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Abstract. Motivated by the classical results by Halmos and Rokhlin on the genericity of
weakly but not strongly mixing transformations and the Furstenberg tower construction,
we show that weakly but not strongly mixing extensions on a fixed product space with
both measures non-atomic are generic. In particular, a generic extension does not have an
intermediate nilfactor.

1. Introduction

The classical results by Halmos [22] and Rokhlin [31] state that a ‘typical’ measure-
preserving transformation on a probability space (X, w) is weakly but not strongly mixing.
More precisely, the set of weakly mixing transformations is a dense, G (hence residual)
set for the weak topology and the set of strongly mixing transformations is of first
category. The combination of these two results proved the existence of a weakly but
not strongly mixing transformation, without providing a concrete example (for such an
example, see [9]). Since then, much research has been done in finding ‘typical’ properties
of measure-preserving dynamical systems. See, e.g., [1-5, 12, 21, 26-28, 32].

More than 30 years later, in completely unrelated efforts, Furstenberg [17] presented his
celebrated ergodic theoretic proof of Szemeredi’s theorem on the existence of arbitrarily
long arithmetic progressions in large subsets of N. While the original proof by Furstenberg
used diagonal measures, the alternative proof by him, Katznelson and Ornstein [18]
building up a tower of so-called compact and weakly mixing extensions had a much
greater impact on the further development of ergodic theory. This method of finding the
characteristic factor has been extended to various ergodic theorems and is an active area of
research, see, e.g., [6-8, 10, 11, 14-16, 29, 34]. For example, the correct characteristic
factor for norm convergence of multiple ergodic averages was identified by Host and
Kra [24] and has the structure of an inverse limit of nilsystems, see also Ziegler [35].

The purpose of this paper is to prove analogs of the Halmos and Rokhlin category
theorems for extensions (see Theorems 5 and 6), extending a result of Robertson
on compact group extensions [30]. Inspired by Rokhlin’s skew product representation
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theorem (see, e.g., [19, p. 69]), we consider extensions defined on product spaces with the
natural projection as the factor map. We show that for a fixed product space, where both
measures are non-atomic, a ‘typical’ extension is weakly but not strongly mixing. Here,
by an extension we mean an invertible extension of some (non-fixed), invertible, measure-
preserving transformation on the factor. Note that the set of extensions is a closed, nowhere
dense set in all invertible transformations on the product space (see Proposition 2), so the
classical Halmos and Rokhlin results cannot be applied. The proof for weakly mixing
extensions is a non-trivial adaptation of the original construction by Halmos. In particular,
a ‘typical’ extension does not have an intermediate nilfactor. For examples of systems
lacking non-trivial nilfactors, see [25].

The paper is organized as follows. After discussing some preliminaries in §2, we
consider the case of discrete extensions in §3, in particular showing that there are no
weakly mixing extensions on these spaces (Proposition 3), but that permutations are dense
(Theorem 1). We then prove the weak approximation theorem for extensions on the unit
square (Theorem 3) in §4 using the density result for discrete extensions mentioned above.
In §5 we generalize a few results, including Halmos’ uniform approximation theorem,
which are necessary to prove our conjugacy lemma for extensions (Lemma 5) in §6.
Section 7 is devoted to the proof that weakly mixing extensions on the unit square are
residual and §8 addresses the case of general vertical measure. In §9 we define strongly
mixing extensions, and show that such extensions are of first category (Theorem 6). Finally
in §10 we formulate some open questions. After this paper was made public, the first part
of Question 2 was answered by Glasner and Weiss, see [20].

2. Preliminaries

As explained in the introduction, in this paper we will be working with extensions
on product spaces through the natural projection. To be more precise, we let (X, m)
be a non-atomic standard probability space, (Y, n) be a probability space, (Z, u) =
(X xY,mxn), and T, T' be measure-preserving transformations on (Z, ), (X, m)
respectively, such that (Z, u, T) is an extension of (X, m, T') through the natural
projection map 7 : Z — X onto the first coordinate. We will assume throughout that 7', T’
are invertible, and will identify two transformations if they differ on a set of measure zero.
We will say ‘T is an extension of T”” or ‘T extends 7" if T and T’ satisfy all conditions
stated above. Throughout this paper, we will assume without loss of generality that X is the
unit interval and m is the Lebesgue measure. We can assume this because all non-atomic
standard probability spaces are isomorphic (see [22, p. 61]).

Let G(Z) denote the set of all invertible, measure-preserving transformations on (Z, )
and let Gy = {T € G(Z) : AT’ € G(X) s.t. T extends T'}. Note that if we say T € Gx, we
assume that the transformation on the factor will be notated by 7. Further note that we
will also write Gx to denote the corresponding set of Koopman operators.

The weak topology on G(Z) is the topology defined by the subbasic neighborhoods

Ne(T; E)={S € G(Z) : W(TEASE) < ¢},
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where ¢ > 0 and E is some measurable subset of Z. Note that if Z is, say, the unit square
with the Lebesgue measure, then it is sufficient for a subbasis to consider only dyadic
sets (i.e. a finite union of dyadic squares). See [23] for discussions of this topology. It is
helpful to note that the weak topology happens to coincide with the weak (and strong)
operator topology for the corresponding Koopman operators. Further, in this paper we
will be interested in the weak topology on Gy, by which we mean the subspace topology
inherited by the weak topology.
We will need the following two metrics on G(Z) defined by

d(S, T) :=sup u(SEATE),
E

d(S, T)=u(ze€Z:Sz#£Tz))

where the sup in the first definition is taken over all measurable sets £. These metrics were
used by Halmos in his proof of the category theorem, see [23]. We note that both metrics
induce the same topology on G(Z), but that topology is not the weak topology. Moreover,
they satisfy d(S, T) <d'(S, T) for all S, T € G(Z). The last important note is that d’ is
invariant under multiplication by transformations. That is to say, for all R, S, T € G(Z),

d' (RS, RT)=d'(S, T)=d (SR, TR).
Let L2(Z|X) denote the Hilbert module over L>(X). More precisely, for f € L3(2),
f e L*(Z|X) if and only if E(| f|*|X)"/? € L*®(X),

where E(f|X) is the conditional expectation of f with respect to X. More specifically,
it is the conditional expectation with respect to A := {r~1(A) : A € L}, where L is the
Lebesgue sigma algebra on X. Let

11 2zix) = EAfP1X)12

and
(fs &) 2z1x) = E(f81X).

For more on L%(Z|X), see [33]. One important result of L2(Z|X) that we do wish to
emphasize for later is the Cauchy—Schwarz inequality.

PROPOSITION 1. Let f, g € L*(Z|X). Then
Sy &) 2z = W l2zix) 181l L2z x) almost everywhere.
Next we give a definition for weakly mixing extensions, cf. [33].

Definition 1. An extension T of T’ is said to be weakly mixing if for all f, g € L*(Z|X),
lim ]SII]E(T"JC_IX) — (T)"E(fIX)E(g1X) | =0
Nl—r>noo N =0 & § L2eo =
For other possible (equivalent) definitions of weakly mixing extensions, see [19, p. 192].
We denote by Wx C Gx the set of weakly mixing extensions on Z. We finally prove

that the Baire category theorem is applicable to Gy, and further that Gy is topologically a
small subset of G(Z).
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PROPOSITION 2. Suppose Y has more than one point. Then Gx is closed and nowhere
dense in G(Z).

Proof. We first prove that Gy is closed. Let T € G(Z)\Gx. We wish to find a neighborhood
of T that is disjoint from Gy. To this end, let £ C Z be a cylinder set (to be precise, E
is of the form D x Y for some measurable D C X), such that TE is not a cylinder set,
even up to measure zero. Define M := p(E). Then for all cylinder sets C with ©(C) =
M, W(TEAC) > 0.

We claim that indeed infc w(TEAC) > 0, where the inf is taken over all cylinder sets
with measure exactly M. Suppose to the contrary that infc u(TEAC) =0. Let C,, be a
sequence of such cylinder sets such that not only w(TEAC,) — 0, but further such that

> W(TE\G,) < oo.

n=1

Define

(@

C:= ﬂ Cy.
m>n

We claim that M(TEAC‘ )=0. As C is clearly a cylinder set, we will arrive at a
contradiction.

First consider

1

n

C\TE = (G ﬂ C,,,) \TE: Ej ﬂ (C\TE).

n=1 m=n n=1m=n
Now because u(C,, ATE) — 0, ,u(ﬂmzn (Cu\TE)) = 0 for all n. But then

e ¢]

WC\TE) <) u( N (Cm\TE)> =0.
n=l1 m>n
On the other hand,
TE\C = TE\ (U ﬂ cm> = ﬂ U (TE\Cy).
n=1 m=n n=1m=n

But by assumption, Y oo, u(TE\C,) <00, so by the Borel-Cantelli lemma,
w(TE\C) = 0.

Now, let ¢ :=infc u(TEAC). We claim that for any S € Gx, S ¢ N.(T; E). Indeed, SE
is (up to a null set) a cylinder set, and (SE) = M, so u(TEASE) > ¢ by definition of ¢.

Now because Gy is closed, in order to prove that it is nowhere dense, it is sufficient to
show that G(Z)\Gyx is dense. Fix T € Gy, let ¢ > 0 and let

Ne(T)={S € G(Z) : W(TE; ASE;) <e,i=1,...,n)},

where E; are measurable sets. Now let A C Z be a measurable set such that w(A) < ¢,
and A is not a cylinder set. Further let B C Z be a cylinder set such that u(A N B) =
w(A N B¢, and define A; := AN B, Ay := AN BC.
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We now take S € G(Z) with the following properties: if z € Z\A, Sz:=Tz, SA| =
T A,, and SA; = T A;. Note that because T is an extension and A is not a cylinder set,
S ¢ Gx. Further note that {z € Z : Sz # Tz} = A. Therefore,

sup W(TEASE) = d(T, S) <d'(T, S) = u(A) < e.
E

So S € No(T). O

By Proposition 2, Gx is a closed subset of a Baire space, so Gy is itself a Baire
space. Further, because Gx is nowhere dense, the classical Halmos and Rokhlin results
can provide no information about Gy .

3. Discrete extensions
As stated in §2, throughout this paper we will let (X, m) be the unit interval with Lebesgue
measure. For this section, let Z=X x {l,..., L}, with L >2, w be a probability
measure on {1, ..., L}, and w; := w(i) (without loss of generality, w; # 0 for all 7). Let
w be the product measure of m and w on Z.

In this section we will be exploring some results regarding these discrete extension
measure spaces. We begin by showing that such systems can never be weakly mixing
extensions.

PROPOSITION 3. Let (Z, 1), (X, m) be as above. Then Wy = (0.

Proof. Fix T € Gx. It suffices to show that there exists an f € L?(Z|X) with relative mean
zero (that is, E( f|X) = 0 m-almost everywhere) such that

1/2

: 1 = ne g 2
N‘E“OON; (fx BT F1X)| dm) £0,

In particular, we will construct f such that E(T"ff|X)(x) can take only a
finite number of possible values, none of which are 0. Thus |[E(T"f f]X)*(x)
is always positive, (1/N) ZQ:O] [E(T"f f1X)|?(x) is bounded away from 0, and
(1/N) Z:f;ol (fX |IE(T”f?|X)|2 dm)1/? cannot converge to the zero function on X.

Consider f(x, y), where f(x,i)=1forallx e X,i=2,..., L, and

flx, D)=

- Z,‘Lzz Wi
wi

for all x € X. It is easy to see that f has relative mean zero when L > 2, which is why we
made this assumption at the beginning of the section.
Let 0, x (i) be such that T" (x, i) = ((T")"x, 0, (i) for all (x, i) € Z. Now,

L L
ET"fTIX)() = Y w; f @ )T x, ons () = Y wj f @ ) f @ 0n (),

j=1 j=1

with the last equality because f is constant on any given level. Thus we see that because
T is invertible, 0, , is a permutation on an L element set, and the value of E(T"f F1X)(x)
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is completely determined by the specific permutation o, . As there are L! permutations
of the L levels, there are finitely many possible values of E(T"f f|X)(x).

To see E(T"f f|X)(x) # 0, consider two cases. In the first case, we have onx(1)=1.In
this case it is easy to see that every summand of Z]L:l w; f(x, j)f(x, o4x(j))is positive,
and thus the sum is positive (in particular, non-zero). So now suppose o, (i) = 1,1 # 1.
In this case we have

L L
Sy F G DG 0nn (D) = £, Dy +wi) + (Z wj> o
j=l1 j=2
Consider
_yL . L ‘
fO, D(wp +wy) = M(wl +w;) = (—Z wj> (1 + &>
wi ) w1
Note that (— Y%, wj)(1 + w;/w1) < =Y %, w;. Thus,
L L L
f o, D(wr +wi) + (Z wj) —w; < <—Z wj) + (Z wj) —w; =—w; <O0.
j=2 j=2 j=2

So E(T"fﬂX)(x) is always non-zero, and |E(T"f7|X)|2(x) is always positive, as
desired. O

‘We make two notes here. First, the proof of Proposition 3 never used any assumptions on
the factor, (X, m, T’), and thus it will hold when the factor is any probability space, with
any measure-preserving transformation on that space. Second, the proof is still valid in the
case that Z has countably many levels instead of finitely many. The key observation is that
for almost all z, if z, Tz are on levels k1, kp respectively, then w(k;) = w(ky). As for any
fixed @ € (0, 1), there can be only finitely many levels k with w(k) = «, T decomposes
into invariant subsystems, to each of which we can apply Proposition 3.

Though Wy is empty on these discrete extension spaces, they are still worth exploring.
But before we can proceed, we will henceforth suppose that the probability measure w is
the normalized counting measure. That is, w; = 1/L for all i. With this assumption, we
extend the notion of dyadic sets and permutations on X to dyadic sets and permutations
on Z.

Definition 2. If D is a dyadic interval of rank k in X, then a dyadic square of rank k in
Z is a set of the form D x {i}. A dyadic set in Z is a union of dyadic squares. A dyadic
permutation of rank k on Z is a permutation of the dyadic squares of rank k. A column-
preserving (dyadic) permutation (of rank k) on Z is a dyadic permutation on Z which is
an extension of a dyadic permutation on X.

We wish to generalize the fact that dyadic permutations are dense in G(X) to density
of column-preserving permutations in Gx. To this end, we make a couple of notes. First
we introduce the following notation: we write A C i if there exists A’ C X such that A =
A’ x {i}.

Second, we will require the use of the following lemma by Halmos (for proof, see [23,
p- 67D).
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LEMMA 1. Let {E; :i =1, ...n} partition the unit interval, and r; be dyadic rationals
such that Z?:l ri =1 and |m(E;) — ri| < 8 for some § > 0 and for all i. Then there exists
{F;:i=1,...n}, dyadic sets that partition the unit interval such that m(F;) =r; and
m(E; AF;) <26 foralli.

We now move to the main result of this section.

THEOREM 1. (Density of column-preserving permutations) Column-preserving
permutations are dense in Gx. More precisely, let T € Gx. Given N (T), a dyadic
neighborhood of T, there exists Q € N.(T), a column-preserving permutation.

Proof. Without loss of generality, assume
N (T)={S €Gx : n(TD;ASD)) <¢e,l=1,...,L12"},

where Dy are every dyadic square of some fixed rank n (note that D;,, Dy, are disjoint up
to boundary points).

Let ke{l,..., L}, and let P :={D; NTD;|D; Ck, j=1,..., L2")}. Note that
Py partitions level k. If 7 is the natural projection onto X, then let P/ :=mP; =
{TE|E € P}. P is a partition of X. Let P’ = {A,|A € A} be a common refinement of P|
fork=1,...,L,and let P = {Ax,kM €A, k=1,..., L} be a partition of Z obtained
by lifting every element of P’ to every level (A, x C k).

Applying a weaker version of Lemma 1 (one where we do not care about the value of
|m(E;) — ri| in the formulation of the lemma) to the partition P’, we obtain a partition
{A,} of X into dyadic sets so that m(A; AAy) < Le/2|A|. Applying Lemma 1 again, we
get a partition of X into dyadic sets B) so that m((T")" YA ABy) < Le/2|A|. Note the full
strength of Lemma 1 guarantees we can select this partition so that m(A;) = m(B,) (as
m(Ay) =m((T")"'A;)). We can now lift Ay, B to sets Ay i, By x sothat A, s, By C k.

Note that
I3

WAk DA;L) < ﬁ and (T Ao 8B < 5 (1)
where k1, kp are such that if i, j are such that AMQ C D; NTDj, then D; C kz, D C kj.
We will now define Q of some rank r € N where r is at least as large as the ranks
of D; for every i, and A;, By for every A. We first define Q' a dyadic permutation on
X as any dyadic permutation which maps B to A, for every L. Next we define Q, a
column-preserving permutation of rank r. First let k1, k» be as before: if i, j are such
that Ax,kz C D; NTDj, then D; C ka, Dj C k1. Then Q will be the extension of Q' such
that B; x, + Aj ,. Note that for all A, k, we have that level Q_IAUC = level T_lA;L,k,
where level A := k if and only if A C k.

We now show that u(TD;AQD;) < ¢ for all j. Fix jel, ..., L(2"), and define k
so that D; C k. Let A, :={x € A|(T")"'A; C 2 D;}. For A € A, let iy ; be such that
Tilfi)\,i)hj C Dj. Then Dj = UkeAj TilA)L,,')\_j.

Further, by the definitions of Q and A, as well as the previous note, we have that
QilA)L,iM- = By k.

Note all unions and sums will be taken over A € A ;. We have

w(Din U Bik) =n(J T iy 8 U Brk) = X 0@ Ay 88,0, @)
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But by (1), M(T_IA;M,'MAB;\,/C) < &/2|Als0 (2) <Y (¢/2|Al) = ¢/2. Therefore

u(op;aJani,) = (D8 U Bis) = 5.
On the other hand,

M(U Ax,ix,,ATDj) = M(U % VR AEAN U Ax,iw) < Z(Ax,ik,_,AAx,iA,jl 3

Again by (1), u(AA,,‘HAA,\JM) < ¢&/2|Als0 (3) <) (¢/2|A|) = &/2. Finally,
e ¢
w(tD;80D)) < u(10; 8 Ay ) + (U Arin 800;) < 5 +5 =
And because this holds for all j, we have that Q € N, (T). O

4. Weak approximation theorem for extensions on the unit square

Now we let (Z, my) be X x X with the Lebesgue measure. If we need further clarity, we
will write the Lebesgue measure on X as m1, but in general we will denote both Lebesgue
measures by m.

We begin by drawing some connections to §3. First, however, we need some more
notation. For L € N, define Z; := U;‘;& (X x{j/L}) C Z, ur, a measure on Zy, to be
the product of the Lebesgue measure with a normalized counting measure on L points.
Further, 7y : Z — Zp is the natural projection onto Zy . That is, if z = (x, j/L + y) for
y €0, 1/L), then 7y (z) = (x, j/L).

Definition 3. Let T € G(Z). We say that T is discrete equivalent if there exists L and
Tr € G(ZL), such that (Z, m, T) is an extension of (Zp, pup, T) through the factor map
mr . Further, we say that T is simply discrete equivalent if T is an identity extension. That
is, if we write Z as Zy x [0, 1/L), then T = Ty x I.If we wish to emphasize the number
of levels, L, we will say T is L-(simply) discrete equivalent.

Definition 3 is fairly easy to visualize. We take the square and divide it into L equal
measure horizontal pieces. Then T is discrete equivalent if 7 moves fibers on each small
piece to other such fibers, and is simply discrete equivalent if it does not move any points
within the fiber. Note that in general, a discrete equivalent 7 need not be in Gx. However,
if T € Gy, then Ty, is also an extension of 7”.

Our goal for this section is to provide a version of Halmos’ weak approximation theorem
(see [23, p. 65]) when restricted to Gx. Mostly this will mean proving a result equivalent
to Theorem 1. However we first need to lay some ground work. Definitions of dyadic
squares, sets, and permutations are all standard in this case, so we do not redefine them.
Column-preserving permutations are defined just as they are in Definition 2.

Before moving on, we make a few remarks.

Remark 1. Lemma 1 holds on (Z, m), because (Z, m), like (X, m), is a non-atomic
standard probability space, and Lemma 1 holds for all such spaces (replacing ‘dyadic sets’
in the statement of Lemma 1 with a class B which is isomorphic to the class of dyadic
sets). Alternatively, one can simply prove Lemma 1 again in the context of the square. No
part of the proof relies on the fact that we were on the unit interval, so nothing changes in
the proof.
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Remark 2. We will make the following notational convenience. If T € G(Z) and S’ €
G(X), then we will write ST in place of (S’ x I)T.

Remark 3. If Q € G(Z) is a dyadic permutation of rank K, then Q is L-simply discrete
equivalent with L =2KX. Further if §’ € G(X), then §'Q is also L-simply discrete
equivalent. If Q is further an extension of Q' € G(X), then S’ Q is an extension of S’ Q’.

The key to our goal is the following strengthening of Lemma 1.

LEMMA 2. Let{E, ... En} be a finite partition of Z, ¢ > 0, and suppose {(Fi,..., Fy)
is another partition of Z, where I:“,- are all dyadic sets, and m(EiAI:",-) <eé. Let K .=
max rank F; and let Eij:=E; ﬁn_le, jefl, ..., 2K}, where Cj is a dyadic interval
of rank K. Let r;j be dyadic rationals (possibly zero) such that Z;N= (rij=1/ 2K for all
jand |m(E;j) —rij| < e/2K foralli, j. Then there exists {Fy, ..., Fy} a partition of Z
such that F; is a dyadic set for all i, m(F;j) =r;j (with F;; similarly defined as E;;) for
alli, j, and m(E; AF;) < 3¢ forall i.

Proof. Similar to the definition of E;;, define Fl ji= I:"l Nnz-lc j- Note that by choice
of K, F; j is of the product of C; and a dyadic set for all i, j. Now, for all F; j with
m(ﬁ,-j) >rij, let A;; C EJ of the form A;; = C; x B;; with B;; a dyadic set, and
m(A;j) _m(f?,]) rij. Define Fjj := F,]\A,] Let A be the union of all A;; chosen up
to this point. Now for E j with m(E j) <rij, let A;j C A of the same form as above,
this time with m(A;;) =r;j — m(F,]) In this case, define Fj; := F,] UA;;j. Now let

F; = U?il F;;j. Note that some F;; may be empty. In particular, F;; =@ if and only if
rij = 0.
Note that by definition, m(F;;) = r;; and note further that FijAFij = A;j. We claim

2K

Zm(A,-j) <2¢

j=1

for all i. Let i be fixed, and consider

D m(Ai) =Y im(Fy) = rij| < Im(Eij) = rijl + Y Im(Eij) — m(Fij)l.
J J J J
We have |m(E;;) —rij| < 8/2K SO Zj |m(E;;) — rij| < €. On the other hand,
Z lm(E;;) —m(Fij)| < Z m(E;jAF;j) = M(U(EUAE‘/))
J J J

Now, because m(E;j; N I:"ijz) = 0if j; # j», we have that

m<U(EijAﬁij)) =m<U E;nl F,J) =m(E;AF) <eé.

J J J

Therefore, ) m(Aij) < 2e.
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We will now show m(E;AF;) < 3e. Firstly, we have m(E,-AFl-)fm(E,-AI:"i)—i—
m(F;AF;). But m(E; AF;) < e. Further,

m(F;AF;) = m(U Finl Fij> < m(U(EjAEp) =Y m(Fi;AF;).
J J J J

But as previously noted, FijAFij = A;j, and we already showed Zj m(A;j) < 2e.
Thus, m(E; AF;) < 3¢ as desired. O

With Lemma 2, we can now prove the equivalent version of Theorem 1 for the unit
square, which will be the core result for proving our version of the weak approximation
theorem.

THEOREM 2. (Density of column-preserving permutations) Column-preserving
permutations are dense in Gx. More precisely, let T € Gx. Given N(T), a dyadic
neighborhood of T, there exists Q € N¢(T), a column-preserving permutation.

Proof. We may assume without loss of generality that
No(T) ={S: w(TD; ASD;) <¢&,1=1, ..., 22"y},

where D; are dyadic squares of some fixed rank N. We start with the case where T’ = Ix.

Let D;j := D; N TD;. Note that { D;;} partitions Z. By Lemma 1, there exists a partition
of Z into dyadic sets, (E; ij}, such that m(D; jAE, j) <¢&/6M, where M := 22N Further by
Lemma 1, we can find a dyadic partition of Z into sets {F; i} where m(T ™~ ID; jAF, j) <
€/6M. Note that because m(D;;) =m(T~ D,]) we can assume that m(E,]) = m(F,])
Let K = max rank{Elj, F,] }. We can now apply Lemma 2 to both E,] and Flj to get dyadic
partitions {E;;} and {Fj;} such that

e _ &
m(DijAEij)<m and m(T lDijAF,»jRW. 4)

Recall that if Cr is a dyadic interval of rank K, then in the notation of
Lemma 2, Ejj := E;; N 7~ 1C), and Fijx :=F;; N 7~ 1C. Note that not only do we have
m(D;j) = m(T_lD,-j), but because T is an extension of identity, m(T_lD,-j Nr—icy) =
m(T~Y(D;j N7~'Cr)) = m(D;; N w1 Cy). Thus we are able to choose the same dyadic
rationals in both applications of Lemma 2, and subsequently have that m (E;jx) = m(Fjjx)
fori, j=1,...,2"N k=1,...,2K

We now define Q as the permutation which maps Fjj; to E;j;. Note that in particular,
O will map Fj; to E;;. Further note that Q will be an extension of the identity.

Let j be fixed. We will now show m(QDjATDj) <e¢. Recall D;j =D;NTDj, so
T7'D;j=T7'D;ND; and D; =J; T~' D;;. We have

m(DjA U Fij) =m(U T_lDijA U Fij> < Zm(T_lDijAFij). (@)
i i i i
But per (4), m(T‘lDijAFU) <¢&/2M,s0 (5) <) ; ¢/2M < g/2. Therefore

m(QDjA U El-,-) =m<DjA U F,-j) < %

https://doi.org/10.1017/etds.2017.145 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.145

3154 M. Schnurr

On the other hand,
m(TDjAUEU) :m(U DijAUEij> Szm(DleEu)- (6)
i i i i

Again, per (4), m(D;; AE;j) <&/2M, so (6) <) ; (¢/2M) = &/2. Therefore,

e ¢
m(TD; AQD;) < m<TDjA Llj E,,-) +m<L,J E,»,-AQDJ.) <5+;=e

As this holds for all j, we have that Q € N.(T).

Now suppose 7 is an extension of some invertible 7”. Define 7 := (') ~'T. Then T is
an extension of the identity, so there exists a column-preserving permutation Q e N, /2(T).
But then 7'Q € N¢/o(T) as m(T'QD; ATD;) = m(QD; AT D;) < &/2. By Remark 3,
T'Q is L-simply discrete equivalent, with L =225 C If we let G, :=m; D; and let
Nep(p(T'Q)) :={SL : ur(mL(T' Q)G ASLG;) < e/2Vi}, then by Theorem 1 there
exists a column-preserving dyadic permutation Q €N, s (T’ 0)). Now we define Q to
be the simply discrete equivalent extension of 0. Note that because L was dyadic, Q is a
(column-preserving) dyadic permutation. Further, Q € N, /2(T’Q) as m(QD; AT'QD;) =
pi(QG; AL (T’ Q)Gi) < /2. So

m(QD; ATD;) < m(QD; AT’ QD;) +m(T'QD; ATD;) < ¢
for all i, and thus Q € N.(T). O

We close this section with the promised version of Halmos’ weak approximation
theorem for extensions.

THEOREM 3. (Weak approximation theorem for extensions) Let T € Gy, and let N.(T)
be a dyadic neighborhood of T. Then for any ko € N, there exists k > ko and Q € Gxsuch
that the following hold:

o 0, O are dyadic permutations of rank k on Z, X respectively;

o Q'iscyclic;

e Q is periodic with period 2X everywhere;

e Qe N/(T).

Proof. Because Theorem 2 tells us that Ng/,>(T) will contain P € Gy, (P a column-
preserving permutation) we need only prove the case where T is a permutation itself (we
will therefore proceed using P, P’ in place of T, T').

Fix ko € N. Because P is a permutation and D; is a dyadic set, PD; is also a dyadic
set. Let M be the maximum rank of PD; (so that P is a permutation of rank M), K be the
number of disjoint cycles in P’, and k be chosen to be greater than both M and kg, and
such that K /2k=1 < ¢,

We will now construct Q of rank k. Note that following the proof there will be an
example of this construction. To start, let £7 be any dyadic square of rank M. If w E is
not a fixed point of P’, we have Q map the ‘first’ rank k dyadic square (which we will
henceforth refer to as a k-square) of E; to the ‘first’ k-square in PE;. By ‘first’ k-square,
we mean the top left k-square. Now, if (P")?m E1 # m E{, we continue to map to the first
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1 2 3 4
1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

FIGURE 1. Labeling of 2-squares for the definition of P.

k-square in (P')>m E1. Eventually, however, we reach a point where (P')/w E| = nEJ.
From where we are in (P)'~!E{, we continue to map to the ‘second’ k-square in P'E|
(by ‘second’ we mean the one to the right of the first). Note that P! E # E| in general.

We now repeat the entire process, replacing ‘first’ for ‘second,” eventually ‘third” and
so on, as well as replacing E1 with P!E|. Eventually we will arrive at a k-square whose
projection is at the far right of (P")!~ ! Ey. At this point, we choose an M-square E5 such
that  E; is not in the P’ cycle of 7 E1 (assuming such an E; exists). Then from our current
position, we map to the first k-square of E», and repeat the process.

We continue on like this until we have exhausted every P’ cycle (including fixed points),
at which point we return to the the first k-square of E;. Note that we have visited every
k-column exactly once. We are not quite done yet, though. We now choose a k-square on
the same column as the first k-square in E1, and we repeat the entire process. Now shifting
to rows within the M-squares that correspond to our new choice of starting point. That is,
in the original process, we were in the top row of every M-square, because our original
k-square was in the top row. If our new k-square is in the third row within its M-square,
say, all our choices will be in the third row of the respective M-squares. Repeating this
process, we eventually define Q for all k-squares.

We now find a bound for m(PD; AQD;). Note that by our construction the only points
that can be in PD; AQD; come from k-squares in D; whose projections are in the last
k-interval in each P’ cycle. Let E; be such a k-square. Then m(PE;AQE;) <2/2% =
1/2%k=1. There are 2 such E; per k-column, and there are K such k-columns. Thus,
m(PD; AQD;) < J; m(PE;AQE;) < K2k 22— = g ok=1 < ¢ o

The construction in the proof of Theorem 3 can be difficult to follow closely, so

we provide an example of the construction. We first provide a P which, in this case,
will be of rank two. See Figure 1 for reference on how we label the 2-squares.
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(1,1) | 5,3) [ (1,5) | 5,6) [ (5,2) | (1,4) | (5,7) | (7.8)

3,1 | (6,3) | (6,5 | 4.6)](6,2) | (3.4) |(3,7) | (4.8)

G, (1,3) 12,5 | (1,6) | (2,2) | 24) | (7,7) | (2,8)

6,1) | (3,3) [ (7,5) | (6,6) | (8,2) | (8,4)|(4,7) | (8.8)

2,1) | (2,3) [ (8,5 | (8,6) [ (1,2) | (5,4) | (2,7) | (1,8)

8,1 (8,3)[(3,5 |(3.6)[(3.2) | (6,4)](87)]|(6,8)

(7,1) | (71,3) [ (5,5) | (2,6) [ (7,2) | (7,.4) | (1,7) | (5,8)

4.1) | 43) (45 |(7,6)|(42) | 44)](®6,7) | (3.8

FIGURE 2. Labeling of the 3-squares which define Q.

Note that we will define P using cycle decomposition notation. That is, if we write
R = (1 2 3), then we mean that the image under R of the square labeled 1 is the
square labeled 2. Similarly the image of ‘2’ is ‘3’ and the image of ‘3’ is ‘1’. Any
squares not written explicitly in the decomposition are fixed points. Now, we let P :=
(11153)(13 15)(9 7)(2 6 14)(4 16 12 8). Note that P extends P’ := (1 3) on X.

Suppose we were to construct Q to be a rank-three permutation. Rather than write
the entire cycle decomposition of Q (as it would involve writing all 64 3-squares),
we label Figure 2 to define Q. Here we have labeled the 3-squares such that for a
square labeled (n, k), we have that Q(n, k) = (n, kK + 1), (k mod 8) (for consistency, here
we have 8 mod 8 := 8 instead of 0 as it typically would be). Further, if n; # ny, then
(n1, k1), (n2, k) are in independent cycles. It is easy to see with this notation that Q is
an extension of a cyclic permutation Q' on X. We also note that the Q we constructed is
not the only possible Q we could have constructed, as we have many free choices in the
construction.

To close this section, we note that a very simple modification of the proof of Theorem 3
would yield a column-preserving permutation Q such that not only Q’ is cyclic, but Q is
cyclic as well. In our example seen in Figure 2, this modification would be accomplished
by changing the definition of Q slightly so that Q(n, 8) = (n + 1, 1), (n mod 8). This
formulation is more akin to the classical theorem. However, we choose the formulation
given in Theorem 3 as it is this formulation we need for further results.

5. Uniform approximation

Our goal in this section is to prove results that are generalizations of those needed for
Halmos’ classical conjugacy lemma (the key lemma for proving that weakly mixing
transformations on X are dense in G(X)), and whose proofs quickly follow from the
classical results and their proofs.
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LEMMA 3. Let T € Gx where T' is periodic of period n (almost) everywhere. Then
there exists a set E such that E =7~ 'E’ for some E' C X, and {E, TE, ..., T""'E}
partition Z.

Proof. Because T’ has period n everywhere, there exists E’ such that
(E',T'E', ..., (T")""'E'} partitions X. Setting E := 7~ E we have

(E,TE, ..., T"'E}

are pairwise disjoint because T extends T’. Further, because m(E) = m(E’) = 1/n, we
have m((J/—y T'E) = 1=y m(T'E) =1, or U=, T'E = X. O

Next we move to a version of Rokhlin’s lemma (see, e.g., [23, p. 71]).

LEMMA 4. Let T € Gx where T' is antiperiodic. Then for every n € N and ¢ > 0 there
exists E such that E=m"'E’ for some E', {E, TE, ..., 771 E} are pairwise disjoint,
and m(J/Z) T'E) > 1 —&.

Proof. Let n€N and ¢ > 0. Because T’ is antiperiodic, there exists E’ C X such
that {E', T'E’, ..., (T")"~'E'} are pairwise disjoint and m({J'—y (T') E') > 1 — ¢. Let
E :=n"'E’. Because T extends T’, {E, TE, ..., T"~! E} are pairwise disjoint. Further
m(J'Zy T'E) = Y1) m(T'E) = Y m((TY E) =m(J'Zg(TY'E)>1—¢. D

We conclude this section with a version of Halmos’ uniform approximation theorem
(see [23, p. 75]).

THEOREM 4. (Uniform approximation theorem for extensions) Let T € Gx where T’ is
antiperiodic. Then for every n € N and € > 0 there exists R € Gx, such that both R and R’
are periodic with period n almost everywhere, and d'(R, T) < 1/n + «.

Proof. By Lemma 4, there exists E a cylinder set, such that {E, TE, ..., T""'E} are
pairwise disjoint, and m(U?:_Ol TE)>1-¢1Ifze U;’:_OZ T'E, define Rz := Tz, and if
ze€ T"'E, define Rz := T~"~Dz, thus making R have period n for all points on which
we have thus far defined it. Further, because 7" extends 7/, R is also an extension. And for
any definition of R on the remainder of Z, we have d’(R, T) < m(T"_lE) +e<l/n+e.

All that remains is to define R on the remainder of Z so that R is an extension, and
R, R’ have period n. Since the remainder is a cylinder set, this can be done by defining
R’ on the projection of the remainder, as you would in the classical case, and then letting
R = R’ x I on this set of measure &. O

6. Conjugacy lemma
We now prove a generalization of Halmos’ conjugacy lemma (see [23, p. 77]), using the
same techniques as Halmos’ original proof.

LEMMA 5. (Conjugacy lemma for extensions) Let T € Gy, Top € Gx such that TO/ is
antiperiodic, and let No(T) ={V € Gx :m(VD;ATD;) <¢,i =1, ..., N} be a dyadic
neighborhood of T. Then there exists S € Gx such that S~ITyS € N.(T).
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Proof. Let ko € N be greater than the ranks of all D; and 1/2%072 < ¢. Further, let
QO € N¢/2(T), a dyadic permutations of rank k > ko with all properties guaranteed by the
weak approximation theorem for extensions, Theorem 3 (Q’ is cyclic, Q is 2¥ periodic).
Applying the uniform approximation theorem for extensions, Theorem 4, with 2 in place
of n and 1/ 2k in place of &, there exists R € Gx such that R, R’ have period 2k almost
everywhere, and d'(R, Tp) < 1/2]‘ +1/2k <¢/2.

We will show Q and R are conjugate by some S € Gx. Let ¢ = 2% and E, . . ., Eq4—1
be cylinder sets of dyadic intervals of rank & in X, arranged so that QF; = E;;+1 (i mod ¢q).
Note that m(E;) = 1/q. By Lemma 3, there exists Fp, a cylinder set, such that m(Fy) =
1/q and Fy, RFy, ..., RI7'F, partition Z. Let F; := R'Fy. Let S be any measure-
preserving transformation which maps Eg to Fy as an extension of some S’. Then for
z € E;, let Sz := R'SQ~/z. This can be seen in the following diagram:

0 0 0 0 0
Ey E, E; ... E; 2 E;
Fy 7 F P F 2 T R Fy 2 P Fyq

Commutation of the diagram shows that O = § —1RS. Further, because O, R, S |g, are
extensions of Q', R’, ' Ik, S is an extension of §’.
Now, because d’ is invariant under group operations, we have

d'(Q,S7'TyS) <d'(ST'RS, S7'TyS) = d'(R, Tp) < g
Thus, for any D; we have
m(TD; AS™'TySD;) < m(TD; AQD;) + m(QD; AS™' TySD;)
<2 +dQ. 57 ThS).
Butd <d', som(TD; AS™'TySD;) < e/2 4+ d'(Q, S™'TpS) <e/2 + /2 ==. o

This lemma is so important because as we will see in our main result in Theorem 5, the
conjugacy class of Wy is Wy itself. Thus, in proving Lemma 5, we have indeed proven
half of Theorem 5.

7. Category theorem

We are fast approaching our main goal: that Wy is a dense, G subset of Gx. Before we
can prove it, we need to prove a few technical results. First we have a quick consequence
of the Cauchy—Schwarz inequality, Proposition 1, but it will be important enough to make
a special note of it.

PROPOSITION 4. Let f, g € L*(Z|X). Then
IECSEIX 20y < W2z Lo ligllizzzy-
Proof. By the Cauchy—Schwarz inequality for L>(Z|X), we have
IE(f21X)] < E(f171X)'/E(1g 1 X))/
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pointwise. Now, by definition of LZ(Z|X), E(|f|2|x)1/2 € L®(X). Letting M :=
Nl 22¢zx) Lo (x), we have

IE(fg|X)| < ME(|g|*|X)!/2. (7)

Now note that by Fubini,

1/2\ 2 1/2
||E(|g|2|X)l/2||Lz(X)=</ <<f |g|2(x,y)duy> ) dux)
X Y
1/2
=<fz |g|2dmz) gl 2z,

where Y = X, ux = uy = m (the notation here was changed to clarify what integrals
were intended). And so taking L2(X) norm on both sides of (7), we arrive at the desired
inequality. O

Our next goal is to prove that T € Wy is equivalent to the existence of a subsequence
ny such that for all f, g € L>(Z|X),

kl_i)rgollE(T”" F8IX) = (T)™E(fIX)EEIX)l 2(x) = 0. (®)
To this end, we first show that if (8) holds for an L%(Z)-dense subset of LZ(Z|X), it
holds for all of L%(Z|X).

LEMMA 6. Let T € Gy, and let D C L*(Z|X), with ||| fl .2(z1x) |l x) < 1 forall f €
D, such that D is dense in the unit ball of L*(Z|X), but with respect to the L*>(Z) norm
topology. Further suppose that there exists a subsequence ny such that for all f;, f; € D,

klin;ollE(T”kﬁleX) — (TY*E(fi X)E(fj1X)l 12 x) = O.
Then for all h, g € L*>(Z|X)
lim |E(T"*hg|X) — (T")"*E(h| X)E@|X) | 12(x) = 0.
k— 00

Proof. Fix h, g € L*(Z|X) and let {;}, {g;} C D such that

L%(Z) L%(Z)
hj ——> h,g; —> g.

We first claim that
jliH;oIIE(T"hjg_le) —E(T"hg1X) N L2x) =0,
uniformly with respect to n. Indeed, we have
IE(T" b g571X) — E(T"hg1 X)) 12x)
< NET"hjgj — T"hig| Xl 2x) + IB(T"hjg — T"hg|X) |l 12x)
= ET"hj(€; — DI X 2x) + IEG(T"hj — T"W)IX) | 12(x)-
Now by Proposition 4
||E(Tnhj (E - §)|X)||L2(X) =< || || Tnhj ||L2(Z|X) ||L°°(X) ||E - §||L2(z),
||E(§(Tnhj - Tnh)|X)||L2(X) = ||||§||L2(Z|X)||L°°(X)||Tn(h - hj)”LZ(Z)-
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In turn, as [ T"Ajll .2z 1x) L x) = A1l L2(z1x) Lo (x) and T is an isometry, we get

Il ||Tnhj ||L2(Z|X) ||L°°(X) ||E - §||L2(z) < ||hj ||L2(z\x) ||L°°(X) ||5 - §||L2(z),
||||§||L2(z|x)||L°°(X)||Tn(h - hj)”LZ(z) = ||||§||L2(z\x)||L°°(X)||h - hj||L2(z)‘
Because hj — h,g; — g in L%*(Z), we have the desired result. Note that a
similar argument using Proposition 4 will show E(g;|X) — E(g|X), (T’)”E(hj|X) —
(TH"E(h|X) in L3(X).
Now,
IE(T"hg|X) — (T)"ERhIX)EEIX) [ 12x)
< IE(T"hg)X) — E(T"higj1X)ll12(x)
+ IB(T"hig71X) — (TY"E(hi | X)E(E71X)l 22 (x)
+ I(T)"Eh | X)E(g;1X) — (T)'EhIX)E@I X))l 12(x)-
By hypothesis, there is a subsequence nj (independent of j) such that the middle term
converges to 0. Further, the first and third terms converge to 0 as j — oo uniformly in 7,

SO
kl_i)r{.lollE(T""@IX) — (T EMhIXE@IX) | 2x) =0

as desired. O

Next, recall that a function f € L?(Z|X) is called a generalized eigenfunction for a
given T € Gy (see [19, p. 179]) if the L°°(X)-module spanned by {7"f : n € N} has finite
rank. In other words, there exists g1, ..., g € L2(Z|X ) such that for all n, there exists
c;? € L*®°(X), 1 < j <! such that

T"f(x, y) =) cH(0)gj(x, y).
j

LEMMA 7. Let T € Gx. Then T € Wy if and only if there exists a subsequence nj such
that for all f, g € L*(Z|X)

Jim [E(T™ fg1X) — (TH™EfIXOEEIX) 2(x) = 0. 9

Proof. Let T € Wx. Lemma 6 tells us that we need only show that there exists a
subsequence such that (9) holds for an L2%(Z)-dense subset of L2(Z | X). Let ( f,-)f.’i | be an
enumeration of that dense subset, and let / — (f;, fj), 1 <1 < oo order the set {(f;, f;)}
arbitrarily. Now, by the definition of a weakly mixing extension and the Koopman—von
Neumann lemma (see, e.g., [13, p. 54]), for each / there exists a subsequence n;fl of upper
asymptotic density 1 such that

. /1 —_ N JE—
Jim (BT f; f51X) = (T)"™ B XOESG1 X1 200 = 0.

Stated differently, for the pair f;, f; corresponding to [, we have the desired
convergence along the dense subsequence n;,ﬁ We now define a new density 1 subsequence
for each [ inductively. Let n}, := /!, and for [ > 1, define n, to be a common density 1
subsequence of n!-! and n/,. Now define n; as a diagonal sequence obtained from 7/, ,
1.e. ng = ni It is easy to see that for all f;, f;, (9) holds.
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To prove the converse, suppose T € Gx\Wy. Then there exists f € L?(Z|X)\L>®(X)
that is a generalized eigenfunction for T, see [19, p. 192]. Without loss of generality,
I fllgizy=1. Let g1,..., 8 € L%(Z|X) be a basis for the module spanned by T"f.
We want g; to be ‘relatively orthonormal’. That is, we want E(g;g;|X) =0 almost
everywhere wheni # j and E(|g; |?|X) = 1 almost everywhere. This can be accomplished
with a relative Gram-Schmidt process. We start by defining &) :=g;. For any x
such that E(|A) I2|X)(x) = 0, we have that hy(x, y) = h/l’x(y) = 0. Thus by setting the
corresponding ¢ (x) = 0 for all n we can define & . (y) arbitrarily, so long as it is not
identically 0. For all other x, define i1 . (y) := h/l’x (y). Now, having defined /;, | < j <
i — 1, we define 4 by

E(gih; 1,
Z E(lh |2|X)

Similar to the above, if there are any x such that E(|hi 121X)(x) = 0, we define hix(y) #
0 (again changing ¢} (x) to O for all n) and for all other x, &; »(y) := h; (). Finally we
normalize and redefine g; so that

g, y) = )
E(1hi[21X)(x)1/2
Now define a function j : N — {1, ..., [} such that ||Cj(n)||L2(Z) > ”C?”Lz(zy I1<i<

[. Note that for each n, ||c7(n) lz2(z) = 1/ else
T Uiz < Y el <Yl lallgillz < 1.
i i

Fix n and suppose for now that E(f|X) =0 almost everywhere. Note that this is
guaranteed to be possible because if f = fo+ E(f|X) is a generalized eigenfunction

with basis {g1,..., g}, then fp is a generalized eigenfunction with spanning set
{g1, ..., 8, E(f|X)}, and E(fo|X) =0 by design. Now, by relative orthonormality we
have

IE(T"fg ;)| X) — (TY'EfIX)EE ;o) | X 12x)
= |E(T"f8 iy |l L2(x)

I
(5 s Jerer)
i=1

= 1E( ()85 m& iy 1 Xl L2 (x)
= B 0 P1X) 1l 2(x)

L2(X)

— n > 1
= ||Cj||L2(z) = 7
Define B; := j_l (7). By the above work, if n € B;,

IET"f i 10 2x) = 7

Now given any subsequence (ny) there will be at least one i € {1, . . ., [} such that (ny)
intersects B; infinitely often. Thus, ||E(T" fg;|X)| does not converge to 0 as k — 0.
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IFE(f|X) # 0, we write f = fo + h where E(fo|X) =0 and & := E(f|X). Then
E(T"fglX) — (T)"E(fIX)E(g]X)
=ET"(fo + MgIX) — (T")"E(fo + hI X)E(g|X).
By linearity of the conditional expectation, this is the same as
E(T"fog]X) — (T")"E(fol )EE|X) + E(T"hg|X) — (T)"E(h| X)E(g| X).

The second term is 0 as E(fy|X) = 0. Further, because h € L>®°(X), E(T"hg|X) =
(TH"hE(g|X) = (T))"E(h|X)E(g|X), which cancels with the fourth term. We are left
with E(T"fyg|X) and have reduced this to the previous case. O

Finally, we arrive at our goal.

THEOREM 5. (Weakly mixing extensions are residual) Wy is a dense, G5 subset of Gx.

Proof. We begin by proving that if T € Wy and S € Gy, then S~ TS € Wy. With the note
that there are weakly mixing extensions of antiperiodic factors, we then use Lemma 5 to
conclude Wy is dense.

We need to prove that there exists a subsequence of

IE(ST'T8)" £21X) — ("' T'SY'E(fIX)EEIX) 12(x)
= |ES'T"Sf31X) — ()" NI SEFIXEEIX) 120
which converges to 0. Indeed, the above equals
IEGS™'T"Sf(S™'$)EIX) — ($H) NI SEf1X)((S) ' SHEEIX) 2 (x)
= [(SHT'EI"(SH(SDIX) — () (T E(SFIX)ESE X))

< ISHTMIHET (SHSDIX) — (T)'ESfIX)ESEIX)|
= [E(T"(SF)(S®IX) — (T)"E(SfIX)E(SgIX)II.

But T is a weakly mixing extension of 7" so there exists a subsequence for which the
above converges to 0.

To prove that Wy is Gs, let {f;} C L>(Z|X) be dense with respect to L>(Z) and for
i, j, k, n € N, consider the sets

— — 1
Ajjkn = {S € Gx tIIES" fi f31X) = (SH"E(SiI XOES1 X 2x) < ;}-

Due to Lemmas 6, 7, we see that () ; x U,>¢ Aijkn = Wx.
Thus it is sufficient to prove that each A; j x , is open. For this, we show that for fixed
neN, f,ge Lz(Z|X) and ¢ > 0, the set

{SeGx: IES" f21X) — (SHY"E(fIXEEIX)] <&}
is open in the weak topology. To this end, we show that the complement

Vn, f. g ) :={S€Gx: EWS"f21X) — (S)'E(fIXEEIX)| = e}
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is closed. Let (S;;) C V(n, f, g, ) be a sequence of Koopman operators with (S,,)
converging weakly to a Koopman operator S. Note that this implies that S,, — § strongly
(as Koopman operators are all isometries).

First note that in general, if we have functions g, h, hy, ho, ... € L2(Z|X), and h,,, —
hin L*(Z), then E(h,,g|X) — E(hg|X) in L>(X). Indeed, by Proposition 4,

IE(ghm|X) — E(ghlX) |l 12(x) = IEQh — hn) Xl 2 x)
< Hgl2zxylLeex) lhm — Rl 2z

Second, note that S, — S strongly implies (S,,)’ — §’. To see this, let h € L*>(X) and
leth e L2%(Z) be defined so that fl(x, y) := h(x) (that is, h is constant on fibers). Then by
Fubini, | (Su)'h — S'hll 12x) = I1Smh — Shll 122

Lastly note that if S,, — S strongly, then S}, — S" strongly.

With these facts, we see that E(S? fg|X) — (S,)"E(f|X)E(g|X) converges
to E(S"fg|X) — (SHY'E(f|X)E(g|X) strongly. Thus, SeV(n, f,g, &), and so
V(n, f, g, ¢) is closed. O

Remark 4. Our assumption that (X, m) was the Lebesgue measure on the unit interval was
only important for the proof of density, where we need a non-atomic probability space to
have an antiperiodic factor. Proving Wy is Gs never required anything of X, and so the
proof will hold for (X, m) being replaced by any probability space.

8. General case

There is still a case left to consider. Namely, the case where the ‘vertical’ measure is neither
purely non-atomic nor purely discrete. Let (X, m, T') be as before with T invertible, and
let (Y, ) be a probability space where ¥ = AUB, where B is an at most countable set,
each of which is an atom of 1, and 5 [4 is non-atomic (in particular, 0 < n(A) < 1). Let
(Z,u, TY=(X xY,m xn,T), where T € Gx is an extension of 7'. Let C:=X x A
and D := X x B.

We first show that 7' cannot mix points on the discrete and non-discrete parts of Y.

PROPOSITION 5. Let C, D C Z be as defined above. Then up to a set of measure zero,
TCC Cand TD C D.

Proof. First, suppose there exists D’ C D such that u(D’) >0 and TD' C C. We can
assume without loss of generality that there exists &, a level of D, such that D’ C k (see §3
for an explanation of this notation). We claim that m(TD') = 0, so that T is not measure-
preserving. Note that because T is an extension of invertible 7’ and D’ is contained to
a single level of D, then for each fixed x € X, TD' N n_l(x) contains at most one point.
Therefore, by Fubini

M(TD/)Z/ XTD' dﬂ=/</ XTD’(XJ’)d??) dm.
z x \Jr

But by our previous note and the fact that (A, n [4) is non-atomic, f y Xto(x, y)dn =0
for all x, and thus u(TD') = 0.

Now suppose there exists C’ C C such that u(C’) > 0 and TC' C D. Note that there
exists xg € X such that 7~ !(xg) N C’ is uncountable (else w(C’) =0 with a similar
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argument as above). But T (Y (x¢9) N C") C T'xp x B is a countable set. This contradicts
the invertibility of 7. O

A quick consequence of Proposition 5 is that there are no weakly mixing extensions
onZ.

COROLLARY 1. Let (X, m, T"), (Y, n), (Z, u, T), C, and D be as defined above, with A
and B, continuous and discrete parts of Y, respectively, non-empty. Then T ¢ Wx.

Proof. Note that we can assume without loss of generality that 7C C C and TD C D (that
is, not up to a set of measure 0, but rather everywhere). Define f(z) as

1
—— ifzeC,
f@):= nifi) .
M le e D.

Clearly f € L>(Z|X) and simple calculation shows that f has relative mean zero.
Further, by Proposition 5, f is T-invariant, and so

E(T"f F1X) =E(f F1X) =E(f*1X) > 0.
Therefore, T is not a weakly mixing extension of 7”. O

Remark 5. As with the G part of Theorem 5, Proposition 5 and Corollary 1 hold when
(X, m) is replaced with any standard probability space.

9. Strongly mixing extensions

In this section we first extend the notion of strongly mixing transformations to extensions,
just as the notions of ergodic and weakly mixing transformations were extended to
extensions. Afterwards we will show that the set of strongly mixing extensions form a
set of first category in Gy.

Definition 4. Let (X, v), (Z, ) be probability spaces. We say that T € Gy is a (strongly)
mixing extension of T' or T is (strongly) mixing relative to T’ if for all f, g € L*(Z|X),

Jlim [IE(T"/81X) — (TH"E(fIX)E@EIX)12(x) = O.
Let Sy C Gx denote the set of strongly mixing extensions.

Definition 4 yields some of the properties one would hope to have from the extension
of the notion of strongly mixing transformations. For example, Sx is in general not empty.
Indeed, any direct product transformation where the second component is strongly mixing
will be a strongly mixing extension. We also have that if X is a single point, then the
definition coincides with classical strongly mixing transformations. Further, it is clear that
Sy C Wxk.

We once again return to the case where (X, m) is the unit interval with the Lebesgue
measure, and (Z, m) is the unit square with the Lebesgue measure. Analogous to Rokhlin’s
result and its proof, we now show that Sy is a first category subset of G.
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THEOREM 6. (Strongly mixing extensions are of first category) Sx C Gx is of first
category.

Proof. For ke N, let P, :={T € gxlTk = Iz}. Note in particular that if 7 € Py then
(T"h* =Ix. For n €N, let 13n :=Ukp, Px. Note that the weak approximation theorem
for extensions (Theorem 3) implies that }3,, is dense in Gy.

Let A:=[0, 1] x [0, 1/2] (the bottom half of Z). Note that E(x4|X) =1/2 for all
x € X. We now define new sets,

My :=A{T € Gx|IE(T* xaxalX) — (T E(QalX)E(xalX)ll 20x) < 1}-

Using the same arguments as used in the proof of Theorem 5 for the sets V(n, f, g, €),

we see that M}, is closed for all k. Now let

o
M= () M.
n=1 k>n
It is easy to see that Sy C M. Thus it is sufficient to show that M is of first category.
It is in turn sufficient to show that [ «=n Mk is nowhere dense for all n, and further given
that ()., Mk is closed for all n, it is thus sufficient to show that Gx\ ()., Mk is dense.
Lastly, as Gx\ [x=n Mk = Up=,,(Gx\Mr), it will suffice to show that Py C (Gx\ M) for
all k as then P, = Ukon Px C Uk=pn(Gx\My) and P, is dense.
Now, if T € Py, then T* = I, (T")* = Ix, so
IE(T* xaxalX) = (T EGalXDE(XAIX) 20
= [E(xalX) —E(al Xl =15 — 4l =7 > +.
Thus, T ¢ M. O

COROLLARY 2. Sy is a proper subset of Wx.

10. Further questions
To conclude this paper, we formulate some open questions.

Question 1. Let (X, v) be any probability space, (¥, ) be a non-atomic probability space
and (Z, u) = (X x Y, v x n). Is Wyx adense, G5 subset of Gx?

It would be sufficient for Question 1 to consider the case where (X, v) is purely
atomic. We cannot use the conjugacy lemma in this case because there are no antiperiodic
transformations on a discrete set.

Question 2. Let (X, m) be a (potentially non-atomic) probability space, (¥, n) be a non-
atomic probability space and (Z, u) = (X x Y, v x ). Let R € G(X) be fixed. Define

Gr :={T € Gx : T extends R}

and
Wg :={T € Gg : T is a weakly mixing extension of R}.

Is Wy a dense, G subset of Gg?
Similarly let

Sgr :={T € Gg : T is a strongly mixing extension of R}.

Is Sk a first category subset of Gr?
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The main difficulty as of now in answering Question 2 for weakly mixing extensions
is proving the density. The freedom of having a non-fixed factor allowed a generalization
of Halmos’ conjugacy lemma. One cannot conjugate in Gg unless R is the identity on X,
as Gr is not closed under inverses for any other invertible R. That is not even to mention
lack of dyadic permutations or other tools which we had at our disposal throughout this
paper. Even strongly mixing extensions at first present some trouble, as the proof relied on
periodic T, and if R is not periodic, then neither is 7.

We note that in the case of compact group extensions of a fixed weakly mixing
R, Robinson gave a positive answer to the question of genericity of weakly mixing
extensions [30].

Further, we see from the following proposition that Question 2, cannot be derived from
Theorems 5 and 6. Recall that (X, m) is the unit interval with the Lebesgue measure.

PROPOSITION 6. Forall T' € G(X), Gy is a closed, nowhere dense subset of Gx.

Proof. Fix T' € G(X). We first show that Gy is closed. Let S € Gx\G7/. As S’ # T', there
exists E C X such that m(S'EAT'E) > 0. Let e :=m(S'EAT'E) /2.
Consider
Ne(S):={ReGx: /L(Rn_lEASn_lE) < ¢}

Forany T € Gy, u(Tn 'EASt'E) =m(T'EAS'E) =2¢ > ¢, so T ¢ N.(S), and
thus Gy is closed.
Now, to show G/ is nowhere dense, we show Gx\Gy- is dense. Fix T € Gy, ¢ > 0 and
let
No(T):={S€Gx : w(TD;ASD;) <¢,i=1,...2*N}

where D; are all dyadic squares of some rank N. Fix i and let E C w D; with m(E) < ¢.
Let £, E; be disjoint sets whose union is £ and m(E1) = m(E>3).

Select R € G(X) with the following properties: for x € X\E, Rx =x, RE| =
E>, RE, = E|. Define T:= T(R x I). Note that for j such that wD; # n D;,
(R x I)D; = Dj, so for such j, ,u(TDjATDj) = 0. On the other hand, if 7 D; = 7 D;,
then u(T D;ATD;) < m(E) =¢. Thus T € N(T), but T ¢ Gr. O

Question 3. Can one find an extension analog of Katok’s result (see, e.g., [28]) that rigid
transformations form a residual set?

Note that is not completely clear how one should define a rigid extension. The author
currently has no notion of how it should be defined.
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