is selected based on a suitable statistical criterion, such as the Akaike information
criterion (AIC; Akaike, 1973), the Schwarz-Bayes information criterion (SIC/BIC;
Schwarz, 1978), Mallows’ C, (Mallows, 1973), or the focused information cri-
terion (FIC; Claeskens and Hjort, 2003). However, there is no consensus on the
specific regression form of this model. It is rather difficult to select a single “best”
forecasting model that is capable of yielding accurate predictions under various
economic scenarios. As Leung and Barron (2006) pointed out, practitioners may
encounter the risk of selecting a poor forecasting model. Thus, as a viable and
robust alternative, model averaging combines the forecasts obtained from the set of
candidate models under consideration by considering their weighted average (e.g.,
Hansen, 2008a; Hansen and Racine, 2012; Elliott, Gargano, and Timmermann,
2013; Zhang, Wan, and Zou, 2013; Lu and Su, 2015; Lee and Shin, 2023)." In
particular, model averaging over a set of candidate models in high-dimensional
cases has recently attracted considerable attention (e.g., Ando and Li, 2014; Zhang
et al., 2020; Liao et al., 2021).

Parameter instability is another source of inaccurate forecasts, particularly for
long-horizon forecasts (e.g., Stock and Watson, 1996; Rapach and Zhou, 2013).
This may result from a time-varying relationship between economic variables
due to technological progress (Hansen, 2001), business cycles (Boyd, Hu, and
Jagannathan, 2005), crisis, and others. For example, Ang and Bekaert (2007)
found that the predictive power of dividend yields for excess U.S. stock returns
was not robust over different horizons. The sign of the coefficient on dividend
yields appears negative at the beginning but becomes positive if the data from the
late 1990s are included. Welch and Goyal (2008) investigated the in-sample and
out-of-sample performances of linear regressions, and argued that the predictive
relations of most models seemed unstable or even spurious. Chen and Hong (2012)
showed strong evidence of the instability of return prediction models in post-war
and post-oil shock sample periods. Yousuf and Ng (2021) noted that the parameter
instability caused by the Great Moderation period reduced the forecasting ability
of time-invariant methods.

I There are two types of model averaging in the literature: Bayesian model averaging (BMA) and frequentist model
averaging (FMA). In this study, we consider the FMA. See Hoeting et al. (1999) for an excellent overview of the
BMA. Steel (2020) reviewed both the BMA and FMA and their use in economics.
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Although considerable effort has been devoted to addressing parameter insta-
bility and model uncertainty in a unified model framework, few attempts have
been made in a data-rich environment with structural changes over time. Chan
et al. (2012) considered state-space models and Bayesian model averaging, where
the coefficients evolve according to a random walk process and the weights
are estimated by a rolling window method. However, this assumption might be
questionable because the coefficients change in an unbounded manner and might
drift to arbitrarily high or low values, which is inconsistent with economic theo-
ries. Chen et al. (2018) proposed semiparametric ultra-high-dimensional model
averaging for nonlinear time series regression models; however, they failed to
consider the time-varying characteristics of the regression parameters. Yousuf
and Ng (2021) and Sun et al. (2023) modeled high-dimensional time-varying
parameters as smooth functions of the rescaled time, whose functional forms
are unknown. This assumption may seem reasonable because structural changes
usually require long-term evolution (e.g., Hansen, 2001; Chen and Hong, 2012).
Chen and Maung (2023), Sun et al. (2023), and Chen, Hong, and Li (2024)
further studied time-varying combination weights to address model uncertainty
for high-dimensional data. These papers proposed penalization schemes, including
boosting, least absolute shrinkage and selection operator (LASSO), and group
smoothly clipped absolute deviation (SCAD). However, it is well known that
the estimation error of the optimal weighting vector may be substantial when
the number of candidate models is large. Moreover, choosing appropriate tuning
parameters for the SCAD and LASSO procedures is crucial.

This study proposes a novel time-varying complete subset-averaging (TVCSA)
method in a data-rich environment with smooth structural changes over time. The
basic idea is that we first estimate all models composed of a small number (I) of
regressors out of the total number (L) of available regressors and then average these
time-varying regression estimates over all / dimensional subsets of the regressors.
All candidate models used in TVCSA can potentially be misspecified, which
is consistent with the fact that we often have little information about the true
model in practice. When the number of predictors is relatively large, direct use of
the TVCSA method may be computationally intensive and even infeasible, and
the traditional estimation methods fail to consistently estimate a large number
of parameters. Thus, we propose a two-step factor TVCSA method. First, we
reduce the dimension of the predictors by extracting a few factors based on the
principal component analysis (PCA). Second, we apply the TVCSA method with
the estimated factors. Two local leave-Ah-out cross-validation (LLHCV) criteria are
proposed to obtain the optimal time-varying subset sizes in the TVCSA and factor
TVCSA methods, respectively. We show that the proposed TVCSA estimator
with the estimated optimal time-varying subset size is asymptotically optimal
as in Li (1987); that is, its local mean squared forecast error (MSFE) attains
an infeasible lower bound in a class of model-averaging estimators constructed
based on time-varying regression models. The TVCSA method typically incurs
high computational costs because it requires the evaluation of all possible 2F
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models. Following Lee and Shin (2023), we propose employing only a portion
of all models within a given subset. Forecast accuracy is insensitive to the model
selection methods in the subsets, and the randomly drawn sampling approach is a
natural choice because we use a simple arithmetic mean in the model-averaging
stage (Elliott, Gargano, and Timmermann, 2015).

This study contributes to the literature on model averaging in several ways. First,
we extend and generalize Elliott et al.’s (2013, 2015) complete subset regressions
(CSR) and Lee and Shin’s (2023) quantile CSR to time-varying CSR, where
the time-varying parameters are modeled as unknown smooth functions of the
rescaled time #/7T. Elliott et al. (2013, 2015) first proposed combining least-squares
forecasts based on all the short models within a complete subset indexed by 1.”
They found that an equal-weighting combination of subset regressions outper-
formed the LASSO or Bayesian model-averaging methods. Lee and Shin (2023)
demonstrated the asymptotic optimality of the complete subset quantile regression
estimator, following Li (1987). However, all these studies were developed under
the assumption of independent and identically distributed (i.i.d.) errors and time-
invariant parameters. To the best of our knowledge, no studies consider the CSR
in a time-series context, which restricts its applications to macroeconomics and
finance.

The proposed TVCSA method employs an equal-weighting scheme. As an
important contribution, we demonstrate its superiority over the optimal weighting
scheme in terms of efficiency loss when the number of candidate models is
relatively large. Intuitively, an equal-weighting scheme avoids weight estimation
because the estimation error of the stochastic optimal weights in a data-rich envi-
ronment can be substantial. As Theorem 5 in Section 3 shows, the efficiency loss
of the estimated weights diverges as the number M of candidate models increases.
Moreover, the equal-weighting scheme does not require forecasters to determine
the order of the initial models. Model sets are naturally determined by subset
size I, which can be selected in a data-driven manner. This, to a certain degree,
explains the well-known empirical “forecasting combination puzzle” observed by
Stock and Watson (1999, 2003, 2004) in the sense that simply equally weighting
model averaging outperforms those with combination weights estimated according
to some optimality criteria. Similar to Claeskens et al. (2016) and Smith and Wallis
(2009), we provide a theoretical explanation of the “forecasting combination
puzzle” in a data-rich time-series environment with smooth structural changes.

Second, the subset size /, that is, the number of included regressors in an indi-
vidual model, is allowed to change over time and increase to infinity as the sample
size T increases so that one can fully utilize the information offered by big data. As
Elliott et al. (2013) pointed out, the choice of [ reflects a trade-off between the bias
and variance of the forecasts. In practice, selecting an optimal time-varying subset

21n this study, a short model refers to a model with / regressors, where / < L is a fixed and usually small number, and
the full model refers to a model with the total L regressors.
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size is desirable to capture the unstable prediction relations. The cross-validation
(CV) criterion is widely used to determine the optimal combination weights in
the frequentist model-averaging literature (e.g., Hansen and Racine, 2012; Zhang
etal.,2013; Cheng and Hansen, 2015; Gao etal., 2016; Liao et al., 2019). However,
as Cheng and Hansen (2015) noted, conventional leave-one-out cross-validation
(LOOCYV) fails to account for serial correlation in time series. Thus, we propose a
novel LLHCV method to obtain an optimal time-varying subset size.

Finally, we derive the uniform convergence rate and asymptotic normality for
the proposed time-varying subset regression estimator using temporally dependent
data. In particular, as a rule rather than an exception, we allow all candidate
models to be misspecified. The proposed TVCSA and factor TVCSA estimators
are asymptotically optimal in the sense that the TVCSA estimators with the
estimated optimal time-varying subset sizes are asymptotically equivalent to the
estimator with the infeasible optimal subset size, which extends the asymptotic
optimality results of Sun et al. (2021), Lee and Shin (2023), and Sun et al. (2023).
Moreover, while Elliott et al. (2013, 2015) and Lee and Shin (2023) did not
consider generated regressors, we show that asymptotic optimality still holds in
the presence of generated factors, indicating that the generated regressor issue
can be ignored in the TVCSA procedure under certain regularity conditions. Our
extension is nontrivial and possesses several technical challenges. In particular,
to show the asymptotic optimality of the proposed TVCSA method, we require
to address projection matrices that involve generated factors. Unlike the time-
invariant model averaging, these matrices are highly complex and not necessarily
idempotent and even not symmetric.

Extensive simulation results show that in most cases, the proposed TVCSA
estimator achieves a lower risk than its competing peers, such as the
popular model-averaging estimators, including Hansen and Racine’s (2012)
jackknife model-averaging (JMA) estimator, Sun et al’s (2021) time-varying
jackknife model-averaging (TVIMA) estimator, Elliott et al’s (2013) CSR
estimator, Buckland, Burnham, and Augustin’s (1997) smoothed Akaike infor-
mation criterion (SAIC), Cai and Tiwari’s (2000) smoothed bias-corrected Akaike
information criterion (SAICc), and a smoothed Bayesian information criterion
(SBIC). Empirical applications to equity premiums and inflation forecasting show
that the proposed TVCSA and factor TVCSA methods have superior performance
in terms of the MSFE.

The remainder of this paper is organized as follows: Section 2 introduces the
model setup and proposes the novel TVCSA method. Section 3 establishes the
asymptotic theory of the time-varying complete subset regression estimator, par-
ticularly the asymptotic optimality of the TVCSA estimator. Moreover, we provide
a theoretical justification for the equal-weighting scheme. Section 4 proposes a
factor TVCSA method and derives its asymptotic optimality. Section 5 provides
simulation evidence that supports the TVCSA methods. Section 6 presents two
empirical applications to equity premiums and inflation forecasting. Finally,
Section 7 concludes the paper. Mathematical proofs are collected in the Appendix,
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and additional simulation and empirical results are provided in the Supplementary
Material.

2. MODEL AND ESTIMATION

In this section, we first introduce a time-varying regression framework and the
TVCSA estimator. Subsequently, we then describe the choice of time-varying
subset size.

2.1. Time-Varying Complete Subset Model-Averaging Estimator

Let {y;, z,,x,}tT:, be a time-series random sample, where y; is a scalar dependent
variable, z, and x, are vectors of predictors. We consider the following data-
generating process (DGP):

Verh = Ui+ En =12]8,+ X B, + &r4n, t=1,...,T, @

where & is the forecast horizon, &, is an unobservable innovation, §, and B,
are time-varying parameter vectors, and 7 is the sample size. We assume that
E(einl2s, %) = 0, and p; = E(yin|2s,X;) denotes the conditional mean of y,.;
given (z;,X,). Suppose that z, is a Q x 1 vector of predetermined predictors,
which are always included in the forecasting model based on economic theories
or empirical evidence, such as the constant and lagged dependent variables. x;
is an Ly x 1 vector of possibly relevant predictors, which may or may not be
included in the model. If the coefficients 8, and B; are constant over the entire
sample period, that is, (&;, ;) = (8, 8) for all ¢, then Model (1) reduces to the
conventional time-invariant linear models as in Elliott et al. (2015) and Liu and Kuo
(2016). Instead of specifying a restrictive parametric model, we let 8, := §(¢/T) and
B := B(t/T), where §(-) and S(-) are unknown smooth functions of the rescaled
time #/T rather than original time 7. This specification ensures an increasing
amount of local information available at any given time t when 7' — oo, which is
crucial to obtain a consistent nonparametric estimation (e.g., Robinson, 1989; Cai,
2007; Chen and Hong, 2012, 2016). Several approaches have been employed to
model time-varying parameters in the literature: a deterministic function of time, a
functional-coefficient of economic variables, a latent stationary stochastic process,
and a latent nonstationary stochastic process, respectively. Each approach has its
own advantages and disadvantages. It is rather challenging to determine which
time-varying modeling strategy is most suitable for a particular study in practice.
In the present study, our approach of assuming that parameters are deterministic
functions of time can avoid the choice of economic variables and the “curse of
dimensionality” problem associated with a high-dimensional set of explanatory
variables.

Note that the dimension of x; is allowed to diverge to infinity with the sample
size T. This implies that the degree of model complexity may increase as T
increases. An example is the investigation of stock-return predictability with an
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increasing number of economic and financial predictors being incorporated into
the forecasting models (e.g., Rapach, Strauss, and Zhou, 2010; Phan, Sharma, and
Narayan, 2015). When Q 4+ Ly < T, that is, the number of candidate predictors
is less than the sample size, we can estimate &, and B, usmg a local least-squares
method and construct a point forecast of yr, as ZT(S + X7 ﬂT When Q+ Ly > T,
feasible estimation and prediction can be obtained after reducing the dimension
of the potential regressors by suitable dimension-reducing methods (e.g., PCA),
which we will explore in Section 4. In this study, we will address the model
uncertainty issue caused by the potential predictors x;. For ease of exposition, we
confine our attention to the case where Q = 0 and propose a time-varying model-
averaging scheme. All results could be extended to the case where Q # 0, which
involves fundamentally no new ideas but tedious notations.

Given that we are interested in the /-step-ahead forecast of y, with Ly predictors,
we first consider a set of time-varying parameter models composed of [ regressors

as follows:
Yetn = XzT(m ) Biony T €, om 1> )
where m = {1, ..., M} is the model index, [ = {1, ..., Ly} is the number of included

variables, X, 1) 1s an [ x 1 vector of predictors, By, 1s a time-varying parameter
vector, and €4p, (m,1) = s — x,T(m ) ,BI(m’ T Ern is a composite error term when we
use [ < Ly predictors. In a data-rich environment, the set of potential explanatory
variables may be large; as a result, we allow Ly to increase to infinity as the
sample size T increases. Our asymptotic theory will impose a restriction on the
rate at which Ly increases with T. It is worth noting that all candidate models
may potentially be misspecified due to omitted variables. In practice, model
misspecification is inevitable since any specific model is only an approximation
of the DGP.

Various nonparametric methods can be used to estimate the time-varying param-
eters in Model (2), such as local constant and local polynomial estimations. In this
study, we use the local constant estimation. It is well known that local constant
estimation suffers from the well-known boundary effect problem, in which the
asymptotic bias has a slower convergence rate in the boundary regions than that in
the interior region, because there is no symmetric data coverage in the boundary
regions. To address this issue, we use Hall and Wehrly’s (1991) reflection method
to obtain pseudo symmetric data in the boundary regions. Specifically, we obtain
the “reflected” data (y_;, X(—y¢m,1)) for —|Tb] <t < —1 in the left boundary region
and (27—, X@r—nom,n) for T+1 <t < T+ |Tbh] in the right boundary region, where
L7h] denotes the integer part of 7b, and b := b(T) is a bandwidth controlling
the size of the local neighborhood. Moreover, from a forecasting perspective,
we only use the one-sided information from historical observations to estimate
Brom,1y at any time ¢. We use the reflection method to obtain the synthesized data
at the time ¢, which consists of the original data (y;, X/, ;) and the pseudo data
Ot Xem ) = Var—is X@i—iyom,1y) for t+1 < i <t+[Th]. As aresult, the asymptotic
bias of the local constant estimator with reflection in the right boundary region has
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the same order of magnitude and proportionality constant as that in the interior
region.

Suppose Bion,1y = B (t/T), where B 1 (-) is continuously differentiable on
[0, 1]. By Taylor expansion, for any s in the local neighborhood of the time #, we
have

ﬁx(m, = ,Bt(m, ) + 0((S - [)/T), WIS [t - Tb7 t+ Tb] (3)

A local constant estimator for B, ;) can then be obtained by minimizing the local
weighted sum of the squared residuals as follows:

t+(7h)

. 2
— ] T
ﬁz(m, ) = argmin E : (ys+h - XS(m,l)ﬂ(Wh 1)) KS” @
lg(m,l) €R! s=t—|Tb]

where K, = %k(fT—’bt) and k(-) is the prespecified kernel function. For nota-
tional simplicity, lety = Vi4hs - > Y740 7> Xony = X[ 1> -+ -+ X)) 7> and K; =
diag{Ky;, ...,Kr:}. The solution to the optimization problem (4) is then given by

A (T T
Biom.n = (X(m,l)KzX(m,l)> X n K1Y 3

and the corresponding estimator for y, in the (m,[)th candidate model is fi;gn, 1) =
Xtom 1 Prom -

We now combine forecasts from a set of time-varying parameter models with
the same number of predictors. To simplify the notations, we drop the subscript
T from Ly. Given L predictors, the number of /-variate models is M = L! /(I! (L —
N)!). For example, when L = 4, there are M| = 4 univariate models, M, = 6 two-
variate models, M3 = 4 three-variate models, and a full model. A complete subset-
averaging (CSA) estimator is obtained as a simple averaging of those forecasts
within a given complete subset indexed by [:

M
. 1.
=+ ;um, D (6)

Compared with the existing model-averaging methods with sophisticated optimal
weights (e.g., Hansen and Racine, 2012; Sun et al., 2021, 2023; Chen et al., 2024),
the CSA method does not require nested or non-nested construction of candidate
model sets artificially, nor does it require a prior ordering of the predictors. It
may first appear ad hoc to assign equal weights to a set of candidate models. One
might consider choosing a weight vector based on some risk criteria. However, the
number of candidate models M in a complete subset can be very large even when L
is of moderate size. When using the estimated optimal weights, the accumulation
of weight estimation errors may offset the benefits from model averaging, which
is confirmed by Theorem 5 in Section 3.
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2.2. Optimal Time-Varying Subset Size

The key parameter for the CSA method is the subset size parameter /, which
controls the degree of model complexity and the number of candidate models
in a complete subset. There are three popular methods for selecting the optimal
subset size: The first seeks to minimize the sample counterpart of the approximate
mean squared error (MSE) (e.g., Elliott et al., 2013); the second is Meligkotsidou
et al’s (2021) likelihood-based method, which is a recursive algorithm with a
prespecified error distribution; and the third is Lee and Shin’s (2023) LOOCV
method, which is often used in the literature to select tuning parameters. To the
best of our knowledge, there has been no work on selecting optimal time-varying
subset sizes in the TVCSA. In this study, we select the optimal subset size at each
time point, which can accommodate the time-varying predictive performance of
the candidate models. Specifically, we propose a local LLHCV criterion, a locally
weighted sum of the squared leave-h-out prediction residuals. For simplicity, we
denote the selection matrix as follows:

Ti1—1, 0 h—1) x (T—h—1+1) ) 1<t<h,
& =1 Ocn—1yxa—msI2n—1,00n—1yx (T=h—t+1)), h+1<t<T—h, @
(Or-rn—)x t—mys I T+h—1)5 T—-h+1<t<T,

and

o,...,0,1,0,...,0), 1<t<h,

S—— S———

t—1 h—1

o,...,0,1,0,...,0), h+1<t<T-—h,

= —— —— (8)
h—1 h—1

©,....0,1,0,....0), T—h+1<t<T.

~—— ———

h—1 T—t

For the (m,))th candidate model, we let .., = &Y, X(1jon, ) = PrX(m,p)» and
i = ¢, Where the subscript [-] denotes the operation to select the elements
at the corresponding positions. Delete {y, ), X(r1(n,} from {y, ,, X¢(n, 1} to obtain
the remaining set, denoted as {Y[_ (. s)}» X[—r¢n, ) }» Where the subscript [—-] denotes
the operation to delete the elements at the corresponding positions. Define K{_ =
diag(Ky;, ... 7K(z—h)t,K(t+h)t, ...,Kp) as a (T —2h+1) x (T —2h+ 1) weighting
matrix. It is straightforward to see that the leave-h-out estimator of B, in the
(m, )th candidate model is given by

- —1
_ (T T
Brm = (X[ft](m, Z)K[ft]X[—t](m, 1)) X[, /)K[fﬂy[fwh)]' ®

Then, the corresponding leave-h-out estimator of pi(, is ﬁ[i](m’ H = Xil;](m’ ) Bt(m’ I

and the estimator of 1, at any time ¢ is given by [i;ou, 1y = T [11(m, 1) -
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Let (1) = (i (D),.... Ar()T, where (1) = & M| ). The LLHCV
criterion for the optimal time-varying subset selection can be written as follows:

CVir() = (y— D) TK, (y— ). (10)

By minimizing (10) with respect to /, the optimal time-varying subset size is
obtained as follows:

2; =argmin CV, r(I). aamn
1<i<L

The TVCSA estimator at any given time ¢ is then given by ;1,(2,). Note that the
optimal time-varying subset size is associated with the smallest CV, (/) value over
the local sample, excluding observations around the time of ¢. Thus, the subset size
is constant in the neighborhood of any fixed time ¢, but changes globally over time.

3. ASYMPTOTIC THEORY

In this section, we derive the convergence rate and asymptotic normality of ,3,(,,[, )-
All candidate models used for averaging are potentially misspecified. Therefore,
the pseudo-true parameter vector is defined as follows:

2
ﬁ[*(m, n = argmin]E |:(yt+h - X;r(m’[)lgt(m,[)) j| . 12)
ﬁt(m,l) eR

We show the uniform convergence rates of estimators ﬁ,(m, p and By to Bionn-
Next, we establish the asymptotic optimality of the TVCSA estimator to minimize
the local squared error loss and associated conditional risk.

Let Amin (A) and Apa (A) be the smallest and largest eigenvalues of Matrix A,
respectively. Throughout the paper, C denotes a generic constant that may vary
across different places. First, we impose the following regularity conditions:

Assumption A.1.

(1) {Xum 1), €+h,om,pp} 18 a strictly stationary B-mixing process with the mixing

coefficient {8(j)} satisfying Y _*, j*B(j)*/'*® < C for some 0 <& < 1. In

addition, sup;..| E (x?l) <C, E(,uf) < 00, and E[€;1p, on, 1) |Xeom, ] = 0.

(i1) The [ x [ matrix Ag,p = E(X,, l)er(m, l)) is finite and positive definite.
Moreover, there exist positive constants C, ., , and Cyonpy Such that 0 <
gx(m, 0 < Amin (A(m, l)) < Amax (A(m, l)) < Cx(m, H < OQ.

(iii) Let Tun(G) = Cov(Xigm, 1y €rh, (m, 1) Xt (m, 1) €Hj+h, 1)) - The 1 x | matrix
Vi = Z;’foo I"on.1y (j) 1s finite and positive definite. Moreover, there exist

positive constants C,,, , and Cympy such that 0 < C,, < Amin (Vi) <
Amax (Von.) < Compy < 0.
iv) (Cxmy +Comp) /1= O(Q,%(m,l))'
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Assumption A.2.

(i) B; = B(t/T), where B(-) is twice continuously differentiable on [0, 1] except
for a finite number of discontinuity points in the interval [0, 1]. Moreover,
SUP;> 1 SUPs—¢|<Th B8 — ,3s||2 = 0(T71b71)~

(ii) The kernel function k(-) : [—1,1] — R™ is a prespecified symmetric bounded
probability density function. Further, k(0) > k(u) forallu e [—1,1] and vy =
f_ll kK (u)du < 0.

(iii) The bandwidth b = ¢T~* for 0 < A < 1 and 0 < ¢ < co. Moreover, for some
8§>0,Tht*? - coas T — oo.

C,:= max max Cy(, and

Assumption A3. Let C . := min min C
l<m<M 1<I<L

1<m=<M L <i<L XD’

C,:= max max Ev(m,l)'
l<m<M1<I<L
(i) L/1og(Th) = O(1). _
(ii) Tlog(Tb)! (T0) OSHE/ECE = o(1).

The B-mixing in Assumption A.1(i) is a weak dependence condition in the study
of the asymptotic properties of nonparametric time series models, which restricts
the strength of dependency among local data. The moment conditions are needed
for the application of various inequalities such as Boole and Markov inequalities.
Assumptions A.1(ii)—(iii) are similar to Lu and Su’s (2015) Assumptions A.2(ii)—
(iii). The covariance matrices A, ;) and V(,, are positive definite with bounded
eigenvalues, which depend on the dimension of the regressors in an individual
model. They are standard in the case of the divergent dimension and model
misspecification and can be verified through the eigenvalues of the specific matri-
ces in the (m,[)th model. Note that these bounds {Qx(m, ,),Z‘x(m, D Qv(m, ,),Z’V(,,,, n}
depend on the dimension [ of the regressors in the (m,)th model. It is possible
that {C,,, /), C, .} converges to zero and {E‘x(m, 1),6}(% 1} diverges to infinity as
T — oo. Assumption A.1(iv) imposes rate restrictions on these bounds to ensure
the 4/I/Tb-consistency of the parameter estimator.

Assumption A.2(i) imposes a weak restriction on the functions of interest (e.g.,
Chen and Hong, 2012). This condition allows for smooth structural changes
and abrupt structural breaks with bounded break sizes. Typical examples include
Robinson’s (1989) time-varying parameter model and Lin and Terésvirta’s (1994)
smooth transition regression model. In Monte Carlo simulation studies of Sec-
tion 5, we consider several DGPs that satisfy this assumption, including smooth
transition changes, periodic smooth changes, smooth structural changes, single
structural break, and multiple structural breaks. Assumption A.2(ii) is a standard
condition for the kernel function, which implies that [, k(u)du =1, [, uk(u)du =

0, and fll u’k(u)du < co. Examples of k(-) include the uniform kernel k(u) =
I(Ju| < 1) and the Epanechnikov kernel k(u) = 0.75(1 — uP)I(Ju] < 1), where I(-) is
an indicator function. It could be relaxed to allow kernels with unbounded support
at the cost of more tedious proofs (e.g., Hansen, 2008b). Assumption A.2(iii)
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is commonly imposed in the literature. If § > 1, then the asymptotic MSE-
optimal bandwidth b oc T~!/> satisfies Assumption A.2(iii), which minimizes
the asymptotic mean integrated squared error of a kernel estimator. Assump-
tion A.3(i) implies that the total number of predictors L is allowed to grow at rate
log(7Th) as T increases, which is comparable with the conditions in the model-
averaging literature with optimal weighting schemes. For example, Lu and Su
(2015) require k* (log T)*/T — 0, where k is the maximum number of parameters.
Assumption A.3(i) is slightly stronger because the number of candidate models
M =L!/[I'(L—D!] in a complete subset would grow at a factorial rate of L.
Assumption A.3(ii) imposes restrictions on the uniform bounds C,, C,, and C,
to obtain the uniform convergence rates for /3,(,,,, ;) and /St(m, D-

Theorem 1 establishes the convergence rate and asymptotic normality of the
local constant estimator ,é,(m, p in the (m, )th model when the model is possibly
misspecified and the dimension of the regressors diverges to infinity as 7 — oo.

THEOREM 1. Suppose Assumptions A.1-A.3 hold. Let C,, 1y denote an £y 1) x 1
matrix such that Tll)rrolo C(m’ ) C(Tm n= Cy, where £, 1) € [1,1] is a fixed integer, and

. . ... . Y —1 —
C, is finite and positive definite. Let Q1) = A(m nEm, I)A(m’ I where B, =
2v9Vim,1y, and Vi) and vy are defined in Assumptions A.l(iii) and A.2(ii),
respectively. Let ,Bl’ém ) be a second-order derivative of Bym,iy with respect to t/T.
Then, at any given time t,

@) ‘ Bt(m, = Biomny H =0p (\/TI”) ’

.. -1/2 b2
(i) vTbC, )2, [ﬁz(m = Bimp — TIBt/Em,l)MZ] = N(0,Co) as T — o0,

where [y = f_ll Wk (u)du.

Theorem 1(i) shows that /§,(m, 5 1s a consistent estimator of the pseudo-true
parameter B, ,. The convergence rate is +/I/(Tb), which is determined by the
diverging number of parameters / and the effective sample size 7b in the smoothed
nonparametric estimation. The matrix C, ;, in Theorem 1(ii) represents an arbi-
trary combination of estimators. The asymptotic bias of ,3,(,,,, ;) is proportional to
b*. A decrease in b would reduce bias but increase variance. The asymptotically
optimal bandwidth is the one that achieves the best trade-off between squared bias
and variance, which in practice can be obtained by the rule-of-thumb bandwidth
selector or more complicated bandwidth selection methods, such as the CV and
plug-in methods.

Since the TVCSA estimator is defined over a complete subset indexed by /,
we need to prove the uniform convergence rates of Bt(m,l) and its leave-h-out
counterpart B,(m, 1 over those subsets.
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THEOREM 2. Suppose Assumptions A.1-A.3 hold. Then,

- Llog(Tb)
Bun=Pimn| = O ( T)

o . Llog(Tb)
'Bz(m, n— IBZ(m. ) H =0p ( T—b)

Theorem 2 indicates that ,3

i

(i) max max max ‘
1<t<T 1<I<L1<m<M

(i) max max max
1<t<T1<I<L1<m<M

'om,y and its leave-h-out counterpart Et(m, ;) are

asymptotically equivalent, both of which converge to ,BAI*(m ;) uniformly at the rate
/Llog(Tbh)/Tb. In a nonparametric regression setting, the uniform convergence
rate relies on the effective sample size in the interval [# — Tb, t+ Tb] and the number
of predictors L.

In a data-rich environment, forecasting using all possible models in a complete
subset of size [ is typically too profligate. For example, in the case of L = 15
and [ = 6, there are Mg = 5005 candidate models. To ease the computational
burden, one can run only a portion of all regressions. Specifically, let M be the
maximum number of models to implement the proposed TVCSA method, which
are randomly drawn without replacement from the model space {1, ..., M}. Define

(D) = % ZIWWL:I xtT(m, I)Bt(m,l)’ /“L;F(l) = '&’(l)llél(nnl)zﬁf(m.l), and 'af = A}B’)Iloo M? B <

00. Theorem 3 establishes that the predictors (/) and fi;(]) are asymptotically
equivalent under suitable regularity conditions.

THEOREM 3. Suppose Assumptions A.1-A.3 hold. Let M — oo and (logM)?
log(TL)/M — 0 as T — oo. Moreover, max max wr) — ﬁ?‘(l)’ = 0p(1), and

1<t<T1<I<L

max max max |[x;g.pll = O,(1). Then,
1<t<T 1<m<M 1<I<L

max max |,EL,(I) — /lt(l)| =0,(D).

1<t<T1<I<L

Theorem 3 ensures that the approximation error vanishes under a moderate
diverging condition on M when we replace M with M. It requires M — oo at a
faster rate than log(TL) — oo as T — oo. To see this, let zm,1 = X, , Bri. ) —

T .
E [xt(m »Biim. ,)] and max max |z¢m,n| < Cr. Then, there exist constants C, and V,,

such that

P | max max
1<t<T 1<I<L

M M
1 1
:E >§ | <TL max max P ‘:E ‘>8
M IZI(m,l)‘ - 1<t<T1<I<L M 1Zt(m’l)

=

m=

. CM$?
X — — — —
- P V2M + C2+ CrM§(logM)?

= op(1)7
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if (logM)?log(TL)/M — 0 as T — oo, where the second inequality follows from
the Bernstein inequality. The uniform boundedness assumption on X, ;) in the
model is mild and can be easily verified in practice. In the literature, there is no
theoretical guidance for selecting the specific value of M. In practice, one can use
a screen plot. The TVCSA’s forecast performances are insensitive to the choice of
M when it is moderately large. Hence, like Lee and Shin (2023), we set M = 100
in the empirical section.

To establish the asymptotic optimality of the proposed TVCSA estimator, we
consider the local MSE as follows:

1
Lor() = 7 (A0 = 1)K, (20) — ). (13)

It can be shown that the expectation of the local MSE L, 7([) is asymptotically
equivalent to the MSFE of yr;, given X7 up to a constant. To see this, we let

Rer(l) = Elyren — $r-n(DT?

E[
= E[(ur — fr (D) + 744
~ E[(1e — (D) + 7]
~ E[L, (D] + Ele},,),

where the approximation in the third line follows from Assumption A.1(i) and
the final approximation is because E[L, 7 ()] = E[ STk (52) (D) — p)*1 —
f_ll k(u)duE[(fu,(I) — 11:)*1 = E[({i;(]) — j1:)*]. Therefore, L, 7(I) can be viewed as
an approximately unbiased estimator of the MSFE.

Define a T x T matrix

—1
T T
Xim, 1) ( X KX, 1)) X K

-1
T T

Xz(m,l)( X, KX, z)) Xim, Ko

Py = ,

T T T
| X7(n.1) (X(m, n KrX,, 1)) X(m, 1) KT_

and P(]) = % ZZZI P .- Then, the estimator [1,(I) defined in (6) can be rewritten
as 1,(l) = e,P(l)y, where e, is a 1 x T vector with the ¢th element taking the value
of unity and other elements zeros. S1m11arly, the leave-/-out estimator fi,(/) can be
rewritten as [i;(l) = e,P(l)y, where P(l) =13 Z P(m p» and P(m p has zeros near
the diagonal because observations {y[, 4}, X(/jgn, 1)} are removed from the sample.
Put ¢ = (e14p, ... 6741)T and L = {1,...,L7}, and define 2 = E(eeT|x) and
&1 = Thinfie, R, 7(1). Define Ry, 7n,1)y = E[yr+n — 57+h, om n 1%, Where $7-p on1y =
x}(m, D ,éT(m. »- Let £(A) denote the maximum singular value of Matrix A, and
[A]; be the (z,7)th element of Matrix A. We now impose the following regularity
conditions.
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Assumption A.4.

(i) £(Q) < C < oc.

(i) lim max max C(Ponp) < C, and lim max max ;(P(m n) < C, almost
T—ool<I<Ll1<m<M T—ool<I<L1<m<M

surely (a.s.).

Assumption A.5. For any given time ¢,

(i) &7 supye, tr (PTOPWD) = 0,(1);

(ii) 5,,_72 21’1'1/1:1 Ritmn — 0, a.s.,as T — oo;
(iii) the local average of M; satisfies (7h)~! /,LTK,,LL 0(1) as.,as T — o0;
(v) pi = max max max [Ponple =O(T~'b7") and b~! le —0as T — 0.

Assumption A.4(i) is similar to Condition (12) in Zhang et al. (2013). It requires
the largest singular value of the error covariance matrix 2 to be bounded as 7 —
oo. The first part of Assumption A.4(ii) is rather mild because typical estimators
satisfy the condition that the maximum singular values of the projection matrices
are bounded (e.g., the OLS estimator and the kernel smoothing estimator), which is
similar to Condition (A.3) in Hansen and Racine (2012). The second part of A.4(ii)
imposes a similar condition on the leave-A-out estimators.

Assumption A.5(i) is an analog of Condition (22) in Zhang et al. (2013) and
Assumption 10 in Sun et al. (2021), implying that bias dominates risk. Therefore,
the conditional risk measure R, 7(/) is equivalent to £, 7(/) when data are strictly
stationary and weakly temporally dependent. To ensure that Assumption A.5(i)
holds, we restrict the number of regressors L — oo at a slower rate than that of
the infimum risk & r — oco. As Hansen (2007) noted, the condition & r — oo
implies that the candidate models cannot include the true model (i.e., all candidate
models are misspecified) and &, r diverges quickly enough, because &, 7 does not
increase with the sample size T if there exist correctly specified models. In practice,
it is reasonable to assume that all candidate models are the approximations to the
unknown true DGP. Similar to Kabaila (2002) and Wan, Zhang, and Zou (2010),
we provide an example under which Assumption 5(i) holds. Specifically, let y,.,;, =
fe +&rin = f () + Ern, Where f(x) = 3%, 6rcos((I — D)x,) /1 and x; = 27 (1 —
1)/T. Here, the random errors &, are i.i.d. N(0,1). Suppose 6, = T-131-712,
one can show that Assumption A.5(i) is satisfied if L = o(logT) similar to Wan
et al. (2010). We note that when the number L of predictors is finite, Assumption
5(i) holds trivially. Especially, because the number M of candidate models and the
number [ of variables in the candidate models depend on L, we do not need to
control their divergence rates.

Assumption A.5(ii) imposes a restriction on the growth rate of the infimum risk
& r and maximum risk of an individual model. This assumption is similar to the
convergence condition in Sun et al.’s (2021) Assumption 6', Zhang et al.’s (2013)
Condition 13 and Wan et al.’s (2010) Condition 8. Let n; 7 = maxi<u<m R, 7(m,1)-
This assumption implies that M’?t,Tét,_Tz — 0, that is, SfT — 00 at a faster rate
than Mn, 7 — oo, as T — oo. In this study, the number of candidate models is
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M=L!/[I!(L—1)!] < 2% in a complete subset, which is determined by the total
number of regressors L = O(logTh) from Assumption 3(i). Like Ando and Li
(2014) and Sun et al. (2021), given & 7 — oo with the rate T'~° for § < 1/2,
Assumption 5(ii) holds if n; 7 = O(Tb). Assumption 5(ii) also implies that the risk
of each individual model cannot explode too quickly. This is crucial for model-
averaging methods with non-nested models. Like Wan et al. (2010), this condition
can be ensured by removing the uninformative variables that have poor forecasting
abilities at the outset prior to model averaging. In practice, when there are many
candidate variables in a complete subset, one could apply variable screening
methods to remove uninformative variables before model averaging (e.g., Yuan
and Yang, 2005; Elliott et al., 2013).

We note that Assumptions A.5(i)—(ii) are stronger than those of Hansen (2007)
and Hansen and Racine (2012). However, they only consider discrete weights and
require that the candidate models be sequentially nested. The nested candidate
models depend on the ordering of regressors; however, there is no clear justification
for the ordering. We consider a general weight set and allow the candidate models
to be non-nested.

Assumption A.5(iii) implies that the local average of 12 is bounded, which is the
same as Assumption 11 of Sun et al. (2021). In Assumption A.5(iv), p;; is defined
based on index setsof r € {1,..., T}, me{l,...,M},and [ € {1,...,L}. It requires
the weight pj; — 0 for all candidate models, which excludes extremely unbalanced
designs in which only one observation remains relevant asymptotically. This
condition is typical of the application of CV in model selection and averaging
literature (e.g., Li, 1987; Hansen and Racine, 2012; Zhang et al., 2013; Sun et al.,
2021).

Theorem 4 establishes the asymptotic optimality of the proposed TVCSA
estimator.

THEOREM 4. Suppose Assumptions A.1-A.5 hold. Then, at any given time t,

Lirl)  »p
——— > 1,as T — o0.
infjer, £, 7())
Theorem 4 implies that the TVCSA-selected subset size 1, is asymptotically
optimal in the sense that it is asymptotically equivalent to the infeasible best
subset size for minimizing £, 7. This finding implies that the TVCSA estimator is
asymptotically optimal in a class of model-averaging estimators constructed from
a complete subset of time-varying parameter regression models. This asymptotic
optimality is nearly the same as that of Lee and Shin (2023); however, they restrict
the subset size to a constant value over the entire sample period. Sun et al. (2021)
established asymptotic optimality for optimal time-varying weights in an optimal
weighting scenario. However, their results are conditional on the original set of
estimators chosen by the researcher. Our asymptotic optimality is unconditional
because the proposed TVCSA method considers all complete subsets once the total
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number of predictors L is given. We would like to emphasize that our optimality
criterion is the one for (out-of-sample) forecast accuracy performance as measured
by the squared forecast error loss, not the criterion for weight estimation efficiency.

The proposed TVCSA uses an equal-weighting combination scheme to combine
forecasts within a complete subset. We do not attempt to use the optimal weighting
schemes due to the well-known stylized fact that a simple combination of point
forecasts often outperforms sophisticated weighting combinations, which is known
as the “forecast combination puzzle” (e.g., Stock and Watson, 1999, 2003, 2004).
This is likely due to the increase in variance in the estimation of optimal weights,
especially when the number of candidate models M is rather large (e.g., Claeskens
etal., 2016).

As an important theoretical contribution, this study provides a formal theoretical
explanation for the “forecast combination puzzle” in a nonparametric framework
by comparing the efficiency loss of model-averaging estimators using estimated
optimal weights and equal weights, respectively. Put F; r(w,) := E[L, (W],
where L, r(w,) is a locally weighted loss function. An example used by Sun et al.
(2021) is the local quadratic loss £, 7(w;) = (i(w;) — )T K;(fu(w;) — ). The
infeasible optimal weight vector is defined as follows:

W*

;= argmin F; 7(W,),

wieHM—1
where HM=! = {w, € [0,11™ : Z%: | wi' = 1}. The estimated optimal weight vector
W, is obtained by minimizing £, 7(w;). Denote 7; := W, — w; as the estimation
errors, and let W := M~'1, be an equal-weighting vector, where 1,; represents an
M-dimensional unit vector. We impose the following regularity conditions.

Assumption A.6. For any given time ¢,

() F,r(w) is twice differentiable with respect to w in HM~! and
SUPy, 7M1 IIVzF, 7(W,)|| < C < oo uniformly in M;

(i) E(1;) =0, 0 = min min Var(n") >0,ando Un = max max Var(n]") < oo,
1<t<T1<m< 1<t<T 1<m<M

where 7" is the mth element of 7;.

Assumption A.6(i) implies that the eigenvalues of the matrix V,F,7(W,)
are absolutely summable, that is, Zf,f:, [Am| < oo since |[VoFr(w,)| =
(Zm_ Az 172 where the A,,’s are eigenvalues of V,F; 7(w;,). This condition holds
for conventlonal loss functions, such as the quadratic loss function (e.g., Sun et al.,
2021). Assumption A.6(ii) imposes a condition on the weights to exclude the
nonstochastic equal-weighting case. Theorem 5 establishes a general framework
for comparing the efficiency loss between using equal weights and estimated
optimal weights.

THEOREM 5. Suppose Assumption A.6 holds. Let A, = inf, liminfy,inf,, Amin
(VZF,,T(W,)) and Moy = sup, limsup,, Sup,, Amax (VQFLT(Wt)). Then,
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(i) max |F,7(9) = FLr W) < Shmax (1 =M

.. R ~ 1
(if) min EIF,7(%) = Firv))| = 3hminMo2.

Theorem 5 shows that the difference between the expected loss using the equal
weights and that using the infeasible optimal weights is uniformly smaller than
the upper bound %Xmax as M increases. The upper bound %Xmax depends on the
functional form of the loss function. For example, we take the local quadratic
loss function in this study: F; 7(w,) = E[w, (& — )K; (L — £)Tw,]. In contrast,
the lower bound of the difference between the expected loss using the infeasible
optimal weights and that using the estimated optimal weights may diverge to
infinity if Mg%l — 00. To ensure the convergence of the difference, one should
guarantee that the convergence rate of the variance ¢ f] is faster than the divergence
rate of the number of candidate models M. This is difficult to satisfy in a data-
rich environment because M is often rather large. Therefore, the model averaging
with an equal-weighting scheme is expected to outperform the one with estimated
optimal weights in situations where M is relatively large.

For the special case of the local quadratic loss function, we can strictly establish
the optimality of the TVCSA estimator relative to the model-averaging estimator
using a sophisticated weighting scheme, as stated in Corollary 1.

COROLLARY 1. Let X, :=E(e(w;)K,e(w;)T) such that 1rna><TAmax(E,) < 0. Then,
<i<

at any given time t,

|F, (W) —F r(w))| — 0 as M — oo.

Corollary 1 shows that under the special case of the local quadratic loss function,
the proposed TVCSA estimator that uses equal weights is asymptotically equiva-
lent to the estimator using the infeasible optimal weights in terms of minimizing
the expected loss as M — oo. Intuitively, the efficiency loss caused by using the
estimated optimal weights w, diverges to infinity as M — oo unless the variance
anz of the estimated weight converges to zero uniformly, which results in an equal-
weighting scheme. Thus, Corollary | implies that there is essentially no theoretical
gain from model averaging with the use of estimated optimal weights as the number

of candidate models M increases to infinity.

4. EXTENSION TO HIGH-DIMENSIONAL PREDICTORS

It is well known that when the number of predictors is relatively large, nonparamet-
ric smoothing suffers from the so-called “curse of dimensionality” problem. The
direct use of nonparametric methods may lead to poor estimation and prediction
results because of collinearity or numerical instability problems (Chen et al.,
2018). If the number of predictors exceeds the sample size, these problems become
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worse because of the lack of model identifiability. Thus, dimension reduction
methods are often used before model-averaging forecasting.

As summarized by Ng (2013), two classes of dimension reduction strategies
are typically used in forecasting scenarios: a sparse class that assumes that the
predictor set is sparse, including Tibshirani’s (1996) LASSO and Fan and Li’s
(2001) SCAD; and a dense class that assumes that the predictors have a low rank
representation, including Bai and Ng’s (2002) PCA and Kelly and Pruitt’s (2015)
partial least squares. The sparsity assumption is quite restrictive in forecasting
models where the number of potentially relevant predictors is large because
regularization methods only select strong signals and ignore weak predictors.

In this study, we extract a few common factors to reduce the dimension of
the predictor set prior to model averaging, which can summarize the information
contained in a large set of predictors. Specifically, suppose x;, has a factor structure
as follows:
xi=MF,+e,i=12..L, 14)

i’

where F; is an R x 1 vector of unobserved factors, A; is a vector of factor
loadings associated with F,, product A]F, is the common component, and e;; is
the idiosyncratic component with zero mean. Here, for simplicity, the number of
factors R is assumed to be known. In practice, we can obtain a consistent estimate
for R using information criteria (e.g., Bai and Ng, 2002).

Once we obtain the common factor F;, we construct the predictive regression as
follows:

yz+h=FrTot,+8t+h,t=1,2,...,T, 15)

where o, := «(¢/T) is the R x 1 time-varying regression coefficient vector and
is twice differentiable with bounded derivatives. Since F; is unobservable, we
consider a two-step procedure: First, we estimate F; via (14) and denote it as ’15,;
second, we regress y,y;, on /I*:, to obtain the coefficient estimate &;, from which a
forecast ji, = F| @, can be formed.

Specifically, in the first step, we estimate the factors F, using the commonly used
PCA approach. As shown by Bai and Ng (2002), the estimated factors are con-
sistent under some mild conditions. Therefore, the factor approach could extract
most of the useful information from the original data using only a few factors and
achieve dimension reduction before the second step of model averaging. In the
second step, we apply the proposed TVCSA method as in Section 2, with the only
exception that the original potential predictors X, are now replaced by the estimated
factors /P:,. Specifically, the (m, r)th candidate forecasting model can be formulated
as follows:

Yi+h = Fz-lém, r)at(m, r) + €t+h, (m,r)» (16)

where Fy,, ) 18 an r x 1 vector of factors, and €,, (n, ) 1S an unobservable error with
zero mean. Since Fy,, » is latent, we replace it with an r x 1 vector of “generated
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factor” and consider the following feasible forecasting model:

Yi+h = Ft.Em r)at(m, ) + €r-+h, (m,r)- (17)

We obtain a consistent estimator of oy, by solving the local least-squares
minimization problem as follows:

t+|Tb)

_~ 2
N _ . T
Arm,r) = argmlr} Z (th _Fs(m,r)a(m,r)) K. (18)
A(m,r) eR s=t—|Tb]

The solution to the above minimization problem is given by

~ ~ -1
Qr(m,r) = (F(Tm,r)KtF(mJ)> F;rm,r)Kty’ (19)

where f(m, P = (?1 Omr)s -« ,?T(m, ) T. &som, ry 1s called a “two-step” estimator. Given
r, the factor TVCSA estimator for the conditional mean w, is defined as follows:

M,
. 1 o
fi(r) = Mﬂ;m(m,r>, (20)

where Ly, ) = ’Fl{m r)&l(m, , and M, =R!/[r! (R—r)!]. We then obtain the optimal

time-varying subset size r, by minimizing the following LLHCV criterion:

7y =argmin CV, 7(r) = (y — a(r) K, (y — a(r)), 21

1<r<R

where (r) = (fu1(r),...,7(r))T is the leave-h-out estimator for p. The final
factor TVCSA estimator of i, at any time ¢ is given by ft,(7;).

To investigate the asymptotic properties of the proposed TVCSA method using
the estimated factors, we impose the following regularity conditions.

Assumption A.7.

(1) {F.}, {A:i}, and {e;} are jointly independent. Serial dependence within each
group is allowed.

(i) E|F,|* < C,and T' " FFT 5 S5 as T — oo, where S is an R x R
positive definite matrix .

(iii) A; is either deterministic such that ||A;]| < C or stochastic such that E||;||* <
C. In both cases, L' Y% 2.aT 5 %, as L — oo, where X, is an R x R
positive definite matrix.

(iv) The errors e; satisfy that E(e;) = 0 and Ele;|® < C. For every (i,)),
E|L_l/2 Zf:l [eisej, —E(e,-sej,)]|4 <C. Let Ojjst = E(e,-sej,). |GU,st| < 61} for all
(5.0). oyl < Ty forall (ij), L7 Y0 365 < C. T Y 3L ta <C,
and L7771 Y0 Zf:l Y Yo oyl < C.
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Assumption A.8.

t+|7b] T P
(l) Tb ZS =t— |_Tbj v(m r)FY(m,r) - EF! >0asT — oo.
t+|Th] d .
(ii) f XETh K F o n€sinmn — NO, 2k ) as T — oo, where X, . is a
S=1—
positive definite matrix.

(ii) max<,<g Maxi<m<p, Maxi<<7 E| Fyn n |l < C.
(iv) T/(L*b) — Oand Lb — oo as T,L — oo.

Assumption A.7 is standard in factor analysis, which is used to show that the
estimated factors 7’\, are consistent estimators for a rotation of the true factors F,.
Assumption A.7(i) is similar to but weaker than Assumption R(ii) in Cheng and
Hansen (2015). Assumption A.7(ii) is a high-level regularity condition, which can
be shown by imposing more primitive conditions. Assumption A.7(iii) ensures
that there exist R factors that have nontrivial contributions to the variance of x,.
Assumption A.7(iv) allows for weak temporal and cross-section dependence and
heteroskedasticity in the idiosyncratic component. Assumptions A.8(i)—(ii) are
local versions of Bai and Ng’s (2006) Assumption E, which ensure that the time-
varying parameters can be identified. Assumption A.8(ii) is a high-level regularity
condition, which can be shown by imposing more primitive conditions. Assump-
tion A.8(iii) requires the factors to be uniformly bounded. Assumption A.8(iv)
imposes a restriction on the relative growth rates of 7, L, and bandwidth b, which
implies that the estimated factors do not generate a nontrivial asymptotic bias on
the asymptotic distribution of the estimator in the second step.

First, we derive the convergence rate and limiting distribution for the local
constant estimate &y, in the (m,r)th model. Let \7(,,,, » be the r x r diagonal
matrix consisting of r eigenvalues selected from the largest R eigenvalues of
xxT/(TL), where x = (xl, ..., X7). Let Ao,y = (A1, ...,AL)T be the factor-loading
matrix and & = V(mll) (F (m, r)A(m r) /T) (A(m DA /L) be the r x r rotation matrix.

THEOREM 6. Suppose Assumptions A.1(i), A.2(ii)—(iii), A.7, and A.8 hold. Then,
at any given time t,

A~ — 2
\% Tb(al(m, r) — P 1051‘(m, r — b Dt(m, r))

S N(0.07 55 S B g ) as T oo,

where Dt(m,r) = /"Lzat/ém, r)E(CDOFt(m r)Ft-Em r) (D(-)r)_lE(@OFt(m r) t(m r))
Uy = j;ll w?k(u)du, and ®y = plim ®.
T—o00

Theorem 6 implies that the local constant estimator &, ) is ~/Tb consistent,
although it converges to a transformation of o, ) because the true factors F; can
only be identified up to an invertible rotation matrix. Using the estimated factors as
regressors does not affect the consistency of the time-varying parameter estimates.
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We now study the asymptotic optimality property of the proposed TVCSA esti-
mator in the presence of  estimated factors. ~ Denote
P(m r = (m r)(F(m r) (m r)) F(m r)K[7 P(m r) = P(m 1)|F(m A= F(m » and P(m r) =
F [—Am.r) (F “aomn K[ r]F o) Flgomn Ky We impose the following
regularity cond1t10ns

Assumption A.9.

(i) For certain positive constants ¢; and ¢, 0 < ¢] < Amin(ﬁF };(m )_)K,F dmr) <
max(le })(m r)K,F »(m,r) < 2 < 0o with probability approaching 1 as 7 —

00, where Fo gy, ) := @Fy, ) 18 a rotation of Fy, ).
(ii) Forl<r<Rand 1 <m=<M,, hm {(P(m ») < 00, hm ;(P(m ») < 00, and

lim {(P(m,,)) < 00.
T—o0

(iii) RE; = 0,(1) and RuTp& 7 = 0,(1), where & r = Thinf <,z E(Et ().

(iv) For any given time ¢, p;; = max max max [P, »ly = Op(T™ b1,
1<r<R1<m<M,1<t<T

Assumption A.9(i) is similar to Conditions (C.2)—(C.3) in Zhang et al. (2020).
Assumption A.9(ii) is similar to Assumption A.4(ii) in Section 3. Assump-
tion A.9(iii) requires tr(PT(r)P(r))uTp — oo at a slower rate than EI?T — 00.
This condition imposes restrictions on the growth rate of the number of factors
R. Assumption A.9(iv) is similar to Condition (C.9) of Sun et al. (2023), which is
related to CV methods.

THEOREM 7. Suppose Assumptions A.l(i), A.2(ii)—(iii), A.5(iii), and A.7-A.9
hold. Then, at any given time t,

L r(7)

p
— Y S lasT— oo.
infi<,<g L, 7(r)

Theorem 7 establishes the asymptotic optimality of the proposed TVCSA
method in the presence of estimated factors. Therefore, the generated factors do
not affect the asymptotic optimality of the TVCSA method. This result extends
Theorem 4 to high-dimensional cases where the number of regressors may exceed
the sample size.

5. MONTE CARLO SIMULATIONS
In this section, we use Monte Carlo simulations to examine the finite-sample
performance of the proposed TVCSA method. The DGPs take the following form:

1000

Yi+1 = Mf+8[+1 = ZﬁiF(t)xit+gt+ls 1= 15 ”'3T7
i=1

where 7 = t/T. Following Zhang et al. (2013), we set f; = cv/2ai %"!/? with
¢ > 0and @ = 0.5. The parameter c is selected to render the population coefficient
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of determination R> = ¢?/(1 4+ ¢?) to vary on a grid. We set x;, = 1 to be the
intercept, which is always included in each candidate model. We consider two
typical settings for the remaining regressors: (i) {x;,i > 2} are generated from
a multivariate normal distribution N(0, X), where the diagonal elements of ¥
are 1 and the off-diagonal elements are p. Thus, the regressors are positively
correlated when p > 0, and mutually independent of each other when p = 0; (ii)
xit = 0.5x;¢—1) + vit, where {v;;,i > 2} ~ N(0, ). This design allows the regressors
to have both temporal and cross-sectional dependencies. We consider two types
of non-Gaussian error processes’: (i) Heavy-tailed process: &, ~ i.i.d.t(3); (ii)
GARCH(1,1) process: €41 = 0141, 04, = 0.5+ 0.1067 +0.8¢7, and w1y ~
i.i.d.N(0,1). For a robustness check, we consider six DGPs with various time-
varying coefficients F(t) as follows:

DGP 1 (Smooth transition changes): F(t) = 7°.

DGP 2 (Periodic smooth changes): F() = sin(7 7).

DGP 3 (Single structural break): F(t) =0.1+1(z > 0.2).

DGP 4 (Smooth structural changes): F(t) = 1.5 — 1.5exp(=3(z —0.2)?).

DGP 5 (Multiple structural breaks): F(t) =0.140.51(0.2 <t <0.5)+I(t >
0.5).

The coefficient function F(7) is designed to change smoothly as the sample size T
increases in DGPs 1, 2, and 4, whereas F(7) changes abruptly at certain points in
DGPs 3 and 5. Following one referee’s suggestion, we include the time-invariant
DGP 6 to show the costs of complicating the model:

DGP 6 (No structural change): F(r) =0.5.

To implement the kernel regression estimator, we use the Epanechnikov kernel,
which is shown to be the optimal kernel function for minimizing the asymptotic
MSE. The bandwidth b is determined by a rule-of-thumb bandwidth selector for
the Epanechnikov kernel, that is, b = 2.34sT~"/3 with s = 1/+/12 (e.g., Chen and
Hong, 2012). The scale factor 1/ V12 can be regarded as the standard deviation of
the standard uniform distribution U(0, 1), which can be regarded as the limiting
distribution of grid points /7T, t=1,...,T, as T — co. We consider two sample
sizes: T = 50 and 150. The number of candidate regressors is set to L = 4 |In(7b) |
where | -] denotes the integer part of a real number, resulting in L = 8 and 12 for
T =50 and 150, respectively. Moreover, computing forecasts based on all models
is rather demanding, even when L = 8. Hence, we randomly draw M models
without replacement from the model space if M = L! /[I!(L—D!] > M: otherwise,
we use the complete subset. In this study, we set the maximum number of sub-
models in each complete subset to M = 100 (e.g., Lee and Shin, 2023).

3The results under Gaussian and conditionally homoscedastic errors are available upon request.
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We compare (1) the proposed TVCSA estimator with several popular model-
averaging estimators in the literature, including (2) Sun et al.’s (2021) TVIMA
estimator,* (3) Cai and Tiwari’s (2000) SAICc, (4) Elliott et al.’s (2013) CSR
estimator, (5) Hansen and Racine’s (2012) JMA estimator, (6) Buckland et al.’s
(1997) SAIC, and (7) a smoothed Bayesian information criterion (SBIC). Both
the TVIMA and SAICc estimators are based on local constant estimators with
time-varying combination weights, whereas the other estimators are based on
conventional linear regressions with time-invariant weights. The TVIMA and JIMA
adopt optimal weights by minimizing the LOOCYV criteria. The CSR method uses
equal-weighting combinations. We consider two special cases: / =1 and [ = 2,
where the former corresponds to the univariate forecast combinations of Rapach
et al. (2010) and the latter is shown to be almost the best by Elliott et al. (2013).
The SAICc, SAIC, and SBIC methods use weights that are inversely proportional
to certain information criteria, namely AICc = In RSS + (T 4 tr(S5)) /(T — (tr(S) +
2)), AIC = TIn(62) + 2tr(S), and BIC = TIn(6?) + In(T)tr(S), where RSS =
Zthl (: — 3%, 6% =RSS/T, and tr(S) denotes the number of parameters to be
estimated in the model. They are referred to as “smoothed” averaging due to
the exponential weighting form w,, = exp(—0.51,)/ ZZ:] exp(—0.51,), where
I, is an information criterion for the mth model. Except for the CSA and
the proposed TVCSA, the set of candidate models used for all other alterna-
tive weighting methods is generated in an encompassing manner; for example,
{xih i x2e), oo X - X120}

We vary R? = {0.1,0.2,...,0.9} and p = {0,0.1,0.2,...,0.9} to investigate
the performance of the various model-averaging estimators. To assess forecast
accuracy, we follow Hansen and Racine (2012) and Sun et al. (2023) and compute
the risk (expected squared error) defined as follows:

J
T A o) — 1P,
j=1

where J = 1000 is the number of Monte Carlo replications, ;1? (w) is the predicted
value by a specific model-averaging method in the jth replication, and H“(T]') is the
true value of the conditional expectation E(yr41|x7).

Figures 14 report forecast results of various model-averaging estimators under
DGP 1 when the sample size 7 = 50 and 150. The results are displayed over
R?> =1{0.1,0.2,...,0.9} in Figures 1 and 2 and over p = {0,0.1,0.2,...,0.9} in
Figures 3 and 4.° The four panels in each group display the results under various
regressor and error settings. Overall, the proposed TVCSA method outperforms
its peers in terms of the quadratic risk under nearly all DGP designs. First,

4We would like to thank Youngki Shin and Yuying Sun for sharing their codes.

SWe note that forecast results under DGPs 2—6 are similar to those under DGP 1. To save space, we only report the
results under DGP 1 in the main text and put the results under DGPs 4-5 in the Supplementary Material. The results
under DGPs 2, 3, and 6 are available upon request.
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Setting (i), Heavy-tailed process Setting (i), Heavy-tailed process
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FIGURE 1. Forecast accuracy over various R? under DGP 1 (Smooth transition change) with T = 50.
Note: (1) Setting (i): {x;} is generated from a multivariate normal distribution N(0, X), where the
diagonal elements of ¥ are 1 and the off-diagonal elements are p; and (ii) x;; = 0.5xi¢—1) + Vir,
where {vy,i >2} ~ N(0, ). (2) Heavy-tailed process: &,4+1 ~ i.i.d.t(3); GARCH(1,1) process: &;+1 =
Ot 1Us+1, JEH =05+ 0.10,2 + 0.88,2, and w1 ~ i.i.d.N(0, 1). (3) The y-axis shows the quadratic risk
of various model-averaging methods, including the proposed TVCSA, Sun et al.’s (2021) TVIMA,
Cai and Tiwari’s (2000) SAICc, Elliott et al.’s (2013) CSR with / = 1 and 2, Hansen and Racine’s
(2012) JMA, and averaging estimators based on the AIC and BIC criteria. (4) The x-axis represents
the population coefficient of determination RZ. We vary R? = {0.1,0.2, ...,0.9} while fixing p to 0.5.

we note that the performance of CSRI1 (i.e., [ = 1) seems to be the worst.
This method corresponds to a simple equal-weighting combination of all pos-
sible univariate models. CSR2 (I = 2) performs slightly better than CSR1. One
possible explanation is that the combination of the two-variate models has a
lower bias than that of the individual univariate models, which is consistent with
the findings of Elliott et al. (2013). Second, the time-varying model-averaging
methods (TVCSA, TVIMA, and SAICc) display better performance than the time-
invariant model-averaging methods (CSR1, CSR2, JMA, SAIC, and SBIC) under
DGPs 1-5, as is expected. This happens because these time-invariant methods
ignore possible structural changes in parameters under these DGPs. Moreover, the
performances of the TVIMA and SAICc estimators are indistinguishable in most
cases, and a gain in forecast accuracy can be achieved from the TVCSA. Under
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F1GURE 2. Forecast accuracy over various R2 under DGP 1 (Smooth transition change) with 7' = 150.
Note: (1) Setting (i): {x;;} is generated from a multivariate normal distribution N(0, X), where the
diagonal elements of ¥ are 1 and the off-diagonal elements are p; and (ii) x;; = 0.5xi¢—1) + Vir,
where {vj,i >2} ~ N(0, X). (2) Heavy-tailed process: ;41 ~ i.i.d.t(3); GARCH(1,1) process: &;4+1 =
Orp1Urt1, Ut2+1 =05+ 0.1(7,2 + 0.88,2, and uyy1 ~ i.i.d.N(0,1). (3) The y-axis shows the quadratic risk
of various model-averaging methods, including the proposed TVCSA, Sun et al.’s (2021) TVIMA,
Cai and Tiwari’s (2000) SAICc, Elliott et al.’s (2013) CSR with / = 1 and 2, Hansen and Racine’s
(2012) JMA, and averaging estimators based on the AIC and BIC criteria. (4) The x-axis represents
the population coefficient of determination R%. We vary R? = {0.1,0.2,...,0.9} while fixing p to 0.5.

DGP 6, the gap between the forecast performance of time-varying coefficient
model-averaging methods and fixed coefficient model-averaging methods narrows
slightly. However, the time-invariant model-averaging methods do not perform
particularly well in this setup. This can be explained as follows: Although the
smoothed nonparametric time-varying weighting model-averaging estimator is
not as efficient as the fixed-weighting model-averaging estimator under DGP 6,
both of them are consistent, and their out-of-sample MSEs converge to the same
population MSE at the same convergence rate.

We also investigate the effects of various degrees of smoothing using bandwidths
b = cb with ¢ = 0.8 and 1.2, where b = f)—%T’I/S.6 It is well known that the

OThe results using bandwidths b =0.8b and 1.2b are available upon request.
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Setting (i), Heavy-tailed process Setting (i), Heavy-tailed process

3.60

F1GURE 3. Forecast accuracy over various p under DGP 1 (Smooth transition change) with 7' = 50.
Note: (1) Setting (i): {x;;} is generated from a multivariate normal distribution N(0, X), where the
diagonal elements of ¥ are 1 and the off-diagonal elements are p; and (ii) x;; = 0.5xi¢—1) + Vir,
where {vj,i >2} ~ N(0, X). (2) Heavy-tailed process: ;41 ~ i.i.d.t(3); GARCH(1,1) process: &;4+1 =
Orp1Urt1, Jtzﬂ =05+ 0.1(7,2 + 0.88,2, and uyy1 ~ i.i.d.N(0,1). (3) The y-axis shows the quadratic risk
of various model-averaging methods, including the proposed TVCSA, Sun et al.’s (2021) TVIMA,
Cai and Tiwari’s (2000) SAICc, Elliott et al.’s (2013) CSR with / = 1 and 2, Hansen and Racine’s
(2012) JMA, and averaging estimators based on the AIC and BIC criteria. (4) The x-axis controls the
correlation of regressors. We vary p = {0.0,0.1,0.2, ...,0.9} while fixing R?t00.5.

choice of bandwidth reflects a trade-off between estimation bias and variance: a
smaller (larger) bandwidth would reduce (increase) the bias but increase (reduce)
the variance. We note that using various bandwidths mildly impacts the forecast
accuracy; however, TVCSA still yields the best performance. Following one
referee’s suggestion, the regressors could be persistent in economic and financial
applications. Therefore, we provide a Monte Carlo simulation study under Setting
(iii), in which the regressors are generated by the random walk processes, that
1S, Xt = Xij4—1y + vir. Figures S9 and S10 in the Supplementary Material report
the simulation results under DGPs 1-6 with Setting (iii). Evidently, the TVCSA
outperforms the competing methods.
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FIGURE 4. Forecast accuracy over various p under DGP 1 (Smooth transition change) with 7' = 150.
Note: (1) Setting (i): {x;;} is generated from a multivariate normal distribution N(0, X), where the
diagonal elements of ¥ are 1 and the off-diagonal elements are p; and (ii) x;; = 0.5xi¢—1) + Vir,
where {vj,i >2} ~ N(0, X). (2) Heavy-tailed process: ;41 ~ i.i.d.t(3); GARCH(1,1) process: &;4+1 =
Orp1Urt1, Ut2+1 =05+ 0.1(7,2 + 0.88,2, and uyy1 ~ i.i.d.N(0,1). (3) The y-axis shows the quadratic risk
of various model-averaging methods, including the proposed TVCSA, Sun et al.’s (2021) TVIMA,
Cai and Tiwari’s (2000) SAICc, Elliott et al.’s (2013) CSR with / = 1 and 2, Hansen and Racine’s
(2012) JMA, and averaging estimators based on the AIC and BIC criteria. (4) The x-axis controls the
correlation of regressors. We vary p = {0.0,0.1,0.2, ...,0.9} while fixing R?t00.5.

In summary, the proposed TVCSA method performs quite well compared to
competing methods for a range of DGPs, population R?, and the correlation of
regressors p, implying great application prospects in economics and finance.

6. EMPIRICAL APPLICATIONS

In this section, we use the proposed TVCSA method to predict equity premiums
and inflation rates, which are among the most prominent variables in empirical
studies in macroeconomics and finance. The two variables exhibit different time-
series characteristics. Specifically, the equity premium series appears stationary
except for a few outliers, and the inflation rate series is sensitive to the effects of
policy changes.
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6.1. Equity Premium Forecasting

This subsection provides an empirical application to equity premium forecasting.
A vast body of literature exists on this topic and many types of predictors have
been considered, including macroeconomic (Chava, Gallmeyer, and Park, 2015),
sentiment (Hirshleifer, Hou, and Teoh, 2009), and commodities (Driesprong,
Jacobsen, and Maat, 2008). However, no consensus has been reached on whether
they can improve the accuracy of stock forecasts. Welch and Goyal (2008) showed
that prominent predictors from earlier academic literature failed to outperform
the historical average in terms of both in-sample and out-of-sample predictability.
Their study was conservative because they ignored prior information and assumed
that the underlying model was well-specified. Campbell and Thompson (2008)
argued that most of these variables can yield better out-of-sample forecasting
performance using restricted regressions. Recent studies have attempted to com-
bine forecasts from possible predictive models to address model uncertainty and
parameter instability, indicating that forecasting combinations generate better
out-of-sample forecasts than the historical average (e.g., Rapach et al., 2010;
Meligkotsidou et al., 2014; Sun et al., 2021).

We compare the performance of U.S. equity premium forecasts using the pro-
posed TVCSA method against competing alternatives, including Sun etal.’s (2021)
TVIMA, Cai and Tiwari’s (2000) SAICc, Elliott et al.’s (2013) CSR, Hansen and
Racine’s (2012) JMA, and Buckland et al’s (1997) SAIC, and SBIC. We also
consider the proposed TVCSA with a fixed number of regressors, including the
simple averaging of time-varying univariate regressions (SA) and a full model with
time-varying parameters (FULL). The predictive regression model is formulated
as follows:

yl+1=at+x;rﬁ[+81+lv t=1927""T15 (22)

where y,; is the equity premium calculated as the difference between the con-
tinuously compounded S&P 500 returns (including dividends) and the 3-month
Treasury-Bill rate. x; is a set of predictors related to stock characteristics, interest
rates, and macroeconomic indicators. We consider 13 financial and economic
variables frequently explored in the literature: log dividend price ratio (dp), log
dividend yield (dy), log earnings price ratio (ep), book-to-market ratio (bm), stock
variance (svar), net equity expansion (ntis), treasury-bill rate (tbl), long-term return
(Itr), term spread (tms), default yield spread (dfy), default return spread (dfr), infla-
tion (infl), and investment capital ratio (ik). Model (22) may be unbalanced because
the regressand y, | is more likely to be a random noise, whereas the regressors may
be rather persistent. Unbalancing issues often arise in the context of predictive
regression and can be attenuated by considering a nonlinear transformation of
the regressors (Phillips, 2015). Time-varying parameter regression models can be
regarded as special nonlinear transformations if we let the nonlinear transformation
be fi(x,) = x] B;. Here, the regressors involving long memory or near-unit root
behavior violate Assumption A.1. Following one referee’s suggestion, we conduct
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a simulation experiment to evaluate the performance of the model-averaging
estimators in this setting and find that the proposed TVCSA estimator performs
satisfactorily (see Section 5 for a detailed discussion). It remains a challenge to
examine model averaging with various degrees of persistence in the predictors,
which is beyond the scope of this study and left for future research.

Quarterly data are obtained from Welch and Goyal (2008) and cover the
period from 194701 to 202204 with T = 304. We use a sub-sample size 7} to
calculate a one-period-ahead forecast of the equity premium, and the remaining
T — T, observations to evaluate the prediction accuracy recursively. The estimation
sample sizes are varied over the 71 = {56, 68, 80,92, 116, 140} period for robustness
check. For time-varying model-averaging methods, the model parameters are
estimated using the local constant method with reflection, where the kernel is
set to the Epanechnikov kernel and the bandwidth 7 = 2.34/ \/ETI_I/ > Note that
the performance of model-averaging methods using unequal weights depends on
the order of candidate regressors. Thus, we order these predictors according to
their absolute values of correlation with the dependent variable and construct 13
nested candidate models: {1,x;},{1,x1,x},...,{1,x1,...,x13}. However, such an
ordering is not required for the TVCSA method. We then compare the forecasting
performances of the various methods using the MSFE measure as follows:

T—1
1
MSFE= —— Drl — 2,
T_TltXT:(Yt-H yt+l)
=11

where ¥, is the one-period-ahead forecast of the equity premium using a specific
method. We also conduct Giacomini and White’s (2006) pairwise tests of the equal
conditional predictive ability (CPA) of the various forecasting methods.

To reduce the computational burden, we set the maximum number of candidate
models for the TVCSA method. Figure 5 displays the out-of-sample MSFEs of
TVCSA under various values of M. It is straightforward to see that the forecast
performances of the TVCSA are not sensitive to the choice of M when it is
moderately large. Hence, we set M = 100 as in Lee and Shin (2023).

Table 1 presents the MSFEs and the forecast standard errors. First, we observe
that the TVCSA method with a time-varying subset size delivers the smallest
MSFE among all methods under study. When the subset size is set to one, the
CSA-based method is equivalent to Rapach and Zhou’s (2013) simple averaging
(i.e., CSR1 in the time-invariant setting). Our findings provide favorable evidence
for instability in both the regression coefficient and the optimal subset size. Many
episodes occur during such long estimation periods; therefore, the relationships
among economic variables may change. For example, stock market disasters (e.g.,
Black Monday in 1987, the 2008 global financial crisis, and the sovereign debt
crisis in 2011) have profound impacts on both stock returns and predictors. By
accounting for possible structural changes, the TVCSA method yields a better

TThe data are available at Amit Goyal’s website.

https://doi.org/10.1017/50266466625000064 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466625000064

578 HAIQI LI ET AL.

T,=56 T,=68
38| T T
36
34f
32}
30}
60 80 100 120 140 160 180 200 60 80 100 120 140 160 160 200

T,=80 T,=92

T e 1.28 T e
60 80 100 120 140 160 180 200 60 80 100 120 140 160 180 200
T,=116 T,=140
tesf 230F

190 2251
220t
1.85
215
1.80 -

T e 210 T
60 80 100 120 140 160 180 200 60 80 100 120 140 160 180 200

FI1GURE 5. MSFEs over the maximum number of models in the forecast combination. The y-axis
displays the MSFE values, and the x-axis shows the maximum number of models. For comparative
purposes, the MSFEs are multiplied by 10,000 when 7 = 56,68, 80, and 1,000 when 7'y =92, 116, 140.

performance than CSR1 and SA. Moreover, compared to the full model (FULL),
TVCSA achieves considerable improvement. One possible explanation is the well-
known bias-variance trade-off; hence, models with either very few or very many
regressors yield the largest squared bias or variance, which is consistent with the
findings of Elliott et al. (2013). Second, TVIMA performs best among the model-
averaging methods with unequal weights, which sheds light on the importance of
time-varying combination weights. Table S1 in the Supplementary Material shows
the results of Giacomini and White’s (2006) CPA tests for various model-averaging
methods. As expected, the CPA tests between TVCSA and the competing methods
are significant in nearly all cases, implying that the TVCSA exhibits a significantly
better performance.

6.2. Inflation Forecasting

Inflation forecasting plays a crucial role in the formulation and implementation
of monetary policies because of its impact on inflation expectations. Since Stock
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TABLE 1. Out-of-sample MSFEs for equity premium forecasts.

T TVCSA TVJMA SAICc CSR1 CSR2 JMA SAIC SBIC SA FULL

56 0.0352 0.2074 0.4132 0.6565 0.6118 0.4767 0.4245 0.6131 0.3976 3.2922
0.14)  (0.61) (0.78) (1.22) (1.12) (0.89) (0.76) (1.11) (3.19) (41.64)
68 0.0577 0.2300 0.4248 0.6558 0.6134 0.4932 0.4449 0.6045 0.4146 1.2509
0.17)  (0.61) (0.76) (1.20) (1.10) (0.91) (0.77) (1.06) (2.92) (25.05)
80 0.0913 0.2458 0.4563 0.6830 0.6429 0.5212 0.4701 0.6228 0.4146 1.2509
0.23)  (0.59) (0.81) (1.23) (1.13) (0.91) (0.81) (1.08) (2.74) (20.22)
92 0.1302 0.2521 0.4894 0.7044 0.6708 0.5669 0.5065 0.6530 0.5050 1.7096
0.28) (0.58) (0.85) (1.26) (1.18) (0.96) (0.88) (1.09) (2.55) (13.28)
116 0.1841 0.2631 0.4907 0.6358 0.6177 0.5614 0.5250 0.6179 0.7641 1.1362
0.34)  (0.51) (0.85) (1.08) (1.06) (0.94) (0.88) (1.07) (2.01) (12.22)
140 0.2261 0.2894 0.5363 0.6688 0.6520 0.5975 0.6017 0.6323 0.9699 1.3364
0.38)  (0.55) (0.93) (1.14) (1.12) (1.01) (1.02) (1.08) (1.80) (10.74)

Note: We perform one-period-ahead rolling-window prediction using fixed 7 data. For comparative
purposes, the MSFEs are multiplied by 100. The numbers in parentheses are the forecast standard
errors.

and Watson (1996), studies have considered structural instability and model
uncertainty in macroeconomic time series relations. Stock and Watson (2007)
discussed the merits of a time-varying univariate model for inflation. Elliott et al.
(2015) showed that the CSR approach yields superior point forecasts for U.S.
inflation, even with many weak predictors. Garcia, Medeiros, and Vasconcelos
(2017) confirmed the superiority of CSR in a data-rich environment. However, as
Medeiros et al. (2021) noted, the relationships among macroeconomic indicators
may be highly nonlinear. Moreover, inflation dynamics are sensitive to monetary
policies and structural breaks, highlighting the necessity for time-varying combi-
nation forecasts. This subsection aims to forecast U.S. inflation using the proposed
TVCSA method.

The data are obtained from the FRED-QD database.® It consists of the 248
macroeconomic series collected from 14 categories, including output and income,
labor market, housing, money and credit, interest rates, exchange rates, and stock
markets, which form the basis for studies that use big data. The data are recorded
at a quarterly frequency, and all variables are transformed to achieve stationarity
before analysis (see the FRED-QD Appendix for details). Our sample begins with
195901 and ends with 202204, with T = 255 observations. Data from 195901 to
200604 (T, = 188) are used as the training set, and those from 2007Q1 — 202204
are used for forecasting. The number of available regressors is too large compared

8Data are available on Michael W. McCracken’s website: https://research.stlouisfed.org/econ/mccracken/fred-
databases/.
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with the sample size, which may lead to the notorious “curse of dimensionality.”
In addition, similarities within exogenous variables pose a significant challenge in
forecasting inflation. Therefore, we compare the proposed factor TVCSA method
with its competing peers (TVIMA, SAICc, CSR1, CSR2, IMA, SAIC, and SBIC).
For the 246 series, only 208 variables with all observations are used to estimate the
factors. The predictive regression model with the estimated factors is as follows:

Tpn =g+ Ff g+ t=1,....T), (23)

where 7., = $ln(P,+h/P,) is the annualized inflation in quarter ¢t 4 h, P; is
the quarterly consumer price index, and ’P:, = (fl,, ... ,ﬁR,)T is an R-dimensional
vector of the estimated factors. The information criterion /C,; in Bai and Ng (2002)
suggest the presence of R = 10 factors. As a robustness check, we also consider the
cases of R =20 and 30. We evaluate combination forecasts over various horizons
h={1,2,3,4} using the following out-of-sample MSFE:

1 T—h A )
MSFE = 7 ;(ﬂwh Tren)’-
Table 2 reports the MSFEs and the forecast standard errors of various model-
averaging methods. Several findings are summarized as follows: First, when the
number of regressors is small, the full model with a time-varying parameter
performs best for short horizons (e.g., R = 10 and & = 1), but it deteriorates
when the forecast horizon /& becomes longer. Second, the performance of a simple
average for all univariate time-varying models (SA) is relatively stable over the
number of factors R and the forecast horizon k. Significantly, it outperforms most
model-averaging methods when R and % are small. This finding is consistent with
the well-known “forecast combination puzzle.” Third, the MSFE results of model-
averaging methods, including the proposed factor TVCSA and its competing peers,
decrease rapidly as the forecast horizon & increases, and the proposed factor
TVCSA estimator yields the smallest forecast errors, especially for long horizons
and high-dimensional regressors. Compared with the SA and Full methods corre-
sponding to the settings r = 1 and r = R, respectively, the factor TVCS A with time-
varying subset size r, achieves an attractive bias-variance trade-off of the combined
forecasts.

Table S2 in the Supplementary Material provides the relative MSFEs and p-
values of Giacomini and White’s (2006) CPA tests for various model-averaging
methods in terms of inflation forecast. As Table S2 in the Supplementary Material
shows, the factor TVCSA performs equally well as the TVIMA, SAICc, and CSR1
when the forecast horizon # = 1. However, the factor TVCS A method significantly
outperforms its competing peers as the forecast horizon 4 increases. Thus, it is
crucial to capture the structural changes in forecast combinations by either the
time-varying model sets as we do in the TVCSA estimator or time-varying weights
for a given set of candidate models as in TVIMA or SAICc.
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TABLE 2. Out-of-sample MSFEs for inflation forecasts.

R h TVCSA TVIMA SAICc CSR1 CSR2 JMA SAIC SBIC SA FULL

101 48711 7.1127 6.7272 13.9288 14.3639 6.6293 7.1567 7.1577 2.0675 1.6700
(12.27) (19.41) (18.24) (19.65) (18.56) (15.44) (15.45) (15.54) (0.57) (3.22)

2 25158 3.9477 4.9021 11.0426 11.6670 4.7916 5.6338 5.5381 2.0575 1.4022
4.97) (8.04) (10.91) (15.92) (15.25) (8.96) (11.09) (10.55) (0.46) (2.91)

3 14025 2.9398 3.4974 9.4171 10.1052 3.3709 4.1596 4.3441 2.0444 1.6603
(2.95) (6.74) (7.38) (13.81) (13.34) (6.48) (8.99) (8.97) (0.45) (1.81)

4 08142 2.2347 2.5877 8.3213 9.0680 2.5606 3.1253 3.4271 2.0414 1.8341
(1.01)  (5.8) (4.97) (12.29) (11.85) (4.55) (6.48) (7.19) (0.43) (1.53)

20 1 25520 6.1798 5.6312 13.9089 14.1570 6.3665 6.7410 7.1081 2.0854 2.4351
(3.86) (16.41) (14.24) (20.14) (19.61) (13.49) (13.19) (13.86) (0.48) (3.91)

2 1.0715 3.6019 4.0902 10.9281 11.2475 4.4749 5.2509 5.3525 2.0813 2.0198
(1.94) (7.37) (8.81) (16.39) (15.98) (8.28) (10.73) (9.81) (0.44) (3.49)

3 0.4882 24774 2.7059 9.2707 9.6970 3.0032 3.7410 4.1232 2.0686 1.7642
0.69) (5.98) (6.03) (14.17) (13.74) (6.18) (8.61) (8.62) (0.42) (2.80)

4 03418 1.8961 1.8119 8.1136 8.5916 2.1327 2.6854 2.9738 2.0592 1.7325
0.53)  (5.21) (3.46) (12.53) (12.57) (3.83) (5.81) (6.17) (0.40) (1.65)

30 1 1.2033 3.3399 4.7903 13.7445 13.7857 6.1350 6.1805 7.1081 2.1072 3.9175
(2.63) (5.98) (11.83) (20.13) (19.57) (12.66) (11.94) (13.86) (0.46) (10.04)

2 0.2333 2.8846 3.4931 10.7354 10.9196 4.1270 3.9223 5.3524 2.0937 1.8608
0.43)  (6.37) (7.44) (16.29) (15.99) (8.00) (8.7) (9.81) (0.45) (5.31)

3 0.1581 2.0608 2.2175 9.0799 9.2453 2.7739 2.4962 4.1232 2.0795 1.1895
0.32) (5.33) (5.12) (14.02) (13.59) (5.89) (6.69) (8.62) (0.43) (3.32)

4 0.1029 1.4744 1.3820 7.9549 8.3577 1.9771 1.7024 2.9738 2.0726 1.5707
(0.25) (4.67) (2.48) (12.45) (12.74) (3.74) (327) (6.17) (0.42) (2.68)

Note: The numbers in parentheses are forecast standard errors.

7. CONCLUSION

This study contributes to the time-varying model-averaging literature by propos-
ing a TVCSA method that accounts for both model uncertainty and parameter
instability. This method estimates a set of candidate models with time-varying
parameters and averages them over complete subsets using an equal-weighting
scheme. All the models can be misspecified, which is more realistic in economics
and finance. The optimal time-varying subset size is selected by minimizing the
LLHCYV criterion. Theoretically, we derive the asymptotic normality and uniform
convergence rates of the time-varying complete subset regression estimator under
smooth structural changes and model misspecification. We further demonstrate
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that the proposed TVCSA estimator, which assigns equal weights to all candidate
models with the same number of regressors, achieves the asymptotic optimality
by attaining the lowest local mean squared error loss. Finally, we propose a
factor TVCSA method and establish the asymptotic optimality when the number
of predictors is relatively large. When the total number of candidate models is
large, we recommend randomly drawing a finite number of candidate models
from each given subset and establish their forecasting equivalence. Monte Carlo
simulations show that the TVCSA method yields better forecasting performance
than existing model-averaging methods with estimated optimal weights. Two
empirical applications of the TVCSA methods to equity premiums and inflation
forecasting illustrate its advantages.

APPENDIX

In this appendix, we provide useful lemmas and technical proofs of the theorems presented
in the main text. Lemmas A.1, A.2, and A.3 are used to show Theorems 1, 4, and 6,
respectively. The proofs of Lemmas A.1, A.2, and A.3 are placed in the Supplementary
Material. Unless otherwise specified, all convergences are considered under the condition
T — oo.

LEMMA A.1. Suppose Assumptions A.1 and A.2(ii)—(iii) hold. Thus, we obtain the
following:
(M) 75 201K Ton = Aund = EGen 0¥, )
D 75 2us=1 8585, 1)*s(m, 1) (m, 1) = LXt(m, )Xy, 1y )5
. P
(ii) TbVar (ﬁ ST KotXsm €5, om, 1)) = B(m,1);
Gii) ~/T5 (5 S0y Ketsm st ) = N, Egnp).

LEMmA A 2. i)(m, n= b(m, 1)) (P(m, 1)) —I7)+ 1T, where IT is an identity matrix, P(m, 1)) and
i’(m, 1) are defined as follows:

—1
T T T
X1 m, ) (x(m,1>K1x<m,1)) * om, K1
1

T T T
*2m,1) (x (m, K% (m, z)) * m, K2

Pampy = ‘ :
xT (xT K. x )7 xI K
L™ T (m, ) \™ (m, )T (m, ) (m,D)™T
- -1
T T T
N (x(m, K 1 1% m, 1)) *m K 1.
-1
T T T
P | *20m0) (x(m,l)K—2,hx(m,1)) XK 2 p
mD = . :

-1
T T T
LXT(m, 1) (x o KT 1% (m, 1)) X nK_1 1
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where K_; j, = diag{Ky, ..., K4—p)1,0,0,...,0, Kt pyss - - -, K7y} are the weighting matrix
for leave-h-out estimation. b(m, p is a matrix with the ith row element

(m, ) (m,D) (m, 1) (m, 1) (m,l) __ (m, 1)
(O’""O’di,i—h’di,i—h+l’""di,i+h—1’di,i+h’0’""0)’ where di,j = 1+pi,j , and
D

i is the (i,j)th element of the matrix P, |).

LEMMA A.3. Suppose Assumptions A.2(ii)—(iii), A.7, and A.8 hold. Then,

() 75 XL Kyl|Fs — @F 1> = Op(max{T~'6~",L'b~"}), as T,L — oo;
(i) 5 Y0 KyFy(Fs — ®F)T = Op(max{T~'b~,L71p~"}), as T,L — oo.

Proof of Theorem 1.
(i) Recall the definitions of ,B;m’ ) =arg min Brm.p €R! E[(y, Th —x;r(m’ ) ,81<m’ 1))2] and

T
3z(m, p = argmin Q¢(By,p) := ZKSZ s+h —XsT(m, 1Bom, 1))2~

Bam,nER s=1

Letar = /1/(Tb) and vy, 1) € R’ such that lV(m, 1y Il = C. To demonstrate Theorem 1(i), it
is sufficient to show that for any given € > 0,

Pr v inﬂ CQ[(ﬂt*(m,l) +aTV(m,l)) > Qt(ﬂ;zm,l)) >1—e.
(m,hI=

Note that

Q1 By, 1y T a1V(m, 1)) = Q1 By, 1)

T T
— T 2 T 2
- Z Kst(yH_h Xm0 (ﬂtﬂZm, I +arvim, l))) - Z Ks’(ys-i-h Xs(m, 1) 'B;‘Em, l))
s=1 s=1
T T
_ T 2. T T
= —2ar Z Kyt (ys+h ~Xs(m, 1) ﬂ;Zm, D )xs(m, HV(m, 1)+ arVim, 1 Z Kstxs(m, nXs(m, DV (m, 1)
s=1 s=1
T
— T
= —=2ar ) Kst Oy =33y Boiom, 1) Xs(m ) Vm, D
s=1
T
+2ar ) Kax ], 1 Bl 1y = Briom, 1)) ¥stm DV D
s=1
T
2. T T
@7V 1y D KX 1y ¥sm )V,
s=1
=1+ 1+11.
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For I, we have E(I) = 0 by the first-order condition of the optimization. By Lemma A.1(i)-
(iD),
T T

Var(l) = 4a%v(Tm, nE Z ZKSthtxs(m, Z)Xl(m, D Es+h, (mDE+h, (m, ) | Vn,D)
s=1:=1

= 4a%(Tb)v£rm’ b Em. V.1
< 40%(Tb))\max (Em.n) Vo, 1) 1%,
For 11, by Assumptions A1(ii) and A2(i), we have

T 2

T
E2ar ) Kstx) i Bl 1y = Briom. 1y ¥s(m. )y Vim. I

s=1

T
2 T
=< 4617— Z('B;k(m, n— ,B;Izm, [))TKs‘txs(m, l)xs(m) ) (ﬁs*(m’ H— ﬁ,*(m 1))
s=1
T

T T
: Z Y om, 1y KstXs(m, ) X5, 1)V (m, )
s=1

2
4G a? s \ﬁj(m,b—ﬁ;zm,,)ﬂ Amax (A, ) 1V )12

ls—t]<

< 4a%(Tb)cx||v<m,z)|| :
For 111, by Assumption A1(ii), we have
HI = &3(Th)ClVim. 1|1
Hence,
Q1B 1y +arv(m ) = Qe (Bl 1)
> @2.(TB)Cy Vi 12 = 2a7 ¥ TBC > [y | = 2a7~/THCY * [y I,

which is positive when [[v(, | is sufficiently large. This implies that a local minimum

exists in the space {,Bt*(m’ n T arvimi 1V pll < €}, such that ngt(m,l) _ﬁt*(m,l) H =

op(ar).
(ii) Note that
T -1 T
ﬁt(m, nH= ZKstxs(m, l)x;r(m, ) ZKstxs(m, DYs+h
s=1 s=1
1 & B r
— T
= ﬁ ;Kstxs(m, l)xx(m, ) Tb Zlthxs(m DYs+h
S= =
—1
1 < T 1 & ;
= T—b ZKsth(m, l)xs(m, I be ZKSfxs(m, 1) (xs(m, [)'Bs(m, I -+ €s+h, (m, 1))
s=1 s=1
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ol

MARivh

—1
1 T
_ T Kstxs(m, HECN))
1 S—t s—1t 2 2
x (b Ksixs(m, l)xv(m ) <ﬁt(m )} +:Bt(m 0 ( ) +l3t(m ) ( > +o(b )))
s

-1
T
1 1
T
" (Tb XEKS’XM D%sm, z>) ( T 2 Kstksom D€s o, 1))
S§=

Il
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~

s=1

T —1
1
_ T
= ﬂt(m, ) + (Tb Zleth(m, DX5(m, 1))
§=

T 2
1 ’ s—t ” s—t
T 2
X (Tb Zleth(m, l)xs(m, I (ﬂt(m,l) ( T ) +ﬂt(m,l) (77, ) +o(b )))
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T -1 T
1 1
+ (Tb ZKstxs(m, l)xg-(m’ 1)) (Tb } KstXg(m, 1) €s+-n, (m, l)) .
s=1 s=1

Therefore, by Lemma A.1, we have

NTbBim, 1y = Bjign, 1y = 12 By, 1)) +0(0)

-1
1 & 1 &
= ™ ZKS‘Ixs(m, l)x;r(m, ) \/7 ZKYIXA (m, 1) €s+h, (m, 1)
s=1

s=1
-1 = -1
= N(O,A(m’ D E(m, I)A(m’ l))'

Proof of Theorem 2.
(i) Let 67 :=C (\/ (Tb)_lLIOg(Tb)) and Qs Bim, 1)) = ElQr+n —X,T(m’ l)ﬂt(m,l))T

Kst(yivn —x:;m’ ) Bi(m,1))]. Denote

D(ér) := 1<in£M inf [Qt(nz, D Buim.0) = Qutn. (ﬂt*(m’ l))]’
="= H:Bt(m,l)_ﬁl*(mv’)H>BT

Simn®r) = {Buim.y * | Brimn = By | = 97 | Brim.ny = B | =00}
For any By, 1y € Sym, 1) (81), we have
Q1. 1y Brm, 1)) = Lm. 1y Briym, 1)
= E| G+ =¥}, 1y Brm.0) TKst Ot =5y p B, 1))
t+h = X4, 1y Pt(m, 1) stOt+h = X, 1) Pr(m, D)

T T
E[ 0= X8 1B 1) TKst Ot = X B )|

https://doi.org/10.1017/50266466625000064 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466625000064

586 HAIQI LI ET AL.

= EB,{,y, 1y%1m. 1) KstX [ Brcm. 1) = 2E B, 1 %em n Kstyen)
+2E (ﬂ,*(;L 1Xem, ) KstYern) —E (ﬂ,*(f,,, 1t(m, 1) KszxtT(m, B
= Buim, 1) = Bin, 1)) TE Cetom, Kt X[, 1) Brom, ) = Biim, 1)
+2E I:(,B:Em, n— ,Bt(m, l))Txt(m, 1) €t+h, (m, l)]

2
>C, Bt(m, 1) H

> C,57.
By Boole inequality, we can obtain

Pr( max max max by >48
(l<t<T1<l<Ll max ”.Bt(ml) Btm,p)l = 81)

<TLM max max max Pr(||/3t(m H— ﬁt*(m,l) | > 87)

1<t<T1<I<L1<m<

<TLM max max max Pr(Qt(m ) Brim.1)) = Lum, 1y By, 1)) = PGT))

1<t<T1<I<L1<m<

~TLM max max max
1<t<T1<I<L1<m<M
X Pr T Bim 1y = By, 1) TECetim, 1 Kstx [y, 1) Brim. 1y = Bl 1)) = THDGT)).

Recalling the results of Theorem 1(ii), we have
—1/2 .2 "
VTbC 1) Qt(m{ 1 Brom,d = Biim, 1y — 1ab? By 1= N0, Co).

Let Byom, 1y = Brom ) — Blim.1y — Mzbzﬁf(m p and By, 1y = VTbBY,, 1 (CimnCy, l))_l/ 2

172
Cm, Z)Qt(m I We have

Tb(:ét(m, H— ﬂ;lzm l))TE(xt(m, )] Kstx;zm’ 1))(,31(% H— :Bz*(m 1))
= Tb(Bym.1) + Mzbzﬁ,*(m, 1) TE (Xem, 1) KszxtT(m, l))(Bt(m, n+ Mzbzﬁ,*(m, 1)
<2+ Tbﬁ.tT(m, 1 Etm,1) KsrxtT(m, v TbBt(m, )

+2Tbusb? ﬂ;’z/,/nT o E G,y Kstxl, )12 Bl 1

<281 [((C(m,n )™ Camd @y )+]T
x Ey(m, ) Kstx), 1) [((C(m, DCh) ™ Cn 2 ) } Prom.n
+ 27033, ) E G, Kot 1) B,

= AT T =12 —1/2\t]7
< 2CBy ) [((C(m,l)c(m,l)) / C(m»l)Q(m,l)> ]

" 2
i

_ 12\ | = —
X |:((C(m, )] C;rm’ 1)) 172 Com,1) Q(m‘/[) ) ] Brom, 1) + 2Tb5M%Cx
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=2Ceh ] [ Conty 1) ™2 ClmyRgr 1 Clo ) Clm )™ 2}_1 Buom.1
i |

=2Ch {(C(m, DCE )2 Clny @y Cl) ™ Camy €l ) 2] Brm.1)
i |

= 2G| | Brm.py | > + 270 43 Cr

+276° 13 Cy

+276° 1i3Cy

i |

< 2C,Cy
fors

. p— " 2
i | +276° 38 ||

Let Cyy, := (Exa)/g?c, [:= maXISmSMmaXISZSLl(m,I)’ and assume )‘maX('Bl*(/r/n,l)) <

Eﬂ < 00. Therefore,

Pr( max max max |f — p* <$
(1§t§T1§l§L1§m§M ||,3t(m,l) ,Bt(m)l)” = T)

~TLM max max max
1<t<T1<I<L1<m=<M

X Pr(Tb(/Bt(m, )~ ﬁ;m’ ]))TE(xt(m, I)Kstxt-lim’ 1))(/3t(m, )~ ﬂt*(m, [)) > ThD(87))

.. 2 5 0= =2
= TLM P (2c 276° 1 2C, C5 = ThD (S )
max max max Pr(2C | Biimp ||~ +2T0° u3CxCg > THD(S7)

-2

) TbD(y) b u3CiC

<TLM max max max Pr Hﬂt(m ) sz (67) — 2= P
1<t<T I<I<L1<m<M ’ 2Cyy Cy

-2
TvDGr)  TH'u3CiCh

<limsupTLMPr | 2 p) =
Tooo K Tom C

2 5 2072
ThC,87  Thp5CiCh 3

<limsupTLMPr | x2(D) > 1+ =
T— o0 2Cw Cy

—2
1 [ TpC 82 THuiCiCy
< limsup TLM exp -3 =X'T _ 2=xB _7

T— o0 ZCXV Ev
_ 2
I ThC 82 Thu2C:C; _\1
xexp| <log| 1+ =T _ 2= ﬁ—l =
2 2Cyy Cy l
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. L[ TBC,87 am czcﬁ B}
<limsupTLMexp | —= —1

T—o0 2 2Cxy Cv
log ThC, 82 Tbmgczcﬁ
2Cyl Gyl
x| 1—

ThC 8% Tb u3C2C cﬂ
2C,1 Cyl

-1

Since | log

¢, THu3CiC, o [ TCST 5 u3C2C,,
2Cyl Gyl 2Cyl Cyl
ciently large C, the leading term becomes

1 ( ThC 82 1 { C%log(Th)LC
TLMexpi —= T\ =TLMexp{—= Clog(TH)LE,
2 2Cyy 2 2Cyy

Ly c2Lc,
— TLM(Th) 2% 2Cn

-1
1) = o(1) for suffi-

c2Lc,
< TLL!(Th) 2*

_1¢6,
< cTlog(Th)E 1 (Th) "2 20 = 0(1),

where the last line holds under Assumption A.3. Hence, we obtain Theorem 2(i). The proof
of (ii) is similar and is omitted.

Proof of Theorem 3.
We demonstrate that the difference between ji;(l) := % Zg: 1 x;r(m’ ) ﬁ,(m’ ;) and () ==

% an/lzlx;r(m ) B,(m, 1 is asymptotically negligible. Using the triangular inequality, we
obtain ’

e | = e

TiSEriSie | M Z Xn, Promd = Z Xt o Bt

m/l

Mii

M
1 A 1 A
— _ T % _ T s —
TISErSiEL | M ( TiGm, 1 Prom D = e (l)) Mm’z—l (xt(m,’k)ﬁt(m’k) " (l)>

I
-

m

Ms

1
< max max

_ T 3 .
I<t<T1<I<L||M (‘(’”J)'Bt(m’l) M (l))

m=1

M
- T8 — l) ‘= A+ Ay
+1T;1<XT1rEf<L M Z ( Sitot oy Pront ko = 14 () 1+42
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For Z;, we have

M=

1
T * ok
A= 1S 1Sier | M (xf(mgl)ﬂl(%l) Hi (l)>
- - n

1

M

1 A

T *

I fo(msl) (ﬁ’(’””) _ﬁf(mvl))
=== 1

m=
1 M
T * *
< max max ||— — [ )
=SSR Mn;l (3o Biony =17 O

+ | max max max |x max max max HA — B H
<1§t§T1§l§L1§m§M [icn. ”) <1§t§T1§l§Ll§m§M Prand = Prn.p
= 0p(1) +0p(1) X 0p(1) = 0p(1).

Similarly, we can show Aj = 0,(1). This completes the proof of Theorem 3.

Proof of Theorem 4.

Let £, 7() = 75 (A1) — WTK (D) — p), and R, 7() = E[L; 7(D)]. We conduct the
following decomposition as in Zhang et al. (2013):

Li® (LD
infrep, L,7(D)  jeL \ £1,7D

<gup<£t,r(l))gup<7€t,r(l)>sup Rt o (Rer®
1L \Re 7 ) e \ Le,7(D) ) 1, \ Rit D ) 1en \ Ry, 7(D)
Ry, () Lor)\ L)
X sup = sup = = )
leL \ Lt 7() ) 1eL \ Ry, 7)) ) infjeq, L 7(D)

where L := {1,...,L}. Let A(y, 1y = IT — P(, 1) A(m,l) =Ir— i)(m,l)v Hn, 1y =11 — D,
and T, 1y = Hn, 1y P(m,1)- Then we have the following equations:

i)(m, n =P,y —Hm,nAwm, 1)
Ay = A1y +Hom nAn.1)-

Further, we let A(l) = % Z%:lA(WlJ)’ A(l) = % Z%I:IA(m,l)’ H(l) = % Z%:l H(m,l)v
and T() = 2 M T .
Note that,
CVir(D) = (y— M) TK(y — ii(D)
=(e+p—paD)TK (e +p— i)
=TbL; () +eTKse + 26 TK, (1 — (D)
=TbL, (D) +eTKee + 26 TKA(D 1 — 26 TK P(De.
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Hence, to prove Theorem 4, it suffices to show that

Lot | p

sup 1| — 0, (A1)
tel.| Re,7 (D

()
sup| 27D 412 (A.2)
telL| Re,7(D

Rl
sup| 1D 12 g (A3)
lelL »Ct,T(l)

TK/A(
sup | ADK | P (A4)
leL| Rey70)

TK,P(l
sup |EiPDe | 2 (A.5)
leL Rt,T(l)

We first show (A.1). Using the triangle inequality, we have

Lyr(D =Ry (D
=uTADTK AN +eTPAOTKP(D)e —2uTADTKP(D)e
—[LTADTKADpu+tr (PO TKP()R)]
=eTP()TKP()e —tr (P()TKP(DRQ) —2uTA(D) TK P (e

and
L) =Ry, 1) eTP(DTKP(D)e tr(P()TKP()Q2)
leL Ryt T el Ry, () lelL Ry, 1)
TADT
+2sup ‘ UTADTKP()e
lelL Rt,T(l)

=An+Ap+As.

We denote K as the maximum value of K¢, and ¢(-) as the maximum singular values of a
matrix. For A3, using Assumptions A.4(i) and A.5(i), for any § > 0,

u(P(OTKP (D) e -1
Pr|sup|—————| > Pr| Ksuptr (P(DTP()Q )
(el 22) em (Rppecrorronyi o)

<Pr (K{(Q) suptr (P()TP(D)) s;T‘ > a)
lelL ’

<Pr (K;(sz) supP()TP(DE ;= 5) 0.
lel. ’
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For A1, we have

eTP()TK,P(l)e
Rer D

’feTP(l)TP(l)s
sup |[K—————
leL Ry,

<

lelL

For A1z, using the triangle inequality, we have

‘MTA(I)TK,P(I)S - |:f,u,TA(l)TK,A(l)/L sTP(l)TP(l)s]l/z
Rer D) - RerD Re,r (D)
- [KSTP(I)TP(Z)ejr/z.
B Re, 1)

Based on Markov inequality and Assumption A.5(i), for any é > 0,

<E[eTPO)TPM)E]s 767}
=t (PO)TPOR) 557
<@ (POTPD) 8™ — 0.

Hence, we have A1; =0p(1) and A13 = op(1). This completes the proof of Equation (A.1).
We next show (A.2). By the triangle inequality,

Re7() =Ry, 7()
_ o RO Rur @]

Ry, 7(0) X
— 1| =sup
1eL | Re, (D) lelL Re, 1)
’MTA(I)TKzA(l)M —uTADTKAWD 1
<sup
leLL R
tr(P(OVK,P()TRQ) tr(P(ODK,P())TQ)
leL, Rer leLL Re,()

= Ap + A+ Ans.

The proof of A3 = 0p(1) is similar to that of A1 = 0p(1) and is omitted. We only need to
show A21 — 0 and A22 — 0.
For A1, we decompose it into

1 M M AT 1 T
IE om=1 Dos—1 (MTAw,z)KrA(u)M —nTAG) KrA<s,/)M) ‘

Ap1 =sup

leLL Ry
7 Yoo YL, (MT (A, 1y +Hon nAen,n) VK (A, 1y +Hs A )i — MTA(T,,Z_DKzA(s,t)M) ‘
= sup
leLL Ry ()
1 M M 1 M M
el Dom=1 Dos=1 (I’LTA;rm,I)H(.[n, pKiH Ay +255 Dot 2s=1 I’LTA;rm,I)H(Tm, » KA, I)M) ‘
= sup
leL Ry
= A1 + Azp-
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We use ¢(AB) < ¢(A)¢(B) and ¢{(A+ B) < ¢(A) + ¢(B) for square matrices A and B
with identical dimensions.” Let p = p /(1 — p¥). By Assumptions A.5(iii) and (iv), we
obtain

1 M M T T
Agpy = sup [ Sy AL wTAT, L, pKiHis p Ao
211 =
leL R

M
72
m=l1s

S

1

IA
El

Y
<

T T T T
uT (A(m’ l)H(m, Z)H(s, DA, D) +A(S, I)H(s, l)H(m, DA(m, l)) w/ Ry, 1)
1

| a7
K& p  mMmax  max u TEA G Hin nHs.DAG DI

IA

| =

<K& 52 uTi—0,
and
2 M M T T
‘W Dom=1 2_s=1 MTA(m’ 1)H(m’ [)KtA(S, HH
Ag12 = sup R
lelL t,T( )

12
(32 S0, oM wTAT, HT, KH A Gy i TAD TR A DR

<

= Rir()

172
2 M M T T
(Mz m=12_s=1 /'LTA(m) Z)H(m, ) KiHs nAgs, l)#)

=<
R

— 0.

For Ay, we can obtain that
w(POKLPD)TR) = te[(P() — HI) +T)K(P(D) —H() + T(1))TQ]
< tr(POKPD)TR) +te(HOKHDTR) + tr(TOKT(D)TR)
+2|wr(HOKTD)TRQ)| +2 | HOKPDTR)|
+2(TOKP(D)TR)|.
Given that rank (P, 1)) < T, pj; = O(T~'b~ 1) as.and p = O(T~'b~1) as., we have
|c(HOKHDTQ)| <K |r(HOH(D)TQ)|
<K¢(H®) [r(HDKQ)|
< ﬁK [tr(H (D$2)]

<
_1_

=0k~ {(Q))KlgnagMC(P(m,l)),

{(Q)K max rank(P(m 1)) max {(P(m n)

9See Li (1987) for the proofs.
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[T OKTOTY)| < (P Krank(PD)  max (P 1))
=0~ b2 @)K max &2 (Panp),

|tr(T(DKH(D)TR)| < £ (2)p*Krank(P(1)  max ¢ (Pn,p)
=0T~ b2 @)K max £ (Pan.p),

| (H(DKPDTR)| < rank(P(1))¢ (HOK P TRQ)
< pKrank(P(1))¢ () lirllﬁM((P(m, 1)

=007t @)K max_ (P,
1<m<M

(T (K P(DTR)| < rank(P)(TOKP(D)TQ)

M
— 1
<rank(P(l))K¢ (M Z P(m,l)H(m,l)) C(P(l)T)f(Q)

m=1

~7> 2
< pK¢(2) | ErrrlnagMC P, 1))

=0 e (@)K 2P ).
o™ ¢(2) lgna;MC (P, 1)

These results, together with Assumptions A.4 and A.5(iv), imply that Ay = 0p(1).
To prove (A.3), we use arguments similar to the proof of (A.1):

LrO=Rer®| _ eTPOTKPDE w(POTKP(D)RQ)
= = Ssu = =
lell Rt,T(Z) lell RI,T(Z) lelL Rt,T(l)
TA(D)TKP(
+2sup M
leLL R

= A31 + Az + Az

For A3z, using the triangle inequality, we have

wTADTKP()e
R, 7 ()

- uTADTKADp eTP()TKP()e 172
N Ry, 7(D) R r(D)

- eTP(OHTK,P(D)e 12
- Ry, 7(D) '

Combining with the definition of P(0) and the triangle inequality, we have

‘ETIB(Z)TK,P(Z)S‘ < [eTP(O)TKP(e| +|sTHOTKHDe| + | TT) TKT (De|
+2|eTP()TK T (De| +2|e TP TKH(De|+2|eTHD) TK, T (De

)
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where

|sTP()TK, T(De| < [s TP TK P TTOTK, T (D],
|eTP()TKH(De| < [6TPO)TKPDes THI)TKH(Ds]'?,

|eTHW) TR, T(De| < [eTHOTKHDeeTTA)TK, T()e]'/2.

Based on Markov inequality, we have that for any given § > 0,

sTH()TKH()s
Pr _—
leL

Rt @) > 5) <KPr(sTH)TH()e > 8&. 1)

eTT(OTK T (e o (T T
Pr (?:f 772”(1) > 3) <KPr(eTT()TT(De > &, 7)

<KE[eTP()THW)THWPDe] s~ €7
<K¢(©) max max ¢ (P, l))p28 lét r — 0.

I1<i<L1<m<M

Then we obtain A33 = A31 = 0p(1). The proof of A3y = op(1) is similar to that of Ay =
op(1). This completes the proof of Equation (A.3).
Now, we show (A.4). From Chebyshev’s inequality and Assumption A.5(ii), we obtain

Pr | sup
lelL

uTADK;e
Ry, 7()

M
1 .
> 5) < I E PI‘”/LTA(m,[)KtS‘ > 3§t,T}

m=1 N i
M Z (uTA(m z)Kz8>

M
| ; ;
2,2
<7257 03 w(wTAgnp KQKAT, 1)

M
_2 9. o1
<K (@577 - D Rutimp) 0.

m=1

where R; 7, 1) denotes the local risk of the (m,/)th model.
Finally, we show (A.5). Note that

eTKP(D)e - eTKP(De sTKH(DADe
= = Ssu = =
lel Rt,T(l) lelL RI,T(Z) lel Rt,T(l)
= A5+ App.
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Based on Assumptions A.4 and A.5, we can show

Pr | sup 78TKIP(1)8 ZPr sup ETK[P(m be >4
teL| Reyr() | M= \eL| R |~
1 M 2
< S_ZSITY%M Z E[STKtP(mJ)E]
m=1
1 M
< 5_2SIT%M Z tr (P(m,l)KfP(m,l)Q)
m=1
M
<Ko%} 4(9)— > w(PonpPimp) = 0.
m=l
and
M
TK:H(DA( 1 eTKH . nA £
pr (sup eTKr HAWDe - ZPr HonpAmne | s
leL Rt,T(Z) m=1 RI,T(Z)

Pr(|eTK(H g, nAm, €| = 8&,7)

IA
N
M=

m

1
SKM Pr(|¢ (Hm, A on,1)eTe| = 8., 7)

lME -

< pKPr (8Ts > 8&.7)
<K@ bl -0

This yields that As; = op(1) and Asp = op(1). Therefore, the proof of Theorem 4 is
completed.

Proof of Theorem 5.
(i) The second-order Taylor expansion of F; 7(W) at w; is considered:
_ 1 _ ~
Fi,7(W) = F, 7(W) +V1F,TT(WZk)(W—W;“) + E(W—WT)TVZFI,T(W)(W—WZ")
-~ - 1 -
=Fir (W) = M (W = w)) + 2 (W= w)) TV Fy 7 (W) (W — W)

= FLr(W) + 3 (V= W) TV2F, 7 (W) (W = w)),

where W; lies between wj and W, and X is the Lagrange multiplier from the optimization
problem w} := arg miny, )y Fy, 7(W;) with constraint W = {w; € [0, M. M =1}.
The last equality follows from the normalization of the weights. For the second term on the
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right-hand side of the last equation, we have

max_|F, 7(W) —F, 7(w})|
1<t<T

= max
1<t<T

1 _ ~
E(W—W?)TVZFLT(W)(W—W?)

(P,
< max llmsupsupkmax (VzF[T(W)) |W—w)HTW—w))|

1<t<T um
= Exmax M_zl)l',llM—2M_11/1‘-/,W;"—i—w;kTw;k
_ N B
= Ekmax w Twf—M 1‘

1- _
< Sdmax(1 =M1,
2
(i) Let )y := W; — w;. As in the proof of Theorem 5(i), we have
1
Fr (W) = F (W) + = 77;TV2Ft (W) 1js.
Thus, Theorem 5(ii) follows from

. A D o
min_E|Fi 7 (W) = Fyr(W)| = min |50 VaFy, 7 (W0

1<t<T
~ 112
> min liminfinfA Vo Fy 7(W
\<<T M Wi mm( 2 tT( )) Nt
1 2
=3 AminE an” 7m1nMQn'

Proof of Corollary 1.
According to Theorem 5(i), the difference between F; 7(W) and F; 7(w}) becomes
Fr.7(W) — Fp 7 (W)
= % (WTV2F, ()W = 2WT Vo, r (W) +w, TV2F, 7wy ).
and
WV F; 1 (W)W — 2WT Vo F; p(W)W) < M~ par — 0 as M — oo.

Now, we show waVZF,,T(W)w;‘ = op(1). For the local quadratic loss function
Fyr(w) = E(theKteTw,), we obtain a closed-form solution w; = (IIL,Et_llﬂ/I)_1
M 1lM. Therefore,

W T, r@w =w,TSwi = AL 27 ) ™! < Bnae A, 100 ™!
= M—IX,W — 0.

Therefore, we establish Corollary 1.
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Proof of Theorem 6.
Let Fyom,r) = o1 (OFym,r) — E(m, »)+ @‘11?,(,,,’ r)» Where the first term on the right is
0p(1) because Wygm.ry 1= PFyim ) — Frm.ry = Op (max {T_I,L_l/z}) = 0p(1). There-

fore, we can obtain 1:”,(,,,’ r) = ®Fu, ) +0p(1). Then, we have

T -1, T
a‘t(m, r) = <ZKSIFS(I’", r) F;r(m’ r)) (ZKsth(m, r)YXJrh)
s=1 s=1
T -1, T
= (ZKsth(m, r) F;r(m, r)) <ZKsth(m, r)F;r(m’ ) Ys(m, r))
s=1 s=1
T -1, T
+ ( Z KstFs(m, r) F;r(m’ r)) ( Z KstFs(m, r)€s+h, (m, r))
s=1 s=1
T -1, T
= < Z KistFsm, r) FsT(m, ,)) ( Z KstFsm,r) FA;r(m’ 7) ! Xs(m, r))
s=1 s=1
T -1, T
+ ( > _KstFsmnF i, r)) (Z KstFyon, @ Ws(m, 1 @is(m, r))
s=1 s=1
T -1, T
(L kasnnFlnn ) (S KFsmnessninn ) =141
s=1 s=1

For the first term /, by Taylor expansion of ey, ), we have

T -1, T
~ =T ~ ~T 1
I= ( E Ksth(m,r)Fs(m’ r)) ( } Ksth(m, r)Fs(m,,)(D as(m,r))
s=1

s=1
T

—1
B 1
= 1Olt(m, n+ (ﬁ ZKSZCDFS(M F)F;r(mvr)CDT)
s=1
T

1 s—1
T K
X ( ZKSICDES‘(WL V)Fs(m, r)a;(mv r) <E> )

s=1

~

~

—1
1
T
+ (ﬁ ZKS!QFS(V””)FS(M r)q)T)

s=1

T 2
1 s—t
T 2
x (Tb X;KV’q)FS(msr)Ev(m,r) (at/zm,r) ( T ) +o(b )))
S=

P — -1
L 07 ) + 521020,y [E@0FimnFlyy 0] E@0F i F iy )

= A(m,r) + bzwt(m, r)»

where @y, ) is implicitly defined.
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For the second term /I, note that,

T
1 ~
= ZKsth(m, r) "A"s(m, r)
VTb =

T
=— ZKsth(m, r)(q)Fs(m, r) _FS(m, r))T
~Tb =
1 T
=7 ZKSI (q)Fs(m, r)— ((DFs(m, r) Fs(m, r))) (CDFs(m, r) — Fs(m, r))T
VTb =

T
1 —~
= ﬁ ZKstchs(m, r) (CDFs(m, r)— Fs(m, r))T
s=1

T
1 ~ ~
- /Th ZK” ((DFS(’”;") _FS(m,r)) (q)FS(m,r) _Fs(m,r))T
s=1
=1 +11.

It follows that 1] + 11 = op(1) when T/(Lzb) — 0 by Lemma A.3(i)—(ii).
For the third term 11, using the fact that Fy, ) = ©Fg, ) +0p(1), we have

T T

—1
1= (ZKSth(m, r)F;r(m’ r)) (ZKStFx(m, r) €s+h, (m, r))
s=1

s=1
T

—1
= (ZKs,chs(m ,)F;(m’rpT) <

s=1

T
> K ®Fy(m, r) s, (m, ,)> +op(D).

s=1
Combing these results, we obtain,
VTb (&l(m, rn o ! Ut(m,r) — szt)

T -1 T
1 1
(ﬁ ZKstq)Fs(m,r)F;r(m’ r)ch) (ﬁ ZKst(bFs(m, r)€s+h, (m, r)> +op(1)
s=1 s=1

—1
—d>(q>02F,¢OT) <I>0N(O,2ph8)
_ T-lel 11
=N(0.0] 'xp 2r 5 o).

This completes the proof of Theorem 7.

Proof of Theorem 7.

Rewrite 139"’ P = D(m, ) (Is(m,r) —D+1 as P(m,r) :~13(m,r) —+ T(m,r) t Q(m, r)» where
Om,r) = D,y —1 and Ton,ry = Q(m,r)P(m,r)~ Let P(r) = ﬁzlep(m,r) =P+
T(r) — Q(r), where P(r) = &M P, . T() = £ 5M 7, . and 0() =
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% Z%:l O(m, r)- Following the proof of Theorem 4, it suffices to show that,

L,
sup Ler® 2 g (B.1)
tel.| Ry, (D

Rl
sup| 1D 1 e (B.2)
tel | Re,7(D)
sup w—l £>0, (B.3)
lelL ﬁz,T(l)
up M) 7 B4)
er! RyT() ’ )
up ‘M’ P ®5)
er! Rir() ’

where R = {1, ...,R}. The proofs of (B.1)—(B.3) are similar to those of (A.1)—(A.3) and are
omitted.
We then show (B.4). By the triangle inequality, we have

WTPT(OKee| _ [wTPTKsel | [nTT()TKre| | |1TO(M)TKye]
Ror®) — Ry R,7 () R, 7()
=1+1+11.

For the first term /, using the trace inequality that tr(AB) < tr(A) Amax (B), we have

IuTPT (NKqel

<& eTKPupTPT (K e| /2
Rt,T(”)

< (e TKP(PT (VK18) 2 hnfa (6, F ™) = 0p(1).

To see this, we let ujj be the (i,j)th element of the matrix K,f’(r)f’T (r)K;. From Assump-
tion A.8(i), we obtain

~ o~ ~ -1
— K. K.ET T .
uj = K”K/tFi(m, r) (F(m, r)KlF(my r))

~ ~ -1 o
T
x Y Fym.nKisKisF ), r)( (m, » KGE (m. r)) Fjam,r)

K K T-1
T2b2 l(m r) l(m r) ZFY(V" ")KISKJSFs(m r) j(m r) f(’", r)
s=1
KK;iKj;
<

- b i(m,r) t(m r) Tb ZFV(m f) s(m r) /(m r) J(m r)
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p KKiKji sl 1 i
= Ty lim, it Zi(m,r) & J(m " Fim,ry (1+0p(1)

ltl(]t =T

< Amax (%, (m r)) Th Fz(m,r)Fj(m,r)’

where ii(m, r = /F\ Ki/F\(m, r)/(Tb). Thus,

T
(m,r)

A 1/2
(e TK,P(rPT (N Ke)/? < [K,\max(z o T ETKED, Fn, r)K,s)]
=0,0'/?).
Then, by Assumption A.9(iii), we have I = 0, (1) holds true. The second term IT = op (1)

can be expressed in a similar manner. For the third term ///, by Assumption A.9(iv), we
have

IuTQ(NTKe|

<& FTopir(T~ 07 TR ) = 0, (1).
R, 7(r) 4 e
We finally show (B.5). By the triangle inequality, we have

p [ETETOK | e TPOKsel €T~ 00) TKe
reR Rt, T(r) - reR RT,t(r) reR RT, t(r)

M
_ 1
<op()+&7 sup - > 1€ T r) ~ Q) TKre|
re m=1

<op()+ CE  phtr(eTK e)
= 0p(1) + COE ) Thpj) (T 6™ eTK ) = 0 (1),

where the last equality holds by using Assumption A.9 and the fact that T 1p 1eTKie =
Op(1). Therefore, we complete the proof of Theorem 7.
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