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NONPARAMETRIC ESTIMATION
OF DYNAMIC PANEL MODELS
WITH FIXED EFFECTS

YOONSEOK LEE
Syracuse University

This paper considers nonparametric estimation of autoregressive panel data models
with fixed effects. A within-group type series estimator is developed and its conver-
gence rate and asymptotic normality are derived. It is found that the series estimator
is asymptotically biased and the bias could reduce the mean-square convergence rate
compared with the cross-section cases. A bias corrected nonparametric estimator is
developed.

1. INTRODUCTION

Notwithstanding the large literature on nonparametric time series models, little
attention has been given to nonparametric dynamic panel models. One explana-
tion is the difficulty of treating individual effects and the nonlinear autoregressive
structure simultaneously in the context of nonparametric estimation, especially
when the unobserved individual effects are specified as fixed effects. This paper
suggests an easy-to-use solution to this problem by developing series estimation
of nonparametric autoregressive fixed-effects models, particularly when the fixed
effects are additively separable to the nonparametric component. Note that,
although there are several studies on nonparametric panel models, they are
restricted to nondynamic models with strict exogeneity (e.g., Porter, 1996; Bal-
tagi and Li, 2002; Henderson and Ullah, 2005; Su and Ullah, 2006; Henderson
et al., 2008; Lee and Mukherjee, 2012; Su and Jin, 2012) or they assume the in-
dividual effects to be uncorrelated with the regressors, which basically precludes
the fixed-effect assumption (e.g., Li and Stengos, 1996; Li and Kniesner, 2002;
Park, Sickles, and Simar, 2007).

This paper uses the within transformation (i.e., deviations from the individ-
ual sample mean) to eliminate the fixed effects and develops nonparametric
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estimation for the within-transformed dynamic panel models using series estima-
tion. Among the large literature on series estimation, Andrews (1991a), Newey
(1997), and Chen and Shen (1998) are closely related to this paper. Series es-
timation is convenient in this context because the within transformation of the
unknown function can be approximated by a linear combination of the within-
transformed series functions. The within-transformation-based method, once the
asymptotic bias is corrected, yields more efficient estimators in finite samples in
comparison with the first-difference-based instrumental variables (IV) estimators,
especially when the autoregressive parameters are near unit root. Moreover, as the
standard within-group (WG) estimator, the new estimation procedure is based on
least squares estimation and thus it is much easier to implement in practice than
the I'V-based methods.

Technically, we obtain a class of nonparametric functions in which a panel
homogeneous Markov process is shown to be stationary f-mixing conditioning
on the fixed effects. Based on this mixing property, we derive the mean-square
convergence rate and pointwise asymptotic normality of the series estimator when
both the cross-section size N and the length of time 7 are large and they are of
comparable sizes. Similarly as pooled estimation in linear dynamic panel data
models (e.g., Hahn and Kuersteiner, 2002; Alvarez and Arellano, 2003; Lee,
2012), an asymptotic bias is present, which could reduce the mean-square con-
vergence rate compared with the cross-section cases. The asymptotic bias form is
obtained, based on which we develop a bias corrected series estimator.

This paper is organized as follows. Section 2 introduces the basic model
and discusses a mixing condition for the nonlinear autoregressive panel system.
Section 3 develops WG series estimation for dynamic panel models. Section 4
examines the asymptotic properties of the estimator under large N and 7" and also
proposes a bias corrected estimator. Section 5 summarizes the Monte Carlo exper-
iments examining the performance of the WG series estimator and bias correction
in finite samples. Section 6 concludes the paper with some remarks on the gener-
alization to the partially linear models. All the mathematical proofs are provided
in the Appendix.

2. NONPARAMETRIC DYNAMIC PANEL MODELS

We consider a panel process { y,‘,t} generated from a nonlinear autoregressive
model given by

i =m (yi—1) + ui+uiy (03]

fori =1,2,---,Nand t =1,2,---,T, where y;; € Y C R and m(-) € M is
unknown with M being a specified class of functions from ) to R. The objec-
tive is to estimate m(-). For all i and ¢, it is assumed that E(u; /|yi;—1, -, yi,0,
4;) = 0 and the initial values, y; o, are observed. The individual specific effect,
i, 1s assumed to have finite variance and to be independent of u; ; for all i and 7.
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But it can be correlated with the regressor y; ;1 (i.e., the fixed effect), so that it
captures the unobserved and possibly omitted individual heterogeneity.

The key assumption in (1) is that the fixed effect is additively separa-
ble from the unknown function m(-) so that the partially linear specification
Eiilyii—1, Y0, 4i) =m (yi’,_l) + u; holds. This assumption is restrictive
but it simplifies identification and estimation of the semiparametric model. Such
specification is particularly interesting when the individuals share the common
autoregressive dynamics so that the marginal effects are homogeneous across i,
whereas the drifts can be heterogeneous. The growth regression (e.g., Lee, 2006)
is a good example, in which the nonlinearity captures multiple regimes of growth
convergence patterns over different levels of GDP whereas the fixed effects
capture the country-specific production functions. Other examples are the panel
extension of the functional coefficient autoregressive model (Chen and Tsay,
1993: yi; = ¢ (Vii—1)Yii—1 + i +u;; for unknown ¢(-)) and the smoothed
threshold autoregressive model (Chan and Tong, 1986: yi; = ¢(yi,—1 —¢)
o1Yi,i—1 + 1= ¢ i,i—1 —)laayi,—1 + ui + ui; for some ¢ > 0 and unknown
().

We first assume the following conditions.

Assumption 1 (Unobservables). (i) {u;} is i.i.d. with mean zero, variance 0 <
o2 < 00, and Elu;;|" < oo for some v > 4. (ii) {u; ,} has a positive density and
an absolutely continuous distribution with respect to the Lebesgue measure on R.
(iii) u; ; is independent of y; for all i and ¢. (iv) y; is i.i.d. with a finite second
moment and has compact support.

To make the notation simple, we let {u;;} be independent and identically dis-
tributed (i.i.d.) although it can be relaxed to be a martingale difference sequence
conditional on x; for each i. The homoskedasticity assumption can also be
relaxed provided that N~ ZlN=1 07 =, 0% as N — oo for some 0 < g2 < oo,
where Eu}, = o for each i (e.g., Phillips and Sul, 2003). Assumption 1 implies
that u; ; is independent of {y; s}s<;—1 for each i and thus sequentially exogenous
since y;; is a function of x; and {u; s}s<;. In addition, {y; ;} is mutually indepen-
dent across i. For each i, however, we assume that the stochastic process {y; }
given in (1) is a homogeneous Markov chain satisfying the following conditions.

Assumption 2 (Markov chain). For each i and conditional on u;, (i) {y;/} is a
homogeneous Markov chain satisfying (1), whose 7-th step transition probability
is denoted as P (y,-) and (ii) there exists an invariant probability measure =;,
from which the initial value y; o is drawn. (iii) m(-) is Borel measurable and there
exist constants y > 0, 0 < ¢; < 1, and ¢g > 0 such that |m(y)| < ci|y| + co
if |y| > y; and sup,,| <5 Im(y)| < 00, where [y, y] C V.

Assumption 2-(iii) is a standard condition for a stationary Markov chain to be
geometrically (Harris) ergodic (e.g., Tjgstheim, 1990; Doukhan, 1994). In the
time series context, a wide class of nonlinear autoregressive functions satisfy this
assumption (e.g., Tong, 1990; Meyn and Tweedie, 1993; Fan and Yao, 2003).
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Chen and Shen (1998) also use the same condition in developing a sieve extremum
estimator for a weakly dependent nonlinear time series.

When individual effect u; is present in the dynamics as (1), the panel pro-
cess {yi.;} cannot be simply assumed to be (unconditionally) ergodic because the
time-invariant random constant x; makes the temporal dependence of y; , per-
sistent. Since we understand the transition probability P (y,-) and the invariant
probability measure 7z; as conditional probabilities given u;, however, y; can be
regarded as a common nonrandom shift of the distribution of {y; ;} for each i and
it no longer affects the temporal dependence of {y; ;}. In this case, we consider
that a stationary homogeneous panel Markov process {y; .} in (1) is f-mixing
(i.e., absolutely regular) conditional on the fixed effect y; for each i if there exists
a sequence of nonnegative random variables {f;(t)} converging to zero almost
surely as ¢ — oo such that

/yﬂi(d)’)HPf(y,')—ﬁi(')llrv < pi(r) as. )

for all 7 > 0 and for each given i. Note that the left-hand-side of (2) is the condi-
tional f-mixing coefficient of the stationary homogeneous Markov process {y; ;}
for each i with || - ||7y being the total variation of a signed measure,' simi-
larly as the definition of the standard f-mixing coefficient (e.g., Davydov, 1973;
Doukhan, 1994). Under the conditions in Assumptions 1 and 2, we can conclude
the following result.

PROPOSITION 2.1. Under Assumptions 1 and 2, conditional on u; for
each i, the panel process {y; ;} satisfying (1) is geometrically ergodic, stationary,
and f-mixing with exponential decay.

Since the homogeneous Markov process {y;} is geometrically ergodic and
stationary, the invariant probability measure z; uniquely exists, from which the
initial value y; o was drawn. Therefore, the process is the unique stationary so-
lution for a given initial distribution z; for each i. As discussed in Prakasa Rao
(2009), however, conditional mixing does not imply unconditional mixing for a
sequence of random variables and vice versa. We need to assume the following
condition that guarantees the average of the mixing coefficients f; () goes to zero
fast enough.

Assumption 3 (Beta-mixing). N~' 3"V 3% £ (2)! ™" < 0o a.s. for some
v > 4 defined in Assumption 1.

Hahn and Kuersteiner (2011, Rem. 1) also introduce conditional mixing, who
assume that the conditional a-mixing coefficient is uniformly bounded (i.e.,
sup; <j<n lai(r)] < Ca® as. for some 0 <a < 1 and C > 0, where «;(7) is the
conditional ¢-mixing coefficient defined in Lemma Al.1 in the Appendix). The
conditional mixing idea in (2) is quite similar to theirs but it assumes a weaker

https://doi.org/10.1017/50266466614000188 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000188

NONPARAMETRIC DYNAMIC PANEL ESTIMATION 1319

condition in that the mixing coefficient needs to be bounded on average (e.g.,
Assumption 3 is weaker than assuming sup; ., -y > Bi ()" <0 as.).

3. WITHIN-GROUP SERIES ESTIMATION

The key motivation of the within-group series estimation of m(-) is based on
the interchangeability between two (global) linear operators: series approxima-
tion and within transformation. Roughly speaking, we let {gxx : YV — R for
k=1,2,---, K} be a sequence of known measurable basis functions that approx-
imate a smooth function m(-) as

K
m(y)~ > Okigkk (¥) 3)

k=1

for an arbitrary y € ), where Ok € R are unknown parameters. “~” indicates
series approximation: namely, the choice of the sequence must be such that
the approximation to m(-) improves as K gets larger in some metric, where
K=K(N,T)—> ocoas N,T — oco. We assume that K is not data dependent but
we let it increase with N and 7', where N and 7" maintain the following condition.

Assumption 4 (N and T). limy 700 N/T =k, where 0 < k < oo.

To describe the basic idea of the estimator, we eliminate the individual effects x;
in (1) by employing the standard within transformation as for the linear fixed-
effects regression:?

v, =m® (yig—1) +ul,, )

where m(yi—1) = m(yi- - /TS mGis-1). ), = yiu = (1/T)
ZS | Yi,s» and similarly for u . From the series approximation (3), m (y, —1)
can be approximated as

K

m® (yig—1) ~ ZHKkg%k (yi,i—1) 5)

k=1

using the transformed basis functions gOKk(yl-,,_l) = gxk(Vis—1)—(1/T) ZsT=1
gxk(yis—1). If one views ggx(yi;—1) as a regressor, g%k (¥i,1—1) corresponds to
the demeaned regressor, as in the case of within-group (WG) estimation of the
linear panel regression model. Using the linear approximation (5) for the regres-
sion (4), the unknown parameters 6x = (fx1,0k2, -+ ,0k k) can be estimated by
least squares as

QK_(ZZgK ylt 1 gK Yi,t—1 ) (ZZ&’K )’zt 1 y”) (6)

i=11t=1 i=11t=1
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where g% (y) = (8%, (), 8%, (), -+, 8%x ()" and ()~ denotes the general-
ized inverse. Under conditions given below, however, the denominator will be

asymptotically nonsingular, and hence the generalized inverse will be the stan-
dard inverse for large N and 7. The WG series estimator of m(-) is then
obtained as

K

i (y) =0k ek () = D _Okigrr (¥) (7)
k=1

for y € Y from (3).

It is important to note that we exclude the constant term in the basis functions.
Otherwise, the within transformation on {gxx(y)} ,le will make the denominator
in (6) singular. This corresponds to the conventional linear panel regression case,
where fixed effects and a constant term (in fact, any time-invariant terms) cannot
be identified separately. Accordingly, we introduce the following normalization
assumption.

Assumption 5 (Normalization). m (0) = 0.

The normalization condition 5 allows x; to be unrestricted (e.g., it could have
nonzero mean as long as it satisfies Assumption 1) but requires that m(-)
passes through the origin. If m(0) # 0, we simply consider (u; + m(0)) and
(m(y) —m(0)) as fixed effects and the unknown function, respectively, to restore
this condition.

In order to conduct series estimation described above, we need to assume that
m(-) is smooth enough in some sense so that the approximation (3) is uniform
in some metric. In standard cross-sectional series estimation, the support of the
unknown function is normally assumed to be compact (e.g., Andrews, 1991a;
Newey, 1997) and the series approximation (3) is well-defined over the compact
support in the standard sup-norm, provided that m(-) belongs to the Holder class
(e.g., Chen, 2007). However, such an assumption does not seem appropriate for
the case of the autoregressive model (1) because it will not only restrict the support
of the regressor y; ;— but also the support of the dependent variable y; ;. Since
the error u; ; is defined over R, restricting the support of y; ; to be bounded can
be restrictive.

For characterizing the series approximation (3) over possibly unbounded sup-
port )Y, we introduce a weighted sup-norm as Chen, Hong, and Tamer (2005).4
For a scalar function /2 : ) — R, we let

172ll 0.0 = sup 12 ()] (1 + [[y1I*) =/ for some w > 0,

yey

where ||-|| is the Euclidean norm and @ = 0 leads to the standard sup-norm
for bounded ). We also define that /& is H(y,®)-smooth on ) if /& belongs
to Al (Y, ) for some y > 0 and w > 0, where A, (V,0) ={h e A7 (), o) :
NAC + [1-1717%72||ar < ¢ < oo} is a weighted Holder ball with radius c.
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A7 (Y, ) denotes a weighted Holder space such that A(-)[1 + ||-|>]17®/? is in
a Holder space A? () of order y with the Holder norm ||-|| oy . See Chen, Hong,
and Tamer (2005) for further details of the definitions. The following condition
specifies a uniform rate of series approximation.

Assumption 6 (Series approximation). For some y > 0 and @ > 0, (i) m(-)
is H(y,w)-smooth on Y; (ii) E[ [(1+ lIy11)?7i (dy)] < oo and (iii) there
exist a parameter vector g € RX and a constant 6 > 0 such that ||m (y) —
gk () Ok lloo,0 = O (K~°) as K — oo.

Note that Assumption 6-(ii) imposes conditions on the tail behavior of the
marginal densities, which can also be found in Ai and Chen (2003), Chen et al.
(2005), and Su and Jin (2012) to deal with unbounded support. ¢ in Assumption
6-(iii) is closely related to the smoothness of m (y) and the dimensionality of y.
For example, when w = y = 0, this assumption is satisfied with 6 = D,,/ dim(y)
for regression splines and power series, where D,, is the number of continuous
derivatives of m (y) that exists and dim(y) is the dimension of y (e.g., Newey,
1997).

4. ASYMPTOTIC PROPERTIES

We start with a set of conditions on the series functions. We denote 8x (y,-jt) =
8K (yi,,) —-E (gK (y,-,,) |,u,-) and thus E(Ek (yi,,)) =0 for any i and ¢.
Assumption 7 (Series functions).

(i) For every K, there exist positive integers N* and 7* such that for all
N>N*and T >T*,the NT x K vector (g%(yl,o),m ,g(,)((yN,T_l))’ is
of full column rank.

(ii) For each K, {gk (y)} is fourth order stationary with [gx () gk (¥) 7
(dy) < oo for each i; T'x = E(gK (vi)g' (yi,)) has the smallest eigen-
value bounded away from zero and a bounded largest eigenvalue.

(iii) K = K(N,T) is nonrandom satisfying K — oo and K?>/NT — 0 as
N, T — oc.

(iv) There is a positive constant ¢ such that sup;.; .y Supj<x<g E(ngk

(yiyt)|”|,u,') < ¢ < oo a.s. for some v > 4 defined in Assumption 1.

Similarly as in Andrews (1991a) and Newey (1997), the first two conditions
are useful for controlling the inverse of the covariance matrix estimator, fK =
(1/NT) lezl Zthl g?( (yi’,)g%(y,-,,)/, and its convergence in probability to its
expectation in the Euclidean norm. Assumption 7-(iv) is, however, different
from the aforementioned papers in that it does not assume bounded support
of y.

We derive the main asymptotic results of the WG series estimator 7 (y) defined
in (7). The first theorem provides the mean-square convergence rate of 7 (y).
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THEOREM 3.1 (Mean square convergence rate). Under Assumptions 1-7,
K , K
E [ (i (y) — 2 dy)=0(—=+K ¥+~ 8
/(m(y) m(y)) mi (dy) (NT+ t1 ®

as N,T — oo jointly, where mt; denotes the marginal distribution of y; ; condi-
tional on u;.

Theorem 3.1 implies that the probability limit of m(y) — m(y) is zero for
K/NT — 0, K/T> = 0, and K=2° — 0 as N, T — oo. For the mean-square
convergence rate in (8), the first two terms also appear in the standard series
estimators for the cross-section case (e.g., Newey, 1997): the first term, K /NT,
corresponds to the convergence rate of the variance, whereas the second term,
K% corresponds to the squared approximation bias in (3). On the other
hand, the last element, K /T2, is new and it reflects the asymptotic order of the
squared within-group bias (e.g., Nickell, 1981), which is introduced as we take
the within transformation to eliminate the fixed effects. Since we assume that
N, T — oo at the same rate in Assumption 4, introduction of this last term does
not necessarily make the rate of convergence slower. It thus follows that the rate
of convergence of 7 (y) remains the same as the standard series estimator case so
that it attains Stone’s (1982) optimal bound under Assumption 4.

However, the rate of convergence could become slower when 7 is small (i.e.,
T « N), which could be a concern when we consider the finite sample prop-
erties with short panel data. In this case, the choice of the optimal K can be
smaller than the standard case (or the case with Assumption 4). For example,
when Assumption 4 holds, we can choose the optimal K such that K =2 = K /NT
yielding K* = O((NT)"/(1+29) and thus the mean-square convergence rate
becomes O((N T)_25/ (1+2‘5)). On the other hand, when T is smaller than N, we
instead choose the optimal K such that the two possibly dominating terms sat-
isfy K2 = K/ T? yielding K** = O(T*/(429)_Note that K** is smaller than
K* and the mean-square convergence rate in this case becomes O (T ~4%/(1+29))
which can be slower than O (NT)~29/0+29) when T is small.

Using a similar argument as Hahn and Kuersteiner (2002) or Lee (2012), al-
though 7 (y) is consistent from Theorem 3.1, it can be shown that VNT @ (y) —
m (y)) is not centered at zero under Assumption 4 as in the standard linear
dynamic fixed effect regression. The following theorem obtains asymptotic nor-
mality of the WG series estimator for the unknown function m (-), in which
a proper bias correction is imposed. Note that “—,;” means convergence in
distribution. I'x is defined in Assumption 7-(ii). Recall that FK = (1/NT)

N ~T
S 8% i) gR (i)

THEOREM 3.2 (Asymptotic normality). Let bx (y) =gk (y) F "Dk, where
Ok isa K x 1 vector defined as

J N T—j

Bi = zN(T S 3 (1- 75 )k i)

i=1t=1
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with w9, = ygt —@\}(gOK (vii—1) and J = J(T) such that J = o(T'3).

i =

If Assumptions 1-7 hold and /NTK ~° — 0, then as N, T — 0o jointly, we have
- Py I~
vk (y)7? (m ) =m )+ bk (y)) —=aN(©0,1) ©)

fory e, wherevg (y) =o02gk (y)’FEng (y)/NT. The result still holds using a
consistent estimator of v (y) given by Og (y) =6 2gx (y)/fEIgK (y)/NT, where

F=NDIY, ST, @)

Unlike the standard asymptotic normality result of the series estimators in the
i.i.d. cross-section case (e.g., Andrews, 1991a; Newey, 1997), m (y) has non-
degenerating asymptotic bias especially when limy 7500 N/T # 0, which thus
requires a bias correction term (1 /T)EK (y) for each y € ). Such asymptotic
bias can be found even in the linear dynamic fixed-effects models (e.g., Hahn and
Kuersteiner, 2002; Alvarez and Arellano, 2003; Lee, 2012), and it reflects the en-
dogeneity problem after the within transformation. Note that within-transformed
functions of sequentially exogenous regressors g?( (y,-,,_ 1) in (6) have nonzero
correlation with the within-transformed regression errors ug .

The rate of convergence in (9) is not m but slower than m as
the smoothing parameter 1/K shrinks like the standard nonparametric regres-
sion estimators. Roughly speaking, it is /N7 /K because gk (y) T gk (y) =
O(K) that yields vg (y) = O(K/NT). Note that Amin(l"lzl)l|g1((y)||2 <
gk 'Tx' gk () < Amax (C)lgx WP with Amin(Tx') = A5 (Tk) < 00
and imax(l“,_(l) = l;liln(l“K) < oo from Assumption 7-(ii). Moreover, it can
also be verified that ||EK M1 = O,(K) and thus the asymptotic distribu-
tion (9) has constant noncentrality as in the standard parametric dynamic
panel case since vg (y)_l/2 (1/T)EK (y) = 0((K/NT)_1/2) Op (Kl/z/T) =
0,(v/N/T) = O,(1) under Assumption 4.

More precisely, from Lemma Al.6 in the Appendix, it can be shown that
||dx — k|l =, 0as N,T — oo, where g = Z}Zlcov(gK (Viji4j) > uiy) is
the one-sided long-run covariance between gx (yi, ,_1) and u; ;. A simple Bartlett
weight function (1 —j/(J +1)) is used here (e.g., Newey and West, 1987) al-
though it could be generalized using kernel functions as Andrews (1991b) if the
kernel and the truncation parameter J satisfy proper conditions. Note that the re-
quired order for J corresponds to the optimal rate for the Bartlett kernel (e.g., An-
drews, 1991b), whereas Newey and West (1987) need J = 0(T1/4) for the consis-
tency of the long-run autocovariance matrix estimator. In fact, we could impose a
weaker condition that J = o((NT/K)'/3) in this case.

Therefore, the form of the asymptotic bias can be found as (1/7T)gk (y)
FI_(]G)K for each K since ||f,;] — FI_<1||1 —p 0as N,T — oo from Lemma
Al.2 in the Appendix, where ||B||1 = supy, ¢ <1 [|BC||, provided that the trun-

cation parameter satisfies J = O (T'/3). If we consider the linear dynamic panel
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regression case (i.e., y;; = u; +0y; —1 +u;,), then this asymptotic bias expres-
sion simplified to (1/T)[o?/(1—6%)]"'[a?/(1=0)] = (1/T)(1 +0), which cor-
responds to the findings by Hahn and Kuersteiner (2002). In comparison, under
the additive separability assumption on the fixed effect, such bias does not appear
in the static models like y; ; =m (xi,t) + ui +u;; when x; ; is strictly exogenous
(e Euiglxin, -, xi,7) =0).0

Finally, Theorem 3.2 suggests a bias-corrected estimator m (y) given by

1~
rﬁ(y)=rﬁ(y)='%(y)+7b1<(y),

which satisfies Dg (y) ™'/ (@ (y) —m (y)) =4 N (0,1) as N, T — oo. Using the
delta method, this pointwise normality result can be generalized to the asymp-
totic normality of a functional of the bias corrected series estimator m (y) as
Andrews (1991a) and Newey (1997) under proper smoothness conditions on
the functional. Note that the bias corrected estimator () retains the standard
rate of convergence given by E [ (i1 (y) —m (y))?z; (dy) = O (K/NT + K~%).
This gives the optimal rate of convergence O, ((N 7)~20/(14+29)) with the opti-
mal choice K* = (NT)Y/(+29 for § > 0, although we would need larger K than
the optimal K* (i.e., undersmoothing) in order to satisfy asymptotic normality in
Theorem 3.2 that requires K v/ NT — 0.

5. SIMULATIONS

To evaluate the finite sample performance of the WG series estimator, we con-
duct simulation studies for y; ; = m(y; ;—1) + #; + u;,; in two different dynamic
structures given by

M1: m(y) = exp(y)/(1+exp(y)) —0.5
M2: m(y) =0.3yexp(—0.1y?)

fori=1,---,Nandt=1,---,T. The nonlinear functions are smooth and all pa-
rameter values are chosen to satisfy stationarity as well as Assumption 2. Each
nonlinear function is properly centered to satisfy m (0) = 0. Fixed effects u;
are randomly drawn from U (0, 1) and u;; from A (0, 1). The first model is the
logistic function, which is also investigated in Ai and Chen (2003) in the
cross-section case. The second model is the amplitude-dependent exponential
autoregressive model discussed in Tong (1990), which is also the case of the
functional coefficient autoregressive model by Chen and Tsay (1993).

Five sets of samples of N = 100 with T =5, 10, 25, 50, 100 are generated. We
estimate the unknown function m(-) by WG series estimation and replicate the
entire procedure 1000 times. For series estimation, we use power series, partic-
ularly the Hermite polynomials. Following the discussions in Andrews (1991a)
and Newey (1997), the first set of simulation chooses the optimal K* as 4, which
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TABLE 1. Integrated mean squared error and Integrated absolute bias

Fixed K (K =4) Cross Validation K
IMSE IAB IMSE IAB

N T nlc b/c n/c b/c n/c bl/c n/c blc Kcy
M1 100 5 2275 1365 2919 2.152 2.165 1.278 2912 2.144 2.00
10 0.660 0.292 1477 0.647 0573 0.243 1410 0.581 2.06
25 0249 0.176 0.706 0.322 0.208 0.157 0.601 0.218 2.38
50 0.143 0.121 0367 0.132 0.151 0.138 0.302 0.106 3.11
100 0.099 0.092 0.211 0.104 0.124 0.121 0.154 0.060 3.67
M2 100 5 2284 1373 2945 2174 2.143 1268 2908 2.135 2.17
10 0.662 0.293 1.485 0.652 0.634 0307 1.417 0.586 2.74
25 0257 0.179 0.727 0344 0.264 0.192 0.698 0.316 3.51
50 0.156 0.130 0.402 0.181 0.178 0.155 0.374 0.144 3.81
100 0.116 0.105 0.283 0.101 0.144 0.138 0.190 0.071 4.21

Note: The results are based on within-group series estimation over 1000 iterations using power series. “n/c”’(No Cor-
rection) displays integrated mean squared error (IMSE) and integrated absolute bias (IAB) before bias correction;
“b/c”(Bias Correction) displays IMSE and IAB after bias correction. K is the number of series functions used for the
approximation: K = 4 for the fixed choice is assigned to meet the asymptotic order and K ¢y is the average value
over K at each replication from the leave-one-out Cross Validation.

is roughly (N T)l/ ® in our case. We fix K over the five different sample sizes
for a better comparison because using different number of basis functions could
change the curve fitting performance.®

The simulation results are summarized in Table 1. The integrated mean
squared errors (IMSE: f E(m(x) — m(x))zdx) are calculated using the dis-
crete expression for the integration (e.g., Ai and Chen, 2003) given by
SETHA/R IR 0, = yD () — G2, where yf < - <yl <

- < yjg are sorted y;, at the rth replication (r =1,---,R). In order to in-
vestigate the bias correction performance, we also consider the integrated ab-
solute bias (IAB: [ [Em(x) —m(x)|dx) given by ZNT 1 [(1/R) Zr 1(m(y]f) —
m(y] ))|(yj 1Y) ). The left panel in Table 1 exh1b1ts several interesting findings.
First, both the IMSE and the IAB get smaller after bias corrections, which shows
that the bias correction improves overall fitting. Although there could be possible
increase in the finite sample variance after the bias correction when we use bias
estimator to correct the asymptotic bias, the bias reduction is quite significant to
offset such effects. Second, the overall curve fit improves with 7" even without
bias correction. This is because the endogeneity bias from the within transforma-
tion reduces with 7', which is also the case in the linear dynamic fixed-effects
models.

Although we assume that K is not data dependent in the main theorems, we also
consider flexible choice of K based on the data in order for the sensitivity check.
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More precisely, we choose K by the leave-one-out Cross Validation (CV):
Kcv = argming<g <k, S > s (y,?, - ﬁgi(Yi,r—l))z, where m°,(y) =
g(}< (y) §_i’ k is the bias-corrected estimate computed using all the observations
but the ith one. We let Kmax = 10 for the power series.” The right panel in Table 1
summarizes the same simulation result with Kcy. At each replication, different
K 1is chosen based on the CV; the average values of 1000 choices of K over the
replications are reported as K cv in Table 1. Note that K ¢y are not much differ-
ent from the fixed choice discussed above. But we can find that K ¢y are rather
close to (T2)!/° instead of (NT)"/® when T is quite smaller than N, which corre-
sponds to the optimal choice of K with small 7 as we discussed in Section 4. We
also find that the bias reduction still works well in this case, which demonstrates
that the estimation and the bias correction work even under the data-dependent
choice of K.

6. CONCLUDING REMARKS

This paper proposes an alternative to the common but rather restricted specifi-
cation in dynamic panel models—Ilinear autoregressive panel models. We employ
nonparametric estimation on the lagged terms. Even though we allow for a general
functional form in the regression, we require enough smoothness of the unknown
function, which excludes some interesting specifications such as dynamic discrete
choice models. In addition, we still postulate an additively separable structure so
that neither an individual effect nor the error term is included in the unknown
function m. Nonseparability can be allowed for at the cost of more restrictions on
m, which is required for identification.

In the current setup, however, we could allow for exogenous variables x; ; €
X CR" by considering a partially linear model

i =m (yig—1)+y Xis + pi +uis, (10)

where y is an r x 1 vector of parameters and X is compact. In this case, us-
ing the conditions for the nonlinear ARX (p, q) process in Doukhan (1994, Sect.
2.4.2, Thm. 7), we can derive the conditions under which the Markov process
{yi.+} in (10) satisfies Proposition 2.1. For example, we let the observed {x; ;} be
given by x;; = ¢(x/,, ui) for some smooth, bounded, and measurable function
£ X* xR > X, where x', € X* C X is a latent i.i.d. stochastic process inde-
pendent of u; and u; ;. Note that under this specification, {x;,} can be serially
correlated as well as correlated with ;. If there exists a locally bounded and
measurable function f: X* — Ry satisfying E f(x/";) < oo and |y/§(xl.*,t, W <
.f(th) +c|u| a.s. for a given u; = u and a constant ¢ < oo, then it can be shown
that the Markov process {y; /} in (10) is also stationary and f-mixing for each i.
The extension of the asymptotic results to the partially linear case is discussed in
Lee (2006).
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NOTES

1. For a signed measure o on a o-field B, we define || |7y =supgcpo (B)—infgcpo (B). If 1
and o7 are two probability measures and ¢ = ] —op, we have ||o |7y =2supgeplo) (B) — oy (B)]
in view of Scheffe’s theorem (e.g., Liebscher, 2005, p. 671)

2. It is the standard within transformation in the sense that we subtract the global mean over ).
In comparison, Lee and Mukherjee (2012) develop a local within transformation for nonparametric
models, which uses the local information around some particular value y € ).

3. In Porter (1996) and Henderson et al. (2008), it is instead assumed that E(x;) = 0 so that m(-)
is identified from E(m (y; ;1)) = E(y; ;). But since m(0) could be nonzero in this case, m(-) can be
identified only up to a constant addition, which is because the constant term in m(-) is eliminated by
the within transformation and we cannot restore it unless it is zero.

4. A similar approach can be found in Su and Jin (2012) in a static panel model. An alternative
approach to handle the unbounded support is considering a sequence of increasing bounded supports
Yn,T such that Uy 7550V n, 7 = ) using some trimming parameter or restricting the function class
that m belongs to (e.g., Gallant and Nychka, 1987; Newey and Powell, 2003).

5. In the nonlinear parametric setup, if the additive separability assumption is violated, we are
supposed to have bias with the same asymptotic order even with strictly exogenous regressors (e.g.,
Hahn and Newey, 2004). It is mainly because, in the maximum likelihood setup, the information
orthogonality does not hold between the parameter of interest and the incidental parameters in general
under the nonseparability. See Hahn and Kuersteiner (2011) for more general result.

6. As discussed in Section 3, we exclude the constant term (i.e., the first element) in the basis
functions. Therefore, K = 4 for power series means 5th order polynomial without constant term.
However, the Hermite polynomials have nonzero constants in higher order terms. We thus verti-
cally shift m so that (m(y) —m(0)) is the new estimate and (z; + m(0)) is the new fixed effect
estimate.

7. By looking at the leave-one-out over i, instead of both i and #, we could avoid any compli-
cation in the serial dependence of the Cross Validation since it is assumed that y; ; is independent
over i. We also tried Mallow’s C), criterion in addition to the Cross Validation but the choice of
K does not seem to work properly. Based on the (asymptotic) similarity between AIC and Cp,
it would be related with the incidental parameters problem in the model selection as studied in Lee and
Phillips (2014).

8. More precisely, we define a;(z) such that sup, SUP 4 gt BeG® |P; (AN B)—P; (A)

i,—00’ i,t+7

P; (B)| < a;(r) as. for > 0 and for each 7, then «; (7) decays exponentially. Note that g?t] is the
o -field generated by { Vig it <1< t2} and P; (A) = [ 4™ (dy) is a conditional probability given ;.
9. More precisely, we can define an indicator function Iy 7 for the smallest eigenvalue of I'g
being away from zero such that P (]I N, T = 1) — las N, T — oco. Whenever I' g appears in the proof,
we then consider Iy 7'k as in Newey (1997).
10. Note that we can write O —0x =T (I/NT) X ST &% (1) {u?, + O (v -1) —

8% (yir—1)'0k)}, where g% ()’i,t—l)”?,t = g4 Oip=1)ttiy — /TS g4 (vi—1) ttirs by
stationarity.

REFERENCES

Ai, C. & X. Chen (2003) Efficient estimation of models with conditional moment restrictions contain-
ing unknown functions. Econometrica 71, 1795-1843.

Alvarez, J. & M. Arellano (2003) The time series and cross-section asymptotics of dynamic panel data
estimators. Econometrica 71, 1121-1159.

https://doi.org/10.1017/50266466614000188 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000188

1328 YOONSEOK LEE

Andrews, D.W.K. (1991a) Asymptotic normality of series estimators for nonparametric and semipara-
metric regression models. Econometrica 59, 307-345.

Andrews, D.W.K. (1991b) Heteroskedasticity and autocorrelation consistent covariance matrix esti-
mation. Econometrica 59, 817-858.

Baltagi, B.H. & D. Li (2002) Series estimation of partially linear panel data models with fixed effects.
Annals of Economics and Finance 3, 103-116.

Bhattacharya, R. & C. Lee (1995) On geometric ergodicity of nonlinear autoregressive models. Statis-
tics & Probability Letters 22, 311-315.

Chan, K.S. & H. Tong (1986) On estimating thresholds in autoregressive models. Journal of Time
Series Analysis 7, 179-190.

Chen, X. (2007) Large sample sieve estimation of semi-nonparametric models. In J.J. Heckman &
E.E. Leamer (eds.), Handbook of Econometrics, vol. 6B, pp. 2549-2632. Elsevier.

Chen, X., H. Hong, & E. Tamer (2005) Measurement error models with auxiliary data. Review of
Economic Studies 72, 343-366.

Chen, X. & X. Shen (1998) Sieve extremum estimators for weakly dependent data. Econometrica 66,
289-314.

Chen. R. & R.S. Tsay (1993) Nonlinear additive ARX models. Journal of American Statistical Asso-
ciation 88, 955-967.

Davidson, J. (1994) Stochastic Limit Theory. Oxford University Press.

Davydov, Y. (1973) Mixing conditions for Markov chains. Theory of Probability and Its Applications
18, 312-328.

Doukhan, P. (1994) Mixing: Properties and Examples. Springer-Verlag.

Fan, J. & Q. Yao (2003) Nonlinear Time Series: Nonparametric and Parametric Methods. Springer-
Verlag.

Gallant, A.R. & D.W. Nychka (1987) Semi-nonparametric maximum likelihood estimation. Econo-
metrica 55, 363-390.

Hahn, J. & G. Kuersteiner (2002) Asymptotically unbiased inference for a dynamic panel model with
fixed effects. Econometrica 70, 1639—-1657.

Hahn, J. & G. Kuersteiner (2011) Bias reduction for dynamic nonlinear panel models with fixed
effects. Econometric Theory 27, 1152-1191.

Hahn, J. & W. Newey (2004) Jackknife and analytical bias reduction for nonlinear panel models.
Econometrica 72, 1295-1319.

Hall, P. & C.C. Heyde (1980) Martingale Limit Theory and Its Application. Academic Press.

Henderson, D.J., R.J. Carroll, & Q. Li (2008) Nonparametric estimation and testing of fixed effects
panel data models. Journal of Econometrics 144, 257-275.

Henderson, D.J. & A. Ullah (2005) A nonparametric random effects estimator. Economics Letters 88,
403-407.

Lee, Y. (2006) General approaches to dynamic panel modelling and bias correction. Ph.D. dissertation,
Yale University.

Lee, Y. (2012) Bias in dynamic panel models under time series misspecification. Journal of Econo-
metrics 169, 54—60.

Lee, Y. & D. Mukherjee (2012) New Nonparametric Estimation of the Marginal Effects in
Fixed-Effects Panel Models: An Application on the Environmental Kuznets Curve. Working
paper.

Lee, Y. & P.C.B. Phillips (2014) Model Selection in the Presence of Incidental Parameters. Journal of
Econometrics, forthcoming.

Lewis, R. & G.C. Reinsel (1985) Prediction of multivariate time-series by autoregressive model-
fitting. Journal of Multivariate Analysis 16, 393—411.

Li, Q. & T.J. Kniesner (2002) Nonlinearity in dynamic adjustment: Semiparametric estimation of
panel labor supply. Empirical Economics 27, 131-148.

Li, Q. & T. Stengos (1996) Semiparametric estimation of partially linear panel data models. Journal
of Econometrics 71, 389-397.

https://doi.org/10.1017/50266466614000188 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000188

NONPARAMETRIC DYNAMIC PANEL ESTIMATION 1329

Liebscher, E. (2005) Towards a unified approach for proving geometric ergodicity and mixing proper-
ties of nonlinear autoregressive processes. Journal of Time Series Analysis 26, 669—689.

Meyn, S.P. & R.L. Tweedie (1993) Markov Chains and Stochastic Stability. Springer-Verlag.

Newey, W.K. (1997) Convergence rates and asymptotic normality for series estimators. Journal of
Econometrics 79, 147-168.

Newey, W.K. & J.L. Powell (2003) Instrumental variable estimation of nonparametric models. Econo-
metrica 71, 1565-1578.

Newey, W.K. & K.D. West (1987) A simple positive semi-definite heteroskedasticity and autocorrela-
tion consistent covariance matrix. Econometrica 55, 703-708.

Nickell, S. (1981) Biases in dynamic models with fixed effects. Econometrica 49, 1417-1425.

Nummelin, E. (1984) General Irreducible Markov Chains and Nonnegative Operators. Cambridge
University Press.

Park, B., R.C. Sickles, & L. Simar (2007) Semiparametric efficient estimation of dynamic panel data
models. Journal of Econometrics 136, 281-301.

Phillips, P.C.B. & H.R. Moon (1999) Linear regression limit theory for nonstationary panel data.
Econometrica 67, 1057-1111.

Phillips, P.C.B. & D. Sul (2003) Dynamic panel estimation and homogeneity testing under cross sec-
tion dependence. Econometrics Journal 6, 217-259.

Porter, J.R. (1996) Essays in econometrics. Ph.D. dissertation, MIT.

Prakasa Rao, B.L.S. (2009) Conditional independence, conditional mixing and conditional associa-
tion. Annals of the Institute of Statistical Mathematics 61, 441-460.

Stone, C.J. (1982) Optimal global rates of convergence for nonparametric regression. Annals of Statis-
tics 10, 1040-1053.

Su, L & S. Jin (2012) Sieve estimation of panel data models with cross section dependence. Journal
of Econometrics 169, 34—47.

Su, L. & A. Ullah (2006) Profile likelihood estimation of partially linear panel data models with fixed
effects. Economics Letters 92, 75-81.

Tjgstheim, D. (1990) Non-linear time series and Markov chains. Advances in Applied Probability 22,
587-611.

Tong, H. (1990) Non-linear Time Series: A Dynamic System Approach. Oxford University Press.

Tweedie, R.L. (1983) Criteria for rates of convergence of Markov chains, with application to queueing
theory. In J.E.C. Kingman & G.E.H. Reuter (eds.), Papers in Probability, Statistics and Analysis,
pp. 260-276. Cambridge University Press.

White, H. & 1. Domowitz (1984) Nonlinear regression with dependent observations. Econometrica
52, 143-161.

APPENDIX: Mathematical Proofs

A.1 Useful Lemmas

Throughout the Appendix, we let C denote a generic positive constant that may be different
in different uses. We let ||-|| be the Euclidean norm such that ||| = (5’5)1/2 for a vector ¢
and ||B|| = (tr (B’B))l/2 for a matrix B, where t7 (-) is the trace operator. We also intro-
duce a matrix norm || B[l; = supy.| ¢/ <1 I1BCIl. When B is symmetric and positive definite,
I Blly is the largest eigenvalue of B. We denote g (vir) =gk (vit) —E(gx (visr) l1i)s
the conditional covariance and the conditional expectation as cov; (-, -) = cov(-,-|u;) and
E; () = E(:|u;), respectively. Lemma A1l.1 provides the convergence rate of the denomi-
nator part of @\K in (6).
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LEMMA Al.1. Under Assumptions 1-3 and 7, ||(NT)_lle:12tT:1§K (vii—1)
g iu—1) = Tkl = O0p(K}NTyand \NTHT'ZN ST ST o0
(Yi,t—l)gK (y,-’s_l)/“2 = Op(Kz/NTz) for large N and T, where Tk =

E (51( (yt',t)EK (yi”)/)'

Proof of Lemma A1l.1. First, we have

2
1 N T ,
E ﬁglzlg,( (vii—1) &g (ii—1) =Tk
i=lt=

2

~

1 L& 11 & 1
ZWZZE NZE’ ?Z{gl(j(yi,t—l)gKk()’i,t—l)—FK,jk}

j=lk=1 i=1 =1

K K

| Kk K 2 o
:WZZE[EIQ()’i,O)gKk()’i,O)_rK,jk] +WZZ

j=lk=1 j=lk=1

N T-1

xE %Z > (1- %) cov; (g5; (71.0) 8 (34.0) 8 (i) 8 (i)

i=17=1

=A (N, T,K)+A;2(N,T,K)

by the fourth order stationarity, where I'g jx = E(ng (yi’f)gl(k (yl-’,)) is the (j,k)th
element of the K x K matrix I'g . It can be shown that

1KK

A1 (N,T,K) < WZ ZE(é{j (W,O)&ék ()’i,O))

j=lk=1

K2 . K2
——~E{ sup E; (g Yi,0 ) <
NT (l<k<K ! *Kk( b ) NT

IN

by Cauchy—Schwarz and Assumption 7. For Ajp(N,T, K), since f-mixing implies
o-mixing (e.g., Doukhan, 1994, p. 4, Prop. 1), Proposition 2.1 implies that { yi,,} is an
o-mixing process with exponential decay for each i given ; 8 Furthermore, since gkik()
are Borel measurable, {gx (vi,/)} is also a-mixing of the same size (i.e., whose mixing
coefficient is of the same order of magnitude as that of { vi, ,}) forallk=1,---,K (e.g.,
White and Domowitz, 1984, Lem. 2.1). Therefore, using the Davydov a-mixing inequality
(e.g., Hall and Heyde, 1980, Cor. A.2) and under Assumptions 1-3 and 7, we obtain
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covj |\ & (Vi0)8ry Vi,0)>8x: Vist)8xy Wit

kj (51.0) 84 (v0.0) - 8 (ive) g p i)
PN\2/P

i (Yi,O) Exk (yi,O)’ ) a.s.

2p\ 2/P
(y,"())‘ ) a.s.

<8a; (1)1 7HP 2P g (A.D)

< 8a; (T)l_z/p( ilg

< 84; (r)l—z/"( ilg

for some p > 2 since sup;<; <y SUP <k <k Eilg g, (vi.0) 2P < ¢ as., where the second
inequality is by Cauchy—Schwarz. It follows that

T—1

> (- %) cov; (8 (3.0 81 (.0) 8 (vie) 8 (vi0))

=1

<8(2/”Z( ——)a (O as.,

where S TTM(1—@/TNa ()P » TX 6@ < (132,
Bi (1)1_4/ 2P <00 as. as T — o0 using the Kronecker lemma, and from Proposi-
tion 1 of Doukhan (1994, p. 4) and Assumption 3. Therefore,

C pK2 1-2/ K?
[Alp(N, T, K)| £ ——— ZZ/;’ @ =of — ).
l—lr 1 NT

which yields the first result.
For the second result, since ||X||2 <2|X - Z||2 +2 ||Z||2, we have

2

T
}G}T’:E::E: ytt 1 :E: ytYl

Zzg,(] Vis—1) & g, (Vis—1)

2 , K X
B
t=1 s=1

j=lk=1

s

T

Sk (vii-1) 8, Vis—1) —Ei (ng (vii-1) 8 (yi,s—l))]

T

1M~
mﬂ

zin (51(/‘ (yi~f—1)§Kk (Yi,s—l))

t=1s=1

=A2 (N, T,K)+A»(N,T,K).
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Note that
Ay (N,T,K)
- 1 , 5
NT4 ZZ Z E; ZgK] Yi,t—1 z ylS—
j=lk=1 l=1 s=1

E]||N
M
7
z| -
M=

TE; (gg(j (yi,o))

I
—_

j=lk=1 i

—1

T

T

+7 3 (1=7)eon (i 0n0) g 00) | |
T=

but since Ei(ﬁ%{j ()’i,o)) < [supisupkEi(g‘I‘q ()’i,O))]l/z < CI/Z by Jensen’s and

lcov; (g 5 ; (yi,o),ng (vie DI < 8(1i(f)1_2/p(5'~1piSquEi|§Kj (vi0) PPYVP < 8ay

(0)1=2/P 12 it follows that [Ayy (N, T, K) | = O(K2/NT?) similarly as Aj2 (N, T, K)
above. For Ay (N, T, K), by letting V;j , = 8k, (i,+), we note that

|21 (N, T, K) < —— ZZ

/Ikl

N T T T

ZZZ D i Vo Vii—1Vjs—1 V=1 —Ei Vi o Vi 1B Vi1 Vi r—1] | »

t—lt ls=1r=1

where since V; ; is assumed to be fourth order stationary and E; V; , = 0 by construction,

T T T

I1; —ZZZ|E 0V i—1Vis—1Vir—1 —Ei Vi o Vi —1Ei Vi -1 Vi r—1 |
t=ls=1r=1
T T T

< 3! ZZZ |Ei Vi.oVii—1Vis—1 Vi r—1 —Ei Vi oVi i —1Bi Vi s—1 Vi r—1]
t=1s=tr=s

<6Z Z {1 Vi 0(Vit Vitas Vieras+r) | 1Bi (Vo Vior) Bi (Vs Vi rts4r) |}

t=10<s,r<t

+6Z Z VioVit) (Viigs Vi, i+s+r) _Ei(vj,()vk,t)Ei(Vj,t—i-st,t+s+r)‘

s=10<t,r<s

+6Z 2 B (VioVier Vi) Vicr+s+

r=10<t,s<r

+ |Ei(Vi,0Vit) Bi (Vi i4es Vi, t4rs4r) |}
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T
=6Z Z {Icovi (V},0. Vit Vii4s Viits+r) |

t=10<s,r<t
+[covi (V0. Vi) [ |Ei (Ve Viesrsr) [}
T
+6Z Z |covi (Vi,0Va,ts Viis Visrasr) |

s=10<t,r<s
T
+6 . > {leovi (VioVi Vs Virasr) |

r=10<t,s<r

+ HE OVk t ‘ }Covl V/,[-i-S’ Vk,t+s+r) ‘}
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similarly as Andrews (1991b, Lem. 1). Using the mixing inequality referred
above, however, we have ’cov, (V00 Vi, ,)’ 8a,(t)]_z/p(Eile,mPIEi|Vk’0|1’)1/1’
< 80;(n'72/P1/2 as. and |cov; (Vi tts Vigtas+r)| < 8a (17212 as. for
some p > 2. Similarly, we can also derive that ’cov, (VJ 0 Vie,t Vit4s Vi, t+s+r | <
8a; (1)! 4/”<El|v,,o|”El|vk,o| < 8ai e as. feovi (VioVigs Vit
Vi t+s+r ‘ < 8a; (5)1_4/UC a.s. and |C01)t VioVitVji+s. Vi, t+v+r)| < 80"(7)1_4/UC
a.s. for some v > 4. In addition, by Cauchy—Schwarz, ‘IE Vi t+s Vi, t+v+r)’ <

2
[E: V2, B,

k,t+s+r ]1/2 < Cl/z a.s. Therefore,

1 N 1N T
T <960 (k) D D a)! HY

i=1 i=1t=10<s,r<t

N T
+48((K)%ZZ > ai) T

i=1s=10<t,r<s

N T
+96((K)%zz > i)' <00

i=1lr=10<t,s<r

(A.2)

since (1/N) 0L 34 Spesprerai 04" < (M/NZL 3L a7 < o0
from Assumption 3 similarly as Ajp (N, T, K) above. It follows that |Ay| (N, T, K)| =

O(K?2/NT?), which yields the desired result.

Andrews (1991a) and Newey (1997) show that the variance estimation for linear functions
of the series estimator is essentlally the same as it is in least squares estimation for nonran-
dom K. We also estimate ['x by Tg = (l/NT) Zz_l Zt ng (vi, ,)gK (vi, ,)/ for every
K. Note that Assumption 7-(i) ensures that T K 18 nonsmgular for large N and 7. In what

follows, therefore, we simply assume that T K is invertible.”

LEMMA A1.2. Under Assumptions 1-3 and 7, for large N and T,

(1) ||rK||1||r;<‘||1 T 2110, 1T 211 are all uniformly bounded over K;

1/2 1/2
@) [Tk —Tgll = 0p(K/v/NT) and |[Tx — Tk lly, T} > =T}, IITY
are all op(1);
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@) IIT" =T = 0p(K/V/NT);

_ =~1/2 =~—1/2
@ Tkl T I 1T 20 1T 211 are all 0,(1).
Proof of Lemma A1.2.

(1) For any symmetric matrix A, we let A (A) and Amax (A) be the minimum and
the maximum eigenvalues of A, respectively. Then, when A is positive definite,
IAll} = Amax (A). Since I'g is positive definite and 0 < Aip (Fg) < Amax Tx) <
o0 uniformly over K from Assumption 7-(ii), we get ||k |l = Amax Tk) <

1/2 1/2 _ _
TR = Zmax (%) = umax(rm]l/2 <00, IITg M = Zmax (T%") =
_ —1/2 _
Lomin (CE)T™! < 00, and (1T 2111 = max (T /%) = Uimin (Ck)T™2 < o0 for
all K.
(2) We can write
N T N T

D% ii—1) &% (ie=1) =D gx Gisi—1) &5 (isi—1)’

i=1t=1 i=lr=1

_72281( Vi,t—1 ZgK )’1s— s

i=lt=1 s=1
then the first result is easily derived from Lemma Al.1. The second result is from
1/2
K/v/NT — 0 and that [ All; = imax (A) < (XK 2912 = (ir (44)) /> = |1 A],
where As are the eigenvalues of a K x K positive definite matrix A. Finally, the
third and the fourth results follow straightforward since f (x) = x1/2 is a continuous
mapping everywhere (see Davidson, 1994, Thm. 18.9).

(3 Similarly as Lewis and Reinsel (1985, Thm. 1), we wite T - ={rg'+
~_1 -1 - =—1 -1 =1
(r,i - rAK N rK) K and thus [T — rK I < (T I+ 1T —
T )Tk =T T I or

1T =T {1 =1k =TT i < iegh it = el

with probability approaching one (w.p.a.1). But note that |||/1"\K —Tklh ||1"I_<1 1 =
ITk T — Ikl =Amin(TkTx —1g) < 1w.palsince [[Tx T — Ikl —p 0.
Therefore, 1/{1 —||T'g —FK||1||F1_<1||1} is bounded and thus

=20

~ r 'k -T

||1—~I—{1_1—~I—(1”1§ I ]/(\“1” K K_“ll :OP(K/\/W)
I=ITg =Tkl g 1

from the results in parts (1) and (2) above.
(4) We first write that [|[Tg|l; < Ik —Tkll1 + 1Tk |l; and the result follows using
parts (1) and (2). The similar argument can be applied for other results. ]

The following lemmas are useful to obtain the convergence rate of the numerator part
of 6’1(

LEMMA A1.3. Under Assumptions 1-4 and 7, (NT)"' S S e (vii—1)
uj 1> = Op(K/NT), ||(NT2)—‘ S S 2 8 (i) uisl? = Op(K/T),

and |(NT)"' 3N, ST, Mi,,gK (vii-1)gg (viie1) = 2Tkl = 0p (1) for large N
and T.
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Proof of Lemma Al3. Since E[g,, (vii—1)ui ] = 0, we note that T7'E;

(Z[Tzngk (yi,z‘—l)ui,t)2 < Ei[gKk (yi, )ul 1] + 221_1 (1—=17/T)|cov; (gKk(yl 0)
Mi,lagKk()’i,r)Mi,1+r)| by stationarity. The first term is simply O(l) since

Eilg Kk(yi’o)ui’l]z =E; (gik(y,-70))IE,~ (uil) < ¢2¢Y/2 from Assumptions 1, 2, and 7,
where E; ("‘1'21) = E(ul.zl) =2 for u;j, being independent of x;. For the second
term, since {gg(¥;;)} is a-mixing for any k and {ui’,} is iid., {gxix(Vi—Duir}
is at most a-mixing with the same mixing coefficient since g (y;,—1) and u;, are
mutually independent for all i and ¢. In this case, we simply need to consider richer
o -fields g{ —oo and gl t4¢ for 7 > 0, which are generated by {yi,s—l}s<[ U {“i,s}s<,
and {yi,s—l}s>t+r+1 U {ui’s}s>t+r+1, respectively, for given i. Moreover, for
some p > 2, Billg, Gig—Duisl?] < V2Rillu 171 = ¢V2RBlug 417 since u; g
is independent of ;. Similarly as the proof of Lemma Al.l, we thus have

_ 2/p
lcovi (g o, (¥i.0) i1 8 gy (Vie) wii4e)l < 8oy (D)1 7H/P (CI/ZE|“i,t|p) as.
Therefore,

2

1 N T
NT ZZEK (vi,e=1) i e

i=1t=1

T 2

K
- ¥ 2|3 _zE 3 Oi-1) i
= i=1

N oo
K 8 _ 2/p K
<7 |7 2 2 0 () = 0(7)
i=lr=1
since (]E|ui’t|1”)2 < ]E|ui,,|2p < oo for p > 2 by Assumption 1-(i).

For the second result, we note that since u; ; is i.i.d. over i and ¢ and independent of y;,

E; (Z;T=] u,-,s)4 = Z;T=] E(u‘f’l) + Zthl Dt E(u%’luis) = O(T?). Moreover, using
the second results of Lemma Al.1 above, we can obtain that

4

1 N T
2B g i)
i=1 =1

N T T T T

ZZZZZ‘CODI(&U{ Yi,t— l)gKk(ylA—l) gKk(ylr l)gKk(yl,q 1))‘

l—lt—ls—lr 1g=1
2
| N

AP R (84 Gii—1) 84 Gis)) | =0(7?).

i=1 \t=1s=1
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Therefore, it immediately follows that

N T T 2
E T2 lelng Yi,t— 1 Ujs
i=lt=1s=1

2
1 N

NT4 ZZZ&'K Vi t— lulA

i=1|t=ls=1

E —ZE ZgKk Yi,t—1 Z"‘H

i=1 t=1 s=1

1
T4

M=

>-
I

47 1/2

=

1

i 41172
1 & r T
T4 ZE N E; Z&Kk (Yi,z—l) E; zul,s
k=1 =1 s=1
) 412

IN
=

i=1

4172

N T T
ZEi ZEKk (yi,t—l) E Zul,s
i=1 =1 s=1

==

Ly
—>E
NT# =

= )
where the inequalities are by Lyapunov’s, Jensen’s, and Cauchy—Schwarz inequalities

in turn.
The last result can be readily derived using Lemma A1.1 by writing

1 N T 2
Fzz ng Yi,i—1 gK(y,l 1) — 0Tk
i=1t=1

;ié (38 sg  -=rc

iio~>

i=1 =1

wa%%MWMW%W%wwwmﬂ-

z|~

Note that, from Assumption A1-(i), we let a constant C > 0 such that E(u?l) < C < oo for

6 > 4. Then E; [uiz,,g,(j (vi,0) Exi (vio) — Uer,jk]2 < E; [ui,gij (yl',o)g%(k (vi0)] <
C(¢ < 00, and similarly as (A.1)

Jcov; (2 18,5 (34.0) 8y (90) 142 1408 (i) £ (i) )|
< 8a; (1) 7HP PP .
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for p > 2. It thus follows that

1 A 2 / 2 ? K2
E ﬁzzui,,&( (yi,t—l)gK (vii—1) =0Tk :O(NT)%O'

i=1r=1

[ |
LEMMA Al.4. Under Assumptions 1-7, for large N and T, ||m (yi,,) —gK (yl t)
OkII> = Op(K™2) and (NT)"' 300 350 mO (vim1) = 8% (viu—1) 0k ) =
0p(K~29).
Proof of Lemma A1.4. First note that
2
E[m (vi) — gk () 0k | =E [ / [m () =gk 0) 0k |’ 7 (dy)}
—w/27?
=JE[/ [(m(y)—gK (y)’HK)(1+IIy||2) ]
w
x (14 1y12) " 7 (dy)}
w
< |m () — gk ) 0k Hio,wE[ / (1+1512) "7 (dy)}
= O(K~29) (A3)

from Assumption 6. Therefore,

ZZ{ (vie—1) g?{()’i,t—l)’ek}z

z—ll 1
1 L 2
/
=E WZZ{’” (yi,t—l)—gK (yi,t—l) 91(}
i=1t=1
N T T
e[ 35S ) - ) )
i=lt=1s=1

X [m (y,',s_1) — 8K (yi,s—l)ng]

2

2
<E [m (i) — gk (yi,t)/HK] + [E (m (vii) — 8k (}’i,t)/el()
L o\27l2
xE (m (vie) —gk (Vi) 6’K) ]
-0 (K—za) )
where the inequality is from the Cauchy—Schwarz. u

The following two lemmas establish the building blocks for deriving asymptotic distribu-
tion of m(y).
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LEMMA AL1.5. Under Assumptions 1-4 and 7, (NT)~ 1/2p’r‘1/2 Z;—lth:IEK

(yi’,_l)u,',, -4 N(O,a ) as N,T — oo, for some K x 1 nonrandom vector p satis-
fving lIpll = 1.

Proof of Lemma A1.5. We first define a random variable Z; ; = p’FEl/ng (vii—1)
u; /o, which is independent across i. For each i, moreover, {Z; ;, F; ;} is a martin-
gale difference sequence with variance one, where F; ; = 0 ({Z; s}s<:). Note that y; ;
is a nonlinear function of {u; s}s<s and u; , is serially uncorrelated. Therefore, it holds

—1
that B(Zi 1 Fi 1) = p'Tg g (i I)E(ultmt /o =0 and E(Z2,|Fi—1) =

pTe 8 Oi—1) B 1 Fi D)8 (vi—1) T oot =1,

Directly applying the conventional Lindeberg condition to the double indexed process
Z; ; is not straightforward. We instead apply Phillips and Moon (1999, Thm. 2) for limit
theories with large N and T by checking the generalized Lindeberg condition for joint
asymptotic normality. In this case, the generalized Lindeberg condition (Phillips and Moon,
1999, eqn. 3.20) is given as

il

N

ZE[n,Tl{Imrl > sNre}] (Ad)
SNT =1

as N, T — oo for every € > 0, where ;7 = T~1/2 Zz 1Zi,; and YNT = 1)ar(Z:h1 nir)-
By Davidson (1994, p. 372, Thm. 23.10), however, a sufficient condition for the
Lindeberg condition (A.4) is that #; 7 is uniformly integrable and s12VT /N is bounded above
zero. For the second condition, note that

T
512\7T =var f ZZ ar Zzi,t
t=1

i=lt=1
=N ( )+2Z(—*)COU Zi1. Zine)p =N

since Z; ; is martingale difference with variance one, and thus SIZVT /N =1 > 0. For
2

the first condition, similarly, we have E(’?izr) = IE(T_I/2 erzl Z,-)t) = 1, which

gives supj;< NE('I,'ZT) < 00. Therefore, (A.4) holds and we can conclude that

(1/¥/NT) szl Zszl Zit —aN(0,1)as N, T — oo by Phillips and Moon (1999). H

The following lemmas provide consistency of the estimators of 0% and Qg =
Zﬁo cov (gx (Vi,r+j) > ui,¢)» which justify the bias correction formula in Theorem 3.2.

LEMMA A1.6. For each K, we let D = ZJ O(N(T —jn~! Zz—l w; ZIT 1] g(I)<
(y,- ,+j)A?t, where wj = 1—(j/(J + 1)) and 0 uj, = yi,t —HKgK (y,’t_l). We have
NNT)' N ST ZST=1§K (vii—1)ttis — Pkl =p 0 as N,T — oo jointly un-
der Assumptions 1-4 and 7. Moreover; if J3/T — a < oo, then ||6K —Dg||—>pO0as
N, T — oo jointly under Assumptions 1, 2, 7, 6, and 4.
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Proof of Lemma A1.6. We let a K x 1 vector

B | NT
Yy (N, T)=E —TZZ

lt=1s=

T
8x Wir—1utis
1

t—1

i T
=K 1Z|;ZZE1 g[( Vi, t— r)”tl)
i=1 t=271=1

T—1

—E 1% (1——)covl(gK(Yi,r),”i,l)

i=1r=1

Then, for the first result, we have

N T T
NTZZZgK Vi, t— 1 Uj s — g
i=lt=1s=1
1 N T T
7 22 28k ia=t)uis = ¥g (N.T) | + ¥k (N.T) = Ok || = 0
i=lt=1s=1

as N, T — oo, where the first term converges in probability to zero by the definition of
Yk (N, T) and the second term is negligible for large N and T by the Kronecker lemma

since @ =92 | cov (g (yir) ui1)-
For the second result, by triangular inequality, we write

|k — k]|

J [es)

> wiBlg . (virtj) uiid = D cov (g (viitj) i)

j=0 j=0
J N T—j

+ 2 VT ZZ(& (i) it —Elg g (Vi) i) (A3)
=0 i=11=1
J N T—j

+ ZN(T B Z; l(gK (Yi,t+j)_g?( (}’i,H—j))“i,t (A.6)

i=1t=

7 N T—j

+ Z (T 7) - Z g(l)( ()’1 l+j) (AO —Uuj t) > (A7)

1t=1

where the first term converges to zero as J — oo using Kronecker lemma. Note that
cov (gx (Viyi+j)ui,) = cov (51( (vi,i+j) > u,-’,). Therefore, we need to show that (A.5),
(A.6), and (A.7) are all o) (1) for large N, T and J.

For (A.5), we first note that |w;| < Cy forall j =1,2,---,J and for some constant
0 < Cyp < o0o. Thus similarly as the proof of Theorem 2 in Newey and West (1987),
for any ¢ > 0, we have
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J N T—j
ZN(T 0 th l(gK )’zt+/ Uit — EEK(yiat‘f',/)”i,t) > €
i
T—j

N
<P Z|w]| N(T — J)E, 1(gK }’zt+j)"‘zt_]EgK()’1z+j)M”) > &

N T—j .
N(T ])Z (g,( (vig+j) i —Egy (yi,t+j)“i,t) o

J
Z
Jj=0 i=1t=1
J
Z

T—j 2

2
( ) N(T J)Z (K Vi) i ~Eg e (i, t+/)“”)

i=11=1

INA

T—j

2
J 2 ) .
Cypd T 1 2 B
< ZO(S) ( _ ) E ﬁz 8k ()’i,t+j)u,~’, = - x O (ﬁ)’
]:

r=j i=11t=1

where the third inequality is by Chebyshev’s inequality and the last equality is from Lemma
Al.3. The desired result follows since J3K/NT = (J3/T)(K/NT)JT/N — 0
as N,T,J — oo. Similarly, for (A.6), we have Sk (yi,;+j) - 8(1)( ()’i,z+j) =

(1/T) ZST=1 gy (Vi,s+) and thus for any & > 0

7 T—j
ZN(T ])ZZ( K )’z t+/ g?{ (Yi,H-j))ui,t > &
J= =1 t=I

/ wj NT-j T
=F Zmzzzlgyu+] Uil > ¢€
Jj=0 i=1t=1 s=1

NT—-j T

S orcwIN2( T \*. | 1
S]go( l;) ) (T_j) E NTzzZZgK ylS+j Uit

i=1t=1s=1

CuJ? 0 K -0

= X —
g2 p T2

from Lemma A1.3 since J3K/T? = (J*/T)(K/\/ )«/N/T — 0as N,T,J — oo.
_Fman{), for-faA;f)f, since @), —ui = (O (yi—1) =m0 (vig—1) = (Y T) X1 wis,
1t can be verified that

J N T—j

P ZN(T ])Zzg(}( Yi,t+j ( u,,t) >

i=1 t=1

J T—

N
<P ZN(T 5 ;

-
(Viraj) (m (vie—1) =1 (yii—1)) || > % (A.8)

ﬂ

J —Jj

N T
w;j > e
+P gm;;; (Vistj) (m (yir—1) = (Yii—1)) > 5 |(A9
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for any ¢ > 0. Similarly as the previous cases, the first term (A.8) satisfies

J N T—j
ZN(T 7 ZZ iej) (m (vie—1) =1 (vig—1)) | >
-1

=1t

NSRS

N T—j

J
~ &
SE)P N(T j)zng Vi) (m (ia=1) =7 Oie=1)) | > 35—

=1 t=1

N T—j 2

<5 () (755) = 2 2 50 e i) =)

J i=11t=1

4c2 3 K K
= 82 XOP(N NT+ +ﬁ))—>0

since J3K2/N2T = (J3/T)(K2/NT)(T/N) — 0, J3K'"20/N = (J3/T)(K/NT)
(vVNTK~9%(T/N)— 0,and J3K2/NT? = (J3/T)(K?/NT) — 0. Note that for each j

T— 2
1 N J

NTZZgK Yisi+j) (m (yie—1) = (vi,i—1))

i=11t=1

1 K 1 N T—j
= 77 LBy 2B | 2 gy D) (n (1) =77 (1)
k=1

i=1 t=1

K o (E g2 X
= — X R — —_— R
NT? NT T2

in which the generalized-C; and the Cauchy—Schwarz inequalities in turn yield

. 2
T—j
D 8gep G ) (m (vig—1) = (vi1—1))
=1

T—j

< (T =) D i [y Gt ) (m (vigmr) =0 (yl-,t_o)]2
5 1) = 1))

<(T'- ])Z[ )
< (7= P02 [Ey n () = (1)) ] = 0(T2(15T+K_25+£))

T2

from Assumption 7-(iv) and Theorem 3.1. It can also be verified that (A.8) goes to zero
as N, T,J — oo using the same argument since
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T—j 2

N T
E #ZZZ K yl s+] yzt l) (yi,t—l))

i=1t=1s=1

T

N T 2 r—j 2
2 H,Z]Ei (Z:gKk ()’i,s-i-j)) ( (m(yl',z—l)—"?(yi,t—l)))

S LN T 4
rz ﬁz Ei(ngk()’i,s-i-j))

1(1

1 K 1 N T
< DB D TP E g (i)
k=1 i s=1

i=1

T NTH

T~

47172

~
|

J
E.

X

(m (yi,y—1)—m (Yi,t—l)))

1

4

T—j 12
x(T - j)? Z E; |m (yi—1)—m (yi,z—1)|4:|

t=1

Koo (E x4 K
= — X R —
NT# NT T2

|
LEMMA  Al.7. Under Assumptions 1, 2, 7, and 6, 62 = (NT)~!
N lthzl(ﬁ?,t)z —p o2as N, T — o0 jointly, where '12?,[ = ygl _@Kg(l)( ()’i,t—l)-
Proof of Lemma A1.7. Letting iii° (y; ,—1) =0} g% (vi1—1), we have
N T )
7o < | X (= ) -
i=1t=1
A 2
+ 7 2o 2 (0 (1) =m® (1)
i=1t=1
+2 NTZZ(y” O (yise 1)) (ﬁo(yz',z—l)—mo(yi,z—l))‘
i=1t=1
=B (N, T)+B>(N,T)+ B3(N,T).
We first observe that since let —m ()’i,t—l) = u?t =u;;—1/T) ZZ:I Uj s,
L N L N 2
BIN.T) < | 3= > > (uf, —o?) |+ NTzZ > uiy | =Bii(N.T)+Bp(N. T,
i=1t=1 t=1
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where EBj(N,T)? = (1/NT)]E(M;{I—02)2 = (I/NT) [Eu;{t—a“] — O(1/NT)

since IEuf1 , < oo from Assumption 1 and u;, is iid. with mean zero and

variance ¢2. Moreover, it is straightforward that EB1(N,T) = O(1/T). Therefore,
B (N,T)—=p 0as N,T — oo. Now, from Theorem 3.1, it follows that EBy (N, T) =
0 (K/NT +K24 K/Tz) — 0 as N,T — oo. Similarly, by Cauchy-Schwarz,
Theorem 3.1 yields

L N 5 L NI 5
B3(N,T)> <4 WZZ(M?,) ﬁZZ(ﬁO (yi—1) —m® (yi,t—l))
i=1t=1 i=lt=1

<420, (K k2. K)o
= PANT T2 ’

which completes the proof. n

A.2 Proofs of the Main Results

Proof of Proposition 2.1. We let ¢(y) = |y|, which is a locally bounded and nonnega-
tive measurable function. Then, for |y| >, (1) and Assumptions 1 and 2-(iii) imply

Elp (vi s+ D1ir =y, i = p] < ImOW))|+ 1 pl +Eluj p1] < eyl +co+lul +Elu; 1411

Since it is assumed that x; has a compact support and E|u; ;| < 00, it thus follows that
there exists some finite real constant € = €(u) such that E[g (y; s+1)|yir = v, i = u] <
c1p(y) —e with 0 < ¢; < 1, which satisfies the Lyapunov function test criterion
(e.g., Tweedie, 1983; Nummelin, 1984). Therefore, by Theorem 4.1 in Tjgstheim (1990),
Assumptions 1 and 2 imply that the homogeneous Markov Chain {y; ;} satisfying the non-
linear autoregression (1) is geometrically (Harris) ergodic over ¢ for each i. Furthermore,
since the initial value y; o is drawn from an invariant measure z;, geometric ergodicity
ensures that there exists a unique invariant probability measure z; and the Markov chain is
stationary for each i (e.g., Thm. 7 in Doukhan, 1994, Sect. 2.4.2; Prop. 1 in Bhattacharya
and Lee, 1995; Prop. 1 in Chen and Shen, 1998). Finally, since a homogeneous Markov
chain is f-mixing with mixing coefficients tending to zero at an exponential rate if it is
geometrically ergodic (e.g., Meyn and Tweedie, 1993; Doukhan, 1994; Liebscher, 2005),
we can conclude that conditional on x;, the homogeneous Markov process { i, ,}
is stationary and S-mixing with exponential decay for each i. u

Proof of Theorem 3.1. We define N7 x K matrix g, = (g, (v1.0)>+>
8k (yn.7=1)), and NT x 1 vectors u = (ul,l,-u,uN’T)/,m = (m(yr0),
m(yN,T—l))/- We also define g(}(, u’, and m® similarly: g(;( = (g(1)< (yl,O)a"',

/ / /
g(])( (yN,T—l)) ’ uo = (u(l)’la"'yu(])\]”r) > mo = (mo (yl,o)aamo (yN,T—l)) .
We write

Ok — 0k = (g(}ég(}g)_l gy (mo —g(}(HK) + (g(}ég%)_l g¥ul. (A.10)
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First note that since FK = g gK/NT Lemma Al.1 implies that ||FK — Ikl =

Op(K/~/NT) that goes to zero as K/~NT — 0. Similarly as Newey (1997), we
define Iy7 = dmin(Tk) > Amin(Tk)/2} so that PAyr = 1) > 1 as N,T — oo.

Then since g K (g e K) g K is idempotent,
Iy [Pt (m” — ok ) /N7

< tr [T | e/ v~ 2 (m0 g0 ) i) |

—Inr2ha T D) [(mO —g‘}(HK)/g‘}( (g?g’g?g)_l g (m0 —g(}gﬁx) /NT]

< In7Amin (Tk) [(m0 - g%e,()/ (mO - g(;(HK) /NT] -0 (K—zé) (A.11)
from Lemma A 1.4, where max (/%) = Umin(Tx)1™Y/2 and Ty 7 min (Cx) = 0p (1).

Note that the first inequality is from [[AB|| < ||Al|1]|B]| = Zmax(A)||B]| for symmet-
ric and positive definite matrix A. Furthermore, we observe that ||f_1 (gO’ u’ /N T)||2 <

IITx || ||g u®/NT|]%, where [T !|I; = Op (1) from Lemma A1.2, and

N T T 2

K K
NTZZZZgK Yit— 1 ujs| =0p (ﬁ_'_ﬁ)

i=lt=1s=1

1 /
- < || ——
[rrsie] = [reee
by Lemma A1.3. It thus follows that

~ 2 K K
Iyr ”rK1 (g(}(/uo/zvr) H =0, (WJFE). (A.12)

Therefore, by combining (A.11) and (A.12), we have
Iyt [0k =0k |* < 2Iyr Hf,;l (eu®/NT) H2 +20yr Hf,;l (e% (m—ghox) /NT) Hz
=0, (K—2‘5+ K/NT + K/Tz) :

Next, by the triangular inequality like Newey (1997), Assumptions 6 and 7 imply

Blyr [ 17 0)=m 0P (@)
= EHNT/ [gx &) (51( —0k)+ (sx ) 0k —m (Y))]2 m; (dy)
< 2Bl [ (ex ) @k —0x)) 7 (@) + 2Ly [ () =gk 0 0k) mi @)
< 2BIn7C |0k =0k |*+2[m () — gk bk |5, Elnr / (14 1912) " 7 (@)
-0 (K‘2‘5+ K/NT + K/Tz) +0 (K_Z‘S)

-0 (K—25+K/NT+K/T2)
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for some positive constant C < co. Note that the second inequality is because we can
assume that [ gx (v) gk (v) ;i (dy) < CIg < oo without loss of generality from Assump-
tion 7 once we consider orthonormalized basis functions ggy (-) fork =1,---, K. n

Proof of Theorem 3.2. Since m(y) — m(y) = gk ) @ — Og) —
(m () =gk () Ok ), we write

\/ﬁ(n’i(y)—m(y)+(1/T)gK ()’)/FI_(I(DK)

Vex 0 Tx'gk ()

sk O)VNT (HAK -0k +(1/T)FE1‘DK) VNT (m(y) =gk () 0k)

Verk ) Trlex () Ver ) Trlex ()

The second term in (A.13) is op (1) since «/NT|m(y)—gK(y)’9K|

O(K_5\/NT) — 0 from Lemma Al.4, and gg (y)’l"[_(ng (y) > 0 for any y from
Assumption 7-(ii). Therefore, the asymptotic distribution of 7 (-) is determined by the
asymptotic behavior of the first term in (A.13), which can be decomposed asl0

. (A13)

gk O) VNT (O =0k +(1/T) T Ok ) /g 00 T g ()

—- =—1/2
=) Tg" Fzzg,( Yi,i—1) Uiz

i=1r=1

1 N T T R
—p()r T NTZZZ&’K thlutv Dk

i=lt=1s=1

=—1/2 0 0 /
+P( Tk 1) — —1)0
Py «/W zllzng Yiji—1 { (Vi,i—1) — &g (i,i—1) K}
=D;(N,T,K)—Dy(N,T,K)+D3(N,T,K), (A.14)
_1 2 —~,
where p(y) = Pex () /y/ex ) Tk ek (). Note that for each y, p(y)

satisfies [|p(y))> = [gK 0 T = Tehek 0)/8x ) T'gk (M1 +1 —p 1 from
Lemma A1.2.

We first show that Dy (N,T,K) and D3(N,T,K) are asymptotically negligible.
Since Lemma A1.6 yields

N T T N T T

NTZZZgK )’ltluts 6[( = NTZZZgK Yi,t— 1 Ujs — Ok

i=lt=1s=1 i=lt=1s=1
+HCDK_6KH_>P0

we have

102N T KO < 1)1 | T2 \/> NTZZZgK iam1) tis = Bk | =50

i=lt=1s=1
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by Assumption 4 and Lemmas A1.2 and A1.6. As in the proof of Theorem 3.1, we also have

1Ds (N, T, K)I? = Hﬁ(y)’ (e2er) e (m” gt H2
< IIﬁ(y)Ilz{(mO—g(}gﬁx)/g% (g(}ég%)_lg‘}é (mo—g%HK)}
< ||ﬁ(y)||2{(m°—g‘}<91<)’ (m°—g?<9,<)} = 0p(K™) > 0.

For D| (N, T, K), we write

—-1/2
Dy (N.T.K)=p(»Tg" Fzzgk Vij—1) Uiz

=1r=I

+P(Y)/( 1/2F_1—F_1/2) T’TZZgK Yiji—1) Uit

—11=1
=D (N, T,K)+Dy2(N,T,K),

where  p(y) = Txex 0)/\/ek ) T'gk (). The first term satisfies
D11 (N, T,K) =4 N(O,a2) as N,T — oo by Lemma Al.5. The second term is

negligible since similarly as Newey (1997, p. 164)

D12 (N, T, K)||?
N T T

1/2— -1/2
=p(y)/(FK/ rg'-r /) NTE > D wiajsgy (vii—1) 8 (vjs—1)’
i=lj=lr=1s=1
1/2e— —1/2\/
X(FK/ FKI—FK/)p(y)

—p(y)( r/°Tx! F,_(l/z) (UQFK)( r/ T -r 1/2) P +p»)
(F1/2F_1 F1_<1/2)
N N T T

NT ZZZZ”! tuj, ng Yi,t— 1)8K (y, a—l) —UZFK

i=1j=1t=1s=I
1/25— —1/2\/
x (r* T - ) p(y)

o oo (R -3 ) vy (7 )

12)2 == —1? 1722
<Ip o)1y \MIFH-FHMGZHFJ Hﬁ%ﬂ)}wo
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as N,T — oo by Lemmas Al.2, where

N N T T

zzzzultu/ s8k )’1t ])gK(ij 1)

l—]]—lt 1s=1

ZE (2.8% (1)) | =0Tk

1—1

from Lemma A1.3. Therefore, Dy (N, T,K) =4 N (O, 02) as N, T — oo. It follows that,
from (A.13) and (A.14),

vk (V2 (@ (y) —m () + (1/Tbg () =a N (0,1) fory € Y,

where vg (v) = 0%gx (v) T gx (v) /NT and bg () = gx (v)' Tg' .
Using vg (y) = 52 gk ) f;lg k (y)/NT yields the identical asymptotic normality

result since 72 —p o2 by Lemma Al.7 and ||i"\1_{l - FI_(IH —p 0 by Lemma Al.2
as N, T — oo. Note that (A.13) can be rewritten as

VNT (i (5) =m () +(1/ T gk (0) T B )

Verk 0V Tlgk ()

_ sk OV VNT (O =0k + (/DT 0k) [y ) Tk )
2k ) T2k ) gk ' T'gk (»)

and gx (v)' Tz gk () /gx ) T gk () =>p Las N, T — oc. u
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